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“You have to remember that one thing about being a painter is that you’re part of this
wonderful tradition from Vermeer to Velasquez to Degas to Picasso to Rembrandt, on and on
and on – to Chinese painting, Japanese woodblocks, Mayan ceramics.

And the problem suddenly suggests to you, what in the world am I thinking of, picking up a
brush when there’s a painter like Rembrandt out there?

I mean, why do it? Because it’s such fun.”
– Wayne Thiebaud
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Abstract
Intermittent computing enables applications to thrive in energy-scarce and in-

accessible environments, where manual device maintenance is infeasible. Instead
of relying on batteries, devices in these applications are instead powered by energy
from the environment. They harvest energy from the environment into a recharge-
able buffer, compute when energy is available, and power off when energy is de-
pleted, halting program execution until more energy can be retrieved. To enable
correct program re-execution despite these potentially frequent and arbitrary power
failures, runtime support is needed to save and restore necessary state.

This thesis lays a logical foundation for intermittent computing by building type
systems and runtime systems to guarantee correct program execution across diverse
features and behaviors, including sequential and concurrent execution, as well as in-
puts and effectful outputs. First, we explore sequential, intermittent computing and
model checkpoint, crash, restore, and re-execute operations as computation on crash
types. We draw inspiration from adjoint logic and define crash types by introducing
two adjoint modality operators to model operations on nonvolatile and volatile mem-
ories. We define a crash type system for a core calculus. To prove the correctness of
intermittent systems, we define a novel logical relation for crash types. Throughout
this thesis, we extend crash types to consider more realistic program and system be-
haviors, such as more flexible checkpointing policies, common logging styles, I/O
and branching.

Lastly, we provide the first provably-correct system for concurrent, intermittent
program execution, which is needed for supporting hardware-triggered interrupts
and accesses to shared memory which are common to many embedded systems ap-
plications. We present a co-designed runtime system and type system that together
support the provably correct intermittent execution of concurrent programs running
on shared memory. This system promotes a more flexible programming model and
supports a broader spectrum of task re-execution behaviors than is considered by
prior work. We provide the first formal definition and proofs of correctness for con-
current, intermittent execution.
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Chapter 1

Introduction

Intermittent computing is an emerging paradigm that brings the promise of complex and so-
phisticated computation to remote and inaccessible environments. The applications are diverse,
spanning from tiny medical implants [36, 99], to smart wildlife monitors [87], to smart traf-
fic light networks in cities [6], to nano-satellites in space [88, 130]. In each of these settings,
manual device maintenance to replace a battery or fix a firmware bug is infeasible; for exam-
ple, regularly replacing the battery of a medical implant is invasive and financially expensive for
patients. In more remote applications, invading the territory of orca pods to replace batteries in
wildlife sensors is hazardous to both the maintainer as well as to the surrounding ecosystem. In
smart civil infrastructure, tracking down and replacing batteries in all 13,000+ stoplights in New
York City is labor-intensive and would cause traffic jams. Furthermore, nano-satellites in space
could even be impossible to retrive once deployed.

Therefore, to reduce the cost of maintaining devices in such applications, the devices them-
selves are designed to be self-sufficient and durable, requiring little to no manual maintenance
over prolonged periods of time. Furthermore, to meet the high assurance requirements of each
of these domains, programs running on these devices must be guaranteed bug free prior to de-
ployment, therefore demanding formal static correctness guarantees.

To eliminate the need for regular battery replacement, intermittent computing relies on bat-
teryless, energy-harvesting devices (EHDs) [7, 35, 49, 58, 63, 78, 87, 110, 111, 131]. Instead
of relying on a battery, EHDs operate solely on energy harvested from the environment, e.g.,
through solar or kinetic sources, which is stored in a re-chargeable energy buffer. When the
buffer has energy, the device powers on and begins executing a program, consuming the available
energy until it is depleted. When the buffer is empty, the device powers off until more energy is
retrieved, at which point the device turns on and the program may attempt to re-execute. To make
progress despite these frequent and arbitrary power failures, these devices typically compute on
a combination of volatile and nonvolatile memory [51, 56, 123]. Whereas volatile memory (e.g.,
registers and stack) is lost on power failure, nonvolatile memoy (e.g. program code and data)
persists and can be used by the next re-execution.
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1.1 Challenges of Correct Intermittent, Computing

Unfortunately, the very reliance on environmental energy which makes EHDs attractive also im-
pedes these applications’ goals for correctness. In particular, the problem stems from a reliance
on volatile and nonvolatile state; if left unprovisioned, the device will re-execute on an inconsis-
tent memory state and compute incorrect results. Re-execution of code on unprovisioned systems
could spell unintended or disastrous consequences for users of these applications, ranging from
a nano-satellite logging an incorrect distance computation, to notifying a forgetful patient to take
an extra dose of medicine even after they have already done so.

To enable correct behavior in these settings, an EHD requires intermittent system [106] sup-
port to save necessary copies of values in checkpointed locations, while also maintaining memory
consistency [77, 119] despite these partial clears. To reason about intermittent program execu-
tion, recent work [20, 37, 119, 120, 121] provides formal frameworks that define correctness as
follows:

“Any intermittent execution of a correct program can be simulated by a continuously-powered
execution of it”. [119]

This criterion ensures that any sequential, intermittent execution of a “correct” program can
generate results that are equivalent to those expected from a continuously-powered execution,
regardless of the number of power failures endured. However, proving that a program is cor-
rect according to this criterion for sequential intermittent execution is challenging due to the
re-execution of code regions, which could cause effectful operations to repeat or computation
to rely on results from failed prior executions. Therefore, proving that a program is correct is
inherently tied to which variables it checkpoints as well as underlying runtime supports of the
system. Moreover, in order to provide guarantees that are useful to real programs, the reasoning
must take care to employ reasonable assumptions regarding program behavior as well as hard-
ware constraints. For example, it is expensive to manage a checkpoint for every single variable
in a program, leading researchers to investigate smarter checkpointing policies [77, 82, 119].
As another example, embedded systems applications are often concurrent in nature, relying on
interrupts to preempt a main application to process inputs from hardware peripherals.

However, proving concurrent intermittent programs will behave correctly in the presence
of shared memory only becomes more challenging, requiring supports for more sophisticated
re-execution behaviors than those considered by sequential intermittent systems. Furthermore,
concurrency demands new strategies for checkpointing, as the notion of shared memory breaks
checkpoint mechanisms designed for sequential intermittent systems. Prior work has provided
a few such systems that tend towards restricted programming models and limited program fea-
tures [109, 129]. However, no one has developed formal correctness definitions of concurrent,
intermittent programs, leaving expected program behavior unknown and applications susceptible
to bugs.
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1.2 Thesis Statement and Contributions
The overarching goal of this thesis is to uncover the logical foundations of intermittent comput-
ing and to build systems that support correct intermittent execution. If the behaviors underlying
intermittence can be explained by logic, we can provide richer supports and correctness guaran-
tees for these systems, laying groundwork for examining even more complex program behaviors.
If we provide well-defined correctness principles and clear correctness proofs, the resulting sys-
tems will be more easily extensible and more dependable. This thesis designs type systems and
runtime systems for supporting correct intermittent execution. The contributions and vision of
this thesis are summarized by the following statement:

Type-based abstractions rooted in adjoint logic provide a uniform way to statically reason
about the safety of intermittent computation that scales to more realistic scenarios.

1.2.1 Contributions and Outline
The contributions of this thesis aid in developing more general and expressive provably correct
intermittent systems with well-defined correctness properties. In this section, we explain the
progression of this dissertation and highlight contributions from each chapter.

In Chapter 2, we provide more background on sequential intermittent execution, guided by
running examples to illustrate key challenges and how correct intermittent systems are designed
to overcome them. To set the stage for the following chapters, we present a base syntax and key
operational semantics, as well as primers for key concepts that recur throughout the dissertation.

Chapter 3 presents our first key contribution: a logical interpretation of sequential, inter-
mittent computing. To provide a general abstraction for reasoning about failures, we present a
calculus defined according to the key operations of intermittent execution: crash, restore, and
re-execute. To capture the behavior of a power failure in the type of a computation, we introduce
crash types that are defined in terms of these operations according to the prevailing memory pat-
tern – some values persist across power failures while others do not. In particular, nonvolatile
memory state persists across power failures, while volatile memory does not; results from com-
pleted computations (or checkpointed values) should persist across power failures, while par-
tially computed results should not. We classify the former as stable and the latter as unstable,
and observe that the interactions between these components bear close resemblance to shifts ↑, ↓
in adjoint logic [18, 107] for switching between different worlds. In particular, the checkpoint
and restore operations correspond to these shifts and are internalized in the definition of crash
types, depending on the underlying logging style of the intermittent system. For example, in a
redo-logging style, updates are made to a separate volatile copy of checkpointed locations that
is automatically lost on power failure. In this setting, volatile memory is considered unstable
whereas nonvolatile memory is stable, and a commit operation moves data from volatile mem-
ory (unstable) into nonvolatile memory (stable) while restore performs the inverse. We develop
an operational semantics and type system for this language, and a logical relation defined over
crash types for reasoning about correctness. We prove type soundness according to progress
and preservation, and correctness according the fundamental theorem of logical relation and ad-
equacy. The text in this chapter is based on published paper [40].

To bring crash types closer to reasoning about real intermittent systems, Chapter 4 examines
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a more flexible checkpointing policy than is assumed by the core crash types calculus which re-
quires checkpointing fewer variables and is used by real intermittent systems [77]. By extending
the type system and redefining policies, we are able to reuse the same crash types and logical
relation from Chapter 3 to establish similar correctness guarantees. This chapter is based on the
published paper [44].

In Chapter 5, we examine crash types through the lens of a more popular logging style: undo-
logging. In undo-logging, updates are made directly to nonvolatile memory and will be reverted
by checkpointed copies on reboot. In this setting, the nonvolatile memory that have checkpointed
copies are considered unstable, whereas their copies are stable. To match the execution behavior
of resetting all unstable values across volatile and nonvolatile memory, we redefine the crash type
with an adjusted ordering of modalities. We define a crash types calculus for undo-logging, and
prove progress and preservation. Furthermore, we show that the key operations of intermittent
computing for undo-logging continue to have interpretations in adjoint logic.

In Chapter 6, we extend crash types with additional program features that are common to
embedded systems applications: sensor inputs, outputs, and more flexible branching behaviors.
The resulting system supports more expressive system behaviors than previous provably correct
intermittent systems, accepting more correct programs and allowing fewer variables to be check-
pointed. Furthermore, outputs are a novel extension for which there currently exist no provably
correct intermittent system supports. We define a crash types calculus that supports all of these
features, and prove progress and preservation.

Chapter 7 motivates the last main contribution of this thesis, which is a co-designed run-
time system and type system for concurrent, intermittent program execution, where programs
are specified as tasks that access shared data. To our knowledge, this system provides the first
provably correct supports for concurrent, intermittent computing. We build upon the notions of
stable and unstable data for undo-logging and information flow type systems to support nestings
of more complex re-execution behaviors that do not arise in the sequential setting. Furthermore,
we define and prove the correctness of the resulting system. The resulting system is capable of
supporting more flexible program behaviors and memory access patterns than do the few existing
concurrent, intermittent systems, whose correctness is not guaranteed.

Chapter 8 presentes related work, Chapter 9 presents directions for future work, lastly and
Chapter 10 concludes the document with a final discussion of key contributions and insights of
this thesis.

The contributions of this thesis are partially based on the published papers [40, 44].
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Chapter 2

Background

This thesis aims to provide language and runtime system supports for correct intermittent com-
puting on EHDs. Such supports ensure that every intermittent execution of a program will com-
pute the same results that would otherwise be computed on continuous power. Supporting correct
intermittent execution is especially challenging due to a combination of non-deterministic power
failures and memory accesses across volatile and nonvolatile memory, which if handled naively,
could leave programs susceptible to memory consistency bugs.

This chapter details these challenges and presents runtime mechanisms commonly used by
intermittent systems to uphold correct program behavior. We first present a basic syntax of a
simple imperative language used for programming embedded devices with re-executable code
regions annotated. Then, we define an operational semantics for this language and present an
example program. This operational semantics will serve as a building block for future chapters,
whose systems formalize intermittent execution in these terms. We conclude with a primer on
adjoint logic, whose concepts recur throughout the contributions of this thesis.

2.1 Intermittent Execution Models

To allow long-running programs to make progress and compute correct results despite frequent
and arbitrary power failures, the on-board intermittent system must save a snapshot of execution
state, such as by creating a checkpoint to be restored upon reboot. When, where, and how such
checkpoints are updated is determined by the intermittent execution model under which programs
execute. There are two prevailing execution models. Under a just-in-time (JIT) execution model,
a program would resume execution from the line of failure, requiring all of volatile state to be
saved just before power failure [13, 14, 65, 127]. Alternatively, under an atomic region model,
a program would re-execute from the beginning, relying on programmer-defined atomic regions
to checkpoint nonvolatile state and the region command prior to its execution [77, 82, 109, 125]
to remember from where to re-execute and with what state.

These execution models have their benefits and tradeoffs, leading programmers to sometimes
favor one over the other depending on application demands and available hardware. For exam-
ple, JIT regions are advantageous in being easy and efficient to implement, requiring relatively
low checkpoint management and relying on the hardware to handle power failure and reboot be-
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havior, instead of requiring special programmer instrumentation like atomic regions. Though, to
execute properly, the JIT execution model requires special hardware, e.g., a voltage comparator,
in order to issue the necessary low power signal and checkpoint state before power fails. Even
though most EHDs are equipped with these hardware features, a programmer may additionally
favor atomic regions over JIT checkpointing to run code that should not be interrupted by power
failure, e.g., timing-sensitive reactive tasks [59, 71, 120] and peripheral interactions [19, 59, 80],
but at the expense of requiring programmer instrumentation to decide where to place atomic re-
gions and which variables to checkpoint. To allow applications to benefit from both models of
execution, state-of-the-art intermittent systems often rely on a hybrid “JIT + atomics” model,
defaulting to JIT checkpointing outside of atomic regions. This is the model assumed throughout
this thesis.

2.2 Syntax
We summarize a basic initial syntax for sequential, intermittent program execution in Fig. 3.2.

values v ::= n | tt | ff | x
expressions e ::= v | e ⊙ e | ⊘ e
commands c ::= skip | let x = e in c | if e then c1 else c2 | x := e | c1; c2

programs p ::= skip | startatom(aID, aPol); c; endatom | c; p
nonvolatile memory N ::= · | ℓ ↪→ v,N
volatile memory V ::= · | ℓ ↪→ v,V
memory location mapping γ ::= · | x 7→ ℓ, γ
execution mode Md ::= aID | jit

Figure 2.1: A basic syntax for intermittent programs and execution

Values and expressions include integers, booleans, variables, and binary (⊙) and unary (⊘) op-
erations. Commands include skip instructions, mutable let bindings, conditionals, assignments,
and sequences of commands. A program consists of sequenced JIT blocks c; p and programmer-
defined atomic regions, denoted startatom(aID, aPol); c; endatom with a unique region identifier
aID, an enclosed command c, and a variable policy aPol indicating which variables to check-
point and how other variables should be accessed within the region (to be detailed later). This
policy can be obtained by direct programmer annotation or automatic inference using established
techniques [121]. The execution mode Md of the currently-running command indicates whether it
is an atomic (aID) or JIT (jit) region, which will determine how checkpointing is handled during
execution. Nonvolatile and volatile memories are denoted as N and V, respectively, which map
memory locations to values. The mapping γ associates program variables with their memory
locations, which will be needed to separate high-level reasoning about a program’s source code
from its execution.

For example, consider the simple intermittent program in Fig. 2.2. The program has four
variables that a programmer declares as being stored in nonvolatile memory: x, y, and z of type
int and u of type bool. It consists of two code blocks: a regular code block executed in JIT
mode and an atomic region. For now, the atomic region policy is left blank ( ).
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let w=not u in

if w then

x:=x+y;

w:=ff

else

skip;

skip;

start_atom(aID, _)(

y:=y+z;

let w= x-y in

if w>0 then

u:=tt

else

u:=ff);

end_atom

Figure 2.2: An example program with a JIT block (left) and an atomic region (right)

2.3 Sequential, Intermittent Execution by Example
To ensure correct behavior despite frequent and nondeterministic power failure, an intermittent
runtime system must checkpoint portions of volatile and nonvolatile state. To illustrate why,
this section examines the execution of the simple program in Fig. 2.2. Since each region has a
different (re-)execution behavior, we discuss them separately.

2.3.1 JIT Region Execution
A program executing with JIT checkpointing resumes execution from the point where power
failed. To enable correct resumption, the intermittent system must save all of volatile state and the
continuation command right before power fails, which would otherwise be wiped.
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Figure 2.4: Example JIT region execution.

Formally, the intermittent execution of JIT re-
gions relies on a nonvolatile checkpoint con-
text denoted for now as K = (Vk, ck), contain-
ing checkpointed copies of volatile memory
and a continuation command to be restored on
reboot.

We provide a selection of operational se-
mantic rules for intermittently executing JIT
regions in Fig. 2.3. To model relevant as-
pects of the execution state, each rule steps
configurations of the form γ | Md | K | N |
V | c, containing a variable-location mapping,
the current execution mode, a checkpoint con-
text, nonvolatile and volatile memories, and
the next command to execute. The command
evaluation rules are defined with a small-step operational semantics (⇒) that step configurations
to configurations. The expression evaluation rules use a big-step operational semantics where
the judgment γ,N,V ⊢ e ⇓ v states that an expression e evaluates to a value in one big step, with
respect to the current memories N and V and the variable-location mapping γ which will be used
to look up values from locations of variables when they are read in a program. For example, to
read a variable x whose location is in volatile memory, the rule D-V-Read applies to first deter-

7



Command evaluation rules.

K′ = (V, c)

γ | jit | · | N | V | c⇒ γ | jit | K′ | N | · | reboot
(D-Jit-low-pwr)

K = (V, c)

γ | Md | K | N | · | reboot ⇒ γ | Md | · | N | V | c
(D-reboot)

ℓx fresh γ,N,V ⊢ e ⇓ v

γ | Md | K | N | V | let x = e in c ⇒ γ, x ↪→ ℓx | Md | K | N | V, ℓx ↪→ v | c
(D-Let)

γ,N,V ⊢ e ⇓ v ℓx ∈ dom(V)

γ | Md | K | N | V | x := e⇒ γ | Md | K | N | V[ℓx ↪→ v] | skip
(D-Assign-V)

γ,N,V ⊢ e ⇓ v ℓx ∈ dom(N)

γ | Md | K | N | V | x := e⇒ γ | Md | K | N[ℓx ↪→ v] | V | skip
(D-Assign-N)

Expression evaluation rules.

γ(x) = ℓx V(ℓx) = v

γ,N,V ⊢ x ⇓ v
(D-V-Read)

γ(x) = ℓx N(ℓx) = v

γ,N,V ⊢ x ⇓ v
(D-N-Read)

γ,N,V ⊢ e1 ⇓ v1 γ,N,V ⊢ e2 ⇓ v2 v = Jv1 ⊙ v2K

γ,N,V ⊢ e1 ⊙ e2 ⇓ v
(D-Binary)

γ,N,V ⊢ e ⇓ v0 v = J⊘v0K

γ,N,V ⊢ ⊘e ⇓ v
(D-Unary)

Figure 2.3: Selected operational semantic rules for JIT regions, commands and expressions

mine the location of x according to γ, which is ℓx, which it then look up the corresponding value
in volatile memory: V(ℓx) = v. The rule for reading values in nonvolatile memory (D-N-Read)
is similar. The rules for evaluating binary and unary expressions D-Binary and D-Unary are
standard.

We highlight key execution steps of the example JIT region in Fig. 2.4 explained together with
the operational semantic rules for commands from Fig. 2.3. Each row in Fig. 2.4 indicates how
the state changes as a result of running the command on the left, with key changes bolded. Let
us associate each variable with a memory location γ = (x ↪→ ℓx, y ↪→ ℓy, z ↪→ ℓz, u ↪→ ℓu) where
γ will uphold the invariant range(γ) = dom(N) ∪ dom(V) throughout the program’s execution,
and suppose the initial memory state is ℓx ↪→ 2, ℓy ↪→ 0, ℓz ↪→ 1, ℓu ↪→ ff.

The first command to run is a let construct, which binds the results of not u to a new volatile
location ℓw corresponding to the program variable w. To evaluate a let construct, the D-Let rule
applies to first evaluate the bound expression (e.g., not u) to a value (e.g., tt), and then stores the
result in a new volatile location (e.g., ℓw). Execution continues with the resulting configuration.
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Suppose that the hardware issues a low power signal immediately after, indicating that power
failure is iminent. On this signal, an intermittent system saves all necessary state to resume
execution from the point where power had failed, as modeled by the rule D-Jit-low-pwr. The
runtime command reboot indicates that the system will soon encounter a power failure, signaling
the system to stash the current volatile memory (e.g., ℓw ↪→ tt) and continuation command (e.g.,
if w then...) to the checkpoint context.

When the energy buffer replenishes, the device reboots and prepares the state for re-execution
by the rule D-reboot, restoring the volatile state Vk and the continuation command ck from the
checkpoint context. Execution resumes with the conditional, first evaluating w to tt, and then
running the first branch x := x + y; w := ff, which writes 2 to ℓx (via D-Assign-N) and ff to ℓw
(via D-Assign-V). At the end of the region, the variable w falls out of scope, resulting in the final
state ℓx ↪→ 2, ℓy ↪→ 0, ℓz ↪→ 1, ℓu ↪→ ff. These results are correct, as they match those expected
of a single continuously-powered execution.

2.3.2 Atomic Region Execution
Alternatively, atomic regions are needed to execute code that should not be interrupted by power
failure, at the expense of a more complex system design with an increased surface for errors.
Without care, re-execution of atomic regions can violate memory consistency. Because updates
to nonvolatile memory survive power failure, some code patterns cause an intermittent execution
to compute different results than a single, continuously-powered execution.

2 0 1 f

𝖭cmd .

0
2 2 1 f

𝗅𝖾𝗍 𝗐 = 𝗑 − 𝗒

…
initial state

2 2 1 f

𝗌𝗍𝖺𝗋𝗍𝖺𝗍𝗈𝗆(𝖺𝖨𝖣, ω)
𝗒 := 𝗒 + 𝗓

𝗒 := 𝗒 + 𝗓

2 1 1 f

𝖵

𝗂𝖿 𝗐 𝗍𝗁𝖾𝗇 . . .
2 2 1 f

incorrect result

final state

reboot

…

−

ℓx ℓy ℓz ℓu

−

…

(a) no checkpointing ( )ω = ∅ (c) redo-logging ( )ω = {y, u}

2 0 1 f

2 0 1 f

…

2 0 1 f

2 0 1 f

2 1 1 tt

0 f

correct result

1

−

1

1 tt

−
0 f

1

…

𝖭

−

𝖵

(b) undo-logging ( )ω = {y, u}

2 0 1 f

2 0 1 f
2 1 1 f
2 1 1 f

…

2 1 1 tt

2 1 1 f

2 1 1 tt

0 f

correct result

ℓy ℓu

…

𝖭

1

−
𝖵

2 1 1 f

−

ℓx ℓ𝚞𝚗
y ℓz ℓ𝚞𝚗

u ℓx ℓck
y ℓz ℓck

u

ℓw ℓw

ℓy ℓu

ℓw

𝖪undo (Nk) 𝖪redo (ℒ)

Figure 2.5: Possible atomic region executions: an incorrect execution (a) and correct executions
using undo-logging (b) and redo-logging (c)

We illustrate a potential memory consistency bug for the example atomic region in Fig. 2.5
(a). Suppose that the initial nonvolatile memory state is ℓx ↪→ 2, ℓy ↪→ 0, ℓz ↪→ 1, ℓu ↪→ ff
and no variables are checkpointed. The assignment writes the sum of y and z, which is 1, to
location ℓy. If power fails immediately after (and before the end of the atomic region), the
program will re-execute from the beginning with the state ℓx ↪→ 2, ℓy ↪→ 1, ℓz ↪→ 1, ℓu ↪→ ff.

9



On re-execution, the assignment to y would read its own value from the failed prior execution,
storing 2 in ℓy. This causes 0 to be stored in ℓw and the else branch of the conditional to execute,
which writes ff to ℓu. Execution ends in an incorrect final state, i.e., one that does not match
the expected final state of any continuously-powered execution of the same program, which is
ℓx ↪→ 2, ℓy ↪→ 1, ℓz ↪→ 1, ℓu ↪→ tt. The results are incorrect because they depend on unstable
values computed by prior failed executions.

To execute an atomic region correctly, the intermittent system must checkpoint a portion of
nonvolatile state prior to its execution. Checkpointing sufficient state will allow the intermit-
tent system to revert unstable values after each failed execution of an atomic region so that the
program can re-execute as expected. Which variables to checkpoint in a given atomic region is
denoted by a special variable set ω in the atomic region policy. As EHDs are highly resource
constrained, the system should save state judiciously. Not only is checkpointing all of nonvolatile
memory expensive – it is unnecessary. For example, variables that are read-only (e.g., x, z) in an
atomic region do not change value, and therefore need not be checkpointed [70, 81, 109]. When
to create and update checkpoints for these variables is decided by the underlying logging style of
the intermittent system, of which there are numerous [13, 14, 77, 82, 119, 125].

Undo-logging

A popular logging style used among state-of-the-art intermittent systems [77, 121] is undo-
logging. With undo-logging, an atomic region saves a snapshot of nonvolatile memory, the
entirety of volatile memory, and the continuation command to a special checkpoint context for
undo-logging prior to its first execution, denoted Kundo. For hybrid programs consisting of both
JIT and atomic regions, Kundo extends the checkpoint context for JIT regions with checkpointed
nonvolatile memory Nk to hold stable values that will be used to restore a portion of nonvolatile
state in the event of a power failure. For systems that use global volatile memory, Vk is also
populated with checkpoints at the beginning of the atomic region execution.

Kundo := (Nk,Vk, ck)

This context will remain until the program finishes executing, and will be used to revert
nonvolatile updates and recover volatile values on reboot from each failure. We show the key
rules for undo-logging in Fig. 2.6, and explain them together with the atomic region execution in
Fig. 2.5 (b).

According to the policy described above, suppose the programmer checkpoints only variables
y and u which are not read-only. To allow the atomic region to re-execute as expected, the
intermittent system stashes a copy of variables declared in ω in Nk (e.g., ℓy and ℓu) and the
atomic region command in ck, as performed by the rule D-A-start-u. The locations in N that have
checkpointed counterparts in Kundo are annotated with a tag un indicating that these locations hold
in-progress, or unstable, values.

As before, the atomic region command executes, this time storing the value 1 in a fresh lo-
cation ℓuny . Power fails immediately after, wiping the volatile memory and the current command,
as modeled by the rule D-A-Pwr-fail-u.

When energy is restored, the device turns on and attempts to re-execute the atomic region.
This time, the values of nonvolatile locations (e.g., ℓuny ↪→ 1 and ℓunu ↪→ ff) are rolled back to

10



dom(Nc) = ω Kundo = (Nc,V, c; endatom)
N′ = Nc

un,N
0 Nc

un f resh γ′ = γ ∪ {x ↪→ ℓun | x ∈ ω}

γ | jit | · | Nc,N0 | V | startatom(aID, ω); c; endatom ⇒ γ
′ | aID | Kundo | N′ | V | c; endatom

(D-A-start-u)

range(γv) = dom(V)

γn, γv | aID | Kundo | N | V | c⇒ γn | aID | Kundo | N | · | reboot
(D-A-Pwr-fail-u)

Kundo = (Nk,Vk, ck) N = N1,N2
un

γ | Md | Kundo | N | · | reboot ⇒ γ | Md | Kundo | N1,Nk | Vk | ck
(D-A-reboot-u)

Kundo = (Nk,Vk, c) γun = dom(Nk) ∪ dom(Vk)

γ, γun | aID | Kundo | N | V | endatom ⇒ γ | jit | · | N | V | skip
(D-A-end-u)

Figure 2.6: Selected operational semantic rules for atomic regions with undo-logging

their checkpointed counterparts (e.g., ℓy ↪→ 0 and ℓu ↪→ ff), thereby “undoing” the effects from
the failed partial execution, and the continuation command c0 is restored, as modeled by the
rule D-A-reboot-u. As c0 was the atomic region command and the nonvolatile checkpoints were
created (and last updated) prior to its first execution, this operation has the effect of re-executing
the atomic region from the beginning on its initial nonvolatile memory state.

When the atomic region finishes executing, the rule D-A-end-u applies to finalize the state. As
the region will endure no more power failures, the rule resets the checkpoint context to empty,
and the execution mode to jit to prepare for executing the next region (if any). As expected,
the final state in the example is correct, as it matches that of a single, continuously-powered
execution of the atomic region.

Redo-logging

Another implementation of atomic regions is redo-logging, which makes use of a checkpoint
context Kredo consisting of a volatile log L that contains an unstable copy of checkpointed loca-
tions to be operated on throughout the region’s execution.

Kredo := (L,Vk, ck)

Since volatile state is wiped on power failure, updates made by failed executions would
be automatically forgotten, thus preventing partial updates by failed executions from affecting
future re-executions. The volatile log is (re-)created on every (re-)execution of the program
until the execution concludes successfully, at which point its results are committed back to the
corresponding locations in nonvolatile memory.

We show key rules for redo-logging in Fig. 2.7. Using these rules, we sketch the key steps
involved in executing the example atomic region with redo-logging in Fig. 2.5 (c). Suppose
the programmer checkpoints the same variables as before, y and u. When an atomic region
starts executing, a redo-logging system would initialize the checkpoint context with a volatile
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log and the atomic region command c0; endatom, as in the rule D-A-start-r. To remember which
locations are checkpointed, which will be needed to recreate the log on each re-execution and
commit results back to nonvolatile memory after the final execution, the rule additionally tags
checkpointed nonvolatile locations with an annotation ck. Then, the atomic region begins to
execute, writing 0 to the volatile log ℓcky . Power fails immediately after, and volatile memory,
volatile log, and the current command are all wiped, as modeled by the rule D-A-Pwr-fail-r,
allowing the updates made by this failed execution to be forgotten by the next.

When power is restored, as in the rule D-reboot-r, the runtime system reboots and recreates
the volatile logs by copying values from the checkpointed locations tagged ck into the same
log locations. When the program finishes executing successfully, values computed in L (e.g.,
ℓcky ↪→ 1 and ℓcku ↪→ tt) are committed to their respective nonvolatile locations (e.g., ℓy and ℓu),
as in D-A-end-r. As before, the results of the example execution are correct.

N = N1,N2 dom(N1) = ω
N′ = N1

ck,N
2 Kredo = ({ℓ′x ↪→ N1(ℓx) | x ∈ dom(N1), ℓ′x fresh}; V; c; endatom)

γ′ = γ ∪ {x 7→ ℓ′x | x ∈ ω}

γ | jit | · | N | V | startatom(aID, ω); c; endatom ⇒ γ
′ | aID | Kredo | N′ | V | c; endatom

(D-A-start-r)

Kredo = (L,Vk, c) K′redo = (·,Vk, c)

γ | aID | Kredo | N | V | c⇒ γ | aID | K′redo | N | · | reboot
(D-A-Pwr-fail-r)

N = N1,N2
ck Kredo = (·,Vk, c) K′redo = (N2,Vk, c)

γ | aID | Kredo | N | · | reboot ⇒ γ | aID | K′redo | N | Vk | c
(D-reboot-r)

Kredo = (L,V, c) dom(L) = range(γ2)

γ1, γ2 | aID | Kredo | N1,N2
ck | V | endatom ⇒ γ

1 | jit | · | N1,L | V | skip
(D-A-end-r)

Figure 2.7: Selected operational semantic rules for atomic regions with redo-logging

In general, supporting hybrid programs with JIT and atomic regions requires a checkpoint
context that includes the command ck, in addition to both Vk and either Nk or L depending on
which logging style for atomic regions is assumed. All of these components are present in some
form in provably correct runtime systems for intermittent computing, whether explicit [119] or
implicit to other parts of the formulation [40, 44].

Conceptually, the operational semantics for programs running on continuous power is similar
to those running intermittently, except that they will never encounter power failure. Therefore,
in a continuously-powered execution, atomic regions do not checkpoint any variables, instead
simply running the enclosed command, and JIT regions will never encounter a low power signal
where checkpointing is otherwise triggered.

2.4 A Crash Course in Adjoint Logic
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In this section, we review the key concepts behind adjoint logic that motivate the contributions
of this thesis.

Adjoint logic [18, 64, 95, 100, 101, 107] provides a general framework for combining logics
and languages based on simple principles. In adjoint logic, every proposition has an assigned
mode of truth that represents a single base logic. These modes are arranged according to a pre-
order, and are combined uniformly into one instance of adjoint logic. For example, in LNL [18]
linear and nonlinear propositions correspond to different modes L and N. For general modes m
and k that form a preorder k ≥ m, the key principle of adjoint logic states that a proof of Am can
only depend on a hypothesis Bk [101]. This property is called the independence principle. In
LNL, since nonlinear propositions admit weakening and contraction while linear propositions do
not, these modes form a preorder N > L. Hence, a nonlinear sequent should not rely on linear
assumptions. This property is enforced by the independence principle.

Shifts and adjoint logic sequent calculus rules. To illustrate the sequent calculus rules of
adjoint logic, we inspect a simpler example, truth and validity, whose relationship can also be
modeled in these terms. To first build some intuition, we begin with a simple motivating example:
I wish to prove that every time one of my hair ties goes missing, the culprit is always my cat Zena.
I suspect this because last week, she indeed stole one from me. Though, just because Zena ran
off with one of my hair ties previously, it is not the case that she is always the culprit.

In general, truth in one instance does not imply truth in all instances, or validity, though
they can be used in proofs of each other under the right conditions. The relationship between
truth and validity embodies the independence principle of adjoint logic. In the instance of truth
and validity, a proof of validity may only depend on valid assumptions whereas a proof of truth
can depend on combinations of true and valid assumptions. For example, in the case of the
perpetually disappearing hair tie, the independence principle for adjoint logic finds Zena the cat
not guilty: a proof that Zena the cat is always the culprit (validity) cannot rely solely on knowing
that she was once the culprit (truth).

To embed propositions of truth into proofs of validity, and vice versa, adjoint logic defines
shifts ↓valid

true (downshift) and ↑valid
true (upshift), where the former demotes a proposition of validity

to truth, and the latter promotes a proposition of truth to validity. The adjoint modalities allow
going back and forth between valid and true judgments.

We show a selection of sequent calculus rules for adjoint logic below, of which the first four
show the back-and-forth behavior of these shifts. Like [95], we introduce two kinds of contexts
for hypotheses: one for truth (denoted Γ) and one for validity (denoted ∆). We introduce two
judgment categories. The first category is for deriving validity and corresponds to judgments of
the form ∆ ⊢ Avalid, meaning that a proof of Avalid can rely only on valid assumptions. The second
category is for deriving truth and corresponds to judgments of the form ∆;Γ ⊢ Atrue, meaning that
a proof of Atrue can rely on both true and valid assumptions.

∆; · ⊢ Atrue

∆ ⊢ ↑valid
true Atrue

↑R
∆;Γ, Atrue ⊢ Btrue

∆, ↑valid
true Atrue;Γ ⊢ Btrue

↑L

∆ ⊢ Avalid

∆;Γ ⊢ ↓valid
true Avalid

↓R
∆, Avalid;Γ ⊢ Btrue

∆;Γ, ↓valid
true Avalid ⊢ Btrue

↓L
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The sequent calculus rules for upshift and downshift formalize the intuitions above regarding
how truth and validity should interact in a proof, and are read bottom-up. In particular, to prove
that A is valid, the rule ↑R says it suffices to prove A is true under a true judgment with an empty
truth context. In ↓R, the rule says that to establish a proposition A is true, it suffices to prove that
A is valid under a strictly valid context. The left rules allow moving assumptions between the
truth and validity contexts Γ and ∆: the rule ↓L moves an assumption from Γ to ∆ by use of the
modality ↓valid

true , and vice versa for ↑L by way of ↑valid
true .

Additional sequent calculus rules. We also take the opportunity to introduce a particular
selection of sequent calculus rules that will arise in discussions of key derived rules in this section
and in later chapters.

∆;Γ ⊢ Btrue

∆;Γ, Atrue ⊢ Btrue
WL1

∆;Γ ⊢ Btrue

∆, Avalid;Γ ⊢ Btrue
WL2

∆, Avalid, Avalid;Γ ⊢ Btrue

∆, Avalid;Γ ⊢ Btrue
CL1

∆;Γ ⊢ Atrue ∆;Γ, Atrue ⊢ Btrue

∆;Γ ⊢ Btrue
cut1

∆;Γ ⊢ Atrue

∆;Γ ⊢ (A ∨ B)true
∨R1

Avalid ⊢ Avalid
id1

Assuming that both contexts are structural, we have weakening and contraction rules that
allow for discarding and duplicating assumptions. Weakening and contraction will be important
for our reasoning about intermittent computation later on, which is nonlinear: variables may
be used any number of times in a computation. The rules for left weakening, WL1 and WL2,
respectively allow us to dispose of an assumption from the true and valid contexts that is not
needed to prove Btrue. The rule CL1 for left contraction allows us to copy valid assumptions.

Lastly, we include additional sequent calculus rules: cut1 for introducing an intermediate
formula Atrue in a proof of Btrue, ∨R1 for proving (A ∨ B)true given a proof of Atrue, and id1 for
assuming Avalid to prove itself.

Towards independence for intermittent computing. Truth and validity are specific examples
of modes of truth, of which all propositions in adjoint logic have inherent. For truth and validity,
the independence principle enforces that proofs of validity cannot rely on true assumptions.

In the following chapters, we will see other examples of adjoint logic, where stable and
unstable computation in intermittent computing resemble validity and truth. Moreover, the key
correctness criterion of intermittent computing bears close resemblance to the independence prin-
ciple of adjoint logic [18, 101, 107]:

“Stable computation can rely only on stable data, while unstable computation can rely on both
stable and unstable data.”

Chapters 3-6 develop a type system based on sequent calculus rules for adjoint logic for
shifting between modes stable (s) and unstable (u), where s ≥ u. Like the example, we make use
of two categories of judgments corresponding to these modes. In our setting, true is interpreted
as unstable (u), valid is interpreted as stable (s), and the truth and validity contexts are interpreted
as unstable (Σ) and stable store typing contexts (Ω). Below, we show typing rule skeletons that
are derived from the adjoint logic sequent calculus rules for truth and validity. The explanations
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for rules ↑R, ↓R, ↑L, and ↓L are similar to before. Combining a cut1 rule with ↓R and id1, we
introduce a derived rule ↑L∗ that allows us to copy an assumption from the stable context into
the unstable context. This rule will be used to model the checkpoint and restore operations for
redo-logging atomic regions, which copy stable values to unstable volatile logs.

Ω; · ⊢ : τu

Ω ⊢ : ↑s
uτ

u ↑R
Ω;Σ, : Au ⊢ : τu

Ω, : ↑s
uAu;Σ ⊢ : τu ↑L

Ω, : ↑s
uAu;Σ, : ↓s

u↑
s
uAu ⊢ : τu

Ω, : ↑s
uAu;Σ ⊢ : τu ↑L∗

Ω ⊢ : τs

Ω;Σ ⊢ : ↓s
uτ

s ↓R
Ω, : ↑s

uAu;Σ ⊢ : τu

Ω;Σ, : ↓s
u↑

s
uAu ⊢ : τu ↓L
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Chapter 3

Modal Crash Types for Intermittent
Computing

This chapter introduces the crash types calculus that uses adjoint logic to reason about intermit-
tent computing in terms of its key operations: power off, restore, and commit. As we observed in
Chapter 2, the correctness principle for intermittent computing can be represented by the inde-
pendence principle for adjoint logic: stable computation must not rely on unstable values. This
observation is most clearly explained with redo-logging. As sketched in the previous chapter,
in redo-logging, locations in nonvolatile memory (e.g., ℓx, ℓck

y , ℓz, and ℓck
u ) are all stable, mean-

ing that their values are safe to impact future re-executions of the program. On the other hand,
volatile logs (e.g., ℓy, ℓu) which are updated intermittently and disappear on power failure are
unstable, as their values should not influence future re-executions of a program. In order to en-
sure the correct intermittent execution of a program, unstable values should not be written to
stable locations until the program successfully finishes executing. This pattern is enforced by
redo-logging, where volatile memory contains all unstable values for a given atomic region exe-
cution, which are automatically erased when a device shuts off due to power failure, and whose
logs are restored with copies of stable values when the device reboots. Otherwise, if stable loca-
tions could depend on unstable results, an unstable value could persist across power failures and
affect later re-executions of the program, causing it to compute incorrect results, thus violating
the independence principle.

We begin by presenting a calculus for atomic regions, whose re-execution causes the most
interesting behavior with respect to execution and correctness of computation. Section 3.1 for-
mally motivates the key ideas behind the core crash type system. Sections 3.2 and 3.3 formally
define our operational semantics and type system. Section 3.4 defines key correctness theorems
and a novel logical relation to help us prove that correctness is upheld by all programs in the
defined language. Section 3.5 defines our calculus for JIT regions, which uphold similar correct-
ness guarantees by means of the same logical relation. Lastly, Section 3.6 presents key theorems
of our calculus, including progress, preservation, the fundamental theorem of logical relation,
and adequacy to establish correctness, and sketches the proofs of the latter two. Throughout the
chapter, we refer to the program executions from the previous chapter as an example.
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3.1 Key Ideas of Crash Types
This section presents the intuition behind crash types, beginning with stable and unstable mem-
ory types (Section 3.1.1), then how to construct crash types for an intermittent computation
(Section 3.1.2), and lastly how to build typing rules from these types based on the independence
principle of adjoint logic (Section 3.1.3).

3.1.1 Modal Store Types
An unstable value is an intermediate result of a partial execution towards a stable value. Unstable
values are lost upon power failure, like the update to the volatile copy of y on the first failed
execution. On the other hand, stable values persist, like those stored in nonvolatile memory (e.g.,
ℓx, ℓ

ck
y , ℓz, and ℓck

u ). Unstable values that are committed to nonvolatile memory become stable
and thus persist, like the values of ℓy and ℓu committed from their volatile locations to their
checkpointed locations in nonvolatile memory at the end of the atomic region. To reflect the
behavior of a memory location in its type, we encode the adjoint modalities ↑s

u and ↓s
u into our

types, such that ↑s
uτ

u types a location storing a stable value of type τ and ↓s
uτ

s types a location that
stores an unstable value of type τ. These types are further annotated with a qualifier describing
the access mode of a variable’s location, read-only RD and checkpointed CK. Including this
information at the type level will help the type system check for appropriate memory accesses.

For example, the read-only variables x and z are stored in nonvolatile memory, so they have
types x :↑s

u int@RD and z :↑s
u int@RD. The checkpointed variables y and u have type yck :↑s

u
int@CK and uck :↑s

u int@CK in nonvolatile memory, while y’s volatile copy has type y :↓s
u↑

s
u

int@CK. The variable w in volatile memory also has unstable type w :↓s
u↑

s
u int@CK. We sketch

the correct program execution from the previous chapter in Fig. 3.1 with this typing information,
where aPol indicates that variables y and u are checkpointed, the typing contexts Ω and Σ type
nonvolatile (N) and volatile (V) memory, respectively, and we write i for int and b for bool. In
the figure and following formulation, the volatile log L from the previous chapter is lumped into
volatile memory.

cmd .

𝗅𝖾𝗍 𝗐 = 𝗑 − 𝗒

initial state

row

(0)
(1)
(2)
(3)

(4)

(5)

(6)

𝗌𝗍𝖺𝗋𝗍𝖺𝗍𝗈𝗆(𝖺𝖨𝖣, 𝖺𝖯𝗈𝗅)
𝗒 := 𝗒 + 𝗓

𝗒 := 𝗒 + 𝗓

𝗂𝖿 𝗐 𝗍𝗁𝖾𝗇 . . .

ℓx ℓck
y ℓz

2 0 1 f

N
ℓck

u

2 0 1 f

…

2 0 1 f

2 0 1 f

V

ℓw

2 1 1 tt

0 f

correct result

1

−

1

1 tt 1
(7)

final state

−
0 f

1

ℓy ℓu

…

(8)

Ω1−8 = {x :↑ i@𝚁𝙳, y𝚌𝚔 :↑ i@𝙲𝙺, z :↑ i@𝚁𝙳, u𝚌𝚔 :↑ b@𝙲𝙺}
Σ1,2 = {y :↓ ↑ i@𝙲𝙺, u :↓ ↑ b@𝙲𝙺}

Ω0 = {x :↑ i@𝙲𝙺, y :↑ i@𝙲𝙺, z :↑ i@𝙲𝙺, u :↑ b@𝙲𝙺}

pwoff

restore

↑ CUnit

CUnit

nat ↝ ↑ CUnit

CUnit

↑ CUnit

↑ Unit

…
Σ5,6 = {y :↓ ↑ i@𝙲𝙺, u :↓ ↑ b@𝙲𝙺}

Σ7,8 = {y :↓ ↑ i@𝙲𝙺, u :↓ ↑ b@𝙲𝙺, w :↓ ↑ i@𝙲𝙺}

Ω9 = {x :↑ i@𝙲𝙺, y :↑ i@𝙲𝙺, z :↑ i@𝙲𝙺, u :↑ b@𝙲𝙺}

charge

(9)

Figure 3.1: Atomic region redo-log execution with crash type annotations.
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3.1.2 Crash Types
To capture the effects of intermittent execution in the type of expressions and commands, we
introduce crash types, as the notion of stable and unstable values alone is insufficient. One might
expect the expression x − y to have the type ↓s

u↑
s
uint as it is a (partial) execution (↓s

u) towards
computing a stable (↑s

u) integer value. However, this type does not account for steps due to
power failure: the crash itself, waiting for the device to charge, restoration, and re-execution. To
reflect these runtime system steps at the type level, we assign the expression a type in the form
of a disjunction ? ∨ ↓s

u↑
s
uint, where ? is a type for computations that handle power failures.

This type means that the expression either fails its execution, or succeeds and evaluates to int.
Next, we fill in ? for commands and expressions. ? is a recursive type because it handles
re-execution.
Commands. The crash type for commands is Cunit = ↓s

u(nat ⇝ ↑s
u Cunit) ∨ ↓

s
u↑

s
uunit. The

definition of the crash type represents each possible outcome of an intermittent execution: suc-
cess or failure. The right disjunct states that if executing the command succeeds with no power
failure, then it computes a stable value of type unit. This case also represents the last exeuction
of an intermittent computation, at which point the computation succeeds and returns a stable
value: after unstable state is lost due to failure (↓s

u), stable state is restored (↑s
u) and the command

successfuly completes (unit).
Alternatively, the left disjunct states that on power failure, the computation continues as a

function: on power failure the unstable state is lost (↓s
u), at which point the system must receive

a (logical) energy input from the environment (nat) to charge the energy buffer before unstable
state is restored and becomes a computation that yields a stable value (↑s

uCunit). This computation
will execute after the restore, which differs for atomic and JIT modes. In an atomic region, the
system re-executes the region from the beginning, and in a JIT region, the system continues with
the same command that was interrupted by the failure.
Expressions. The definition of the crash type for expressions depends on the execution mode,
which dictates whether a program would resume execution from the failed expression or re-
execute from the beginning as a command. In an atomic region, the system restores an interrupted
run of the expression to the original command enclosed in the region, so the type of an atomic
mode expression is Catom

A = ↓s
u(nat ⇝ ↑s

u Cunit) ∨ ↓
s
u↑

s
uA, where the left disjunct is the same as

that of a command. On the other hand, an interrupted run of an expression in JIT mode will be
restored to the expression itself. Hence, the type of a JIT mode expression is Cjit

A = ↓
s
u(nat ⇝

↑s
uC

jit
A) ∨ ↓s

u↑
s
uA, where the left disjunct states that after power failure and reception of the energy

input, the computation again yields a stable value of a JIT mode expression type.
To type a program, we develop a type system for crash types. In the next section, we show

the structure of these typing rules and explain their relation to adjoint logic.

3.1.3 Typing Intermittent Execution Based on Adjoint Logic
We explain each operation’s interpretation in adjoint logic according to the rule skeletons from
Chapter 2. We explain the switching between stable and unstable modes using the execution
steps in Fig. 3.1, in terms of the key operations of intermittent computing: restore, power off,
and commit.
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Start and Restore (↑R and ↑L∗). A combination of the rules ↑R and ↑L∗ corresponds to creating
a volatile log from checkpointed nonvolatile locations when starting an atomic region, as in the
step from row (0) to row (1) to create volatile locations for y and u. The row (0) type ↑s

u Cunit
and typing context Ω corresponds to the conclusion of a ↑R rule: Ω ⊢ : ↑s

u Cunit. An application
of ↑R from bottom to top drops the ↑s

u modality from the type of the program and starts an
empty typing context for the volatile memory region: Ω; · ⊢ : Cunit. Next, one application
of ↑L∗ copies the variable y of type ↑s

uint to the volatile memory typing context Σ with the
type ↓s

u↑
s
uint. The same combination corresponds to creating a volatile log from a nonvolatile

location when restarting the atomic region: the step from row (5) to row (6), where the variable
y is copied to the volatile memory.
Power Off (↓R). The ↓R rule corresponds to a power failure, which erases the volatile memory
typing context Σ. From row (2) to row (3) in Fig. 3.1, the system loses the volatile locations
of y and u and closes off the volatile context. Row (2) corresponds to the conclusion of the
rule, and row (3) corresponds to its premise. The type of the command in row (2) changes from
Cunit to ↓s

u(nat ⇝ ↑s
uCunit) (by a logical ∨-R rule as a crash is detected), and then to the type

(nat⇝ ↑s
uCunit) in row (3).

Commit (↓L, ↓R, WL2). Finally, a ↓L rule combined with weakening WL2 and a ↓R rule cor-
responds to the final commit of the volatile context: stepping from row (8) to row (9). There,
the nonvolatile context drops the location of y with type ↑s

uint by an application of WL2 since y
in the nonvolatile context maps to a location with an outdated value. Next, the up-to-date value
stored in the volatile location of y is committed to the nonvolatile location of y and thus y in
the Σ context is committed to the Ω context by a ↓L rule. Then, a ↓R rule drops the remaining
volatile context, which contains w of type ↓s

u↑
s
uint. The type of the command in row (9) becomes

↑s
uunit, signifying that the system detects a successful execution.

3.2 Syntax and Operational Semantics for Atomic Regions
In this section, we introduce the syntax and operational semantics of our base calculus for inter-
mittent computing, focusing on atomic region execution.

Syntax. The syntactic constructs in our language are summarized in Fig. 3.2. Values, expres-
sions, and commands are standard from the previous chapter. A program, for now, is a sequence
of atomic regions. Since the assumed checkpointing policy checkpoints all variables that are not
read-only, the atomic region policies aPol consist of sets of read-only and checkpointed variables,
ρ and ω.

The variable-location mapping γ is defined as before, and nonvolatile memory (N) and volatile
memory (V) map locations ℓ to values v that are each annotated with an access qualifier (RD or
CK). These access qualifiers are set at the beginning of an atomic region depending on whether
the correponding variable is declared in ρ orω. Nonvolatile memory locations that have a volatile
log are tagged as ℓck, while their volatile counterpart is identified as ℓ.

The runtime command c1;W c2 is used for evaluating c1 under the execution context W which
will assist with enforcing proper variable scoping. The execution context W (written concretely
as γ | V) consists of the volatile memory state of in-scope variables for the command c1 and a
mapping from these variables to their memory locations (γ).
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Commands and expressions
values v ::= n | tt | ff | x
exprs e ::= v | e ⊙ e | ⊘e
cmds c ::= skip | let x = e in c | if e then c else c | x := e | c; c | c;W c
atom. reg. pols. aPol ::= (ρ, ω)
progs p ::= skip | startatom(aID, aPol); c; endatom; p

Access qualifiers and memories
access qualifier q ::= CK | RD
nonvolatile mem N ::= · | ℓ@ q ↪→ v,N | ℓck@ CK ↪→ v,N
volatile mem V ::= · | ℓ@ CK ↪→ v,V
var loc map γ ::= · | γ, x 7→ ℓ

Instructions, statements, and configurations
continuations κ ::= c | e
statements s ::= κ | i | p
crash instrs i ::= ↓ε # in(b > 0, ↑κ) | ε # in(b > 0, ↑κ) |↑ κ
energy level g ::= · | n
charge stream χ ::= n :: χ
open config Co ::= (γ | Md | g | N | V | s) | (γ | Md | g | N | s)
closed config Cc ::= [χ▷ ε] ⊗ Co

exec. mode Md ::= aID(c)

Figure 3.2: Summary of syntax

To model energy harvesting from the environment, we assume a unique external energy chan-
nel, ε, from which the system receives energy. Three crash instructions control the system in the
event of a power failure. For these, we use shifts ↓ to denote power failure and ↑ to denote
re-execution. The instruction ↓ε # in(b > 0, ↑κ) models the system that faces a power failure,
where κ is the interrupted command or expression, and b > 0 is a guard to ensure that the bound
incoming energy variable b is positive. The instruction ε # in(b > 0, ↑κ) models the system
awaiting an energy input to be bound to b. The instruction ↑κ models the system ready to restore
memory and re-execute.

We write Co to denote an open system configuration, consisting of the mapping γ, the mode
of execution Md (for now, just aID for atomic regions), energy available for this execution g,
memories, and the statement s to be executed. In the mode aID(c), the inclusion of c indicates
from where an atomic region will re-execute. The energy level (·) models the state right after
power failure. We assume that there are no global volatile memory locations, and hence V is
neglected from some configurations (e.g., top-level program execution and power failure steps).
We close an open configuration with [χ▷ε]; we connect it via an external energy channel ε to an
infinite charging stream χ of natural numbers, which models available energy the configuration
harvests from the environment at each power failure for re-execution.
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n > 0

Val(γ | Md | n | N | V | skip)
(V-skip)

n > 0

Val(γ | Md | n | N | V | n)
(V-Nat)

n > 0

Val(γ | Md | n | N | V | tt)
(V-Bool-t)

n > 0

Val(γ | Md | n | N | V | ff)
(V-Bool-f)

Val(γ | Md | 0 | N | V | κ)
(V-crash)

Val([χ▷ ε] ⊗ γ | Md | · | N | V | ↓ε # in(b > 0, ↑κ))
(V-↓)

Val([χ▷ ε] ⊗ γ | Md | · | N | ε # in(b > 0, ↑κ))
(V-# in)

n > 0

Val([χ▷ ε] ⊗ γ | Md | n | N | ↑κ)
(V-↑)

n > 0

Val([χ▷ ε] ⊗ γ | n | N | skip)
(V-p-done)

n > 0

Val([χ▷ ε] ⊗ γ | n | N | V | skip)
(V-c-done)

Figure 3.3: Value configurations

3.2.1 Operational Semantics

In this section, we present the operational semantic rules for our base calculus with atomic re-
gions. The top-level operational semantic rule for evaluating a sequence of atomic regions is of
the form Cc ⇒p C

′
c; the operational semantic rules for stepping commands and handling power

failures inside an atomic region are of the form Cc ⇒ C
′
c and rules for evaluating commands and

expressions under an open configuration where no power failure occurs are of the form Co → C
′
o.

We first define several auxiliary definitions before explaining each set of the operational semantic
rules.

Value Configurations. We call a configuration that cannot take a step a value configuration
(value for short), summarized in Fig. 3.3. An open configuration is a value if the statement s
under evaluation is a constant or skip (the first four rules), the configuration of s has depleted
all energy for this execution (rule V-crash), or s is a crash instruction (rules V-↓,V-# in, and
V-↑). The latter two cases are values because they cannot take a step without interacting with the
environment or perform operations on the volatile and novolatile memory specific to handling
power failures. A closed configuration is a value only if the statement s is skip with some energy
left (n > 0) (rule V-p-done for programs and rule V-c-done for commands).

Top-Level Atomic Region Execution (Closed Config). The D-P-Ckpt rule in Fig. 3.4 executes
the next atomic region in a program according to its policies InitWorldd and FinWorldd. The
nonvolatile locations N0 and checkpointed context V0 are initialized using the InitWorldd func-
tion, which takes as inputs: the current N, declared read-only, must-first-write, and checkpointed
variables ρ and ω, and their mapping to locations γ. The InitWorldd function (a) changes the
qualifier of locations in N that are declared as read-only in ρ from CK to RD, (b) checks that the
rest of the locations in N are declared as checkpointed in ω and maintains the qualifier CK for
these locations, (c) creates volatile logs by copying the locations of N that have qualifier CK, (d)
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extends γ with variable-location mappings for the logs, and (e) marks the original version of the
locations ℓ in N that still have qualifier CK as checkpointed (ℓck) to indicate that they now store
checkpointed values. This part corresponds to the step from row (0) to row (1) in Fig. 3.1. The
next premise evaluates the closed configuration of c0 until completion, using the rules in Fig. 3.5.
This execution may undergo several power failures and corresponds to the steps from row (1)
to row (7) in Fig. 3.1. Finally, the FinWorldd function closes off atomic regions, finalizing the
nonvolatile locations according to the context. FinWorldd (a) copies the values from the volatile
logs into N′ to commit the changes to these variables to nonvolatile memory, (b) removes the
subscript ck from the locations in N′ to indicate that they now store up-to-date values and not
checkpointed values, and (c) replaces the RD qualifiers of the locations in N′ with CK to reset the
access mode since they are out of the atomic region. This corresponds to the step from row (7)
to row (8) in Fig. 3.1.

Cc ⇒p C
′
c

n > 0 InitWorldd(N; aPol; γ) = N0 | V0 | γ0
[χ▷ ε] ⊗ γ0 | aID | n | N0 | · | c0 ⇒

∗ [χ′ ▷ ε] ⊗ γ′ | aID | n′ | N′ | V′ | skip
n′ > 0 N1 = FinWorldd(N′; V′)

[χ▷ ε] ⊗ γ | n | N | startatom(aID, aPol); c0; endatom; p ⇒p [χ′ ▷ ε] ⊗ γ | n′ | N1 | p
(D-P-Ckpt)

Figure 3.4: Operational semantic rule for atomic regions

The policies are formally defined below.

Definition 1 InitWorldd(N; aPol; γ) = N0 | V0 | γ0 where aPol = (ρ, ω) iff
• N = N1,N2,
• dom(N1) = range(γ↾ρ),
• dom(N2) = range(γ↾ω),
• V0, γv = unzip({(ℓ∗@CK ↪→ v, x 7→ ℓ∗) | ℓ@CK ↪→ v ∈ N2, ℓ

∗ fresh, x ∈ ω s.t. γ(x) = ℓ}),
• N0 = {ℓ@RD ↪→ v | N1(ℓ) = v} ∪ {ℓck@CK ↪→ v | N2(ℓ) = v},
• γ0 = {xck 7→ ℓ | ℓ = γ(x)ck, x ∈ ω} ∪ {x 7→ ℓ | γ(x)ck, x < ω} ∪ γv

Definition 2 FinWorldd(N; V) = N f iff
• N = N1 ck,N2,
• dom(N1) = dom(V),
• N f = V ∪ {ℓ@CK ↪→ v | ℓ@RD ↪→ v ∈ N2}

In Definition 1, we write γ↾t to denote the subset of γ whose domain includes all the variables
in the set t. When constructing the volatile logs V0, we build the corresponding variable-location
mappings γv at the same time which will be split into their own structures via a helper function
unzip. The mappings of checkpointed variables are tagged with a subscript ck. This will en-
force that the variable-location mapping associates checkpointed variables with their new logs
in V0, and that these logs will be accessed by the execution when their untagged variables are
mentioned.
Command Execution (Closed Config). We summarize rules for a closed configuration in
Fig. 3.5. Rule D-step steps the closed command configuration using the Fig. 3.6 rules. When the
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energy for this execution is depleted (i.e., n = 0), the D-Crash rule applies, stepping the current
expression or command (denoted κ) to the crash instruction ↓ε # in(b > 0; ↑κ). Upon a crash,
D-S-aID applies and drops all volatile memory locations. The D-charge rule steps the execution
when a natural number n > 0 is received from the energy channel. The number n represents the
energy available for the re-execution. Finally, the program is restored via D-restore-aID which
copies checkpointed locations into volatile memory to prepare for re-execution. D-restore-aID
maintains the checkpointed locations N′′CK and starts re-executing the original command c0 in the
atomic region.

Cc ⇒ C
′
c

γ | Md | n |N |V | c→ γ | Md | n′ |N′ |V′ | c′

[χ▷ ε] ⊗ γ | Md | n |N |V | c⇒ [χ▷ ε] ⊗ γ | Md | n′ |N′ |V′ | c′
(D-step)

[χ▷ ε] ⊗ γ | Md | 0 |N |V | κ ⇒ [χ▷ ε] ⊗ γ | Md | · |N |V | ↓ ε # in(b > 0; ↑κ)
(D-Crash)

γ′ ⊆ γ range(γ′) = dom(NV)

[χ▷ ε] ⊗ γ | aID(c0) | · |N |V | ↓ε # in(b > 0; ↑κ)
⇒ [χ▷ ε] ⊗ γ′ | aID(c0) | · |N | ε # in(b > 0; ↑κ)

(D-S-aID)

[n :: χ▷ ε] ⊗ γ | Md | · |N | ε # in(b > 0; ↑κ)⇒ [χ▷ ε] ⊗ γ | Md | n |N | ↑κ
(D-charge)

N = N′RD,N
′′
ck

[χ▷ ε] ⊗ γ | aID(c0) | n | N | ↑κ ⇒ [χ▷ ε] ⊗ γ | aID(c0) | n | N | N′′ | c0
(D-restore-aID)

Figure 3.5: Operational semantics for commands and crash instructions under a closed configu-
ration

Command/Expression Execution (Open Config). The rules for executing commands and ex-
pressions in an open configuration are standard and used in combination with the rule D-step to
step a closed configuration command. We present them in Figs. 3.6 and 3.7. Both sets of rules
use a small-step operational semantics, where each step decrements the energy level by one.

The rule D-NV-Read looks up the value v stored in a location ℓ corresponding to variable x.
The rule D-Assign-NV applies when a nonvolatile memory location ℓ is written to via assignment
statements. If the qualifier q is not read-only, the system replaces the value v′ already in the
location ℓ with the assigned value e.

The sequencing rules D-seq, D-seq-step, and D-seq-v use a runtime construct W that handles
the scoping of volatile locations. The rule D-seq steps c1; c2 to the scoped command c1;γ|V c2

which initializes the world with a mapping γ and volatile memory state V. To ensure proper
scoping, the idea is to remember the original volatile memory V before evaluating the first com-
mand c1 of a sequence c1; c2, and to revert the volatile state back to V when the execution of
the first command completes successfully. This removes any volatile locations allocated with let
during the execution of command c1. The rule D-seq-step preserves this world while evaluating
the first command c1. To simplify the proofs, we assume that D-seq-step always applies to the
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Co → C
′
o

n > 0 γ | Md | n | N | V | e→ γ | Md | n′ | N | V | e′

γ | Md | n | N | V | let x = e in c→ γ | Md | n′ | N | V | let x = e′ in c
(D-Let-step)

Val(γ | Md | n | N | V | e1) γ′ = γ, [x 7→ ℓ] ℓ fresh n = n′ + 1

γ | Md | n | N | V | let x = e1 in c→ γ′ | Md | n′ | N | V, ℓ@CK ↪→ e1 | c
(D-Let-v)

n > 0 γ | Md | n | N | V | e → γ | Md | n′ | N | V | e′

γ | Md | n | N | V | p := e → γ | Md | n′ | N | V | p := e′
(D-Assign-step)

Val(γ | Md | n | N | V | e) γ = γ′, [x→ ℓ] V = V′, ℓ@q ↪→ v′ n = n′ + 1

γ | Md | n | N | V | x := e → γ | Md | n′ | N | V′, ℓ@q ↪→ e | skip
(D-Assign-V)

Val(γ | Md | n | N | V | e)
γ = γ′, [x→ ℓ] N = N′, ℓ@q ↪→ v′ q , RD n = n′ + 1

γ | Md | n | N | V | x := e → γ | Md | n′ | N | V | skip
(D-Assign-N)

n > 0 γ | Md | n | N | V | e → γ | Md | n′ | N | V | e′

γ | Md | n | N | V | if e then c1 else c2 → γ | Md | n′ | N | V | if e′ then c1 else c2
(D-If)

n = n′ + 1 Val(γ | Md | n | N | V | tt)

γ | Md | n | N | V | if tt then c1 else c2 → γ | Md | n′ | N | V | c1
(D-If-tt)

n = n′ + 1 Val(γ | Md | n | N | V | ff)

γ | Md | n | N | V | if ff then c1 else c2 → γ | Md | n′ | N | V | c2
(D-If-ff)

γ | Md | n | N | V | c1; c2 → γ | Md | n | N | V | c1;γ|V c2
(D-seq)

γ | Md | n | N | V | c1 → γ
′ | Md | n′ | N′ | V′ | c′1

γ | Md | n | N | V | c1;W c2 → γ
′ | Md | n′ | N′ | V′ | c′1;W c2

(D-seq-step)

n = n′ + 1 W = γ′ | V′ V′′ = V ↾ dom(V′)

γ | Md | n | N | V | skip;W c2 → γ
′ | Md | n′ | N | V′′ | c2

(D-seq-v)

Figure 3.6: Operational semantics for command under an open configuration
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Co → C
′
o

γ = γ′, [x 7→ ℓ] ℓ ∈ dom(V) n = n′ + 1

γ | Md | n | N | V | x→ γ | Md | n′ | N | V | v
(D-V-Read)

γ = γ′, [x 7→ ℓ] ℓ ∈ dom(N) n = n′ + 1

γ | Md | n | N | V | x→ γ | Md | n′ | N | V | v
(D-N-Read)

n > 0 γ | Md | n | N | V | e1 → γ | Md | n′ | N | V | e′1
γ | Md | n | N | V | e1 ⊙ e2 → γ | Md | n′ | N | V | e′1 ⊙ e2

(D-Binary-1)

n > 0 Val(γ | Md | n | N | V | e1) γ | Md | n | N | V | e2 → γ | Md | n′ | N | V | e′2
γ | Md | n | N | V | e1 ⊙ e2 → γ | Md | n′ | N | V | e1 ⊙ e′2

(D-Binary-2)

n > 0 Val(γ | Md | n | N | V | e1) Val(γ | Md | n | N | V | e2) v = e1 ⊙ e2

γ | Md | n | N | V | e1 ⊙ e2 → γ | Md | n′ | N | V | v
(D-Binary-v)

n > 0 γ | Md | n | N | V | e → γ | Md | n′ | N | V | e′

γ | Md | n | N | V | ⊘e → γ | Md | n′ | N | V | ⊘e′
(D-Unary)

n > 0 Val(γ | Md | n | N | V | e) v = ⊘e

γ | Md | n | N | V | ⊘e → γ | Md | n′ | N | V | v
(D-Unary-v)

Figure 3.7: Operational semantics for expression under an open configuration
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leftmost sequence, meaning that c1 is not of the form c′;W c′′. Finally, when c1 completely ex-
ecutes to skip, the D-seq-v steps to c2 and only keeps those volatile locations that are declared
in the original V′, and their corresponding mapping γ′. The rule D-Let-v does not remove let-
allocated location bindings as this is handled by other parts of the system. If there is a command
that follows, this scoping is handled by the rules D-seq, D-seq-step, and D-seq-v as described
above. If not, these locations will be dropped at the end of the atomic block by the FinWorld
function in the D-seq-step rule as they are freshly introduced and do not have a checkpointed
counterpart in nonvolatile memory.

Finally, we define the well-formedness conditions for configurations to constrain proper scop-
ing of memory locations with respect to command sequencing as follows.

Definition 3 (Well-formedness for configurations) A configuration γ | Md | n | N | V | c is
well-formed iff when c = c1;W1 · · · ;Wn−1 cn;Wn cn+1 where n > 1, all of the following hold
• dom(Nck) ⊆ dom(V j) ⊆ dom(Vi) ⊆ dom(V)
• γ j ⊆ γi ⊆ γ

where 1 ≤ i < j ≤ n and Wk = γk | Vk for all k ∈ [1, n].

Definition 26 constrains configurations whose command is of the form c1;W1 · · · ;Wn−1 cn;Wn cn+1,
where Wi records volatile memory Vi and mappings γi that are in scope for ci. During execu-
tion, volatile memory V grows monotonically except when stepping with D-seq-v which discards
out-of-scope variables, and the mapping γ grows and shrinks accordingly. For this reason, the
locations of Vi (which was stashed in Wi prior to stepping to this configuration) should always be
a subset of the locations of V which contain in scope memory locations for the whole command,
and hence dom(Vi) ⊆ dom(V). Similarly, dom(V j) ⊆ dom(Vi) for i < j because D-seq-step
always applies to the leftmost sequence in a command and first executes the left part of the se-
quence. As a result, the locations in Vi include newly allocated locations while executing the left
part of the sequence and the domain of V j is a subset of the domain of Vi. The checkpointed
locations in nonvolatile memory Nck always have corresponding locations in volatile memory.
The condition dom(Nck) ⊆ dom(V j) asserts that the checkpointed memory locations are never
scoped out of volatile memory. Lastly, the condition γ j ⊆ γi ⊆ γ follows because the mappings
γ, γi, and γ j grow and shrink with their respective memories V, Vi, and V j. This well-formedness
definition is used to establish type preservation in Section 3.6.

3.3 Crash Type System for Atomic Regions
We define the types and typing rules of the crash type system for atomic regions. Our types
are summarized in Fig. 3.8. The two modalities stratify types into the varieties stable (τs) and
unstable (τu). The base store types int and bool are considered unstable, whereas ↑s

uint and
↑s

ubool are considered stable. A type variable CMdT denotes a type in the set {Cunit, Catom
A }, and

implements the recursive nature of crash types. For now, we consider Md to be atomic mode
(atom). Below, we repeat the crash types that were introduced in Section 3.1.

We include the connectives ∨ and ⇝ solely for the purpose of defining crash types; they
are not used elsewhere. Defining crash types using these connectives will allow us to define a
logical relation based on the intended meaning of its index type (to be discussed). Some well-
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formed types, e.g., nat⇝ nat⇝ ↑s
uunit, have no inhabitants in our system, i.e., no well-typed

configuration is of these types.

Store Typing. We define stable and unstable typing contexts for typing variables also in
Fig. 3.8. A stable store typing context Ω assigns stable types to variables with locations in
nonvolatile memory, i.e. all variables inΩ have a type of the form ↑s

uA. The unstable store typing
context Σ assigns unstable types to variables with locations in volatile memory, i.e., variables in
Σ are of the type ↓s

u↑
s
uA. We write xck to refer to a location in nonvolatile memory that has been

checkpointed. In atomic mode with redo-logging, xck has an active volatile log that is typed by
Σ. Each variable’s type is annotated with an access qualifier representing its prescribed access
mode, RD or CK. The access qualifer will be used when type checking commands to enforce that
variable accesses are obeyed (e.g., that read-only variables are not written).

To enforce the runtime stores N and V are well-typed with respect to typing contexts Ω and
Σ, we present the well-formedness definitions for stores in Fig. 3.9. The rule V-loc checks a
volatile location’s type with respect to Σ and γ. The rule NV-loc-aID-1 checks non-checkpointed
locations in nonvolatile memory by checking that the value stored in the location ℓ allocated for
x has the same type as x. The rule NV-loc-aID-2 applies when x has a checkpointed value stored
in N and an up-to-date value stored in the log in V. In this case, the rule ensures that these
two values have the same type. Allowing for volatile memory V and the volatile typing context
Σ to be ·, these rules also define well-formedness of N with respect to Ω which arises when
configurations only contain nonvolatile memory.

Typing Judgments. Table 3.1 summarizes all the typing judgments, which are also stratified
into two varieties, those that derive a stable type (Js) and those that derive an unstable type (Ju).

Since programs begin their execution from a stable state, they are typed under a stable typing
judgment with only a stable typing context (e.g., the state in row (0), before the atomic region
begins executing). On the other hand, commands, whose unfinished executions are susceptible
to power failure, are typed under an unstable typing judgment, which depend on both nonvolatile
and volatile store typing contexts. Unstable judgments Ju have both nonvolatile and volatile store
typing contexts which type the state during an unstable computation. Alternatively, Js judgments
include only the stable typing context because these type stable command state. The structure

store types A ::= int | bool
basic types T ::= unit | A
unstable types τu ::= T | ↓ τs | τu ∨ τu | CMdT
stable types τs ::= nat⇝ τs | ↑ τu

type variables CMdT ::= Cunit | CMdA
unstable store typing context Σ ::= · | x : ↓s

u↑
s
uA@CK,Σ

stable store typing context Ω := · | x : ↑s
uA@q, Ω | xck : ↑s

uA@CK,Ω

command crash type Cunit = ↓(nat⇝ ↑ Cunit) ∨ ↓↑unit
expression crash type CMdA = ↓(nat⇝ ↑ Cunit) ∨ ↓↑A

Figure 3.8: Types and typing contexts
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⊢aID
γ N | V : Ω | Σ

⊢aID
γ · | · : · | ·

(Empty)

⊢aID
γ′ N | V′ : Ω | Σ

V = V′, ℓ@ q ↪→ v q = Ck γ = γ′, [x 7→ ℓ] aID | b : nat | Ω ⊢RD v : ↑A

⊢aID
γ N | V : Ω | Σ, (x:↓↑A@q)

(V-loc)

⊢aID
γ′ N′ | V : Ω | Σ

N = N′, ℓ@ q ↪→ v q , Ck γ = γ′, [x 7→ ℓ] Md | b : nat | Ω ⊢RD v : ↑A

⊢aID
γ N | V : Ω, (x:↑A@q) | Σ

(N-loc-aID-1)

⊢aID
γ′ N′ | V′ : Ω | Σ N = N′, ℓck@ q ↪→ v V = V′, ℓ@ q ↪→ v′ q = Ck
γ = γ′, [x 7→ ℓ] aID | b : nat | Ω ⊢RD v : ↑A aID | b : nat | Ω ⊢RD v′ : ↑A

⊢aID
γ N | V : Ω, (xck:↑A@q) | Σ, (x:↓↑A@q)

(N-loc-aID-2)

Figure 3.9: Well-formedness of N | V w.r.t. Ω | Σ

of our unstable and stable typing judgments help guarantee that the independence principle for
intermittent execution is upheld: values in volatile memory should not influence those in the
nonvolatile memory unless a stable state is reached.

The unstable and stable typing judgments are parameterized over the execution mode Md of
the expression or command to be typed. The judgment also tracks a variable b corresponding
to the current energy level of this execution. b ranges over natural numbers (nat) and is con-
strained by a relation R ∈ {≥, >} or is set to zero. When the constraint is b ≥ 0, b is effectively
unconstrained. The constraint on b determines whether or not a command can evaluate a value
without power failure.

The command judgments use a signature context Sig, which is populated at different points
of the type checking depending on the mode. For atomic regions, Sig stores the typing judg-
ments for the original command of the atomic region such that when typing commands restored
from a power failure, the signature is used to check that the restored command typing matches the
one stored in the signature without needing to derive it again. This is similar to typing recursive
functions, and the signature makes the typing derivations finitary and inductive. There are three
judgments for command typing. The first judgment is used when the command has not yet suc-
cessfully finished executing; its next step, depending on its constraint R, may or may not crash.
The second judgment types commands with type ↓↑unit. In this judgment, b no longer needs to
be constrained because this judgment only types commands that have succeeded completing the
execution. This judgment invokes the third judgment and uses it as a sub-derivation-tree to type
the configuration after the volatile log is committed.

The expressions that are being written to are only of the simple form x. As no execution is
required to evaluate a variable x, we consider the operation atomic so its judgment is crash-free,
and hence no constraint is required on b. The labels RD and WT indicate read and write accesses
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cmd. (Ju) Md | bR 0 : nat | Ω;Σ ⊢Sig c : Cunit c could crash
(Ju) Md | b : nat | Ω;Σ ⊢Sig skip : ↓↑unit c will not crash
(Js) Md | b : nat | Ω ⊢Sig skip : ↑unit after commit

expr. (Ju) Md | bR 0 : nat | Ω;Σ ⊢RD;Sig e : CMdA e read, could crash
(Ju) Md | b : nat | Ω;Σ ⊢RD;Sig v : ↓↑A e read no crash
(Js) Md | b : nat | Ω ⊢RD v : ↑A e read, commit
(Ju) Md | b : nat | Ω;Σ ⊢WT x : ↓↑A write on x, no crash
(Js) Md | b : nat | Ω ⊢WT x : ↑A write on x, commit

prog. (Js) Md | b : nat | Ω ⊢ p : ↑Cunit before execution
crash (Ju) Md | b = 0 : nat | Ω;Σ ⊢Sig κ : CMdT about to crash

(Ju) Md | · | Ω;Σ ⊢Sig ↓ε # in(b > 0, ↑κ) : ↓(nat⇝ ↑ CMdT ) crash state
(Js) Md | · | Ω ⊢Sig ε # in(b > 0, ↑κ) : nat⇝ ↑ CMdT waiting for energy
(Js) Md | b > 0 : nat | Ω ⊢Sig ↑κ : ↑CMdT before re-execution

Table 3.1: Summary of typing judgments

in a program. The static type checking compares these labels to variable access qualifiers in the
typing contexts to enforce proper memory accesses of variables.

For program typing, we only have one judgment that refers to the type of the program before
the execution of its next block starts.

The rest of the judgments type states after a crash. The first crash typing judgment has
the constraint b = 0, which corresponds to the power failure condition. It invokes the second
judgment, which types a state right after a crash. The third judgment types the state awaiting
energy to continue re-execution, and the final judgment types the state that is ready for restoration
and re-execution.

3.3.1 Typing Rules

The structure of our unstable and stable typing judgments help guarantee that the independence
principle for intermittent execution is upheld: values in volatile memory should not influence
those in nonvolatile memory unless a stable state is reached.
Program Typing. In particular, the rules for typing atomic regions encode the behavior of the
↑s

uR rule sketched in the previous section into the crash type system. We show a typing rule
below.

Ω0 | Σ0 = InitWorldt(Ω; aPol) Sig = {aID(c0) | b ≥ 0 : nat | Ω0;Σ0 ⊢ c0 : Cunit}
aID(c0) | b ≥ 0 : nat | Ω0;Σ0 ⊢Sig c0 : Cunit b : nat | Ω ⊢ p : ↑Cunit

b : nat | Ω ⊢ startatom(aID, aPol); c0; endatom; p : ↑Cunit
(T-P-Ckpt)

To type an atomic region, the rule T-P-Ckpt applies. The rule types the enclosed command
c0 under the mode aID(c0) (e.g., y := y + z; let w = x − y in . . .) and then types the rest of the pro-
gram p. The first premise sets up the initial typing contexts for nonvolatile and volatile memories,
as illustrated between rows (0) and (1) in Fig. 3.1. The partial function InitWorldt initializes the
volatile memory typing context by creating a log of variables in Ω that are checkpointed (e.g.,
y:↓s

u↑
s
ui@CK and u:↓s

u↑
s
ub@CK, from their counterparts yck:↑s

ui@CK and uck:↑s
ub@CK in the sta-
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ble typing context). In particular, for all variables defined in ω the function assigns an access
qualifier CK, and RD otherwise (e.g., yck:↑s

ui@CK versus xck:↑s
ui@RD).

We write Ω ↾ t to denote the subset of Ω whose domain includes all the locations in the set t.
We defineΩck to be the same mapping asΩ except that a subscript ck is added to all the variables
in the domain of Ωck. This is used to generate a typing context for checkpointed locations. We
define ↓Ω to be the context resulting from adding a ↓ in front of each type that variables in the
domain of Ω are mapped to. This definition is used to generate a typing context for the volatile
log from their checkpointed locations. They are formally defined below:

Ωck = {xck : ↑A@q | x : ↑A@q ∈ Ω} ↓Ω = {x : ↓↑A@q | x : ↑A@q ∈ Ω}.

Next, we define the InitWorldt function as follows.

Definition 4 Ω0 | Σ0 = InitWorldt(Ω; aPol) where aPol = (ρ, ω) iff
• dom(Ω) = ρ ∪ ω,
• ρ ∩ ω = ∅,
• Ω0 = {x : ↑A@RD | x : ↑A@q ∈ Ωr} ∪Ωc

ck
and

• Σ0 = ↓Ω
c

where Ω = Ωr,Ωc and Ωr = Ω↾ρ, and Ωc = Ω↾ω.

If the sets of read-only and checkpointed variables, ρ and ω, do not comprise the domain of
Ω or are not disjoint, then the function InitWorldt is not defined and type-checking fails.

After constructing the new typing contexts using InitWorldt, the rule T-P-Ckpt uses the sig-
nature Sig to remember that the atomic region’s original command c0 is typed under the initial
static memory context Ω0;Σ0. The region is then typed relative to the signature.
Command Typing. The typing rules for commands are presented in Fig. 3.10. The T-Skip
rule types the command skip at the stable type ↑unit. At this point, the command execution is
complete and the initial nonvolatile context Ω should match the final nonvolatile context. Rule
T-∨-Succ applies when the command successfully completes its execution and still has at least
one unit of energy available (b > 0) to conclude the execution by committing. In this case, we
close off the constraint on the energy level variable and continue typing the command against the
type ↓↑ unit. Rule T-C-Shift is invoked by T-∨-Succ and updates the memory typing contexts
by removing checkpointed locations in Ω as now they are not needed, and making locations
in Σ stable as now they are committed. We write Ω = Ω′,Ω′′ck to uniquely partition the stable
typing context into typings for checkpointed (Ω′′ck) and non-checkpointed variables (Ω′), and
Σ = ↓Σ′ to produce stable typings for all variables in Σ′. Therefore, to type skip under a stable
type, we type it under the stable context Ω′,Σ′, whose typings correspond to non-checkpointed
nonvolatile variables and volatile logs whose values now stabilize. This corresponds to the last
step of Fig. 3.1.

The rules T-Let and T-Assign, are mostly standard except that we consider crashes. For
example, in typing the command x := e, the first premise of T-Assign considers the type of
expression e to be the crash type CMdA , since the evaluation of e could crash. The constraint on
the energy levels for this premise is b ≥ 0, as one energy unit is consumed to deconstruct the
assignment command. The second premise types the location x to be of type ↓↑A because the
assignment only occurs when e completes evaluation.
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Md | b : nat | Ω ⊢Sig skip : ↑unit
(T-Skip)

Σ = ↓Σ′ Ω = Ω′,Ω′′ck Md | b : nat | Ω′,Σ′ ⊢Sig skip : ↑unit

Md | b : nat | Ω;Σ ⊢Sig skip : ↓↑unit
(T-C-Shift)

Md | b : nat | Ω;Σ ⊢Sig skip : ↓↑unit

Md | b > 0 : nat | Ω;Σ ⊢Sig skip : τ ∨ ↓↑unit
(T-∨-Succ)

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e1 : CMdA Md | b ≥ 0 : nat | Ω;Σ, x:↓↑A@CK ⊢Sig c : τ

Md | b > 0 : nat | Ω;Σ ⊢Sig let x = e1 in c : τ
(T-Let)

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e : CMdA Md | b > 0 : nat | Ω;Σ ⊢WT x : ↓↑A

Md | b > 0 : nat | Ω;Σ ⊢Sig x := e : CMdunit
(T-Assign)

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e : CMdbool
Md | b ≥ 0 : nat | Ω;Σ ⊢Sig c1 : τ Md | b ≥ 0 : nat | Ω;Σ ⊢Sig c2 : τ

Md | b > 0 : nat | Ω;Σ ⊢Sig if e then c1 else c2 : τ
(T-If)

Md | b ≥ 0 : nat | Ω;Σ ⊢Sig c1 : CMdunit Md | b ≥ 0 : nat | Ω;Σ ⊢Sig c2 : τ

Md | b > 0 : nat | Ω;Σ ⊢Sig c1; c2 : τ
(T-seq)

W = γ | V Md | b ≥ 0 : nat | Ω;Σ ⊢Sig c1 : CMdunit
Σ′ = trim(Σ,V, γ) Md | b ≥ 0 : nat | Ω;Σ′ ⊢Sig c2 : τ

Md | b > 0 : nat | Ω;Σ ⊢Sig c1;W c2 : τ
(T-seq-d)

Md | b = 0 : nat | Ω;Σ ⊢Sig c : τ Md | b > 0 : nat | Ω;Σ ⊢Sig c : τ

Md | b ≥ 0 : nat | Ω;Σ ⊢Sig c : τ
(T-enough?)

Figure 3.10: Command typing

In the rule T-If, the first premise checks that expression e has type CMd
bool

, and the second and
third premises type the commands c1 and c2.

The rule T-seq types the command c1; c2 by first typing c1 and then c2. The rule T-seq-d
applies to the runtime sequencing command where an extra context W = γ | V keeping track of
the scoping of volatile locations is used. The premise Σ′ = trim(Σ,V, γ) trims the volatile typing
context to remove let variables scoped within c1 and match the scoped volatile memory V and
mapping γ. The trimmed context Σ′ is the original context for typing the second command c2.

The rule T-enough? cases on b ≥ 0 and considers two cases: b = 0 (the first premise) where
the execution crashes and b > 0 (the second premise) where there is at least one unit of energy
available to decompose a command construct, e.g. T-Let or T-Assign.
Expression Typing. Expression typing rules are very similar to those of the commands and they
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Ω(x) = ↑A@q q , RD

Md | b : nat | Ω ⊢WT x : ↑A
(T-Loc-Write)

Σ =↓ Σ′ Ω = Ω′,Ω′′ck Md | b : nat | Ω′,Σ′ ⊢WT x : ↑A

Md | b : nat | Ω;Σ ⊢WT x : ↓↑ A
(T-W-Shift)

Ω(x) = ↑A@q

Md | b : nat | Ω ⊢RD x : ↑A
(T-Loc-Read)

Md | b : nat | Ω ⊢RD tt :↑ bool
(T-Bool-t)

Md | b : nat | Ω ⊢RD ff : ↑bool
(T-Bool-f)

Md | b : nat | Ω ⊢RD n : ↑int
(T-Int)

Σ = ↓Σ′ Ω = Ω′,Ω′′ck Md | b : nat | Ω′,Σ′ ⊢RD v : ↑A

Md | b : nat | Ω;Σ ⊢RD;Sig v : ↓↑A
(T-R-Shift)

Md | b : nat | Ω;Σ ⊢RD;Sig x : ↓↑A

Md | b > 0 : nat | Ω;Σ ⊢RD;Sig x : τ1 ∨ ↓↑A
(T-∨-Succ)

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e1 : CMdT
Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e2 : CMdT ′ ⊙ : ↑T × ↑T ′ → ↑T ′′

Md | b > 0 : nat | Ω;Σ ⊢RD;Sig e1 ⊙ e2 : CMdT ′′
(T-Binary)

Md | b = 0 : nat | Ω;Σ ⊢Sig e : τ Md | b > 0 : nat | Ω;Σ ⊢RD;Sig e : τ

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e : τ
(T-enough?)

Figure 3.11: Expression typing

are shown in Fig. 3.11. The T-Loc-Write and T-Loc-Read rules match the location variable x
with an existing variable inside the context. T-Loc-Write checks a variable to be written to x by
checking that it is not read-only. The T-W-Shift rule is similar to T-C-Shift but considers the
variable x at type ↓↑A under an unstable typing judgment in the conclusion, and at ↑A under a
stable typing judgment in the premise.

Statement Typing. The typing rules for crash instructions are presented in Fig. 3.12. A crash
is detected by the depleted energy level b = 0 in the T-∨-crash rule. In the premise, the crash
instruction ↓ε # in(b > 0, ↑κ′) is typed. The T-aID-stop rule simply drops the volatile locations
in Σ. The T-Charge rule inputs a new energy level from the energy channel ε. The first premise
shows that the energy channel is needed to provide a natural number greater than zero. Finally,
the T-aID-Restore rule prepares for re-execution; volatile memory is restored from the check-
pointed locations in Ω. The checkpointed location typings remain in Ω as we may need them if
there is another power failure. Execution continues with the original command c0 enclosed in the
atomic region. Instead of retyping the restored judgments, we check if there are already typing
derivations by matching them up with the saved judgment in the signature.
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Md | · | Ω;Σ ⊢Sig ↓ε # in(b > 0, ↑κ′) : ↓(nat⇝ ↑ CMdT′ )

Md | b = 0 : nat | Ω;Σ ⊢Sig κ′ : ↓(nat⇝ ↑ CMdT′ ) ∨ ↓↑T
(T-∨-Crash)

aID(c0) | · | Ω ⊢Sig ε # in(b > 0, ↑κ′) : (nat⇝ ↑CMdunit)

aID(c0) | · | Ω;Σ ⊢Sig ↓ε # in(b > 0, ↑κ′) : ↓(nat⇝ ↑ CMdunit)
(T-aID-stop)

ε # in() : nat > 0 Md | b > 0 : nat | Ω ⊢Sig↑ κ′ : ↑CMdT
Md | · | Ω ⊢Sig ε # in(b > 0, ↑ κ′) : (nat⇝ ↑CMdT )

(T-Charge)

Ω = Ω′,Ω′′ck aID(c0) | b ≥ 0 : nat | Ω; ↓Ω′′ ⊢ c0 : Cunit ∈ Sig

aID(c0) | b > 0 : nat | Ω ⊢Sig ↑κ′ :↑ Cunit
(T-aID-Restore)

Figure 3.12: Crash, restore, and checkpoint typing

3.4 A Logical Relation for Crash Types
To prove the correctness of a sequential, intermittent program over a finite but abritrary num-
ber of crashes, we define a logical relation over crash types. The key idea is that in order to
prove that an intermittent execution is correct, its final results must match those of a single,
continuously-powered execution, which is obtained by matching certain steps from the intermit-
tent execution. The logical relation provides the vehicle for this matching, maintaining a relation
between configurations of the intermittent and continuously-powered executions at each step,
which is eventually used to establish that the final memory states between the two executions are
the same.

In this section, we define a logical relation for relating intermittent and continuously-powered
executions of a single atomic region. We use the logical relation to introduce a semantic typing
for programs consisting of atomic regions. Later, in Section 3.6, we show that statically well-
typed programs are semantically well-typed and that our semantic typing ensures idempotency.

3.4.1 Semantic Typing via a Logical Relation
We define a binary logical relation for crash types that relates an intermittent execution with
a continuously-powered execution for a single atomic region. Since crash types are recursive,
we rely on step-indexing to ensure the well-foundedness of the definitions. The step index is
the maximum number of executions that an observer would allow for the intermittent execution.
Similar to prior work [8, 45, 122], our definition consists of a term relation EJCunitKm and a
value relation VJτKm, which relate an open configuration with at most m attempts for execut-
ing the region to an open configuration with continuous power. The value relation requires the
intermittently executed configuration to be a value configuration.

The logical relation is constructed in such a way that two related configurations will result
in the same nonvolatile memories upon completing evaluation of the command, which captures
the idempotency requirements. The term and value logical relations are inductively defined over
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N1 = N′1 RD,N
′′
ck

N2 = N′1 ck,V
′′ V1 = V′1,V

′′ dom(V′′) = dom(N′′) γ′ ⊆ γ s.t. range(γ′) = dom(N1)

Commit(γ, aID(c0),N1,V1) = γ′ | N2

N1 = N′RD,N
′′
ck V2 = N′′

Restore(γ, aID(c0),N1, κ) = N2 | V2 | c

γ′ ⊆ γ s.t. range(γ′) = dom(N1) V2 = ·

PwOff(γ, aID(c0),N1,V1) = γ′ | V2

Figure 3.13: Commit, Restore, and PwOff policy definitions for atomic regions

a lexicographic induction on the index m and the structure of the types. Our logical relation is
presented in Fig. 3.14.
Auxiliary Definitions. Before explaining details of our logical relation, we define notations and
policies used in its definition.

We write C∞o to denote an open configuration with an infinite energy level: they are of the
form (γ | Md | ∞ | N | V | c). Such configuration is used to model a continuously-powered
execution. We write Co →

∗
irred C

′
o to mean that Co evaluates to an irreducible configuration C′o

which cannot take any more steps. Since our semantics for commands is deterministic, for each
configuration Co there is exactly one such irreducible configuration. An irreducible configura-
tion might not be a value but rather an ill-typed configuration that cannot take any more steps.
Syntactic typing, by enabling a proof of progress and preservation, ensures that an irreducible
configuration can only be a value configuration as defined in Fig. 3.3. However, our logical
relation does not assume syntactic typing of configurations. Instead, by defining a value rela-
tion for each type, the logical relation ensures that an irreducible configuration reachable from a
semantically well-typed program is indeed a value configuration.

To account for the power failure, recovery, and finalizing atomic regions’ effects on memory,
the logical relation relies on PwOff, Restore, and Commit policies, referred to as power failure,
restore, and commit policies, respectively. We formally define these policies in Fig. 3.13. The
definitions match the memory operations in the dynamic rules that deal with crash, restore, and
re-execution (D-S-aID, D-restore-aID, and D-P-Ckpt) for atomic regions, though they can be
generalized as we will discuss in Sections 3.5.

In Fig. 3.13, the commit policy is defined to capture the effects of finalizing the nonvolatile
memory after a successful atomic region execution. The commit policy copies the values of the
volatile logs into the nonvolatile memory and changes the qualifiers of all other locations in the
nonvolatile memory to CK. Additionally, the location variable mapping γ is scoped down to γ′ to
cover only the remaining locations in N1, i.e., range(γ′) = dom(N1).

The restore policy describes the effect of setting up the memories for re-executing an atomic
region, by recreating the volatile logs with the checkpointed nonvolatile locations N′′ and restor-
ing the atomic region c0, causing the program to re-execute from the beginning.

Finally, we define a power off policy to state the effect of the system in the event of a power
failure. Because atomic regions already checkpoint the necessary locations before they begin
executing, the PwOff policy here is defined to lose the volatile memory state and logs upon
power failure. Like in commit, γ is scoped down to γ′ to cover the remaining locations, i.e.,
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Binary relation for commands
Md | b ≥ 0 : nat | Ω | Σ ⊩ c1 ≤ c2 : Cunit
iff ∀n,m ≥ 0. ∀γ,N,V.s.t. ⊢Mdγ N | V : Ω | Σ.

(γ | Md | n | N | V | c1, γ | Md | ∞ | N | V | c2) ∈ EJCunitKm

Term relation
EJCunitKm+1 = {(Co1,C

∞
o2) | ∃.C′o1 s.t.Co1 →

∗
irred C

′
o1 ∧ ∃.C

∞′

o2 s.t.C∞o2 →
∗ C∞

′

o2 ∧

(C′o1,C
∞′

o2 ) ∈VJCunitKm+1}

EJCunitK0 = {(Co1,C
∞
o2)}

Value relation
VJ↑unitK = {(Co1,C

∞
o2) | Co1 = (γ | Md | n1 |N | skip) ∧ C∞o2 = (γ | Md | ∞ |N | skip)}

VJ↓↑unitK = {(Co1,C
∞
o2) | Co1 = (γ1 | Md | n1 |N1 |V1 | skip)∧

C∞o2 = (γ2 | Md | ∞ |N2 |V2 | skip)∧
Commit(γi, Md,Ni,Vi) = γ′i |N

′
i ∧

(γ′1 | Md | n1 |N′1 | skip, γ′2 | Md | ∞ |N
′
2 | skip) ∈ VJ↑unitK}

VJ↑CunitKm = {(Co1,C
∞
o2) | Co1 = (γ1 | Md | n |N1 | ↑κ)∧

C∞o2 = (γ2 | Md | ∞ |N2 |V2 | c2)∧
Restore(γ1, Md,N1, κ) = N0 |V0 | c0 ∧

(γ1 | Md | n |N0 |V0 | c0, γ2 | Md | ∞ |N2 |V2 | c2) ∈ EJCunitKm}

VJnat⇝↑CunitKm = {(Co1,C
∞
o2) | Co1 = (γ1 | Md | · |N1 | ε # in(b > 0, ↑κ))∧

∀n>0.(γ1 | Md | n |N1| ↑κ,C
∞
o2) ∈VJ↑ CunitKm}

VJ↓(nat⇝↑Cunit)Km = {(Co1,C
∞
o2) | Co1 = (γ1 | Md | · |N1|V1| ↓ε # in(b > 0, ↑κ))∧

PwOff(γ1, Md,N1,V1) = γ′1 |V
′ ∧

(γ′1 | Md | · |V
′
ck
,N1 | ε # in(b > 0, ↑κ),C∞o2) ∈ VJnat⇝ ↑CunitKm}

VJCunitKm+1 = {(Co1,C
∞
o2) | Co1 = (γ1 | Md | n1 |N1 |V1 | c1)∧

either n1 = 0 ∧ (γ1 | Md | · |N1 |V1 | ↓ε # in(b > 0, ↑c1),C∞o2)
∈ VJ↓(nat⇝↑ Cunit)Km,

or n1 > 0 ∧ (γ1 | Md | n1 |N1 |V1 | c1,C
∞
o2) ∈ VJ↓↑ unitK}

Figure 3.14: Step-indexed logical relation for crash types

range(γ′) = dom(N1).
Now we are ready to explain our term and value relations.

Term Relation. A pair of open command configurations of type Cunit are in the term relation
of index m if any intermittent execution of the first configuration after m observed executions
is indistinguishable from a continuously-powered execution of the second configuration. In the
base case where the index is m = 0, no execution is observed, so any two configurations are in
the term relation. In the inductive case where the index is m + 1, the term relation relates two
configurations at type Cunit if the first configuration eventually steps to a value configuration and
the second configuration can take zero or more steps such that the pair continue to be in the value
relation ofVJCunitKm+1.
Value Relation. The value relation is defined based on the intended meaning of the type, and
relates two value configurations that will have the same effect on the stores.
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The last two rules omit the index m because the types ↓↑unit and ↑unit are not recursive
and thus no index is needed. The value relation at type ↑unit relates two configurations that
have finalized their executions and thus requires they have the same nonvolatile memories N. The
value relation at type ↓↑unit relates two configurations that have completed their executions and
right before they commit their changes to nonvolatile memory and requires that the commands in
both configurations be skip and that after committing changes to their nonvolatile memory, the
configurations be related at type ↑unit. In other words, this requires these two configurations to
have the same effect on nonvolatile memory.

The value relations in the last four rows of Fig. 3.14 are defined based on the type of the
first configuration, as it goes through power failure, charging, and recovery, characteristic of
intermittent execution. However, the second configurations in these relations do not encounter
power failures at all and continue to be of type Cunit. Only in the relations defined in the first and
second rows of the Fig. 3.14 term relation do the types of both configurations match the indexed
type of the relation. Hence, the value relation has varying arity: in the first and second rows
of Fig. 3.14, the relation is binary while in the rest, the relation degenerates to unary, with the
second configuration as its Kripke world [66].

Each definition relates a configuration with a crash instruction to a continuously-powered ex-
ecution. It includes conditions on the store that quantify the effects of the partial execution, crash,
or recovery, so that these three rules together requires that previous partial execution, crashes,
and recovery have no impact to the final nonvolatile memory compared to the continuously-
powered execution and at the same time, allow unharmful effects of the partial execution. Be-
cause the structure of the crash type enforces that power failure, charging, and recovery happens
in sequence, each definition applies effects of its own crash instruction and then hands off the
resulting configuration to the previous definition.

The value relation at type ↑Cunit requires that the intermittent configuration runs the crash
instruction ↑κ, which restores a continuation of the execution. The restored configuration con-
tinues to be related to the continuously-powered configuration in the term interpretation at its
original type Cunit.

The value relation at type (nat ⇝ ↑Cunit) requires the intermittent configuration to run an
instruction for charging the energy. It is defined similarly to a function type in a value relation and
requires the configurations to be related at type (↑Cunit) for every energy input level n provided
to the first configuration.

The value relation at type ↓(nat⇝ ↑Cunit) relates two configurations if the first one runs the
crash instruction ↓ε # in(b > 0, ↑κ) which processes the power failure. The power failure policy
creates a checkpoint of volatile locations such that the configurations continue to be in the value
relation at type (nat⇝ ↑Cunit).

Finally, the value relation relates two open command configurations at type Cunit and index
m + 1 if either (a) the first configuration has faced a power failure, and the two configurations
continue to relate by VJ↓(nat ⇝ ↑Cunit)Km, or (b) the first configuration executed successfully
without any power failures, and the two configurations are related byVJ↓↑unitK. This definition
matches the disjunctive nature of type Cunit, which is recursively defined in the signature as
↓(nat ⇝ ↑Cunit) ∨ ↓↑unit. Since we unfold the recursive definition of Cunit, we decrease the
index from m + 1 to m to ensure the relation’s well-foundedness. Note that the value relation is
neither defined nor used by other definitions for Cunit at index 0.
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Semantic Typing. The top-level logical relation is written Md | b ≥ 0 : nat | Ω;Σ ⊩ c1 ≤

c2 : Cunit stating that each intermittent execution of c1 yields the same nonvolatile memory as a
continuously-powered execution of c2, if it begins execution with well-formed memories w.r.t.
Ω and Σ (see Fig. 3.14).

We formalize semantic typing as every atomic region of the program being logically-related
to itself. The rule P-Ckpt-semantic says that a program is semantically well-typed if every atomic
region of it is self-related under our logical relation.

Ω0 |Σ0 = InitWorldt(Ω; aPol)
aID(c0) | b≥ 0 : nat |Ω0;Σ0 ⊩ c0 ≤ c0 : Cunit b : nat |Ω ⊩ p : ↑Cunit

b : nat |Ω ⊩ startatom(aID, aPol); c0; endatom; p : ↑Cunit
(P-Ckpt-semantic)

Self-relatedness of a block helps us to build a continuously-powered execution for each in-
termittent execution of it as required for idempotency. We give the theorem and proof that a
program comprised of only self-related blocks is idempotent in Section 3.6.

The P-Ckpt-semantic rule allows us to reason about programs by considering each code block
independently. We can extend this aproach to accomodate other code blocks in a program. In the
next section, we extend the system to accomodate just-in-time (JIT) blocks and explain how to
compose them with atomic regions in programs.

3.5 JIT and Hybrid Program Execution
Up until this point, we have focused our discussion entirely on atomic regions. In this section, we
extend the system we have developed thus far to also include just-in-time (JIT) regions, written
c; p, where c is the JIT region and p is the rest of the program. We add another mode for JIT
regions, denoted jit, which is used to index our operational semantics and typing rules. Below, we
give the full syntax of programs and execution modes extended to accommodate JIT programs:

programs p ::= startatom(aID, aPol); c; endatom; p | c; p | skip
execution mode Md ::= aID(c) | jit

In Section 3.5.1, we explain the example JIT region from Chapter 2. In Section 3.5.2, we
extend the calculus from above with operational semantic rules for executing JIT regions. Sec-
tions 3.5.4 and 3.5.3 introduce types and typing rules specific to JIT mode. In Section 3.5.5, we
revisit the semantic typing and logical relation considering JIT mode.

3.5.1 Example of JIT Region Execution and Typing
Unlike atomic regions, JIT regions are not susceptible to memory consistency bugs because they
do not re-execute. Instead, all volatile state is checkpointed in nonvolatile memory just before a
power failure so that upon reboot, program execution resumes from the point where power had
failed. Due to this, reasoning about memory accesses in JIT mode is not needed. As a result,
all variables in a JIT region are annotated with the qualifier CK. Fig. 3.15 shows the details of
executing the JIT region from Chapter 2 Fig. 2.2.
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Figure 3.15: Intermittent execution of a JIT region. We write i for int and b for bool.

Row (0) shows the initial nonvolatile locations, their values, and the mapping from variables
to locations. The system starts executing the JIT region by creating an empty context to be pop-
ulated by volatile locations (Row (1)). The let construct allocates a fresh location ℓw in volatile
memory corresponding to the variable w. On a power failure in JIT mode, the system creates a
nonvolatile copy of the volatile location ℓw just before it loses the location (Row (2)). It marks the
nonvolatile copy with the superscript ck. When resuming program execution, the system restores
these copies to volatile memory which it accesses during execution, dismissing their nonvolatile
backups (Row (3)). Execution then continues with the if clause, finally dropping the volatile
location ℓw, as it is out of scope (Row (7)).

Shifts in JIT Mode (Fig. 3.15): We explain how to build typing contexts for JIT programs,
again using the rules from Chapter 2 and the execution in Fig. 3.15. The process of constructing
typing contexts for JIT regions is the same as for atomic regions. However, all variables in JIT
regions are checkpointed, and thus, the resulting typing contexts differ from those for atomic
regions even when typing the same commands. In Fig. 3.15, we create an empty volatile context
Σ when starting the JIT region (the step from Row (0) to Row (1)) by an application of the ↑R
rule. A combination of the rules ↓L and ↓R corresponds to a power failure, i.e., the stepping
from Row (1) to Row (2) in Fig. 3.15. An application of the ↓L rule copies the variable w of
type ↓s

u↑
s
ub in Fig. 3.15 from volatile memory context Σ into nonvolatile memory context Ω.

A ↓R rule application closes off the (empty) nonvolatile memory context. As in atomic mode,
a combination of ↑R and ↑L∗ rules corresponds to restoring a nonvolatile location to volatile
memory (e.g., w) when restarting the command after the failure, i.e., the step from Row (2) to
Row (3). The ↑R rule prepares for re-execution by setting up an empty volatile context into which
the ↑L∗ rule copies variable w from the nonvolatile context. We assume an extra weakening rule
to eliminate the remaining variable w in nonvolatile memory context. The dropping of the volatile
memory context at the end of execution (Row (6)) is not a modal step, but rather follows from a
standard rule for the let clause. Lastly, in Row (7), an application of ↓R drops the volatile typing
context and produces the stable type ↑s

uunit, detecting a successful execution.
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3.5.2 Operational Semantics for JIT Regions
The operational semantics for JIT regions are of the same forms as those for atomic regions:
Cc ⇒p C

′
c (program level), Cc ⇒ C

′
c (command level), and Co → C

′
o (expression level).

We present selected operational semantic rules for JIT programs in Fig. 3.16.

n > 0
n′ > 0 [χ▷ ε] ⊗ γ | jit | n | N | · | · | c ⇒∗ [χ′ ▷ ε] ⊗ γ′ | jit | n′ | N′ | V′ | · | skip

[χ▷ ε] ⊗ γ | n | N | c; p ⇒p [χ′ ▷ ε] ⊗ γ | n′ | N′ | p
(D-P-seq)

[χ▷ ε] ⊗ γ | jit | · |N |V | ↓ε # in(b > 0; ↑κ)⇒ [χ▷ ε] ⊗ γ | jit |N,Vck | ε # in(b > 0; ↑κ)
(D-S-Jit)

[χ▷ ε] ⊗ γ | jit | n |N,Vck | ↑ κ ⇒ [χ▷ ε] ⊗ γ | jit | n |N |V | κ
(D-restore-Jit)

Figure 3.16: Selected operational semantic rules for JIT regions

Top-Level Program Execution. The D-P-seq rule applies when the next code block is a regular
command c. The closed configuration of c with an empty initial set of volatile locations is fully
evaluated in JIT mode. In Fig. 3.15, we use the rule D-P-seq to set up an initially empty volatile
context to begin executing the JIT region (the step from Row (0) to Row (1)), and to step the
JIT region (from Row (1) to Row (6)) according to the third premise. Then the resulting volatile
locations V′ scoped in c are dropped because in JIT mode the nonvolatile memory always stores
up-to-date values and V′ only contains out-of-scope let variables. This corresponds to the step
from Row (6) to Row (7) in Fig. 3.15. The constraint n > 0 checks that there is energy available
for the first code block to take a step, and n′ > 0 checks that the first code block finishes executing
successfully and is not in the midst of a power failure.

Together, the rules D-P-Seq and D-P-Ckpt allow running programs composed of both JIT
and atomic regions, and the combination of rules T-P-Seq and T-P-Ckpt allows us to statically
check them.
Command Execution (Closed Config). The rule D-S-Jit corresponds to checkpointing, and
stores all volatile memory in nonvolatile locations. The rule D-restore-Jit moves the check-
pointed locations into volatile memory, thereby dropping the checkpointed locations from the
scope of the nonvolatile memory. D-restore-Jit recovers the interrupted command κ for the
program to resume execution.

3.5.3 Store Typing
We present the store typing rules for JIT mode in Fig. 3.17: Empty for checking empty stores,
V-loc-Jit for checking volatile locations, and NV-loc-Jit for checking nonvolatile locations. The
rule V-loc-Jit is similar to the volatile store typing rule for atomic mode. The rule checks that
the volatile location ℓ has the qualifier CK, and that the type of the value v stored in ℓ matches the
type of the corresponding variable x in the volatile typing context Σ. The first premise recursively
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checks the rest of the volatile store. The rule NV-loc-Jit checks a nonvolatile location ℓ by
ensuring that the variable x, for which ℓ is allocated, has the same type in Ω as the value v stored
in ℓ and that the qualifier q = CK. The rule then recursively checks the rest of the store.

⊢
jit
γ N | V : Ω | Σ

⊢
jit
γ · | · : · | ·

(Empty)

⊢
jit
γ′ N | V′ : Ω | Σ

V = V′, ℓ@ q ↪→ v q = Ck γ = γ′, [x 7→ ℓ] Md | b : nat | Ω ⊢RD v : ↑A

⊢
jit
γ N | V : Ω | Σ, (x:↓↑A@q)

(V-loc-Jit)

⊢
jit
γ′ N′ | V : Ω | Σ

N = N′, ℓ@ q ↪→ v q = Ck γ = γ′, [x 7→ ℓ] Md | b : nat | Ω ⊢RD v : ↑A

⊢
jit
γ N | V : Ω, (x:↑A@q) | Σ

(N-loc-Jit)

Figure 3.17: Well-formedness of N | V w.r.t. Ω | Σ in JIT mode

3.5.4 Static Typing
We extend the type system to accommodate JIT regions by introducing crash types and typing
rules for JIT mode, summarized in Figs. 3.18 and 3.19.
Crash Types. We begin by extending the definition of type variables CMdT . Because the mode
has been extended to accommodate both atomic regions and JIT regions, we replace the single
type variable CMdA with a type variable for each mode: Catom

A and Cjit
A. The definition of crash

type for commands in JIT mode (Cunit) is the same as for atomic mode, where the right disjunct
represents successful execution and the left disjunct represents a power failure. To capture the
JIT policy, the type Cunit in the left disjunct represents the same command that was interrupted
by the power failure. The definition of expression crash type for JIT mode (Cjit

A) is similar to
the one for atomic mode (Catom

A ), where the right disjunct types a successful execution and the
left disjunct represents power failure. However, the type ↑Cjit

A in the left disjunct captures the
JIT recovery policy, that an interrupted run of an expression in JIT mode will be restored to the
expression itself.
Program Typing. To type JIT programs, we extend our type system with the rule T-P-seq. The
T-P-seq rule types program c; p by first typing c under JIT mode with b ≥ 0, which allows for
the possibility of power failure. The command c is typed under an empty volatile memory typing
context, which will be populated when let commands in c allocate new volatile locations. The
signature Sig for typing c is also empty and will be populated later at individual points of failure
(rule T-enough?). The second premise types the rest of the program p under the nonvolatile
typing context Ω.
Command, Expression, and Statement Typing. The command and expression typing rules
are extended to accommodate JIT mode which just entails updating the T-enough? rules for
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type variables CMdT ::= Cunit | Catom
A | C

jit
A

command crash type Cunit ::= ↓(nat⇝ ↑ Cunit) ∨ ↓↑unit
atomic crash type Catom

A ::= ↓(nat⇝ ↑ Cunit) ∨ ↓↑A
jit crash type C

jit
A ::= ↓(nat⇝ ↑Cjit

A) ∨ ↓↑A

Figure 3.18: Crash types for both JIT and atomic mode

jit | b ≥ 0 : nat | Ω; · ⊢∅ c : Cunit b : nat | Ω ⊢ p : ↑Cunit
b : nat | Ω ⊢ c; p : ↑Cunit

(T-P-seq)

Sig′ = {Md | b ≥ 0 : nat | Ω;Σ ⊢ c : τ} Sig′′ = if Md = jit, then Sig′, else Sig
Md | b = 0 : nat | Ω;Σ ⊢Sig′′ c : τ Md | b > 0 : nat | Ω;Σ ⊢Sig c : τ

Md | b ≥ 0 : nat | Ω;Σ ⊢Sig c : τ ⊣ Ω′
(T-enough?)

Sig′ = {Md | b ≥ 0 : nat | Ω;Σ ⊢RD e : τ} Sig′′ = if Md = jit, then Sig′, else Sig
Md | b = 0 : nat | Ω;Σ ⊢Sig′′ e : τ Md | b > 0 : nat | Ω;Σ ⊢RD;Sig e : τ

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e : τ
(T-enough?)

Σ = ↓↑Σ′ jit | · | Ω, ↑Σ′ck ⊢Sig ε # in(b > 0, ↑κ′) : (nat⇝ ↑CMdT )

jit | · | Ω;Σ ⊢Sig ↓ε # in(b > 0, ↑κ′) : ↓(nat⇝ ↑ CMdT )
(T-Jit-stop)

Ω = Ω′,Ω′′ck jit | b ≥ 0 : nat | Ω′; ↓Ω′′ ⊢ κ′ : CMdT ∈ Sig

jit | b > 0 : nat | Ω ⊢Sig ↑κ′ :↑ CMdT
(T-Jit-Restore)

Figure 3.19: Selected typing rules for JIT regions

commands and expressions to populate the signature Sig′′ at the appropriate place. In particular,
both rules are extended with a premise stating that the signature remains unchanged if the mode is
atomic, but is populated by Sig′ (the current command typing) if the mode is JIT. In JIT mode,
after a power failure, the command c is restored to itself, and Sig′ remembers that the well-
typedness of the command (when the energy level is non-negative) has already been checked.

Typing rules for crash instructions also change to adopt the stop and restore policies for JIT
programs. The T-Jit-stop rule brings a checkpointed version of all the volatile variables in Σ
inside Ω since they are checkpointed upon power failure. Once an energy input is received from
the environment (b > 0), the rule T-Jit-Restore applies to type the restored command. Here,
volatile memory is restored from the checkpointed locations in Ω. Checkpoints are dropped
from Ω and execution resumes with the expression or command κ, which is the code running
right before the power failure.
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3.5.5 Logical Relation
Our logical relation from Section 3.4 is designed to reason about JIT regions too, but according
to different policies. We provide policy definitions for JIT mode in Fig. 3.20. The policies are
defined to match the dynamic rules for crash, restore, and re-execution for JIT execution (D-S-Jit,
D-restore-Jit, and D-P-seq).

N1 = N1
RD,N

2
ck N2 = N1

ck,N
2
ck range(γ′) = dom(N1) γ′ ⊆ γ

Commit(γ, jit,N1,V1) = γ′ | N2

N1 = N′,N′′ck N2 = N′ V2 = N′′

Restore(γ, jit,N1, κ) = N2 | V2 | κ

V2 = V1 γ′ = γ

PwOff(γ, jit,N1,V1) = γ′ | V2

Figure 3.20: Commit, Restore, and PwOff policy definitions for JIT mode

The Commit policy for JIT mode simply drops all volatile memory and changes the quali-
fiers of all locations in nonvolatile memory to ck. Additionally, the original map γ covers the
committed map γ′ (γ′ ⊆ γ), and the locations mapped to by γ′ comprise the locations of N1

(range(γ′) = dom(N1)).
The Restore policy for JIT mode prepares for execution to resume by extracting let-bound

variables that were stashed in nonvolatile memory N′′ back to their volatile locations and return-
ing the current continuation κ. We write N1 = N′,N′′ck to state that N1 can be uniquely partitioned
into all locations that are checkpointed (N′′ck), which are of the form ℓck, and regular locations (N′)
of the form ℓ. N′′ is the non-checkpointed version of N′′ck which could be retrieved by removing
the ck subscript from every location in N′′ck.

Lastly, the PwOff policy for JIT mode is defined to checkpoint all volatile locations in non-
volatile memory.
Semantic Typing. Lastly, we extend our semantic typing definition to accommodate JIT regions
too. We do so with the rule P-seq-semantic which says that a program of the form c; p is seman-
tically well-typed if the JIT region c is self-related under the logical relation and if the remaining
program p is semantically well-typed.

jit | b ≥ 0 : nat | Ω | · ⊩ c ≤ c : Cunit b : nat | Ω ⊩ p : ↑Cunit
b : nat | Ω ⊩ c; p : ↑Cunit

(P-seq-semantic)

For programs composed of a combination of JIT and atomic regions, the semantic typing
rules P-seq-semantic and P-Ckpt-semantic indicate that a program is semantically well-typed if
each of its program blocks (JIT and atomic regions) is self-related under our logical relation.

3.6 Metatheory
This section establishes the main properties of our system: progress and preservation, adequacy—
which states that intermittent executions of semantically well-typed programs are correct—and
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the fundamental theorem of logical relation which states that statically well-typed programs are
semantically well-typed. Combining the latter two, it follows that statically well-typed programs
can be correctly executed intermittently. The detailed proofs of these theorems are provided in
Appendix A.

3.6.1 Statically Well-Typed Programs are Type Safe
We prove type safety according to progress and preservation. The progress and preservation
theorems assume that memory locations are well-formed, ⊢Mdγ N | V : Ω | Σ. The progress
theorem (formally defined below) states that if a command c is well-typed, then for all energy
levels n and well-formed memories N and V, either the configuration of c is a value configuration
or it can take a step according to the operational semantics.
Theorem 1 (Progress for Commands) If Md | b R m : nat | Ω;Σ ⊢Sig c : τ, then ∀ n : nat
with n R m and ∀ γ,N,V with ⊢Mdγ N | V : Ω | Σ, either
• Val(γ | Md | n | N | V | c) or
• ∃(γ′ | Md′ | n′ | N′ | V′ | c′) s.t. γ | Md | n | N | V | c → γ′ | Md′ | n′ | N′ | V′ | c′.
Here, m = 0 and the configuration’s concrete energy level n instantiates energy variable b in

the typing judgment. The energy level decrements with each command step until the configura-
tion of c is a value where n > 0 (indicating a successful execution), or until n = 0 (indicating a
crash) which our semantics also considers a value. The constraint n R m in the theorem ensures
that the concrete energy level n preserves the relation of b with m as required by typing. Note that
this progress theorem does not ensure that a given program will always make enough progress to
complete the execution, because sufficient energy may not be available.

The preservation theorem for commands is formally defined below.

Theorem 2 (Preservation for Commands) If Md | b ≥ 0 : nat | Ω;Σ ⊢Sig c : τ where
• ⊢Mdγ N | V : Ω | Σ,
• n : nat ≥ 0, and
• γ | Md | n | N | V | c → γ′ | Md | n′ | N′ | V′ | c′

then for some Σ′, we have Md | b ≥ 0 : nat | Ω;Σ′ ⊢Sig c′ : τ where
• ⊢Mdγ′ N′ | V′ : Ω | Σ′ and
• n′ : nat ≥ 0.

Theorem 2 states that if c is a syntactically well-typed command that, with well-formed
memories N and V and nonnegative energy n, steps to another configuration γ′ | Md | n′ | N′ | V′ |
c′, then c′ is also syntactically well-typed, the memories N′ and V′ are well-formed, and n′ is a
nonnegative natural number. Together, Theorems 2 (Progress for commands) and 2 ensure the
soundness of execution between power failures, where energy is available. Their full proofs are
included in Appendix A.1.

3.6.2 Statically Well-Typed Programs are Semantically Well-Typed
To prove the soundness of intermittent execution, where power failure may occur, we rely on
the logical relation defined in Section 3.4. In particular, we prove the soundness of our static
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(γ ∣ 𝚊𝙸𝙳(c) ∣ n ∣ 𝖭𝖵 ∣ 𝖵 ∣ c, γ ∣ 𝚊𝙸𝙳(c) ∣ ∞ ∣ 𝖭𝖵 ∣ 𝖵 ∣ c)

(γ1 ∣ 𝚊𝙸𝙳(c) ∣ 0 ∣ 𝖭𝖵 ∣ 𝖵1 ∣ c1, γ ∣ 𝚊𝙸𝙳(c) ∣ ∞ ∣ 𝖭𝖵 ∣ 𝖵 ∣ c)

⇒* ⇒
0

(1)

(2)

(γ1 ∣ 𝚊𝙸𝙳(c) ∣ ⋅ ∣ 𝖭𝖵 ∣ 𝖵1 ∣ ↓ ϵ#in(b > 0, ↑ c1), γ ∣ 𝚊𝙸𝙳(c) ∣ ∞ ∣ 𝖭𝖵 ∣ 𝖵 ∣ c)(3)

by progress + 
preservation

(γ ∣ 𝚊𝙸𝙳(c) ∣ ⋅ ∣ 𝖭𝖵 ∣ ϵ#in(b > 0, ↑ c1), γ ∣ 𝚊𝙸𝙳(c) ∣ ∞ ∣ 𝖭𝖵 ∣ 𝖵 ∣ c)(4)

(γ ∣ 𝚊𝙸𝙳(c) ∣ n′￼ ∣ 𝖭𝖵 ∣ ↑ c1, γ ∣ 𝚊𝙸𝙳(c) ∣ ∞ ∣ 𝖭𝖵 ∣ 𝖵 ∣ c)(5)

(γ ∣ 𝚊𝙸𝙳(c) ∣ n′￼ ∣ 𝖭𝖵 ∣ 𝖵 ∣ c, γ ∣ 𝚊𝙸𝙳(c) ∣ ∞ ∣ 𝖭𝖵 ∣ 𝖵 ∣ c)(6)
by IH

(c) γ ⊆ γ1

Assume: {(a) range(γ) = dom(NV), (b) 𝖭𝖵 = 𝖭𝖵′￼, 𝖵𝚌𝚔}

Know:

∈ 𝒱 ↓ (𝚗𝚊𝚝 ⇝ ↑ 𝙲Unit)

∈ 𝒱 𝚗𝚊𝚝 ⇝ ↑ 𝙲Unit

∈ ℰ 𝙲Unit

∈ 𝒱 𝙲Unit

∈ 𝒱 ↑ 𝙲Unit

∈ ℰ 𝙲Unit

By TR 1

By VR 6

By VR 5,

By VR 4

By VR 3, 

(a), (c)

(b)

+1

+1

Figure 3.21: Proof of the fundamental theorem for T-P-Ckpt (inductive case)

typing rules with respect to the semantic typing rules (Theorem 3). We sketch the proof below
and provide the full proof in Appendix A.2.
Theorem 3 (Fundamental Theorem) If b : nat | Ω ⊢ p : ↑Cunit, then b : nat | Ω ⊩ p : ↑Cunit.

The proof of Theorem 3 is by induction on the static typing derivation for p and considers
the last step in the derivation.

Typing an atomic region: We sketch the high level idea behind the proof for the case where
the last step of the derivation is T-P-Ckpt. By inversion, p = startatom(aID, aPol); c; endatom; p′

where aPol = (ω, ρ). Also, c is well-typed for static contexts Ω′ and Σ, where Ω′ = Ω′′,Σck.
The goal is to establish that c is related to itself in the term interpretation for arbitrary n, m,

γ, N and V where ⊢Mdγ N | V : Ω′′,Σck | Σ. This means that we need to prove (γ | aID(c) | n |
N | V | c, γ | aID(c) | ∞ | N | V | c) ∈ EJCunitKm for all indices m given that the condition
⊢Mdγ N | V : Ω | Σ holds. The last condition enforces that the static contexts match the dynamic
context. In particular, N = N′,Vck and range(γ) = dom(N).

Base Case. For m = 0, the logical relation in Fig. 3.14 relates any two configurations with the
index zero. Thus, the base case immediately follows from the term interpretation at type Cunit.

Inductive Case. Now we discuss the inductive case where m = k + 1. By the progress and
preservation theorems, the first configuration can take multiple steps until it becomes a value
γ1 | aID(c) | n′ | N | V1 | c1 that continues to be well-typed. If n′ > 0, then the intermittent
execution was successful, in which case the second configuration steps similarly to completion
such that the two resulting configurations are in the value relation.
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Alternatively, if n′ = 0, then the intermittent execution failed. Fig. 3.22 sketches the proof
of this case. The green conditions (a) and (b) are known by assumption, and (c) is learned while
conducting the proof. The condition (a) asserts that γ covers the locations in the nonvolatile
memory N, and the condition (b) asserts that the initial log V matches the values of checkpointed
locations in the intial nonvolatile memory N.

In this case, the second configuration does not step and instead reaches point (2), where the
initial variable location mapping is a subset of the stepped variable location mapping: (c) γ ⊆ γ1.
At point (2), the proof must show that the configurations are in the value interpretation at type
Cunit.

The dashed line in the figure states that establishing point (2) implies the relation in point (1).
In general, the cascade of implications (dashed lines) follows the definition of the value relations
at each type. At each step, we invert on the typing rule of the open configuration and show
that runtime memories stay well-defined for static contexts. For example, to prove point (1), it
suffices to establish point (2) which follows by the term interpretation at type Cunit. To prove
point (2), it is enough to prove point (3), and so on. The proof continues unfolding the logical
relation in this manner until point (6) is reached. Point (6) states that c is self-related by the term
interpretation at type Cunit but at the smaller index k. By establishing the appropriate conditions,
we can apply the inductive hypothesis to establish the desired result. This is the high-level proof
strategy, and we provide more detail in the explanation below.

At point (4), we apply the power failure policy for atomic regions, which drops the volatile
memory V′ and creates a mapping using the domain of N′. By the prior conditions established,
we know the resulting mapping is the original mapping γ which covers nonvolatile memory N.

At point (6), we apply the restore policy for atomic regions, which creates a new volatile log
based on N.

By the semantics of the restore function, we know that the volatile log created is the original
log V containing only checkpointed locations.

The goal at point (6) is similar to our original goal at point (1), but at a smaller index k. We
apply the inductive hypothesis to establish the desired result.

Typing a JIT region: Now, we sketch the proof for the case where the last step of the derivation
is T-P-Seq. Since there is no re-execution, the reasoning is simpler than atomic regions. By
inversion, p = c; p′. Also, c is well-typed for static contexts Ω and Σ. Unlike the atomic region
case, initially there are no locations tagged as ck.

The goal is to establish that c is related to itself in the term interpretation for arbitrary n, m,
γ, N and V where ⊢Mdγ N | V : Ω | Σ. This means that we need to prove (γ | jit | n | N | V | c, γ |
jit | ∞ | N | V | c) ∈ EJCunitKm for all indices m given that the condition ⊢Mdγ N | V : Ω | Σ holds.
The last condition enforces that the static contexts match the dynamic context. In particular,
range(γ) = dom(N).

Base Case. For m = 0, the logical relation in Fig. 3.14 relates any two configurations with the
index zero. Thus, the base case immediately follows from the term interpretation at type Cunit.

Inductive Case. Now we discuss the inductive case where m = k + 1. By the progress and
preservation theorems, the first configuration can take multiple steps until it becomes a value
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(γ ∣ 𝚓𝚒𝚝 ∣ n ∣ 𝖭𝖵 ∣ 𝖵 ∣ c, γ ∣ 𝚓𝚒𝚝 ∣ ∞ ∣ 𝖭𝖵 ∣ 𝖵 ∣ c)

(γ1 ∣ 𝚓𝚒𝚝 ∣ 0 ∣ 𝖭𝖵1 ∣ 𝖵1 ∣ c1, γ1 ∣ 𝚓𝚒𝚝 ∣ ∞ ∣ 𝖭𝖵1 ∣ 𝖵1 ∣ c1)

⇒* ⇒
0

(1)

(2)

(γ1 ∣ 𝚓𝚒𝚝 ∣ ⋅ ∣ 𝖭𝖵1 ∣ 𝖵1 ∣ ↓ ϵ#in(b > 0, ↑ c1), γ1 ∣ 𝚓𝚒𝚝 ∣ ∞ ∣ 𝖭𝖵1 ∣ 𝖵1 ∣ c1)(3)

by progress + 
preservation

(γ1 ∣ 𝚓𝚒𝚝 ∣ ⋅ ∣ 𝖭𝖵1, 𝖵1 𝚌𝚔 ∣ ϵ#in(b > 0, ↑ c1), γ1 ∣ 𝚓𝚒𝚝 ∣ ∞ ∣ 𝖭𝖵1 ∣ 𝖵1 ∣ c1)(4)

(γ1 ∣ 𝚓𝚒𝚝 ∣ n′￼ ∣ 𝖭𝖵1, 𝖵1 𝚌𝚔 ∣ ↑ c1, γ1 ∣ 𝚓𝚒𝚝 ∣ ∞ ∣ 𝖭𝖵1 ∣ 𝖵1 ∣ c1)(5)

(γ1 ∣ 𝚓𝚒𝚝 ∣ n′￼ ∣ 𝖭𝖵1 ∣ 𝖵1 ∣ c1, γ1 ∣ 𝚓𝚒𝚝 ∣ ∞ ∣ 𝖭𝖵1 ∣ 𝖵1 ∣ c1)(6)
by IH

Assume: {(a) range(γ) = dom(NV, V)}

∈ 𝒱 ↓ (𝚗𝚊𝚝 ⇝ ↑ 𝙲Unit)

∈ 𝒱 𝚗𝚊𝚝 ⇝ ↑ 𝙲Unit

∈ ℰ 𝙲Unit

∈ 𝒱 𝙲Unit

∈ 𝒱 ↑ 𝙲Unit

∈ ℰ 𝙲Unit

By TR 1

By VR 6

By VR 5

By VR 4

By VR 3 

+1

+1

{(b) γ ⊆ γ1}Know:

Figure 3.22: Proof of the fundamental theorem for T-P-Seq (inductive case)

γ1 | aID(c) | n′ | N | V1 | c1 that continues to be well-typed. If n′ > 0, then the intermittent
execution was successful, in which case the second configuration steps similarly to completion
such that the two resulting configurations are in the value relation.

Alternatively, if n′ = 0, then the intermittent execution failed. Fig. 3.22 sketches the proof of
this case. The green condition (a) is known by assumption, and (b) is learned while conducting
the proof. The condition (a) asserts that γ covers the locations in the nonvolatile memory N.
In this case, the second configuration steps in lockstep with the first configuration and reaches
point (2), where the initial variable location mapping is a subset of the stepped variable location
mapping: (b) γ ⊆ γ1. At point (2), the proof must show that the configurations are in the value
interpretation at type Cunit.

At point (4), we apply the power failure policy for JIT regions, which stashes the volatile
memory V1 into nonvolatile memory. The subscript ck indicates which portion of the resulting
memory is actually checkpointed.

At point (6), we apply the restore policy for JIT regions, which repopulates volatile memory
with the locations in nonvolatile memory that were marked ck.

The goal at point (6) is similar to our original goal at point (1), but at a smaller index k. We
apply the inductive hypothesis to establish the desired result.

3.6.3 Semantically Well-Typed Programs are Idempotent
A program is idempotent if every intermittent execution of it can be simulated by a continuous
execution. Definition 5 defines this property formally.

Definition 5 (Idempotency) A triple of a program p, nonvolatile memory N, and a mapping γ
is idempotent, if every intermittent execution of the program can be simulated by a continuous
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execution of it: for all n, n′, χ1, χ
′
1,N

′, p′, if [χ1 ▷ ε] ⊗ γ | n | N | p⇒p [χ′1 ▷ ε] ⊗ γ | n
′ | N′ | p′,

then [χ2 ▷ ε] ⊗ γ | ∞ | N | p⇒p [χ2 ▷ ε] ⊗ γ | ∞ | N′ | p′.

When showing that a program p with memory N and mapping γ is idempotent, we construct
a simulation of the continuous execution assuming that it begins with the same program code
p and memory N as the intermittent execution. We use the logical relation from Section 3.4 to
enforce that the stepped configurations are related in the same way; they share the same program
code p′ and memory N′. The charge stream χ2 remains unchanged between the initial and final
configurations as the continuous execution does not experience power failures.

Theorem 4 states that semantically well-typed programs are idempotent. In the theorem, we
use the store typing judgment for the jit mode to ensure the well-formedness of N with respect to
a typing context Ω. This reflects the fact that the programs start executing in jit mode by default.

Theorem 4 (Adequacy) Consider b : nat | Ω ⊩ p : Cunit, a nonvolatile memory N, and a map
γ such that ⊢jit

γ N | · : Ω | ·. The triple of p, N, and γ is idempotent.

We include the full proof in Appendix A.3, and sketch the reasoning below. The proof builds
the simulation required by idempotency using induction on the number of observable attempts
during each step of a program’s intermittent execution. The construction of this simulation (and
proof) is illustrated in Fig. 3.23. The figure presents the trace of the intermittent execution on
the left and builds the corresponding continuous execution on the right. The purple text shows
the relation between the two configurations at each step according to our logical relation. The
orange box highlights the steps taken during a power failure. The green box highlights where the
inductive hypothesis is applied. The red box highlights the base case. Lastly, the blue text gives
conditions that are known by assumption or are learned during the proof.

Executing an atomic region: Assume that c1 is self-related and that the configuration [χ1▷ε]⊗
γ1 | aID | n | N1 | startatom(aID, aPol); c1; endatom; p takes a step to [χk ▷ ε] ⊗ γ | aID | n′ | N′ | p
via the rule D-P-Ckpt while incurring possibly m-many power failures. We need to show that
there exists a continuously-powered execution of the same program that steps the configuration
[χ▷ ε] ⊗ γ1 | aID | ∞ | N1 | startatom(aID, aPol); c1; endatom; p to [χ▷ ε] ⊗ γ | aID | ∞ | N′ | p.
Our proof constructs such continuously-powered execution.

The proof assumes that program startatom(aID, aPol); c1; endatom; p is semantically well-typed.
Applying P-Ckpt-semantic, we learn that the command c1 is semantically well-typed and self-
related at type Cunit. By the definition of logical relation, it follows that the intermittent config-
uration of c1 with energy level n is related to the continuously-powered configuration of c1 with
energy level ∞ at the type Cunit for every index, including m + 1. We use this relation to build
the desired simulation. Towards this goal, we prove a more general result: for any two related
configurations, if the first configuration takes zero or more steps, then the second configuration
takes zero or more steps such that the two stepped configurations remain related. By definition
of our relation, both configurations result in the same final nonvolatile memories.

The proof is by induction on the number of failures m. Fig. 3.23 shows the inductive case
(lines (1)-(6)) and the base case (lines (7)-(9)). Starting with index m + 1, representing the num-
ber of remaining attempts (point (1) in Fig. 3.23), we build a continuously-powered execution
for c1 while showing that the intermediate configurations continue to relate to their intermittent
counterparts at a smaller index m (point (6) in Fig. 3.23). At that point, we apply the inductive
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([χ1 ▹ ϵ] γ1 ∣ 𝙼𝚍 ∣ n ∣ 𝖭𝖵1 ∣ 𝖵1 ∣ c1, [χ ▹ ϵ] γ1 ∣ 𝙼𝚍 ∣ ∞ ∣ 𝖭𝖵2 ∣ 𝖵2 ∣ c2)

([χ1 ▹ ϵ] γ′￼1 ∣ 𝙼𝚍 ∣ 0 ∣ 𝖭𝖵′￼1 ∣ 𝖵′￼1 ∣ c′￼1, [χ ▹ ϵ] γ′￼2 ∣ 𝙼𝚍 ∣ ∞ ∣ 𝖭𝖵′￼2 ∣ 𝖵′￼2 ∣ c′￼2)

∈ ℰ Cunit

∈ 𝒱 Cunit

([χ′￼1 ▹ ϵ] γ0 ∣ 𝙼𝚍 ∣ n0 ∣ 𝖭𝖵0 ∣ 𝖵0 ∣ c0, [χ ▹ ϵ] γ′￼2 ∣ 𝙼𝚍 ∣ ∞ ∣ 𝖭𝖵′￼2 ∣ 𝖵′￼2 ∣ c′￼2)

⟹

([χ1 ▹ ϵ] γ′￼1 ∣ 𝙼𝚍 ∣ ⋅ ∣ 𝖭𝖵′￼1 ∣ 𝖵′￼1 ∣ ↓ ϵ#in(b > 0, ↑ c′￼1),
([χ1 ▹ ϵ] γ′￼′￼1 ∣ 𝙼𝚍 ∣ ⋅ ∣ 𝖭𝖵′￼1, 𝖵′￼∣ ϵ#in(b > 0, ↑ c′￼1),

([χ′￼1 ▹ ϵ] γ′￼′￼1 ∣ 𝙼𝚍 ∣ n0 ∣ 𝖭𝖵′￼1, 𝖵′￼∣ ↑ c′￼1,

∈ 𝒱 nat ⇝ ↑

∈ ℰ Cunit

([χk ▹ ϵ] γk ∣ 𝙼𝚍 ∣ nk ∣ 𝖭𝖵k ∣ 𝖵k ∣ ck, [χ ▹ ϵ]γj ∣ 𝙼𝚍 ∣ ∞ ∣ 𝖭𝖵j ∣ 𝖵j ∣ cj)

([χk ▹ ϵ] γ′￼k ∣ 𝙼𝚍 ∣ n′￼k ∣ 𝖭𝖵′￼
k ∣ 𝖵′￼k ∣ skip, [χ ▹ ϵ] γ′￼j ∣ 𝙼𝚍 ∣ ∞ ∣ 𝖭𝖵′￼

j ∣ 𝖵′￼j ∣ skip)

(γ′￼k ∣ 𝙼𝚍 ∣ n′￼k ∣ 𝖭𝖵′￼
k, 𝖵′￼′￼k ∣ skip, γ′￼j ∣ 𝙼𝚍 ∣ ∞ ∣ 𝖭𝖵′￼

j, 𝖵′￼′￼j ∣ skip)
𝖭𝖵′￼

k, 𝖵′￼′￼k = 𝖭𝖵′￼
j, 𝖵′￼′￼j

(1)

(2)

(3)

(4)

(5)

(7)

(8)

(6)

⋯ ⋯

⟹ ⟹
0

⟹
0

⟹
*

⟹
*

⟹
*

⟹
*

⟹
*

⟹
*

⟹
⟹

*
⟹

⟹
*

χ1 = n0 :: χ′￼1where 

∈ 𝒱 ↑ unit

Cunit

∈ 𝒱 ↓↑ unit

m

m

∈ ℰ Cunit
i + 1

i

m +1

m +1

Inductive Hypothesis

Base Case
By value 
relation

∴
where 

(9)

n′￼k > 0, γ′￼k = γ′￼jwhere 

∈ 𝒱 ↓ (nat ⇝ ↑Cunit) m⟹
0⟹

0

. . . )

. . . )

. . . ) ∈ 𝒱 ↑ mCunit

i

Figure 3.23: Adequacy proof sketch.

hypothesis to obtain the desired result. Finally, the base case establishes that the memories of the
final configurations are the same.

Inductive Case (Fig. 3.23, lines (1)-(6)). By definition of the term interpretation at type Cunit,
c1 in the first configuration runs via D-step until the next power failure. Moreover, it follows by
the term interpretation at type Cunit that the second configuration can also be executed such that
the resulting configurations remain related (point (2)). The first configuration takes a step from
point (2) to point (3) with the rule D-Crash. Since the energy level of the first configuration is
0, it follows by the value interpretation at type Cunit that these two configurations are related by
the value interpretation at type ↓(nat ⇝ ↑Cunit) (point (3)). Using the rule D-S-aID, the first
configuration takes a step from point (3) to point (4). The volatile memory V′1 is dropped, and
hence V′ = ∅. Note that this matches the power off policy for atomic mode. By assumption
to D-S-aID, the mapping γ′′1 drops the discarded volatile memory locations from γ′1 such that
γ′′1 ⊆ γ

′
1. The two configurations remain related by the value interpretation at type nat⇝ ↑Cunit

(point (4)). The first configuration then takes another step to point (5) by D-Charge, inputting
the harvested energy n0, thus updating the energy stream to χ′1 where χ1 = n0 :: χ′1. By definition
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of the value relation, the two configurations remain related at the type ↑Cunit for all n0 (point
(5)).

From point (5) to point (6), the first configuration steps via D-restore-aID. In doing so, it
loads the checkpointed data of the nonvolatile memory into a new volatile log V0. As such, the
program counter resets to its original value, and the atomic region re-executes from the beginning
such that c0 = c1. The variable mapping stays the same (γ0 = γ

′′
1 ). Note that this step matches the

restore policy for atomic mode. The two configurations are then related by the term interpretation
at the type Cunit. This is similar to what we had initially, but with one fewer power failure
remaining. At this point, we apply the inductive hypothesis to build the simulation at the smaller
index m.

Base Case (Fig. 3.23, lines (7)-(9)). When the first configuration finally steps to comple-
tion by the D-step rule (point (8) in Fig. 3.23), it follows by the definition of logical relation
that the second configuration also steps to skip thus detecting a successfully completed exe-
cution. This completes the simulation of the continuous execution of c1. Here, we can apply
the rule D-P-Ckpt on this construction to obtain a continuously-powered execution of the pro-
gram startatom(aID, aPol); c1; endatom; p. The FinWorldd function copies the up-to-date values of
volatile memory V′k that have checkpointed locations back into nonvolatile memory N′k, removes
the subscript ck from these locations, and changes the qualifiers of all locations in nonvolatile
memory to CK. The volatile memory is dropped and the mapping is reset to γ. This matches
the commit policy defined for atomic mode. By the value interpretation at type ↓↑unit, the two
configurations remain related at the type ↑unit (line (9)). Then, by the value interpretation at
type ↑unit, the final nonvolatile memories are the same (N′k,V

′′
k = N′j,V

′′
j ) which is the last piece

we needed.
For the case corresponding to initial execution and re-execution, where c2 = c1, N2 = N1, and

V2 = V1, we can apply the rule D-P-Ckpt to the constructed execution to find a continuously-
powered execution of startatom(aID, aPol); c1; endatom; p as desired: [χ▷ ε] ⊗ γ1 | aID | ∞ | N1 |

startatom(aID, aPol); c1; endatom; p⇒p [χ▷ ε] ⊗ γ | aID | ∞ | N′ | p.

Executing a JIT region: Assume that c1 is self-related, and [χ1▷ε]⊗γ1 | jit | n | N1 | c1; p takes
a step to [χk ▷ ε] ⊗ γ | jit | n′ | N′ | p via the D-P-seq rule with possibly m-many power failures
along the way. We need to show that there exists a continuously-powered execution stepping the
configuration [χ ▷ ε] ⊗ γ1 | jit | ∞ | N1 | c1; p to [χ ▷ ε] ⊗ γ | jit | ∞ | N′ | p. Our proof
constructs such continuously-powered execution.

The overall proof structure is the same as the case for atomic regions. Similarly, the key
idea is that the power off and restore policies in the logical relation exactly follow how the
rules D-S-JIT and D-restore-JIT handle nonvolatile and volatile memories in the operational
semantics.

The proof assumes that c1; p is semantically well-typed, which by P-seq-semantic, yields that
c1 is semantically well-typed and self-related at type Cunit. By definition of logical relation, if
c1 is semantically well-typed, then its intermittent configuration with energy level n is related
with the same configuration but with energy level ∞ for every index, including m + 1. We use
this condition to obtain the desired result. In particular, we prove a more general goal stating
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that for any two related configurations, if the first configuration takes zero or more steps, then
the second configuration can take zero or more steps such that the stepped configurations remain
related. Moreover, in both configurations, the final nonvolatile memories at the end of the JIT
block execution will store the same values.

The proof is by induction on the number of attempts m + 1 until the first configuration suc-
ceeds. Fig. 3.23 shows the inductive case (lines (1)-(6)) and the base case (lines (7)-(9)). Starting
with index m+1 (point (1) in Fig. 3.23), we show that the intermediate configurations continue to
relate at a smaller index m. Then, we apply the inductive hypothesis to obtain the desired result.
Finally, in the base case, we show that the memories of the two final configurations are the same.

Inductive Case (Fig. 3.23, lines (1)-(6)). By definition of the term relation, c1 in the first
configuration is executed via D-step until the next power failure occurs, which is detected by a
0 energy level. Moreover, by the term relation at type Cunit, we can execute c2 in the second
configuration to c′2 such that the resulting configurations remain related by the value relation at
type Cunit (point (2) in Fig. 3.23).

The orange box around lines (3)-(5) highlights the steps taken when handling a power fail-
ure. Each step corresponds to one of the key operations crash, power off, restore, and re-execute.
Since power failures are incurred by intermittent executions, we step the first configuration ac-
cording to the corresponding rules in the operational semantics, but do not step the second con-
figuration through this sequence. Here, the first configuration takes a step from point (2) to
point (3) using the D-Crash rule. By the definition of the logical relation, the two configurations
continue to be related by the value interpretation at type ↓(nat⇝↑ Cunit). Then, the first config-
uration takes a step from point (3) to point (4) by the D-S-Jit rule. In this case, we know (by the
assumptions of the rule) that V′ = V′1 and γ′′1 = γ

′
1. This matches the definition of the power-off

policy for JIT blocks. By the value interpretation at type ↓(nat⇝↑ Cunit), the two configurations
remain related by the value relation at type nat ⇝↑ Cunit. Next, the first configuration takes a
step to point (5) by the rule D-charge which inputs a new energy level (n0) from the environment
and updates the energy stream from χ1 to χ′1 where χ1 = n0 :: χ′1. By the definition of the value
relation, the two configurations remain related by the value interpretation at type ↑ Cunit.

Finally, the configuration steps to point (6) by D-restore-Jit which copies all checkpointed
locations in the nonvolatile memory into volatile memory and continues by running the inter-
rupted command c′1. That is, V0 = V′ and c0 = c′1, and the nonvolatile memory and variable
mapping remain the same (N0 = N′1 and γ0 = γ

′′
1 ). This matches the restore policy defined for

JIT regions. Thus, the configurations continue to be related by the term relation at type Cunit,
similar to what we had earlier at point (1) in Fig. 3.23, but with fewer power failures remaining.
At this point, we apply the inductive hypothesis (highlighted by a green box in Fig. 3.23) to build
the continuous execution.

Base Case (Fig. 3.23, lines (7)-(9)). The red box in Fig. 3.23 highlights the base case. Since
the index is 1, there are 0 remaining power failures. So, n′k > 0 and the first configuration steps
to completion via the D-step rule. By the definition of the value interpretation, we know that
the second configuration also steps to skip indicating a complete execution. This completes the
construction of the continuous execution for c1. The volatile memory V′j is dropped, and the
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mapping is reset to γ. This matches the commit policy defined for JIT blocks.
Note that the value interpretation at type ↓↑unit establishes that the two configurations re-

main related at the type ↑unit (line (9)). The commit policy drops the volatile memories V′k and
V′j such that V′′k = V′′j = ∅. Finally, by the value interpretation at type ↑unit, we get that the final
nonvolatile memories are the same (N′j,V

′′
j = N′k,V

′′
k ) which completes the proof.

In the case where the initial configurations are the same, we have that c2 = c1, N2 = N1, and
V2 = V1. Here, we can apply the D-P-seq rule to the construction to obtain a continuous execution
for the program c1; p as desired: [χ▷ ε]⊗ γ1 | jit | ∞ | N1 | c1; p⇒p [χ▷ ε]⊗ γ | jit | ∞ | N′ | p.
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Chapter 4

More Efficient Checkpointing Policies

The crash types formulation, by nature of being parameterized by policies defining the beahviors
of key operations, is also capable of reasoning about systems that make use of more flexible
checkpointing policies. This chapter investigates an extension to a more efficient checkpointing
policy that is used by real intermittent systems [77, 82, 119]. We highlight key changes from
Chapter 3 in yellow.

4.1 Write-After-Read Patterns
While checkpointing all written variables, as done in the previous system, is simple and relatively
straightforward to reason about, this strategy results in unnecessary memory and runtime over-
heads to track and restore state, rendering it unsuitable for the extremely resource constrained
nature of the domain. To reduce overhead from checkpointing, we must determine which vari-
ables in a program must be checkpointed while still allowing the program to compute correct
results on all executions. For this we recall the example atomic region from Chapter 2. If no
variables are checkpointed and power fails after the assignment y := y + z, the value of y will
not be restored, allowing the next execution to read the unstable value of y. Therefore, y must
be checkpointed. On the other hand, other writable variables, e.g., u, are first written before they
are read, thereby overwriting any unstable values from failed prior executions before they can be
used on the next one. Therefore, variables like u need not be checkpointed, only y.

It happens that an entire class of memory consistency bug in intermittent computing is at-
tributed to write-after-read (WAR) dependencies such as y := y + z if a WAR variable, e.g., y, is
not checkpointed [77, 125]. Prior work shows that checkpointing only variables involved in prob-
lematic code patterns, such as WAR, is sufficient to guarantee that any intermittent execution of
a sequential program corresponds to a continuously-powered execution of that program [119]1.

For the example atomic region, it therefore suffices to checkpoint only the WAR variable, e.g.,
y, to produce the same correct result as an execution that checkpoints all written variables. We
sketch the execution of the atomic region that checkpoints only WAR variables in Fig. 4.1, again
using redo-logging. Before executing an atomic region, the runtime system checkpoints only y,
creating a volatile copy of it in ℓy (row (1)). Upon reboot from power failure, the checkpointed

1at least for programs that do not depend on sensor inputs
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value stored in ℓck
y recreates the log ℓy (row (7)), so that the assignment to y re-executes on its

initial value (row (8)), correctly computing 1, and resulting in the same correct final state as
before in row (11): ℓx ↪→ 2, ℓy ↪→ 1, ℓz ↪→ 1, ℓu ↪→ tt.

cmd .

𝗅𝖾𝗍 𝗐 = 𝗑 − 𝗒

initial state

row

(0)
(1)
(2)
(3)

(4)

(5)

(6)

𝗌𝗍𝖺𝗋𝗍𝖺𝗍𝗈𝗆(𝖺𝖨𝖣, 𝖺𝖯𝗈𝗅)
𝗒 := 𝗒 + 𝗓

𝗒 := 𝗒 + 𝗓

𝗂𝖿 𝗐 𝗍𝗁𝖾𝗇 . . .

ℓx ℓck
y ℓz

2 0 1 f

N
ℓu

2 0 1 f

⋮

2 0 1 tt

V

ℓw

2 1 1 tt

0

1

−

1

1 1

(7)

final state −

1

ℓy

(8)

Ω1,2 = {x :↑ i@𝚁𝙳, y𝚌𝚔 :↑ i@𝙲𝙺, z :↑ i@𝚁𝙳, u :↑ b@𝙼𝙵𝚜𝚝𝚆𝚝}
Σ1,2 = {y :↓ ↑ i@𝙲𝙺}

Ω0 = {x :↑ i@𝙲𝙺, y :↑ i@𝙲𝙺, z :↑ i@𝙲𝙺, u :↑ b@𝙲𝙺}↑ CUnit

CUnit

(nat ↝ ↑ CUnit)

CUnit

↑ CUnit

↑ Unit

⋮ Ω3 = …

Ω6,7 = {x :↑ i@𝚁𝙳, y𝚌𝚔 :↑ i@𝙲𝙺, z :↑ i@𝚁𝙳, u :↑ b@ }
Σ7 = {y :↓ ↑ i@𝙲𝙺}

Σ8 = {y :↓ ↑ i@𝙲𝙺, w :↓ ↑ i@𝙲𝙺}Ω8 = …

Ω10 = {x :↑ i@𝙲𝙺, y :↑ i@𝙲𝙺, z :↑ i@𝙲𝙺, u :↑ b@𝙲𝙺}
Ω9 = {x :↑ i@𝚁𝙳, y𝚌𝚔 :↑ i@𝙲𝙺, z :↑ i@𝚁𝙳, u :↑ b@ } Σ9 = …

pwoff

restore

2 0 1 tt
Ω4 = {x :↑ i@𝚁𝙳, y𝚌𝚔 :↑ i@𝙲𝙺, z :↑ i@𝚁𝙳, u :↑ b@ }Wtn

Σ3 = …
Σ4 = …

0

1

Ω5 = …
MFstWt

𝗅𝖾𝗍 𝗐 = 𝗑 − 𝗒
𝗂𝖿 𝗐 𝗍𝗁𝖾𝗇 . . . Wtn

(9)

(10) 1 1
⋮

⋮

charge

(11)

2 0 1 tt

Figure 4.1: Example atomic region execution with only WAR variables checkpointed.

With the intuitions behind this new checkpointing policy in hand, we are now ready to explore
an extension of the crash types calculus that supports more flexible checkpointing policies –
programs that checkpoint at least their WAR variables. This chapter focuses on formulating
atomic regions which are primarily impacted by this shift in policy due to their re-execution.
Since JIT regions do not re-execute, they are not susceptible to memory consistency bugs, hence
leaving their formulation unchanged from the previous chapter. We relegate the full system
definition and proofs for both JIT and atomic regions to Appendix B.

4.2 Syntax and Operational Semantics
We highlight key modifications needed to the language syntax below.

atom. reg. pols. aPol ::= (ρ, µ , ω)
access qualifier q ::= CK | RD | MFstWt | Wtn

According to the new checkpointing policy, since only the write-after-read variables must be
checkpointed (i.e., have qualifier CK), the remaining variables accessed within an atomic region
are either read-only (i.e., have qualifier RD) or first accessed as a write. To handle the latter,
we extend atomic region policies with a set of must-first-write variables (µ) that is disjoint from
ω and ρ, and the type system with new access qualifiers: MFstWt and Wtn. Variables declared
in µ are first annotated with the qualifier MFstWt, to be updated to Wtn on their first write in a
given execution. This operation is performed by a modified version of the InitWorldd function
and illustrated in the step from row (0) to row (1) in Fig. 4.1. The modified function is formally
defined in Appendix B.1. To guarantee the correctness of an atomic region with must-first-write
variables, all must-first-write variables must be marked Wtn by the end of an atomic region’s
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final execution, indicating that only results from the last successful execution have survived in
the final state and that results from failed prior executions have been overwritten.

Furthermore, these access qualifiers are used to reject programs susceptible to write-after-
read bugs, which we discuss next.
Evolving Access Qualifiers. To enforce proper memory accesses in an atomic region, we define
a function δ over the access qualifiers and possible memory accesses write (Wt) and read (Rd).
This function is defined in Fig. 4.2. We write UN to represent the result of an undefined or
prohibited action that would cause type checking to fail, e.g., writing (Wt) to a read-only (RD)
location or reading (Rd) from a must-first-write (MFstWt) location that has not yet been written
on the current execution. Furthermore, these checks should fail because they could point to
uncheckpointed WAR variables. All other memory accessed are considered safe and are allowed
by our system. We define transitions on these qualifiers. In particular, writing (Wt) to a must-
first-write location causes the qualifier MFstWt to change to Wtn. Since any following write
or read accesses on Wtn locations are allowed, the type qualifier does not evolve further and
remains Wtn. Similarly, write or read accesses of checkpointed locations (CK) and read accesses
of read-only locations (RD) do not change the qualifier.

δ(CK,Rd) = δ(CK,Wt) = CK δ(MFstWt,Wt) = Wtn δ(MFstWt,Rd) = UN
δ(RD,Rd) = RD δ(RD,Wt) = UN δ(Wtn,Wt) = δ(Wtn,Rd) = Wtn

Figure 4.2: Definition of the memory access transition function δ

We are now ready to define the operational semantics for our calculus. The full operational
semantics is defined in Appendix B.1, and we highlight the key rules that change from the previ-
ous formulation in Fig. 4.3.

γ = γ′, [x 7→ ℓ] N = N′, ℓ@q ↪→ v q′ = δ(q,Rd) , UN n = n′ + 1

γ | Md | n | N | V | x→ γ | Md | n′ | N′, ℓ@ q′ ↪→ v | V | v
(D-N-Read)

Val(γ | Md | n | N | V | v)
γ = γ′, [x→ ℓ] N = N′, ℓ@q ↪→ v0 q′ = δ(q,Wt) , UN n = n′ + 1

γ | Md | n | N | V | x := e → γ | Md | n′ | N′, ℓ@ q′ ↪→ v | V | skip
(D-N-Assign)

N = N′RD,MFstWt,N
′′
ck,N

′′′
Wtn N2 = N′RD,MFstWt,N

′′
ck,N

′′′
MFstWt

[χ▷ ε] ⊗ γ | aID(c0) | n | N | ↑κ ⇒ [χ▷ ε] ⊗ γ | aID(c0) | n | N2 |N′′ | c0
(D-restore-aID)

Figure 4.3: Selected operational semantic rules for atomic regions.

Reads and Writes (D-N-Read and D-N-Assign). Now when a variable is accessed, we must
check that the access is legal. The operational semantic rules for read and write therefore make
use of δ to guard against illegal accesses.
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When a location is read, the rule D-N-Read applies to look up the value v stored in a location
ℓ corresponding to variable x. The premise q′ = δ(q,Rd) , UN first checks that reading the
desired location is allowed by δ, effectively checking that the location being read is not marked
as MFstWt. If the read is allowed, the function computes the resulting qualifier q′ from the
original q and updates the access qualifier in nonvolatile memory accordingly.

When a location is begin written to, the rule D-Assign-N applies to check that the write is
legal under δ, meaning that the location being written is not read-only (RD). If the access is
allowed, a new qualifier q′ is computed to annotate the new value v in nonvolatile memory.
Restore (D-restore-aID). Since a program could crash in a state with a combination of MFstWt
and Wtn qualifiers, the system behavior on restore (D-restore-aID) changes. Like before, the
volatile logs are recreated from their checkpointed nonvolatile counterparts. However, since
nonvolatile memory could contain uncheckpointed writes from the previous failed execution,
which are marked as Wtn, the rule reverts these qualifiers to MFstWt. The change in qualifier
indicates that these variables have not yet been written on the current re-execution, which will
help to prevent any illegal reads to these locations on the next execution.

4.3 Type System
At the type level, qualifiers are also extended to include MFstWt and Wtn to denote the access
restrictions on their locations. Since qualifiers evolve over the course of execution, they also
evolve throughout type checking which our typing judgments must be equipped to support.

We summarize typing judgments for commands and selected expressions in Table 4.1 that
differ from the previous chapter. To support evolving qualifiers, certain typing judgments are
extended with a post-context Ω′ whose domain always matches the initial context Ω and range
reflects qualifier changes from Ω that result from type checking a command. Since updating a
qualifier should only occur when checking a write, we must extend WT typings judgments for
expressions to carry a post-context. Since these changes propagate to assignments, and subse-
quently later commands, it is carried by the command typing judgments too.

command (Ju) Md | bR 0 : nat | Ω;Σ ⊢Sig c : Cunit ⊣ Ω′ c could crash
(Ju) Md | b : nat | Ω;Σ ⊢Sig skip : ↓↑unit ⊣ Ω′ c will not crash
(Js) Md | b : nat | Ω ⊢Sig skip : ↑unit ⊣ Ω′ after commit

expression (Ju) Md | b : nat | Ω;Σ ⊢WT x : ↓↑A ⊣ Ω′ write on x, no crash
(Js) Md | b : nat | Ω ⊢WT x : ↑A ⊣ Ω′ write on x, commit

Table 4.1: Typing judgments for commands and WT expressions

Now we are ready to discuss the typing rules that change with this formulation. The rules
for statement and store typing, which remain the same as Chapter 3, are relegated entirely to
Appendix B.2.

4.3.1 Program Typing
The typing rule for atomic regions is shown below.
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InitWorldt(Ω; aPol) = Ω0 | Σ0 Sig = {aID(c0) | b ≥ 0 : nat | Ω0;Σ0 ⊢ c0 : Cunit ⊣ Ω′ }
aID(c0) | b ≥ 0 : nat | Ω0; Σ0 ⊢Sig c0 : Cunit ⊣ Ω′

Ω′↾{MFstWt} = ∅ b : nat | Ω ⊢ p : ↑Cunit

b : nat | Ω ⊢ startatom(aID, aPol); c0; endatom; p : ↑Cunit
(T-P-Ckpt)

The first premise sets up the initial typing contexts for nonvolatile and volatile memories.
As before, the function InitWorldt initializes the unstable typing context Σ0 by creating a log of
variables based on the typings for checkpointed variables from Ω. Definition 6 formally states
this policy, which is extended to handle must-first-write variables.

Definition 6 Ω0 | Σ0 = InitWorldt(Ω; aPol) where aPol = (ρ, µ , ω) iff
• dom(Ω) = ρ ∪ µ ∪ ω ,
• ρ ∩ µ = ∅, µ ∩ ω = ∅ , ρ ∩ ω = ∅,
• Ω0 = {x : ↑A@RD | x : ↑A@q ∈ Ωr} ∪ {x : ↑A@MFstWt | x : ↑A@q ∈ Ωm} ∪Ωc

ck
and

• Σ0 = ↓Ω
c

where Ω = Ωr,Ωm,Ωc and Ωr = Ω↾ρ, Ωm = Ω↾µ , and Ωc = Ω↾ω.

Like before, if the declared sets of read-only, must-first-write, and checkpointed variables do
not cover all nonvolatile variables or are not pairwise disjoint, then the function InitWorldt is not
defined and type-checking fails.

Using the typing contexts constructed by InitWorldt, the rule T-P-Ckpt proceeds to check the
atomic region command c0. In this version of the rule, the command typing judgment contains
a post-context Ω′ with updated qualifiers resulting from checking c0. The rule uses Ω′ to check
that the atomic region is correct: that all must-first-write variables (MFstWt) are written to on the
last successful execution of the region. Provided the atomic region is correct, the last premise
proceeds to check the remainder of the program p with the original typing context Ω.

4.3.2 Command and Expression Typing
We present selected typing rules for commands and expressions in Fig. 4.4.

Successful Execution (T-∨-Succ, T-C-Shift, and T-∨-Succ). The T-Skip rule types the com-
mand skip at a stable type ↑unit. At this point, the command execution is complete and the
initial stable typing context Ω should match the final stable typing context. Rule T-∨-Succ ap-
plies when the command successfully completes its execution and still has at least one unit of
energy available (b > 0) to conclude the execution by committing. In this case, we close off
the constraint on the energy level variable and continue typing the command against the type
↓↑ unit. Rule T-C-Shift is invoked by T-∨-Succ and updates the memory typing contexts by
removing checkpointed locations in Ω as now they are not needed, and making locations in Σ
stable as now they are committed. This corresponds to the last step of Fig. 4.1. The post-context
Ω1↾dom(Ω) restricts the post-context to include only variables appearing in Ω.

Reads, Writes, Sequences (T-Loc-Read, T-Loc-Write, T-W-Shift, T-Assign, T-seq, T-seq-d).
To check an assignment to a variable, the rule T-Assign applies to check the variable x under
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Md | b : nat | Ω ⊢Sig skip : ↑unit ⊣ Ω
(T-Skip)

Σ = ↓Σ′ Ω = Ω′,Ω′′ck Md | b : nat | Ω′,Σ′ ⊢Sig skip : ↑unit ⊣ Ω1

Md | b : nat | Ω;Σ ⊢Sig skip : ↓↑unit ⊣ Ω1↾dom(Ω)
(T-C-Shift)

Md | b : nat | Ω;Σ ⊢Sig skip : ↓↑unit ⊣ Ω′

Md | b > 0 : nat | Ω;Σ ⊢Sig skip : τ ∨ ↓↑unit ⊣ Ω′
(T-∨-Succ)

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e : CMdA Md | b > 0 : nat | Ω;Σ ⊢WT x : ↓↑A ⊣ Ω′

Md | b > 0 : nat | Ω;Σ ⊢Sig x := e : CMdunit ⊣ Ω
′

(T-Assign)

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e : CMdbool
Md | b ≥ 0 : nat | Ω;Σ ⊢Sig c1 : τ ⊣ Ω′ Md | b ≥ 0 : nat | Ω;Σ ⊢Sig c2 : τ ⊣ Ω′

Md | b > 0 : nat | Ω;Σ ⊢Sig if e then c1 else c2 : τ ⊣ Ω′
(T-If)

Md | b ≥ 0 : nat | Ω;Σ ⊢Sig c1 : CMdunit ⊣ Ω
′ Md | b ≥ 0 : nat | Ω′ ;Σ ⊢Sig c2 : τ ⊣ Ω′′

Md | b > 0 : nat | Ω;Σ ⊢Sig c1; c2 : τ ⊣ Ω′′
(T-seq)

W = γ | V Md | b ≥ 0 : nat | Ω;Σ ⊢Sig c1 : CMdunit ⊣ Ω
′

Σ′ = trim(Σ,V, γ) Md | b ≥ 0 : nat | Ω′ ;Σ′ ⊢Sig c2 : τ ⊣ Ω′′

Md | b > 0 : nat | Ω;Σ ⊢Sig c1;W c2 : τ ⊣ Ω′′
(T-seq-d)

Ω,Σ′ = x:↑A@q,Ω′2 q′ = δ(q,Wt) , UN

Md | b : nat | Ω,Σ′ ⊢WT x : ↑A ⊣ x:↑A@q′,Ω′2
(T-Loc-Write)

Σ =↓ Σ′ Ω = Ω′,Ω′′ck Md | b : nat | Ω′,Σ′ ⊢WT x : ↑A ⊣ Ω1

Md | b : nat | Ω;Σ ⊢WT x : ↓↑ A ⊣ Ω1↾dom(Ω)
(T-W-Shift)

Ω(x) = ↑A@q δ(q,Rd) , UN

Md | b : nat | Ω ⊢RD x : ↑A
(T-Loc-Read)

Figure 4.4: Selected command and expression typing rules

a WT judgment. As before, the rule T-W-Shift applies to check the variable under an unstable
judgment, and then T-Loc-Write applies to check it under a stable judgment. Notably, the T-
Loc-Write rule checks if the write is valid, i.e., that the access qualifier q′ resulting from writing
(Wt) to the variable x is not undefined. If the write is valid, the post-context produced by this rule
is based on the initial stable typing context, updated to reflect the write by replacing the access

58



qualifier of x with q′. Otherwise, if the write is invalid, the program would be rejected. For
example, writing to a read-only variable would cause type checking to fail at this point. If the
check succeeds, a post-context with the updated qualifier is obtained, which propagates down the
derivation to T-W-Shift where the post-context Ω1↾dom(Ω) (similar to T-C-Shift) enforces that
the pre- and post-contexts of a judgment always match on their domains and differ only in their
qualifiers. Finally, the post-context propagates to T-Assign. If there is a following command, the
rules T-seq and T-seq-d would apply to pass the post-context into the initial context of checking
the next command.

To check a variable read, the rule T-Loc-Read performs an analogous check, looking up the
qualifier of x and using it to check whether a read is valid: δ(q,Rd) , UN. Since the qualifiers
that are allowed to be read are RD, CK, Wtn which do not change on read, the rule does not include
a post-context.

For the version of the example atomic region which fails to checkpoint y in y := y + z, type
checking would fail by either T-Loc-Write or T-Loc-Read, depending on the qualifier of y. For
example, if y has qualifier RD, then its write would fail to type check by the rule T-Loc-Write, as
writing to a read-only variable is undefined. Alternatively, if the initial qualifier of y is MFstWt,
its read would fail to type check by the rule T-Loc-Read, as reading a must-first-write variable is
also undefined.

Conditionals. In the rule T-If, the first premise checks that expression e has type CMd
bool

, and
the second and third premises type the commands c1 and c2. Both branches should end with
memories whose variables have the same qualifiers. Programs that have branching that causes
variables to have different qualifiers are rejected by the type system, e.g., a program that writes
to a MFstWt variable in one branch but not the other. In this scenario, the qualifiers in the post-
context of each branch will be inconsistent. Even if that variable is written immediately after the
branch, our type system will reject this program. This is one limitation of our type system.

4.4 Logical Relation

We prove our system correct according to a more general version of the logical relation from
Chapter 3. In particular, our logical relation must be equipped to handle values leftover from
prior executions that may momentarily differ from those generated by a continuously-powered
execution. Therefore, in order to establish that the final state of an intermittent execution matches
a continuously-powered execution, we must again show that the intermediary states of an inter-
mittent execution are related to a state in the continuously-powered execution despite the fact
that now an atomic region could re-execute on memory that does not match the corresponding
continuously-powered execution state.
Policies for key operations (Commit, Restore, and PwOff). Before explaining details of our
logical relation, we define new policies used in its definition. We formally define these policies
in Fig. 4.5. The definitions match the memory operations in the dynamic rules that deal with
crash, restore, and re-execution (D-S-aID, D-restore-aID, and D-P-Ckpt) for atomic regions.

As before, the power off policy is defined to lose the volatile memory state upon power
failure and the commit policy finalizes the nonvolatile memory after a successful atomic region
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γ′ ⊆ γ s.t. range(γ′) = dom(N1) V2 = ∅

PwOff(γ, aID(c0),N1,V1) = γ′ | V2

N1 = N′1 RD,Wtn,N
′′
ck

N2 = N′1 ck,V
′′ V1 = V′1,V

′′ dom(V′′) = dom(N′′) γ′ ⊆ γ s.t. range(γ′) = dom(N1)

Commit(γ, aID(c0),N1,V1) = γ′ | N2

N1 = N′RD,MFstWt,N
′′
ck,N

3
Wtn N2 = N′RD,MFstWt,N

′′
ck,N

3
MFstWt V2 = N′′

Restore(γ, aID(c0),N1, κ) = N2 | V2 | c0

Figure 4.5: Commit, Restore, and PwOff policy definitions for atomic regions

execution. The restore policy describes setting up the memories for re-executing an atomic region
though, unlike the previous chapter, it marks all locations with the qualifier Wtn with MFstWt.

Logical relation and semantic typing. Now we are ready to explain our logical relation. First,
the top-level logical relation for atomic regions remains the same as before. The term and value
relations, shown in Fig. 4.6, are similar to the previous chapter but with a slight modification to
accommodate our more general policies.

In particular, the value relation at type ↑Cunit changes to accommodate changes made to the
Restore policy. This definition again requires that the intermittent configuration runs the crash
instruction ↑κ, which restores a continuation of the execution and continues to be related to the
continuously-powered configuration in the term interpretation at its original type Cunit. To ensure
that the program can re-execute on a state with values written by failed prior executions that will
not be reverted on reboot, we extend this line of the relation with a side condition. In particular,
the constraint N0 \ {MFstWt} = N2 \ {MFstWt} requires that the intermittent memory is the same
as the continuously-powered one, modulo must-first-writes. This constraint is necessary because
after a partial execution of an atomic region, memory may be updated in its written variables.
This means that the memory of the intermittent configuration may differ from the continuously-
powered configuration in those locations with the qualifier Wtn. The restore policy for atomic
regions resets the qualifier Wtn of these locations to MFstWt. At this point, the values of locations
marked MFstWt may differ between the intermittent and continuously-powered configurations.
Such differences, however, do not violate the idempotency of the intermittent execution; in the
next execution, these locations will not be read from before being overwritten, and if the next
execution succeeds, these locations will be overwritten. This condition makes the logical relation
more general and capable of accommodating more correct programs.

4.5 Metatheory

This section establishes the main properties of our extended system. At a high level, these prop-
erties are similar to those established in Chapter 3 but require extra reasoning about qualifiers.
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Binary relation for commands
Md | b ≥ 0 : nat | Ω | Σ ⊩ c1 ≤ c2 : Cunit
iff ∀n,m ≥ 0. ∀γ,N,V.s.t. ⊢Mdγ N | V : Ω | Σ.

(γ | Md | n | N | V | c1, γ | Md | ∞ | N | V | c2) ∈ EJCunitKm

Term relation
EJCunitKm+1 = {(Co1,C

∞
o2) | ∃.C′o1 s.t.Co1 →

∗
irred C

′
o1 ∧ ∃.C

∞′

o2 s.t.C∞o2 →
∗ C∞

′

o2 ∧

(C′o1,C
∞′

o2 ) ∈VJCunitKm+1}

EJCunitK0 = {(Co1,C
∞
o2)}

Value relation
VJ↑unitK = {(Co1,C

∞
o2) | Co1 = (γ | Md | n1 |N | skip) ∧ C∞o2 = (γ | Md | ∞ |N | skip)}

VJ↓↑unitK = {(Co1,C
∞
o2) | Co1 = (γ1 | Md | n1 |N1 |V1 | skip)∧

C∞o2 = (γ2 | Md | ∞ |N2 |V2 | skip)∧
Commit(γi, Md,Ni,Vi) = γ′i |N

′
i ∧

(γ′1 | Md | n1 |N′1 | skip, γ′2 | Md | ∞ |N
′
2 | skip) ∈ VJ↑unitK}

VJ↑CunitKm = {(Co1,C
∞
o2) | Co1 = (γ1 | Md | n |N1 | ↑κ)∧

C∞o2 = (γ2 | Md | ∞ |N2 |V2 | c2)∧
Restore(γ1, Md,N1, κ) = N0 |V0 | c0 ∧

N0 \ {MFstWt} = N2 \ {MFstWt} ∧

(γ1 | Md | n |N0 |V0 | c0, γ2 | Md | ∞ |N2 |V2 | c2) ∈ EJCunitKm}

VJnat⇝↑CunitKm = {(Co1,C
∞
o2) | Co1 = (γ1 | Md | · |N1 | ε # in(b > 0, ↑κ))∧

∀n>0.(γ1 | Md | n |N1| ↑κ,C
∞
o2) ∈VJ↑ CunitKm}

VJ↓(nat⇝↑Cunit)Km = {(Co1,C
∞
o2) | Co1 = (γ1 | Md | · |N1|V1| ↓ε # in(b > 0, ↑κ))∧

PwOff(γ1, Md,N1,V1) = γ′1 |V
′ ∧

(γ′1 | Md | · |V
′
ck
,N1 | ε # in(b > 0, ↑κ),C∞o2) ∈ VJnat⇝ ↑CunitKm}

VJCunitKm+1 = {(Co1,C
∞
o2) | Co1 = (γ1 | Md | n1 |N1 |V1 | c1)∧

either n1 = 0 ∧ (γ1 | Md | · |N1 |V1 | ↓ε # in(b > 0, ↑c1),C∞o2)
∈ VJ↓(nat⇝↑ Cunit)Km,

or n1 > 0 ∧ (γ1 | Md | n1 |N1 |V1 | c1,C
∞
o2) ∈ VJ↓↑ unitK}

Figure 4.6: Step-indexed logical relation for crash types

These theorems and their proofs are provided in Appendix B.

4.5.1 Statically Well-Typed Programs are Type Safe

We again prove type safety according to progress and preservation, where the well-formedness
judgment ⊢Mdγ N | V : Ω | Σ is the same as before. The progress theorem is similar to before,
stating that if a command c is well-typed, then for all energy levels n and well-formed memories
N and V, either the configuration of c is a value configuration or it can take a step according to
the operational semantics.

The preservation theorem for commands, however, is modified with additional invariants to
reason about qualfiiers. It is formally defined below.
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Theorem 5 (Preservation for Commands) If Md | b ≥ 0 : nat | Ω;Σ ⊢Sig c : τ ⊣ Ω′ where
(1) γ | Md | n | N | V | c is well-formed,
(2) ⊢Mdγ N | V : Ω | Σ,
(3) natural number n ≥ 0, and
(4) γ | Md | n | N | V | c → γ′ | Md | n′ | N′ | V′ | c′

then for some Ω0,Σ
′, Md | b ≥ 0 : nat | Ω0;Σ′ ⊢Sig c′ : τ ⊣ Ω′ where

(5) γ′ | Md | n′ | N′ | V′ | c′ is well-formed,
(6) ⊢Mdγ′ N′ | V′ : Ω0 | Σ

′,
(7) natural number n′ ≥ 0,
(8) dom(N) = dom(N′),
(9) if Md = aID(c0), then N′ \ {MFstWt, Wtn} = N \ {MFstWt, Wtn}, and

(10) Ω ≼Wt Ω0.

Invariants (1) – (8) remain the same as before, while (9) and (10) are new. For the former,
since an arbitrary command step could write to memory, we must also prove that the initial and
resulting memories from running that command are the same excluding their must-first-write and
written memory locations for the mode aID(c0). The latter condition enforces that the qualifiers
of the variables in contexts Ω0 and Ω are within one δ transition of each other and is defined
below in Definition 7.
Definition 7 Ω ≼Wt Ω0 iff ∀x:τ@q ∈ Ω, we have x:τ@q0 ∈ Ω0 where either q = q0 or δ(q,Wt) =
q0 , UN.

The full proofs and theorem statements of progress and preservation can be found in Ap-
pendix B.4.

4.5.2 Statically Well-Typed Programs are Semantically Well-Typed
We prove the soundness of our static typing rules with regard to the semantic typing rules (The-
orem 6). We sketch the proof below, focusing on atomic regions. We provide the full proof in
Appendix B.6.

Theorem 6 (Fundamental Theorem) If b : nat | Ω ⊢ p : ↑Cunit, then b : nat | Ω ⊩ p : ↑Cunit.

The structure of the proof of Theorem 6 is similar to before: by induction on the static
typing derivation for p and considers the last step in the derivation. Here, we highlight the key
differences to the proof case of D-P-Ckpt.

Again, the goal is to establish that c is related to itself in the term interpretation for arbitrary
n, m, γ, N and V where ⊢Mdγ N | V : Ω′′,Σck | Σ. This means that we need to prove (γ | aID(c) |
n | N | V | c, γ | aID(c) | ∞ | N | V | c) ∈ EJCunitKm for all indices m given that the condition
⊢Mdγ N | V : Ω | Σ holds. The last condition enforces that the static contexts match the dynamic
context. In particular, N = N′,Vck and range(γ) = dom(N).

Since now nonvolatile memories could differ at intermediate stages of the simulation, we
must prove a generalized version of this goal in the main proof of Theorem 6. In particular, we
prove that a well-typed command c is related to itself for any two nonvolatile memories N1 and
N2 that agree on every value of their locations except for those with must-first-write qualifiers.
The goal is to show (γ | aID(c) | n | N1 | V | c, γ | aID(c) | ∞ | N2 | V | c) ∈ EJCunitKm
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where (a) range(γ) = dom(N1), (b) N1 \ MFstWt = N2 \ MFstWt, and (c) N1 = N1 \ Wtn. The
condition (a) asserts that γ covers the locations in the nonvolatile memory N1. The condition
(b) enforces that the nonvolatile memories N1 and N2 be related up to their MFstWt qualifiers.
Lastly, the condition (c) asserts that the intermittent nonvolatile memory N1 does not have any
Wtn variables at the beginning of executing an atomic region. We discuss how to establish this
relation in the inductive case explanation below.

First, we observe that command c being self-related is a special case of this generalized goal
where the nonvolatile memories are the same (N1 = N2 = N) and are well-formed with respect
to the context initialized by inversion on the D-P-Ckpt rule. Observe that the three conditions
required by the inductive hypothesis hold in this special case: (a) range(γ) = dom(N) holds as
described above, (b) N \ MFstWt = N \ MFstWt holds vacuously, and (c) N1 = N1 \ Wtn is true
due to the definitions of InitWorld and well-formedness.

We proceed to prove the generalized result mentioned above by induction on the index m.

Base case (m = 0). This case is similar to before; the result follows immediately from the term
interpretation at type Cunit.

Inductive case (m = k + 1). We now highlight the key differences to the inductive case which
is sketched in Fig. 4.7. The green conditions (d)-(g) are learned throughout the proof, and (a)-(c)
are known by assumption. The places where these conditions are used in the proof are marked
on the right hand side of the diagram. As before, the dashed lines represent implications.

Our goal is to prove (γ | aID(c) | n | N1 | V | c, γ | aID(c) | ∞ | N2 | V | c) ∈ EJCunitKk+1 which
corresponds to point (1) in Fig. 4.7 with assumptions (a)-(c). By progress and preservation for
commands, the first configuration can take multiple steps until it becomes a value γ1 | aID(c) |
n′ | N′ | V′ | c1 that continues to be well-typed. If n′ > 0, the second configuration steps similarly
to completion and establishes that the two resulting configurations are in the value relation. This
case is omitted from Fig. 4.7. If n′ = 0, the second configuration does not step and instead
reaches point (2) in Fig. 4.7. At point (2), the proof must show that the configurations are in the
value interpretation at type Cunit.

At point (4), we apply the power failure policy for atomic regions, which drops the volatile
memory V′ and creates a mapping using the domain of N′. By the prior conditions established,
we know the created mapping is the original mapping γ.

At point (6), we apply the restore policy for atomic regions, which creates a new volatile
memory based on N′ and marks all written (Wtn) memory locations in N′ as must-first-write
(MFstWt). By the semantics of the restore policy, we know that the volatile memory created
(V) is the volatile log containing only copies of checkpointed locations, and is the same as the
original volatile memory.

The goal at point (6) is similar to our original goal at point (1) but at the smaller index k.
We can apply the inductive hypothesis to establish the goal at point (6). To do so, it is enough
to show that conditions (a)-(c) hold at this point. First, (a) holds by the original condition (a)
combined with (f) and the definition of N′ given by (g). The condition (b) holds by combining
the original condition (b) with (c), (e), and the observation that N′, sans the locations marked
MFstWt and Wtn, is the same as the final intermittent nonvolatile memory, sans the locations
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(𝛾7 ∣ 𝑎𝐼𝐷(𝑐) ∣ 0 ∣ 𝖭𝖵′ ∣ 𝖵′ ∣ 𝑐7, 𝛾 ∣ 𝑎𝐼𝐷(𝑐) ∣ ∞ ∣ 𝖭𝖵@ ∣ 𝖵 ∣ 𝑐)

⇒
∗

⇒
*

(2)

(𝛾7 ∣ 𝑎𝐼𝐷(𝑐) ∣⋅∣ 𝖭𝖵′ ∣ 𝖵′ ∣↓ 𝜖#𝑖𝑛(𝑏 > 0, ↑ 𝑐7), 𝛾 ∣ 𝑎𝐼𝐷(𝑐) ∣ ∞ ∣ 𝖭𝖵@ ∣ 𝖵 ∣ 𝑐)(3)

By Thms. 
6.1+6.2

(𝛾 ∣ 𝑎𝐼𝐷(𝑐) ∣⋅∣ 𝖭𝖵′ ∣ 𝜖#𝑖𝑛(𝑏 > 0, ↑ 𝑐7), 𝛾 ∣ 𝑎𝐼𝐷(𝑐) ∣ ∞ ∣ 𝖭𝖵@ ∣ 𝖵 ∣ 𝑐)(4)

(𝛾 ∣ 𝑎𝐼𝐷(𝑐) ∣ 𝑛8 ∣ 𝖭𝖵′ ∣↑ 𝑐7, 𝛾 ∣ 𝑎𝐼𝐷(𝑐) ∣ ∞ ∣ 𝖭𝖵@ ∣ 𝖵 ∣ 𝑐)(5)

(𝛾 ∣ 𝑎𝐼𝐷(𝑐) ∣ 𝑛8 ∣ 𝑁𝑉A B,C>D>
7 , 𝑉89: , 𝑁𝑉D><@ ∣ 𝖵 ∣ 𝑐, 𝛾 ∣ 𝑎𝐼𝐷(𝑐) ∣ ∞ ∣ 𝖭𝖵@ ∣ 𝖵 ∣ 𝑐)(6) By IH

Know:

∈ ↓ (𝑛𝑎𝑡 ⇝↑ 𝐶;<=>) :

∈ 𝒱 𝑛𝑎𝑡 ⇝↑ 𝐶;<=> :

∈ 𝒱 𝐶 ;<=>
:?7

∈ 𝒱 ↑ 𝐶;<=> :

∈ ℰ 𝐶 ;<=>
:

By TR 1

By VR 6

By VR 5, (a), (d), (f)

By VR 4

By VR 3
Know:

𝑁𝑉1 = 𝑁𝑉56, 89:9
0 , 𝑉1; , 𝑁𝑉:9<

=
WtnRD,MFstWt CK

MFstWtRD,MFstWt CK

(𝛾 ∣ 𝑎𝐼𝐷(𝑐) ∣ 𝑛 ∣ 𝖭𝖵7 ∣ 𝖵 ∣ 𝑐, 𝛾 ∣ 𝑎𝐼𝐷(𝑐) ∣ ∞ ∣ 𝖭𝖵@ ∣ 𝖵 ∣ 𝑐)(1) ∈ ℰ 𝐶 ;<=>
:?7

Assume:
𝑟𝑎𝑛𝑔𝑒 𝛾 = 𝑑𝑜𝑚 𝑁𝑉0 ,

𝛾 ⊆ 𝛾0,
𝑁𝑉0\{𝑀𝐹𝑠𝑡𝑊𝑡,𝑊𝑡𝑛} = 𝑁𝑉1\{𝑀𝐹𝑠𝑡𝑊𝑡,𝑊𝑡𝑛},
𝑑𝑜𝑚(𝑁𝑉0) = 𝑑𝑜𝑚(𝑁𝑉1)

𝑁𝑉0\{𝑀𝐹𝑠𝑡𝑊𝑡} = 𝑁𝑉=\{𝑀𝐹𝑠𝑡𝑊𝑡},
𝑁𝑉0= 𝑁𝑉0\{𝑊𝑡𝑛}

(a) 
(b) 
(c)

(d) 
(e) 
(f)

(g)

Figure 4.7: Proof of the fundamental theorem for D-P-Ckpt (inductive case)

marked MFstWt. (c) continues to be true for each subsequent execution due to the semantics of
the restore function which replaces all Wtn qualifiers in nonvolatile memory with MFstWt.

4.5.3 Semantically Well-Typed Programs are Idempotent
Our definition of idempotency is the same as the previous chapter: a program is idempotent if
every intermittent execution of it can be simulated by a continuously-powered execution. Since
the semantic typing also remained the same, the adequacy theorem also remains the same as the
previous chapter but requires a generalized proof to accomodate the modifications to the system.

We restate the adequacy theorem below and highlight key differences in the proof.

Theorem 7 (Adequacy) Consider b : nat | Ω ⊩ p : Cunit, a nonvolatile memory N, and a map
γ such that ⊢jit

γ N | · : Ω | ·. The triple of p, N, and γ is idempotent.

We include the full proof in Appendix B.7, and sketch the main ideas here. The structure of
the proof is similar, building a simulation required by idempotency by induction on the number of
power failures during each step of a program’s intermittent execution. We show the construction
of this simulation (and proof) in Fig. 4.8.

Assume that c1 is self-related and that the configuration [χ1 ▷ ε] ⊗ γ1 | aID | n | N1 |

startatom(aID, aPol); c1; endatom; p takes a step to [χk ▷ ε] ⊗ γ | aID | n′ | N′ | p via the rule
D-P-Ckpt while incurring possibly m-many power failures. We need to show that there exists a
continuously-powered execution of the same program that steps the configuration [χ▷ ε] ⊗ γ1 |

aID | ∞ | N1 | startatom(aID, aPol); c1; endatom; p to [χ ▷ ε] ⊗ γ | aID | ∞ | N′ | p. Again, we
prove this by building such a continuously-powered execution.
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([χ1 ▹ ϵ] γ1 ∣ 𝙼𝚍 ∣ n ∣ 𝖭𝖵1 ∣ 𝖵1 ∣ c1, [χ ▹ ϵ] γ1 ∣ 𝙼𝚍 ∣ ∞ ∣ 𝖭𝖵2 ∣ 𝖵2 ∣ c1)

([χ1 ▹ ϵ] γ′￼1 ∣ 𝙼𝚍 ∣ 0 ∣ 𝖭𝖵′￼1 ∣ 𝖵′￼1 ∣ c′￼1, [χ ▹ ϵ] γ′￼2 ∣ 𝙼𝚍 ∣ ∞ ∣ 𝖭𝖵′￼2 ∣ 𝖵′￼2 ∣ c′￼2)

∈ ℰ Cunit

∈ 𝒱 Cunit

([χ′￼1 ▹ ϵ] γ0 ∣ 𝙼𝚍 ∣ n0 ∣ 𝖭𝖵0 ∣ 𝖵0 ∣ c0, [χ ▹ ϵ] γ′￼2 ∣ 𝙼𝚍 ∣ ∞ ∣ 𝖭𝖵′￼2 ∣ 𝖵′￼2 ∣ c′￼2)

⟹

[χ1 ▹ ϵ] γ′￼1 ∣ 𝙼𝚍 ∣ ⋅ ∣ 𝖭𝖵′￼1 ∣ 𝖵′￼1 ∣ ↓ ϵ#in(b > 0, ↑ c′￼1)
([χ1 ▹ ϵ] γ′￼′￼1 ∣ 𝙼𝚍 ∣ ⋅ ∣ 𝖭𝖵′￼1, 𝖵′￼∣ ϵ#in(b > 0, ↑ c′￼1), [χ ▹ ϵ] γ′￼2 ∣ 𝙼𝚍 ∣ ∞ ∣ 𝖭𝖵′￼2 ∣ 𝖵′￼2 ∣ c′￼2)

[χ′￼1 ▹ ϵ] γ′￼′￼1 ∣ 𝙼𝚍 ∣ n0 ∣ 𝖭𝖵′￼1, 𝖵′￼∣ ↑ c′￼1

∈ 𝒱 nat ⇝ ↑

∈ ℰ Cunit

([χk ▹ ϵ] γk ∣ 𝙼𝚍 ∣ nk ∣ 𝖭𝖵k ∣ 𝖵k ∣ ck, [χ ▹ ϵ]γj ∣ 𝙼𝚍 ∣ ∞ ∣ 𝖭𝖵j ∣ 𝖵j ∣ cj)

([χk ▹ ϵ] γ′￼k ∣ 𝙼𝚍 ∣ n′￼k ∣ 𝖭𝖵′￼
k ∣ 𝖵′￼k ∣ skip, [χ ▹ ϵ] γ′￼j ∣ 𝙼𝚍 ∣ ∞ ∣ 𝖭𝖵′￼

j ∣ 𝖵′￼j ∣ skip)

(γ′￼k ∣ 𝙼𝚍 ∣ n′￼k ∣ 𝖭𝖵′￼
k, 𝖵′￼′￼k ∣ skip, γ′￼j ∣ 𝙼𝚍 ∣ ∞ ∣ 𝖭𝖵′￼

j, 𝖵′￼′￼j ∣ skip)
𝖭𝖵′￼

k, 𝖵′￼′￼k = 𝖭𝖵′￼
j, 𝖵′￼′￼j

(1)

(2)

(3)

(4)

(5)

(7)

(8)

(6)

⋯ ⋯

⟹ ⟹
0

⟹
0

⟹
*

⟹
*

⟹
*

⟹
*

⟹
*

⟹
*

⟹
⟹

*
⟹

⟹
*

χ1 = n0 :: χ′￼1where 

∈ 𝒱 ↑ unit

Cunit

∈ 𝒱 ↓↑ unit

m

m

∈ ℰ Cunit
1

m +1

m +1

Inductive Hypothesis

Base Case
By value 
relation

∴
where 

(9)

n′￼k > 0where 

Figure 4.8: Adequacy proof sketch.

The proof assumes that program startatom(aID, aPol); c1; endatom; p is semantically well-typed.
Applying P-Ckpt-semantic, we learn that the command c1 is semantically well-typed and self-
related at type Cunit. By the definition of logical relation (Fig. 4.6), it follows that the intermittent
configuration of c1 with energy level n is related to the continuously-powered configuration of c1

with energy level∞ at the type Cunit for every index, including m+1. We use this relation to build
the desired simulation. Towards this goal, we prove a more general result: for any two related
configurations, if the first configuration takes zero or more steps, then the second configuration
takes zero or more steps such that the two stepped configurations remain related. By definition
of our relation, both configurations result in the same final nonvolatile memories.

The proof is by induction on the number of power failures m. Fig. 4.8 also shows the inductive
case (lines (1)-(6)) and the base case (lines (7)-(9)) for the case of an atomic region. Starting
with index m + 1 (point (1) in Fig. 4.8), we build a continuously-powered execution for c1 while
showing that the intermediate configurations continue to relate to their intermittent counterparts
at a smaller index m (point (6) in Fig. 4.8). At that point, we apply the inductive hypothesis
to obtain the desired result. Finally, the base case establishes that the memories of the final
configurations are the same. We detail each of these cases below.
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Inductive Case (Fig. 4.8, lines (1)-(6)). By definition of the term interpretation at type Cunit,
c1 in the first configuration runs via D-step until the next power failure. Moreover, it follows by
the term interpretation at type Cunit that the second configuration can also be executed such that
the resulting configurations remain related (point (2)). The first configuration takes a step from
point (2) to point (3) with the rule D-Crash. Since the energy level of the first configuration is
0, it follows by the value interpretation at type Cunit that these two configurations are related by
the value interpretation at type ↓(nat ⇝ ↑Cunit) (point (3)). Using the rule D-S-aID, the first
configuration takes a step from point (3) to point (4). The volatile memory V′1 is dropped, and
hence V′ = ∅. Note that this matches the power off policy for atomic mode. By assumption
to D-S-aID, the mapping γ′′1 drops the discarded volatile memory locations from γ′1 such that
γ′′1 ⊆ γ

′
1. The two configurations remain related by the value interpretation at type nat⇝ ↑Cunit

(point (4)). The first configuration then takes another step to point (5) by D-Charge, inputting
the harvested energy n0, thus updating the energy stream to χ′1 where χ1 = n0 :: χ′1. By definition
of the value relation, the two configurations remain related at the type ↑Cunit for all n0 (point
(5)).

From point (5) to point (6), the first configuration steps via D-restore-aID. In doing so, it
replaces all Wtn qualifiers in the nonvolatile memory N′1,V

′ with MFstWt in N0 and loads the
checkpointed data of the nonvolatile memory into the volatile memory V0. As such, the program
counter resets to its original value, and the atomic region re-executes from the beginning such
that c0 = c1. The variable mapping stays the same (γ0 = γ

′′
1 ). Note that this matches the restore

policy for atomic mode. The two configurations are then related by the term interpretation at the
type Cunit. This is similar to what we had initially but with one fewer power failure remaining.
At this point, we apply the inductive hypothesis to build the simulation at the index m.

Base Case (Fig. 4.8, lines (7)-(9)). When the first configuration finally steps to completion
by the D-step rule (point (8) in Fig. 4.8), it follows by the definition of logical relation that
the second configuration also steps to skip thus detecting a successfully completed execution.
This completes the simulation of the continuously-powered execution of c1. Here, we can apply
the rule D-P-Ckpt on this construction to obtain a continuously-powered execution of the pro-
gram startatom(aID, aPol); c1; endatom; p. The FinWorldd function copies the up-to-date values of
volatile memory V′k that have checkpointed locations back into nonvolatile memory N′k, removes
the subscript ck from these locations, and changes the qualifiers of all locations in nonvolatile
memory to CK. The volatile memory is dropped and the mapping is reset to γ. This matches
the commit policy defined for atomic mode. By the value interpretation at type ↓↑unit, the two
configurations remain related at the type ↑unit (line (9)). Then, by the value interpretation at
type ↑unit, the final nonvolatile memories are the same (N′k,V

′′
k = N′j,V

′′
j ) which is the last piece

we needed.
In the case of the initial execution, where c2 = c1, N2 = N1, and V2 = V1, we can apply the

rule D-P-Ckpt to the constructed execution to find a continuously-powered execution of the pro-
gram as desired: [χ▷ε]⊗γ1 | aID | ∞ | N1 | startatom(aID, aPol); c1; endatom; p⇒p [χ▷ε]⊗ γ |
aID | ∞ | N′ | p.
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Chapter 5

Undo-Logging

The systems introduced thus far have all assumed a redo-logging interpretation for the crash
types calculus: stable values are always stored in nonvolatile memory, and unstable values are
always stored in volatile memory. However, this interpretation is tied specifically to redo-logging
when in reality, intermittent systems implement many different kinds of logging styles [13, 14,
77, 82, 119, 125], with undo-logging being a popular one.

Whereas redo-logging creates volatile logs for checkpointed variables that are operated on
until failure, undo-logging instead creates a separate checkpointed copy at the beginning of an
atomic region’s first execution and uses it to revert updates to nonvolatile memory in the event
of a power failure. Therefore, since the nonvolatile memory locations that are declared as check-
pointed are operated on intermittently, their values are unstable while their separate checkpointed
versions are stable. Under this interpretation, unstable values could live in nonvolatile memory.
Designing an undo-logging interpretation for crash types that reasons about restoring nonvolatile
memory therefore requires a paradigm shift.

This chapter details an undo-logging formulation of the crash types calculus. Reasoning
about restoring nonvolatile memory requires us to redefine the crash type for atomic regions to
account for unstable values in nonvolatile memory. We first highlight the key intuitions behind
the new crash types and present a running example (Section 5.1). Then we detail the system while
focusing on the formulation for atomic regions, and explain how the typing rules are connected to
adjoint logic (Sections 5.2 and 5.2.2). The chapter concludes with the progress and preservation
theorems and a discussion of the logical relation and adequacy (Section 5.3).

5.1 Modal Crash Types for Undo-Logging

In this section, we present the crash types for atomic regions with undo-logging and informally
motivate them with a running example. Since in undo-logging the unstable portion of nonvolatile
memory is restored, we need to redefine the crash types for atomic regions to reflect the semantics
of this operation. We summarize the modified crash types below.
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atomic command crash type Cunit = (nat⇝ ↓↑Cunit) ∨ ↓↑unit

atomic expression crash type CaID
A = (nat⇝ ↓↑Cunit) ∨ ↓↑A

As before, the command crash type Cunit for atomic regions is a disjunction. The left disjunct
arises when the device crashes and volatile memory is wiped. Once more energy is harvested,
stable values restore nonvolatile memory from the checkpointed context (↓↑), and then the device
attempts to re-execute the program (Cunit). As before, the right disjunct represents a successful
execution. The interpretation of ↓↑ for restoring nonvolatile memory with stable values matches
its interpretation in the right disjunct and from redo-logging: an intermittent computation that
returns a stable value. Like before, the crash type for atomic region expressions matches the one
for commands.

cmd .

𝗅𝖾𝗍 𝗐 = 𝗑 − 𝗒

initial state

row

(0)
(1)
(2)
(3)

(4)

(5)

(6)

𝗌𝗍𝖺𝗋𝗍𝖺𝗍𝗈𝗆(𝖺𝖨𝖣, 𝖺𝖯𝗈𝗅)
𝗒 := 𝗒 + 𝗓

𝗒 := 𝗒 + 𝗓

𝗂𝖿 𝗐 𝗍𝗁𝖾𝗇 . . .

ℓx ℓun
y ℓz

2 0 1 f

N
ℓu

2 1 1 f
⋮

2 1 1 tt

V

ℓw

2 1 1 tt

1

−

1

(7)

final state −

(8)

Ω1,2,3 = {x :↑ i@𝚁𝙳, y :↑ i@𝙲𝙺, z :↑ i@𝚁𝙳, u :↑ b@𝙼𝚝𝚆𝚝}
Σ1,2 = {y𝚞𝚗 :↓ ↑ i@𝙲𝙺}

Ω0 = {x :↑ i@𝙲𝙺, y :↑ i@𝙲𝙺, z :↑ i@𝙲𝙺, u :↑ b@𝙲𝙺}↑ CUnit

CUnit

(nat ↝ ↓

CUnit

↑ Unit

⋮

Ω6−9 = {x :↑ i@𝚁𝙳, y :↑ i@𝙲𝙺, z :↑ i@𝚁𝙳, u :↑ b@ }

Σ5−8 = {y𝚞𝚗 :↓ ↑ i@𝙲𝙺}

Σ9,10 = {y𝚞𝚗 :↓ ↑ i@𝙲𝙺, w :↓ ↑ i@𝙲𝙺}

Ω11 = {x :↑ i@𝙲𝙺, y :↑ i@𝙲𝙺, z :↑ i@𝙲𝙺, u :↑ b@𝙲𝙺}
Ω10 = {x :↑ i@𝚁𝙳, y :↑ i@𝙲𝙺, z :↑ i@𝚁𝙳, u :↑ b@ }

pwoff

restore

2 1 1 tt

Ω4,5 = {x :↑ i@𝚁𝙳, y :↑ i@𝙲𝙺, z :↑ i@𝚁𝙳, u :↑ b@ }Wtn
Σ3,4 = {y𝚞𝚗 :↓ ↑ i@𝙲𝙺, w :↓ ↑ i@𝙲𝙺}

MtWt

𝗅𝖾𝗍 𝗐 = 𝗑 − 𝗒
𝗂𝖿 𝗐 𝗍𝗁𝖾𝗇 . . . Wtn

(9)
(10)

⋮⋮

0
ℓy

…

Nk

⋮

−

…
0

2 0 1 tt

⋮

2 1 1 tt

2 1 1 tt

⋮

↑ CUnit)
charge ↑ CUnit↓

(11)

0

Figure 5.1: Example atomic region execution with undo-logging.

With crash types in hand, we sketch the undo-logging execution of the example atomic re-
gion in Fig. 5.1 with its typings. Upon entering an atomic region, the runtime system copies
the value of y into a separate location ℓy in the nonvolatile checkpoint context Nk, and the orig-
inal location is tagged with a subscript un to remember that this version is unstable and that it
has a checkpointed copy in Kundo (row (1)). The variable y is typed as unstable according to Σ
(yun : ↓↑i@CK), while its checkpointed copy in Nk is typed as stable according to Ω (y : ↑i@CK).
The type of the computation turns from stable (↑Cunit) to unstable (Cunit), and the atomic region
begins to execute. The execution writes 1 to the unstable location ℓun

y (row (2)), binding the result
of x − y to a new location ℓw (row (3)), and executing the true branch of the conditional which
writes the value tt to ℓu (row (4)). At this point, power is about to fail and the device will shut off.
Volatile memory is wiped (row (5)) and more energy must be harvested, as represented by the
unstable type of the computation: nat⇝ ↓↑Cunit. Once the device charges (row (6)), the system
restores nonvolatile state by copying the checkpointed values in Nk into nonvolatile memory and
reverting the Wtn qualifiers back to MFstWt as before (row (7)). The combination of these steps
has the effect of resetting the unstable values in nonvolatile memory to their stable checkpointed
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counterparts to prepare for the next execution. The type of the computation matches this inter-
pretation, changing from ↓↑Cunit to Cunit. Both types are unstable, with the former reflecting
that there still remain unstable values in nonvolatile memory that will be cleared, committed,
or overwritten (e.g., must-first-write variables), and the latter representing that the program will
re-execute on a combination of nonvolatile and volatile state. Upon reboot, the atomic region
re-executes as before (rows (8)-(10)). The atomic region execution concludes in row (11) with
the correct final state ℓx ↪→ 2, ℓy ↪→ 1, ℓz ↪→ 1, ℓu ↪→ tt. At this point, the type ↑unit indicates
that the results are stable and the execution was successful.

Next, we present the undo-logging formulation of the crash types calculus. Since undo-
logging and redo-logging for JIT regions are the same, JIT regions follow the same formulation
as before. Therefore, we focus on the formulation for atomic regions. The full system definition
can be found in Appendix C.

5.2 Syntax, Operational Semantics, and Typing Rules

In this section, we show the modifications needed to support undo-logging for atomic regions
below. We highlight the key changes from Chapter 4 in yellow . The definition of crash instruc-
tions change accordingly to reflect the new ordering of modalities in the modified crash type
definitions. Additionally, to distinguish nonvolatile locations from their checkpoints, we intro-
duce a separate checkpoint context Kundo, as described in Chapter 2. Though since in this system
we assume there is no global volatile memory, atomic regions only make use of Nk. Since the
checkpoints are only used in the event of a power failure, only the closed configurations carry
Kundo. Therefore, the operational semantics for open command configurations and values remain
the same as before.

crash instructions i ::= ε # in(b > 0, ↓↑κ) | ↓↑κ
checkpoint context Kundo ::= (Nk)
closed configuration Cc ::= [χ▷ ε] ⊗ (γ | Md | g | N | V | Kundo | s)

| [χ▷ ε] ⊗ (γ | Md | g | N | Kundo | s)

5.2.1 Operational Semantics

We present the key operational semantic rules that must change to support undo-logging in
Fig. 5.2. The rule for atomic regions D-P-Ckpt relies on a modified definition of InitWorldd to set
up the checkpoint context Kundo, making checkpointed copies of variables declared in ω (e.g., y)
and tagging their original locations in N, which are unstable, with a subscript un. The definition
of FinWorldd is similar to before; since all updates are made directly to nonvolatile memory, the
function simply removes the subscript un from the locations in N′ and resets qualifiers back to
CK. These definitions can be found in Appendix C.1.

The rule D-Crash-aID models the system when its energy is depleted and where volatile
memory is wiped. The configuration steps to a crash instruction that encapsulates the atomic
region command c0 preceded by the combination of modalities ↓↑. After the device charges
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n, n′ > 0 InitWorldd(N; aPol; γ) = N0 | Kundo | γ0

[χ▷ ε] ⊗ γ0 | aID(c0) | n | N0 | · | Kundo | c0 ⇒
∗ [χ′ ▷ ε] ⊗ γ′ | aID(c0) | n′ | N′ | V′ | Kundo | skip

FinWorldd(N′) = N′′

[χ▷ ε] ⊗ γ | n | N | · | startatom(aID, aPol); c0; endatom; p ⇒p [χ′ ▷ ε] ⊗ γ | n′ | N′′ | · | p
(D-P-Ckpt)

γ | Md | n |N |V | c→ γ′ | Md | n′ |N′ |V′ | c′

[χ▷ ε] ⊗ γ | Md | n |N |V | Kundo | c⇒ [χ▷ ε] ⊗ γ′ | Md | n′ |N′ |V′ | Kundo | c′
(D-step)

Md = aID(c0)

[χ▷ ε] ⊗ γ | Md | 0 |N |V | Kundo | κ

⇒ [χ▷ ε] ⊗ γ | Md | · |N | · | Kundo | ε # in(b > 0; ↓↑c0 )

(D-Crash-aID)

Md = aID(c0)

[n :: χ▷ ε] ⊗ γ | Md | · |N | · | Kundo | ε # in(b > 0; ↓↑κ)
⇒ [χ▷ ε] ⊗ γ | Md | n | N | · | Kundo | ↓↑κ

(D-charge-aID)

Md = aID(c0) N = N′RD,MFstWt,N
′′
Wtn,N

′′′
un Kundo = (Nk)

[χ▷ ε] ⊗ γ | Md | n |N | · | Kundo | ↓↑κ

⇒ [χ▷ ε] ⊗ γ | Md | n |N′RD,MFstWt,N
′′
MFstWt,Nk | · | Kundo | κ

(D-restore-aID)

Figure 5.2: Closed configuration operational semantic rules

and energy is replenished, the nonvolatile state is restored from the checkpoint context and these
modalities are dropped, as modeled by D-restore-aID.

Since in undo-logging the checkpoint context is only accessed in the event of a power failure,
it does not appear in the rules for expression and command execution under an open configura-
tion. Therefore, the operational semantic rules for expressions and commands remain the same
as before. The full operational semantics can be found in Appendix C.1.

5.2.2 Typing Rules

This section highlights the changes to the type system needed to accommodate undo-logging.
The full type system definition can be found in Appendix C.2. We summarize changes to the
typing constructs in the grammar below.
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unstable types τu ::= T | ↓ τs | τu ∨ τu | nat⇝ τu | CMdT
stable types τs ::= ↑ τu

type variables CMdT ::= Cunit | CMdA
unstable store typing context Σ ::= · | x : ↓↑A@CK,Σ | xun : ↓↑A@CK,Σ
stable store typing context Ω ::= · | x : ↑A@q,Ω

Since nonvolatile memory is not restored until more energy is harvested, the state will remain
unstable thus making nat ⇝ τu an unstable type. To type the unstable portion of nonvolatile
memory, the unstable store typing context is extended with typings of the form xun : ↓↑A@CK.
Lastly, Ω is now used to type both the stable portion of nonvolatile memory as well as the
checkpoint context, and hence it consists of typings of the form x : ↑A@q. Unlike the previous
systems for redo-logging, there are no typings for variables of the form xun in Ω.

The typing judgments for commands, expressions, and programs all remain the same, while
the judgments for crash instructions are augmented and typed according to the corresponding
crash type. Unlike previous chapters, the state throughout processing a power failure remains
unstable because nonvolatile memory can contain unstable values until it is restored before the
next re-execution. Next, we present a key selection of typing rules for undo-logging.

Setting up typing contexts. The typing rule for atomic regions is the same as before, but relies
on a modified definition of InitWorldt to suit undo-logging. We present the modified definition
below. The function generates an unstable typing context with typings for all variables declared
in ω, and tags these typings with the subscript un (e.g. Σ in row (1)). These will type the
original nonvolatile locations, that will store unstable values, while Ω is left untouched. The
stable typings for checkpointed variables that remain in Ωc will type the stable copies in the
newly-created checkpoint context.

Definition 8 InitWorldt(Ω; aPol) = Ω0 | Σ0 iff
• dom(Ω) = ρ ∪ µ ∪ ω,
• ρ ∩ µ = ∅, µ ∩ ω = ∅, ρ ∩ ω = ∅,
• Ω0 = {x : ↑A@RD | x : ↑A@q ∈ Ωr} ∪ {x : ↑A@MFstWt | x : ↑A@q ∈ Ωm} ∪ Ωc

• Σ0 = {xun : ↓↑A@CK | x : ↑A@CK ∈ Ωc}

where aPol = (ρ, µ, ω) and Ω = Ωr,Ωm,Ωc and Ωr = Ω↾ρ, Ωm = Ω↾µ, and Ωc = Ω↾ω.

Command, expression, and statement typing. We present a key selection of typing rules in
Fig. 5.3 whose definitions differ from the previous chapters.

Most of the typing rules for commands and expressions do not change, except for a select few:
T-seq-d, T-C-Shift, and T-W-Shift. The rules T-C-Shift and T-W-Shift are similar to before but
share a slightly different interpretation; since stable checkpointed copies of nonvolatile memory
are not operated on (only the original nonvolatile locations which are unstable), the premise of
these rules selects and promotes the unstable typings of checkpointed nonvolatile locations that
reside in Σ while disregarding the checkpointed stable typings Ω′′CK. When a post-context for
the premise is obtained, the rule constructs a post-context for the conclusion by replacing these
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W = γ | V
Md | b ≥ 0 : nat | Ω;Σ ⊢Sig c1 : CMdunit ⊣ Ω

′ Σ = Σ1,Σ2
un Ω′ = Ω1

CK,Ω
2
RD,MFstWt,Wtn

Σ′ = trim(Σ,V, γ) ∪Σ2
un Md | b ≥ 0 : nat | Ω′;Σ′ ⊢Sig c2 : τ ⊣ Ω′′

Md | b > 0 : nat | Ω;Σ ⊢Sig c1;W c2 : τ ⊣ Ω′′
(T-seq-d)

Σ = ↓Σ′ Ω = Ω′RD,MFstWt,Wtn,Ω
′′
CK Md | b : nat | Ω′,Σ′ ⊢Sig skip : ↑unit ⊣ Ω1

Md | b : nat | Ω;Σ ⊢Sig skip : ↓↑unit ⊣ Ω1↾dom(Ω′),Ω′′CK
(T-C-Shift)

Σ =↓ Σ′ Ω = Ω′RD,MFstWt,Wtn,Ω
′′
CK Md | b : nat | Ω′,Σ′ ⊢WT x : ↑A ⊣ Ω1

Md | b : nat | Ω;Σ ⊢WT x : ↓↑ A ⊣ Ω1↾dom(Ω′),Ω′′CK
(T-W-Shift)

Σ = Σ1,Σ2
un aID(c0) | · | Ω;Σ2

un ⊢Sig ε # in(b > 0, ↓↑c0) : nat⇝ ↓↑CaID
T′

aID(c0) | b = 0 : nat | Ω;Σ ⊢Sig κ : (nat⇝ ↓↑CaID
T′ ) ∨ ↓↑T

(T-aID-∨-Crash)

ε # in() : nat > 0 Md | b > 0 : nat | Ω;Σ ⊢Sig ↓↑κ : ↓↑CaID
T

Md | · | Ω;Σ ⊢Sig ε # in(b > 0, ↓↑κ) : nat⇝ ↓↑CaID
T

(T-Charge)

aID(c0) | b > 0 : nat | Ω;Σ ⊢Sig κ : CaID
T ∈ Sig

aID(c0) | b > 0 : nat | Ω;Σ ⊢Sig ↓↑κ : ↓↑CaID
T

(T-aID-Restore)

Figure 5.3: Selected typing rules

typings with their stable counterparts Ω′′CK. This enforces that the domain of the initial typing
context continues to match the post-context.

In T-seq-d, since the function trim is defined to throw out all typings from Σ that do not cor-
respond to in-scope volatile variables, additional handling is required to recover the checkpointed
variable typings (denoted Σ2

un) in Σ′.
The remainder of the rules in Fig. 5.3 type crash instructions according to the corresponding

crash types. The T-aID-∨-Crash rule detects a crash and generates a typing for the crash instruc-
tion ε # in(b > 0, ↓↑c0) according to the type nat ⇝ ↓↑CaID

T ′ in the premise (e.g., row (5)). The
typings for volatile memory are dropped to match the dynamic rule for crash. The T-Charge rule
inputs a new energy level from ε (e.g., row (6)) that is a natural number greater than zero.

The T-aID-Restore rule drops the combination of modalities to model restoring the check-
pointed state, matching the dynamic rule (e.g., row (7)). The same typing contexts propagate
from conclusion to premise to type the recovered continuation, which will be the atomic region
command c0. The rule checks if there are already typing derivations matching the signature.

5.2.3 Interpretations in Adjoint Logic

The typing rules for checkpoint, restore, commit, and power off continue to have interpretations
in adjoint logic, though they differ from before to match the semantics of undo-logging. The
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main difference regards checkpointing. In undo-logging, the newly-created checkpointed copies
of nonvolatile locations are stable, whereas the original locations become unstable when tagged
un. Therefore, we cannot simply apply a ↑L∗ rule as before to copy the stable typing into the
unstable typing context because the original nonvolatile locations do not remain stable. To reason
about checkpointing in undo-logging, we introduce a rule Cun that is based on contraction and
an interpretation of the tag un. In particular, the tag un is generated when moving a typing from
the stable context to the unstable context, and is removed on the inverse.

Ω, : ↑s
uAu@CK; un : ↓s

u↑
s
uAu@CK ⊢ : τu

Ω, : ↑s
uAu@CK; · ⊢ : τu Cun

From conclusion to premise, the rule Cun first uses contraction to copy the stable typing of
a checkpointed variable, and then tags the original with un which moves the typing into the
unstable typing context (e.g., y:↑i@CK and yun:↓↑i@CK in row (1), respectively). This matches
the dynamics of checkpointing in undo-logging, which makes checkpointed copies of locations
whose values will remain stable and tags the original location with un.

We are now ready to sketch the adjoint logic derivations of our typing rules. We refer to the
typing rule skeletons from Chapter 2 throughout.

Checkpointing (T-P-Ckpt). The typing rule for checkpointing corresponds to a combination of
the rules Cun and ↑R. The rule ↑R creates an empty unstable typing context, which the rule Cun

populates with unstable typings of checkpointed variables, as described above.

Ω, : ↑s
uAu@CK; un : ↓s

u↑
s
uAu@CK ⊢ : τu

Ω, : ↑s
uAu@CK; · ⊢ : τu Cun

Ω, : ↑s
uAu@CK ⊢ : ↑s

uτ
u ↑R

Crash (T-aID-∨-Crash). A crash corresponds to a combination of standard weakening and
logical or rules (WL1 and ∨R). In the derivation, a ∨R rule first applies to select the first disjunct
of the type, indicating power failure. Then, a WL1 rule applies to eliminate typings of volatile
variables in the premise.

Ω;Σ ⊢ : τu

Ω;Σ, : ↓s
u↑

s
uAu ⊢ : τu WL1

Ω;Σ, : ↓s
u↑

s
uAu ⊢ : τu ∨ ↓↑unit

∨R

Restore (T-aID-Restore). Restore corresponds to a combination of the rules ↓R, ↑R, and Cun.
The derivation is similar to checkpointing, but begins with a ↓R step to lose the unstable typing
context, which corresponds to forgetting the old nonvolatile values. Then ↑R and Cun apply to
regenerate the unstable nonvolatile typings.

Ω, : ↑s
uAu@CK; un : ↓s

u↑
s
uAu@CK ⊢ : τu

Ω, : ↑s
uAu@CK; · ⊢ : τu Cun

Ω, : ↑s
uAu@CK ⊢ : ↑τu ↑R

Ω, : ↑s
uAu@CK;Σ ⊢ : ↓↑τu ↓R
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Commit. Lastly, the commit operation – which drops the checkpointed copies and removes
the un tags from the original nonvolatile locations – corresponds to a combination of ↓R with
a modified weakening rule WLun2 . First, the rule WLun2 applies, where the stable typing of a
checkpointed copy is lost and the tag un transports the unstable counterpart back to the stable
typing context. Then, a ↓R rule applies to close off the remaining unstable typing context. Since
no volatile variables are in scope at the end of an atomic region execution, Σ is always empty.

Ω, : ↑s
uAu@CK ⊢ : τs

Ω, : ↑s
uAu@CK;Σ ⊢ : ↓s

uτ
s ↓R

Ω, : ↑s
uAu@CK;Σ, un : ↓s

u↑
s
uAu@CK ⊢ : ↓s

uτ
s WLun2

5.3 Metatheory
In this section, we discuss progress and preservation for the calculus with undo-logging (Sec-
tion 5.3.1), and conjecture about the proof of logical relation (Section 5.3.2).

5.3.1 Progress and Preservation
While the progress theorem remains the same as before, the preservation theorem differs from the
previous chapter in its treatment of checkpoints. We state the preservation theorem for commands
below.
Theorem 8 (Preservation for Commands) If

(†) Md | b ≥ 0 : nat | Ω;Σ ⊢Sig c : τ ⊣ Ω′

and γ | Md | n | N | V | c is well-formed, ⊢Mdγ N | V : Ω | Σ, and for some (co-)natural number
n ≥ 0, we have

γ | Md | n | N | V | c → γ′ | Md | n′ | N′ | V′ | c′

then for some Ω0

Md | b ≥ 0 : nat | Ω0;Σ ⊢Sig c′ : τ ⊣ Ω′

where ⊢Mdγ′ N′ | V′ : Ω0 | Σ, Ω > Ω0, and n′ ≥ 0. Moreover γ′ | Md | n′ | N′ | V′ | c′ is well-formed.
Moreover, dom(N) = dom(N′), and if Md = aID(c0), then N′\{MFstWt, Wtn} = N\{MFstWt, Wtn}.

The well-formedness definition for configurations in undo-logging is similar to redo-logging.
However, since in undo-logging volatile memory V houses no checkpointed copies of locations,
the nonvolatile memory N is no longer mentioned in this version of the definition; the definition
reasons only about local variables in volatile memory. Additionally, the store typing definition
for checkpointed variables in N is extended to consume both an unstable typing and stable typing
for its checkpointed counterpart. This will be needed for setting up the logical relation (to be
discussed). We provide the full definitions in Appendix C.2.

Since the checkpoint context is not carried by open configurations, the proofs of progress and
preservation and their supporting lemmas remain mostly the same with modifications to the cases
corresponding to the few typing and dynamic rules that changed. We present the full proofs in
Appendix C.3.
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5.3.2 Logical Relation and Adequacy
Though the proofs of logical relation and adequacy for undo-logging are left to future work, we
conjecture about their challenges relative to previous chapters. In particular, the new ordering of
modalities for crash types in undo-logging will require a new logical relation for reasoning about
correctness. The term relation will be similar to the ones from Chapters 3 and 4, while the value
relation will reflect the new ordering of modalities and rely on new policies for PwOff, Restore,
and Commit. We include their definitions here, which match their dynamic counterparts.

γ′ ⊆ γ s.t. range(γ′) = dom(N1) V2 = ∅

PwOff(γ, aID(c0),N1,V1) = γ′ | V2

N1 = N′1 RD,Wtn, N′′un N2 = N′1 CK,N
′′ γ′ ⊆ γ s.t. range(γ′) = dom(N2)

Commit(γ, aID(c0),N1) = γ′ | N2

N1 = N′RD,MFstWt, N′′un ,N
3
Wtn K = (Nk) N2 = N′RD,MFstWt, Nk ,N3

MFstWt

Restore(γ, aID(c0),N1,K) = N2 | c0

Figure 5.4: Commit, Restore, and PwOff policy definitions for undo-logging

As before, the PwOff policy clears volatile memory and throws out their variable-location
mappings from γ. Since all updates are made directly to nonvolatile memory in undo-logging,
the Commit policy simply drops the un tag from locations. Lastly, Restore prepares for re-
execution by resetting the Wtn qualifiers to MFstWt (like before), and the values of locations
marked un with their checkpointed counterparts Nk. Since the checkpoint context is needed by
the Restore policy but is omitted from open configurations, the top-level logical relation will
include it in its store typing. The same definition of store typing described above, where the
checkpoint context was disregarded can be used to type ⊢ N | V | K : Ω | Σ. When checked
together, the checkpointed variables in N and K will consume their unstable and stable typings.

In proving the fundamental theorem of logical relation, the inductive case must again estab-
lish that the restored nonvolatile memories of the intermittent execution match the continuous
execution up to MFstWt variables. For undo-logging, establishing this condition will hinge on
the fact that Restore additionally reverts updates to unstable nonvolatile locations with their
checkpointed copies.
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Chapter 6

Non-idempotence, Inputs, and Outputs

Though the systems presented in Chapters 4 and 5 adopt more flexible and realisitic checkpoint-
ing policies into reasoning about crash types, the programs supported by those systems are still
limited in expressivity, lacking supports common to many embedded systems applications, such
as sensor inputs, outputs, and non-idempotence. This chapter outlines the challenges behind
supporting a few such features, and extends the crash type calculus accordingly.

We begin by motivating the importance and challenges behind supporting non-idempotence,
sensor inputs, and outputs with respect to correct intermittent execution in Sections 6.1 and 6.2.
In Section 6.3, we introduce the key ideas behind our approach. Then, we present the syntax
and semantics for our calculus in Section 6.4, followed by the type system in Section 6.5. The
chapter concludes with progress and preservation, and a discussion about logical relation and
adequacy (Section 6.6).

6.1 Supporting Non-idempotence

Thus far, our systems have assumed working with only data that must produce the same results
on every (re-)execution. However, some pieces of data in a program must be allowed to differ
across (re-)executions in order to have correct execution behavior, such as a variable that counts
the number of reboots endured by an atomic region. The former variety we refer to as idempotent,
and the latter as non-idempotent. In order to uphold that idempotent variables compute the
same results across (re-)executions, idempotent computation must not depend on non-idempotent
values. Thus, supporting the correct interaction between idempotent and non-idempotent data is
essential for upholding correctness guarantees in real intermittent systems.

To support the combination of (non-)idempotent data in a program, Curricle [121] uses a
special form of dependency analysis [3] called an information flow type system to enforce that
non-idempotent data does not flow to idempotent variables. Curricle defines types for non-
idempotence (Nid) and idempotence (Id) according to a join semilattice Id ⊑id Nid, where join is
denoted as ⊔id.

To better understand how such an information flow type system works, consider the two
programs in Fig. 6.1. Program (a) increments a reboot counter rb, and writes its contents to log.
Since rb purposefully records the number of power failures undergone by the atomic region, it is
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(a) start_atom(a1, aPol)

rb ++;

log := rb

end_atom

(b) start_atom(a2, aPol)

rb++;

if rb > 3 then

log := 0

else

skip

end_atom

Figure 6.1: Two incorrect programs, where aPol = {rb : Nid, log : Id}

expected to differ across re-executions of a program and is therefore specified as non-idempotent,
whereas log is specified as idempotent. Therefore, the assignment log := rb would illegally
cause an idempotent variable log to depend on non-idempotent data.

To automatically check whether a program is correct, Curricle’s type system first encodes the
atomic region policy into a typing context for checking the program, e.g., Γ = {rb : Nid, log :
Id}, which it uses to type check the program. For example, to check whether an assignment x := e
obeys the policy, Curricle defines a rule similar to T-assign-a. The rule looks up the label of x
in Γ, checks e according to the rules T-var, T-const, and T-binary to determine its label qIDe,
and lastly checks that qIDe is less than or equal to the label of x (qIDe ⊑id Γ(x)). By definition,
this check would rule out dependencies of idempotent variables on non-idempotent data, such as
from rb to log.

T-const

Γ ⊢ v : Id

T-var
Γ(x) = qID

Γ ⊢ x : qID

T-binary
Γ ⊢ e1 : qID1 Γ ⊢ e2 : qID2

Γ ⊢ e1 ⊙ e2 : qID1 ⊔ qID2

T-assign-a
Γ ⊢ e : qIDe qIDe ⊑id Γ(x)

Γ ⊢ x := e : ok

However, programs with non-idempotence are additionally prone to control flow dependen-
cies, which is not handled by the previous checking alone. For example, consider the program
(b) in Fig. 6.1. The variable log is reset to 0 after three re-executions, i.e., if rb > 3. Though
log would not read the value of rb explicitly, its computation still depends on non-idempotent
data. In this case, we could either adjust our policy to allow log to rely on rb by specifying it as
non-idempotent, or we could upgrade our type checking rules to reject this program. The latter
involves augmenting our typing rules with a ghost variable pc that will represent the idempotence
level of a conditional expression while checking its branches. If an assignment to a idempotent
variable occurs under a non-idempotent pc, the program will fail to type check. We show the
augmented rules below.

T-assign-b
Γ ⊢ e : qIDe qIDe ⊔id pc ⊑id Γ(x)

Γ, pc ⊢ x := e : ok

T-if-b
Γ ⊢ e : qIDe Γ, pc ⊔id qIDe ⊢ c1 : ok Γ, pc ⊔id qIDe ⊢ c2 : ok

Γ, pc ⊢ if e then c1 else c2 : ok
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Notably, the rule T-if-b checks if a conditional is safe against control flow dependencies by
checking the conditional expression and determining its qualifier (qIDe), raising the program
counter to account for qIDe (pc ⊔id qIDe), and then checking whether each branch c1 and c2 is
correct under the raised program counter. To check that no non-idempotent data could flow to
idempotent variables through assignment, the rule T-assign-b checks that the label of e joined
with the pc is bounded by the label of x (qIDe ⊔id pc ⊑id Γ(x)). Under these typing rules, the
program in Fig. 6.1 (b) will be rejected; the branching condition depends on a Nid variable,
causing the program counter to be raised to Nid and the assignments within the conditional to
fail type checking by T-assign-b, since non-idempotent data flows to an idempotent variable.

6.2 Challenges of Supporting I/O-Dependent Programs
Sensor inputs are also important for reasoning about real systems, but present challenges for
supporting correct intermittent execution. In particular, supporting conditionals that depend on
sensor inputs is important because many embedded systems applications read sensor inputs from
hardware peripherals and make decisions accordingly, e.g., raising a flag if the temperature is
too hot or too cold. Since sensor inputs often depend on an array of environmental conditions
under which they are taken [120], programs depending on them are therefore non-deterministic
in nature. In the context of intermittence, reliance on inputs could cause program behavior
(and subsequently, observable state) to differ across (re-)executions, e.g., executing one branch
initially, and the other on re-execution because a different input is obtained. If checkpointing is
not handled correctly, a program running intermittently could compute results that are impossible
to retrieve from a continuously-powered execution of it. Such input-dependent programs are
not supported by the existing crash type calculus. For example, choosing not to checkpoint all
writable variables forces conditionals to access variables in the same way across all possible
execution paths, as in Chapters 4 and 5. Such constraints make the system difficult to use and
incapable of supporting many correct programs. Lastly, effectful outputs introduce additional
challenges for reasoning about program correctness in the presence of intermittence and are not
currently supported by any provably correct intermittent system.

This section details the challenges involved in reasoning about programs with inputs and
outputs (I/O) with respect to intermittence.

6.2.1 Repeated I/O (RIO) Bugs
Programs that rely on I/O are prone to an additional class of memory consistency bug, where
re-execution could cause unintended repetition of outputs or divergent execution paths due to
nondeterministic sensor inputs [108, 118]. For example, consider the atomic region in Fig. 6.2
which stores a temperature reading from the environment in a variable temp and branches on it;
the program raises a flag h to tt if the reading is high (greater than 0), and a flag c to tt otherwise.

Let ℓh, ℓc, and ℓt be nonvolatile memory locations corresponding to h, c, and temp, and
suppose that the initial state is ℓh ↪→ ff, ℓc ↪→ ff. If the sensor reads a temperature of 30, the
first branch of the conditional will execute, raising the flag h to tt. Supposing that power fails
immediately after, volatile memory is wiped, leaving behind a nonvolatile state of ℓh ↪→ tt, ℓc ↪→
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f f

𝖭cmd .

…
initial state

𝗌𝗍𝖺𝗋𝗍𝖺𝗍𝗈𝗆(𝖺𝖨𝖣, ω)
𝗅𝖾𝗍 𝗍𝖾𝗆𝗉 = 𝖨𝖭( )

𝖵

final state

reboot

ℓh ℓc

−

(a) no checkpointing

start_atom(aID; ); 
  let temp=IN( ) in 

if temp > 0 then 
  h:=tt 

    else 
  c:=tt 

end_atom

ω
30
ℓt

𝗁 := 𝗍𝗍 tt f
… −

𝗅𝖾𝗍 𝗍𝖾𝗆𝗉 = 𝖨𝖭( )
𝖼 := 𝗍𝗍

tt f
0
ℓt

tt tt
tt tt

f f

𝖭

…

𝖵
ℓun

h ℓun
c

−

(b) checkpoint h and c

30
ℓt

tt f
… −

f f
0
ℓt

f tt
f tt

Nk

f f
ℓh ℓc

f f

Figure 6.2: Possible atomic region executions, (a) incorrect and (b) correct.

ff. When energy is replenished, the program re-executes on this state. However, in the time
it took to harvest more energy, the surrounding environmental conditions could have changed
significantly. Suppose that now it is nighttime and the temperature has sunk to 0, such that the
else branch of the conditional executes, setting c to tt. When the program finishes executing,
the final state will be ℓh ↪→ tt, ℓc ↪→ tt. These results do not match the behavior of any single
continuously-powered execution of the same program, therefore making it incorrect. For those
results to be correct, a single continuously-powered execution would need to run both branches
of the conditional, which is impossible.

This program executes incorrectly because it has a repeated I/O (RIO) bug, where effectful
outputs are unintentionally repeated or non-deterministic sensor inputs cause program behavior
to differ on each (re-)execution of the program. To make programs with sensor inputs execute
correctly, prior work has established that an intermittent system additionally needs to checkpoint
variables that are written on at least one path but not on all [118, 121], e.g., h and c.

Returning to the program in Fig. 6.2, suppose that h and c are checkpointed by the atomic
region with undo-logging. The first execution proceeds as before; the sensor reads a value of
30, stores it in ℓt, causing the first branch of the conditional to run, writing tt to the nonvolatile
location ℓun

h . If power fails immediately after, the buffer and volatile memory are both wiped and
the unstable value stored in ℓunh ↪→ tt is reverted to its checkpointed counterpart. On reboot, the
program will re-execute on the nonvolatile state ℓun

h ↪→ ff, ℓun
c ↪→ ff, which happens to match the

initial state. The re-execution reads a sensor input of 0 and executes the second branch of the
conditional, writing tt to ℓun

c . Execution ends in the correct final state ℓun
h ↪→ ff, ℓun

c ↪→ tt.

6.2.2 State-of-the-Art RIO Bug Supports are Limited

A system that protects against RIO bugs therefore must reject programs that do not checkpoint
sufficient variables and safeguard against repetition of effective outputs due to atomic region re-
execution. We examine limitations in existing supports for repeated inputs and outputs separately.

Prior work’s repeated input checking is too conservative. Prior work on correctly handling

80



sensor inputs is limited. The system introduced in Chapter 4 that only checkpoints WAR vari-
ables does not handle programs with sensor inputs. Though, if that system were extended naively
to accommodate sensor inputs, the incorrect programs would still fail to type check only be-
cause we assumed that in a given atomic region the same variables are written across conditional
branches, meaning that effects from failed prior executions that are stored in those variables
would always be overwritten on the next execution. However, this constraint makes that system
incapable of supporting many correct programs that write to different variables on some program
paths but not on all, regardless of whether or not those programs depend on sensor inputs.

To accept more correct programs, we could implement a conservative merge as in Curri-
cle [121]. To track the propagation of input-dependent and noninput-dependent data in a pro-
gram, Curricle marks data as tainted (Tnt) or non-tainted (Nt), respectively, and defines a join
semi-lattice over taint qualifiers Nt ⊑t Tnt with join denoted as ⊔t. In particular, Curricle co-
designed an inference of access qualifiers and a type checking algorithm, which together enforce
that the inferred qualifiers for a given program guarantee its freedom from RIO bugs. Together,
their system enforces that if a variable is written on one branch of a tainted conditional but not
on the other, then that variable must be checkpointed.

1

𝖭cmd .

⋮
initial state

𝗌𝗍𝖺𝗋𝗍𝖺𝗍𝗈𝗆(𝖺𝖨𝖣, 𝖺𝖯𝗈𝗅)
𝗅𝖾𝗍 𝗍 = 𝖨𝖭( )

𝖵

final state

ℓl

−

50
ℓt

𝗅𝗈𝗀 := 𝗍/𝟤 25
−

𝗅𝖾𝗍 𝗍 = 𝖨𝖭( ) 32

32

0

𝗅𝗈𝗀 := 𝗍
𝗅𝗈𝗀 := (𝗅𝗈𝗀 − 𝟥𝟤) * 𝟧/𝟫

⋮

0

⋮

−

start_atom(aID, -); 
  let t=IN( ) in 

if t > 40 then 
  log:=t/2; 

    else 
  skip; 
log:=t; 
log:=(log-32)*5/9; 

end_atom

𝖨
𝗂𝗇(50)::𝗂𝗇(32):: …

𝗂𝗇(32):: …

…

…

⋮

…

Figure 6.3: A correct program that is not supported by prior work [121].

However, their approach to identifying RIO bugs is still overly conservative, eagerly reject-
ing an entire class of input-dependent programs that are actually correct. In particular, prior
work [121] does not consider accesses (particularly, writes) that occur after the branch merge.
We show one such program in Fig. 6.3, where no variables are checkpointed. This program first
reads a temperature and stores it in the variable t. If the reading is too high (t > 40), half of the
value is written to the variable log. After, log is set to t and converted to degrees Celsius. That
is, regardless of which branch actually executes, log would be overwritten with the same value
temp on all executions before it is later read by the computation. In other words, if log is not
checkpointed, the program would still compute the correct results.

For example, consider the execution to the left of Fig. 6.3, where, like before, variables are
associated with memory locations: log 7→ ℓl. Suppose that the program executes and reads a
temperature of 50, stores it in t, which causes the first branch to execute and write 25 to ℓl.
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Suppose that power fails immediately after, wiping the volatile state. Since no variables were
checkpointed, the program re-executes on the state ℓl ↪→ 25. If the program takes the else branch
on its re-execution, the value of log gets overwritten to t after the conditional, and before it
gets read by the conversion to Celsius. Supposing the new input is 32, the execution concludes
successfully on this attempt with the final state ℓl ↪→ 0, which corresponds to a continuously-
powered execution that reads a temperature of 32. This result is correct, particularly because the
write log := t would overwrite the results from prior failed executions before log is read.

There are no provably correct supports for repeated outputs. Currently, there are no prov-
ably correct supports for effectful outputs in intermittent computing. If handled naively, the re-
execution of an atomic region could unintentionally cause outputs to repeat, potentially spelling
incorrect program behavior.

𝖭cmd .
initial state

𝗌𝗍𝖺𝗋𝗍𝖺𝗍𝗈𝗆(𝖺𝖨𝖣, 𝖺𝖯𝗈𝗅)
𝗅𝖾𝗍 𝗍 = 𝖨𝖭( )

𝖵

final state

−

50
ℓt

−
𝗅𝖾𝗍 𝗍 = 𝖨𝖭( ) 32

⋮
−

start_atom(aID, -); 
  let t=IN( ) in 

output(water_crop,t) 
end_atom

𝖨
𝗂𝗇(50)::𝗂𝗇(32):: …

𝗂𝗇(32):: …

…
𝗈𝗎𝗍𝗉𝗎𝗍(𝗐𝖺𝗍𝖾𝗋_𝖼𝗋𝗈𝗉, 𝗍)

𝖾𝗇𝖽_𝖺𝗍𝗈𝗆
…
⋮

…
𝗈𝗎𝗍𝗉𝗎𝗍(𝗐𝖺𝗍𝖾𝗋_𝖼𝗋𝗈𝗉, 𝗍)

obs .
−

−
Figure 6.4: Naively supporting outputs in atomic regions is incorrect.

For example, consider the program in Fig. 6.4 which takes a temperature reading, stores it
in t, and then triggers an automatic crop watering system that dispenses an amount of water
proportional to t. We mark observed outputs over the course of execution, e.g., the amount of
water discharged, under a column obs.. Suppose that the program executes, reading a temperature
of 50 and watering the plants accordingly. If power fails soon after, the program would re-execute
from the beginning, taking another temperature reading and watering the crops yet again. When
the program finally finishes executing, the program behavior is incorrect as multiple waterings
have occurred, meanwhile a programmer likely intended for the crops to be watered only once –
overwatering could cause flooding, water waste, and crop ruin.

Therefore, developing a system capable of supporting outputs and accepting more correct
I/O-dependent programs is an important yet challenging task, requiring runtime supports for
outputs and a more flexible type checking algorithm for inputs than is considered by prior work.

6.3 Key Ideas
We present the key ideas behind our flexible RIO bug checking and supports for I/O.
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6.3.1 Fine-Grained Qualifier Evolution for Repeated Inputs
This section provides intuition behind our approach to a more flexible type checking algorithm
for RIO bugs in input-dependent programs. To correctly support inputs while accepting more
correct programs than prior approaches [121], we must develop more fine-grained access quali-
fiers and a checking algorithm that does not eagerly reject spurious RIO bugs – one that is capable
of inspecting variable accesses occurring after conditionals.

The key idea is to track memory accesses and the propagation of tainted data to variables and
to delay failing in input-dependent conditionals until the end of the atomic region. A program
will be rejected if by the end of checking an atomic region, there is a variable written on one
input-dependent branch but not on all. We make use of taintedness and idempotence qualifiers
from Curricle [121], and embellish idempotence qualifiers with an access qualifier describing
why a variable is idempotent. To track information about variable accesses over the course of
type checking and execution, we extend the access qualifier evolution from Chapter 4 with more
sophisticated qualifiers and evolution. Like before, our access qualifiers describe how variables
have been accessed previously according to key memory access patterns. In this chapter, these
patterns become more fine-grained, including variables that are checkpointed (CK) and initially
not read yet (NRD), which could evolve to other qualifiers over the course of type checking: first
read on some path (mayFstRD), written in a tainted branch on all paths (MTntWt), written on some
path but not all (mayTntWt), and written on all paths (Wtn). The intuition is that variables that are
marked NRD are safe to access freely, whereas variables marked mayFstRD could be susceptible
to WAR bugs on a subsequent write, and those that are mayTntWt could be susceptible to RIO
bugs if they are read before being overwritten on all program paths (MTntWt and Wtn). The type
system presented in this chapter will use these qualifiers to perform local checks, and combine
them to perform a whole-program analysis.

{l :↑ i@⟨𝙸𝚍, 𝙽𝚝⟩} −
start_atom(aID, -); 
  let t=IN( ) in 
    if t > 40 then 
      log:=t/2; 
    else 
      skip; 

log:=t; 
log:=(log-32)*5/9; 

end_atom

{l :↑ i@⟨𝙸𝚍(𝙽𝚁𝙳), 𝙽𝚝⟩}NRD
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⋮

⋮
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⋮
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⋮
(4)

(5)

(6)

Figure 6.5: Example program typings, (a) accepted and (b) rejected.

Rejecting incorrect programs. Under this schema, a program would fail type checking if
(1) a mayFstRD variable is written, (2) a mayTntWt variable is read, or (3) there are remaining
mayTntWt variables by the end of checking an atomic region. The first case points to a WAR
bug, while the other two indicate RIO bugs, where tainted data written on one branch but not on
all could influence future program execution.
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For example, recall the incorrect program from the previous section that failed to checkpoint
variables h and c. We show the program next to its typings in Fig. 6.5 (a). In row (1), the
variables h and c begin with type ↑i@⟨Id, Nt⟩, indicating that they will be checked as idempotent
and initially contain non-tainted data. When the atomic region begins in row (2), their types are
set to ↑i@⟨Id(NRD), Nt⟩ indicating that the variables have not been read yet. Then, the program
writes a sensor input to a variable temp. Since that variable now stores tainted data, its type
is ↓↑i@⟨Id, Tnt⟩. When checking the conditional, we check the first branch where h is written
and evolve its type to ↑i@⟨Id(MTntWt), Tnt⟩ (row (4)). The qualifier MTntWt indicates that at
this point of the checking, h was written on a tainted branch on all program paths. In row (5),
the checking computes the analogous result for the else branch where c is written. At the end
of the conditional (row (6)), the program execution paths rejoin. However, on one branch only
h was written and on the other only c was written, meaning that by the end of the conditional
neither variable has been written on all program paths, as the qualifier MTntWt purports. Since
c and h each were written on a tainted branch, but not on all, their access qualifiers become
mayTntWt. The type checking therefore fails at the end of the atomic region. The leftover
mayTntWt variables indicate that execution could end in a final state with data from failed prior
executions, and that these variables need to be checkpointed for the program to execute correctly,
like the Fig. 6.2 example executions from the previous section.

Accepting more correct programs. A program with mayTntWt variables could still pass type
checking if it is overwritten by the end of the atomic region, e.g., log in the Fig. 6.3 program.
This allows us to be more flexible than Curricle and to accept more correct programs.

We show how our type system is able to accept the actually correct program from Fig. 6.3
in Fig. 6.5 (b). The type checking begins similarly to the previous example, deriving a qualifier
mayTntWt in row (11) after the conditional. In its subsequent write, the qualifier of log evolves to
Wtn, indicating that the variable has been written on all paths. The atomic region type checking
successfully concludes with no remaining mayTntWt variables.

Evolving access qualifiers, formally. We take the opportunity to formalize the intuitions
behind our evolving access qualifiers. To evolve access qualifiers sequentially, we redefine the
access transition function δ from Chapter 4 to now take as inputs the current pc, an idempotence
qualifier, and an access. We define the function below.

δ(pc, Id(NRD),Rd) = δ(pc, Id(mayFstRD),Rd) = Id(mayFstRD)
δ(Nt, Id(NRD),Wt) = δ(Nt, Id(mayTntWt),Wt) = δ(pc, Id(Wtn), a) = Id(Wtn)
δ(Tnt, Id(NRD),Wt) = δ(Tnt, Id(mayTntWt),Wt) = δ(Tnt, Id(MTntWt), a) = Id(MTntWt)
δ(pc, Id(mayFstRD),Wt) = δ(pc, Id(mayTntWt),Rd) = UN
δ(pc, Id(CK), a) = Id(CK) δ(pc, Id, a) = Id δ(pc,Nid, a) = Nid

First, writing on a qualifier Id(NRD) in a tainted context results in Id(MTntWt) (e.g., Fig. 6.5
row (10)) whereas writing on a qualifier Id(NRD) evolves it to Id(MFstWt) or Id(Wtn) in a tainted
or non-tainted context, respectively. If a variable with type Id(NRD) is read under any context,
its qualifier becomes Id(mayFstRD), and any future reads would result in the same qualifier
Id(mayFstRD). Writing on a variable with type Id(mayTntWt) will result in a qualifier Id(MTntWt)
or Id(Wtn) if written under a tainted or non-tainted pc, respectively (e.g., Fig. 6.5 row (12)). Any
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subsequent write on these variables under the same pc context results in the same qualifier (e.g.,
Fig. 6.5 row (13)). Lastly, any access to variables with the qualifiers Id(CK), Id, and Nid is allowed
and results in the same qualifier. The transitions resulting in undefined behavior UN would cause
a program to fail type checking due to ill-checkpointed variables in WAR and RIO code patterns.

To merge a variable’s access qualifiers at the end of a conditional, as we do in Fig. 6.5 row
(11), we must select the most restrictive access qualifier between the two. We observe that our
access qualifiers constitute a semi-lattice where selecting the more restrictive qualifier corre-
sponds to a join operation (denoted ∨a). In particular, the access qualifiers follow the partial
order: Wtn ≤a NRD, NRD ≤a mayFstRD, NRD ≤a mayTntWt and MTntWt ≤a mayTntWt. The
qualifier CK is separate because it does not evolve on any access. We denote join on access qual-
ifiers as ∨a, and extend the definition of ⊔id with a case for merging interior access qualifiers:
Id(qAcc1) ⊔id Id(qAcc2) = Id(qAcc1 ∨a qAcc2).

6.3.2 Buffering Prevents Repeated Outputs

Supporting correct output behavior depends on what behavior is deemed acceptable for a given
application. Applications requiring outputs to occur exactly once, e.g., watering crops, could
suffer from incorrect or even disastrous behavior if outputs are repeated. Alternatively, other
applications with higher levels of fault tolerance may withstand or even anticipate repeated out-
puts, e.g., a steering wheel calibration algorithm that resets a steering wheel position on every
invocation.

Therefore, a correct intermittent runtime system for outputs must ensure that outputs expected
to run exactly once will do so despite atomic region re-executions. We refer to outputs required
to run exactly once in an atomic region as idempotent, e.g., water crop, and those that tolerate
repetition as non-idempotent. To correctly support idempotent outputs in an atomic region, we
make use of a volatile output buffer. When an idempotent output is encountered during program
execution, its effects are delayed in the output buffer, to be cleared on power failure and released
at the end of the atomic region. In the Fig. 6.4 program, such an output buffer would delay
the first occurrence of water crop, forget it on power failure, and delay its reccurrence on re-
execution until the end of the atomic region. Therefore, only the second watering where t is
32 will occur in the corrected program execution. This strategy of buffering outputs allows the
observed idempotent outputs made in the intermittent execution of an atomic region to match
those made by a continuously-powered execution of the same program.

In the next section, we extend the crash type calculus with non-idempotence and supports
for more flexible RIO bug checking. Throughout this chapter we focus on atomic regions
whose re-execution primarily impacts the behavior of sensor inputs, effectful outputs, and non-
idempotence. The full system definition including supports for JIT regions is given in Ap-
pendix D.
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6.4 Syntax and Operational Semantics
This section presents the syntax and operational semantics for our crash types calculus with non-
idempotence, inputs, and outputs. We present necessary extensions to the program and runtime
syntax in Fig. 6.6. Changes from Chapter 5 are highlighted in yellow.

Commands
output id ID ::= n
cmds c ::= · · · | let x = IN( ) in c | output(ID, e)

| if e@q then c1 else c2 | x := e@q | output(ID, e@q) | endif

idem. output ids O ::= · | ID,O
programs p ::= · · · | startatom(aID, aPol, O ); c; endatom; p

Program policies and qualifiers
atom. reg. policy aPol ::= (ω, nIds )
access qualifier qAcc ::= CK | Wtn | NRD | mayFstRD | MTntWt | mayTntWt

idem. qualifier qID ::= Id | Id(qAcc) | Nid
taint qualifier qIO ::= Tnt | Nt

qualifier q ::= ⟨qID, qIO⟩

Instructions, statements, and configurations
prog. counter pc ::= ⟨qID, qIO⟩
pc. stack pcS ::= · | pc▷ pcS
crash instrs i ::= ε # in(b > 0, ↓↑κ @pcS ) | ↓↑κ @pcS
nonvolatile mem N ::= · | ℓ@ q ↪→ v,N | ℓck@ ⟨Id(CK), qIO⟩ ↪→ v,N
volatile mem V ::= · | ℓ @⟨Id, qIO⟩ ↪→ v,V | ℓ @⟨Nid, qIO⟩ ↪→ v,V
input stream I ::= in(v) :: I
output buffer O ::= · | O :: (out(ID, v))
open config Co ::= (γ | Md | g | I | O | N | V | Kundo | pcSo | s)

| (γ | Md | g | I | O | N | Kundo | pcSo | s)
| (γ | Md | g | I | O | N | V | pcSo | s)
| (γ | Md | g | I | O | N | Kundo | p)

execution mode Md ::= aID(c, O )

Figure 6.6: Summary of syntactic changes from Chapter 5

As before, atomic regions are identified by a unique identifier aID and are equipped with
a variable policy aPol for the region. In this system, the atomic region variable policy sim-
ply includes the sets of checkpointed ω and non-idempotent nIds variables. Though unlike our
previous systems, a programmer need not specify additional variable sets depending on their an-
ticipated accesses because access restrictions on variables are learned throughout type checking,
as described previously. To support idempotent and non-idempotent outputs, a programmer will
also annotate an atomic region with a set of output channels O, each uniquely identified by an ID,
that are restricted to being idempotent, e.g., water crop. The atomic region mode is extended
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with O to be referenced throughout program execution and type checking.
To denote reading sensor inputs and outputs in a program, commands are extended to include

let bindings of sensor inputs to volatile variables let x = IN( ) in c and an explicit output command
output(ID, e) that includes an identifier ID of a channel and an expression to send along it. To
aid in evolving qualifiers of locations at the operational semantic level, we introduce runtime
commands whose expressions are tagged with their qualifiers, in addition to endif for detecting
the end of a conditional’s execution.

Configurations are extended with a buffer O to store the results of idempotent outputs, and a
stream I of input values, each of the form in(v). To track the taint and idempotence level of the
command or expression that is running (or being checked), configurations additionally include a
stack of pc, each of the form ⟨qID, qIO⟩, where each pc comes from expressions and variables
that are annotated with a tuple of idempotence and taintedness qualifiers that evolve over the
course of type checking. This information will be useful for handling branches with tainted or
non-idempotent conditional expressions. A stack is needed to enforce proper scoping for nested
conditionals. Lastly, the continuation in a crash instruction is annotated with pcSo, which must
be remembered in order to properly resume execution after failure.

6.4.1 Operational Semantic Rules

We show a representative selection of operational semantic rules in Fig. 6.7. The full set of rules
can be found in Appendix D.2.

Top-level Atomic Region Execution. At the beginning of a program execution, the pc stack is
initialized to ⟨Id, Nt⟩. For atomic regions, the function InitWorldd is redfined according to the
new definition of aPol; since only checkpointed or non-idempotent variables are declared in the
policy, InitWorldd sets the qualifier of these variables in these sets to ⟨Id(CK), Nt⟩ and ⟨Nid, Nt⟩,
respectively. All other variables are assigned the (initial) qualifier ⟨Id(NRD), Nt⟩.

The atomic region command is evaluated on these contexts and an initially empty output
buffer O, which will be populated over the course of execution. The buffered idempotent outputs
will be processed at the end of the atomic region where the program can no longer re-execute.
This is modeled by adding a premise send(O, n′) to empty O after the atomic region’s execution.
We assume that there is enough energy at the end of the execution to process the entire output
buffer (n′ > 0), which the function enforces by returning an energy level n′′ > 0.

Command Execution. The rules D-Buffer-Id-aid and D-Output-Nid-aid execute the output
command in an atomic region whose expression is fully evaluated to a value. If an output is
non-idempotent (ID < O) then it processes instantaneously. Otherwise, the output is declared to
be idempotent, in which case it is buffered in O. The rule D-Input models reading a sensor input
in(v) from the stream of sensor inputs, and storing its value v in a fresh location ℓ that is tagged
with the qualifier ⟨Id, Tnt⟩ joined with the current pc.

The rules D-If-tt and D-If-end highlight how the pcSo changes when executing a conditional.
If the conditional expression is tt, the rule D-If-tt applies; the context is raised to the join of the
qualifier qv and the current pc and pushed to the top of the pcSo. The runtime command endif is
inserted into the execution to mark the end of the execution of c1. The rule for executing an else
branch is similar. At the end of a conditional (D-If-end), as detected by endif, the pc is popped
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D-P-Ckpt
n, n′, n′′ > 0 InitWorldd(N; aPol; γ) = N0 | Kundo | γ0

[χ▷ ε] ⊗ γ0 | aID(c0) | n | I | · | N0 | · | Kundo | ⟨Id, Nt⟩ | c0

⇒∗ [χ′ ▷ ε] ⊗ γ0 | aID(c0) | n′ | I′ | O | N′ | · | Kundo | ⟨Id, Nt⟩ | skip
FinWorldd(N′) = N′′ send(O, n′) = n′′

[χ▷ ε] ⊗ γ | n | I | N | · | startatom(aID, aPol); c0; endatom; p ⇒p [χ′ ▷ ε] ⊗ γ | n′ | I′ | N′′ | · | p

D-Input
γ′ = γ, [x 7→ ℓ] ℓ fresh n = n′ + 1 I = in(v)::I′

γ | Md | n | I | N | V | pcSo | let x = IN( ) in c→ γ′ | Md | n′ | I′ | N | V, (ℓ@⟨Id, Tnt⟩ ↪→ v) | pcSo | c

D-If-tt
n = n′ + 1 Val(γ | Md | n | I | N | V | pcSo | tt @qv ) pc′ = pc ⊔q qv pcSo = pc▷ pcS0

γ | Md | n | I | N | V | pcSo | if tt @qv then c1 else c2 → γ | Md | n′ | I | N | V | pc′ ▷ pcSo | c1 ; endif

D-If-end
n = n′ + 1

γ | Md | n | I | N | V | pc′ ▷ pcSo | endif → γ | Md | n′ | I | N | V | pcSo | skip

D-Assign-N
Val(γ | Md | n | I | N | V | pcSo | e @q ) q = ⟨qIDe, qIOe⟩

γ = γ′, [x→ ℓ] N = N′, ℓ@ ⟨qID, qIO⟩ ↪→ v′ pcSo = ⟨qIDpc, qIOpc⟩▷ pcS′o
qID′ = δ(pc, qID,Wt) , UN q′ = ⟨qID′, qIOe ⊔t qIOpc⟩ n = n′ + 1

γ | Md | n | I | N | V | pcSo | x := e@q → γ | Md | n′ | I | N′, ℓ@q′ ↪→ e | V | pcSo | skip

D-Buffer-Id-aid
Val(γ | Md | n | I | O | N | V | pcS | v@q) ID ∈ O n = n′ + 1 O = O′::out(ID, v)

γ | aID(c0,O) | n | I | O | N | V | pcS | output(ID, v@q)→ γ | aID(c0,O) | n′ | I | O′ | N | V | pcS | skip

D-Output-Nid-aid
Val(γ | Md | n | I | O | N | V | pcS | v@q) ID < O n = n′ + 1

γ | aID(c0,O) | n | I | O | N | V | pcS | output(ID, v@q)
obs(ID,v)
−→ γ | aID(c0,O) | n′ | I | O | N | V | pcS | skip

Figure 6.7: Selected representative operational semantic rules for programs with I/O

from the stack.
The rule D-Assign-N stores a value e in the nonvolatile memory location of a variable x. To

carry the taint of both the expressions and the context under which the write occurs, the taint
qualifier of x gets updated to the join of the taint qualifier of e and the top pc. To reflect that the
location is written to, the idempotence qualifier of x is additionally evolved according to δ. This
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transition is not needed for volatile memory, where qualifiers do not contain an interior access
qualifier.

Like previous chapters, the full operational semantics are capable of executing condition-
als, assignments, and outputs with expressions that are not necessarily values. Though, since
the crash types calculus relies on a small-step operational semantics for expressions in order
to decrement the energy level on each step, the pc level for an expression must be computed
gradually with each step. The method of computing these qualifiers for expressions and values
is left to the Appendix D.2. The operational semantic rules for closed configuration command
execution are similar to before, except that on crash, pcSo is stashed inside the crash instruction
to be recovered when energy is restored. In aID mode, since atomic regions re-execute from the
beginning, the pcSo is reset to ⟨Id, Nt⟩.

6.5 Type System
This section presents highlights of the type system for inputs, outputs and nonidempotence. The
full type system definition can be found in Appendix D.3

Typing judgments. We discuss the key changes to typing judgments needed for checking pro-
grams with I/O. We show the augmented typing judgments in Table 6.1. First, unstable typing
judgments for commands are extended with an unstable post-context Σ′ to reflect the change
in taint qualifiers that could arise when checking commands. All expression typing judgments
are extended to include a stable post-context Ω′. As in the systems from Chapters 4 and 5, the
purpose of the post-context is to reflect changes in access qualifiers, except that here, since ac-
cess qualifiers can evolve on read, the RD typing judgments have it too. The expression typing
judgments are extended with a qualifier q indicating the pc level of the expression. All typing
judgments track a pc stack at the type level, denoted pcSt.

Store Typing. The store typing definition is extended to type the operational semantic pc stack
pcSo with respect to the typing pc stack pcSt. We extend the well-formedness definition with
an additional rule for checking the pc stack. At a given step in the program, the pcSo at the
operational semantic level will match the pcSt at the typing level.

pc

⊢Mdγ N | V | pcSo : Ω | Σ | pcSt

⊢Mdγ N | V | pc▷ pcSo : Ω | Σ | pc▷ pcSt

6.5.1 Typing Rules
In this section, we discuss selected typing rules for I/O and non-idempotence.

Program Typing. The rule T-P-Ckpt for checking an atomic region is defined below, where the
pc stack is initialized to ⟨Id, Nt⟩ to match the dynamic rule. The rule is extended to check for
RIO bugs at the end of an atomic region, where in a correct program there should be no variables
that are written (but not on all paths) in a tainted context (i.e., that have qualifier mayTntWt).
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cmd. (Ju) Md | bR 0 : nat | Ω;Σ | pcSt ⊢Sig c : Cunit ⊣ Ω′ ;Σ′ c could crash

(Ju) Md | b : nat | Ω;Σ | pcSt ⊢Sig skip : ↓↑unit ⊣ Ω′ ;Σ′ c will not crash
(Js) Md | b : nat | Ω | pcSt ⊢Sig skip : ↑unit ⊣ Ω′ after commit

expr. (Ju) Md | bR 0 : nat | Ω;Σ | pcSt ⊢RD;Sig e : CMdA @q ⊣ Ω′ e read, could crash

(Ju) Md | b : nat | Ω;Σ | pcSt ⊢RD;Sig v : ↓↑A @q ⊣ Ω′ e read no crash

(Js) Md | b : nat | Ω | pcSt ⊢RD v : ↑A @q ⊣ Ω′ e read, commit

(Ju) Md | b : nat | Ω;Σ | pcSt ⊢WT x : ↓↑A @q ⊣ Ω′ write on x, no crash

(Js) Md | b : nat | Ω | pcSt ⊢WT x : ↑A @q ⊣ Ω′ write on x, commit

Table 6.1: Typing judgments for commands and RD/WT expressions

To set up the typing contexts, the InitWorldt function now only takes sets of checkpointed and
non-idempotent variables ω and nIds, and sets the qualifiers of these variables to Id(CK) and
Nid, respectively. All other variable qualifiers are initialized to Id(NRD), meaning that they are
idempotent because they have not been read yet.

T-P-Ckpt
InitWorldt(Ω; aPol) = Ω0 | Σ0

Sig = {aID(c0) | b ≥ 0 : nat | Ω0;Σ0 | ⟨Id, Nt⟩ ⊢ c0 : Cunit ⊣ Ω′ ;Σ′ }
aID(c0) | b ≥ 0 : nat | Ω0;Σ0 | ⟨Id, Nt⟩ ⊢Sig c0 : Cunit ⊣ Ω′ ;Σ′

Ω′↾{mayTntWt} = ∅ b : nat | Ω ⊢ p : ↑Cunit

b : nat | Ω ⊢ startatom(aID, aPol); c0; endatom; p : ↑Cunit

Definition 9 InitWorldt(Ω; aPol) = Ω0 | Σ0 iff
• ω ∪ nIds ⊆ dom(Ω) ,
• ω ∩ nIds = ∅ ,
• Σ0 = {xck : ↓↑A@⟨Id(CK), Nt⟩ | x : ↑A@⟨Id, qIO⟩ ∈ Ωc}

• Ω0 = {x:↑A@⟨Nid, Nt⟩|x:↑A@⟨Nid, qIO⟩ ∈ Ωn}

∪ {x:↑A@⟨Id(NRD), Nt⟩|x:↑A@⟨Id, qIO⟩ ∈ Ωnrd}

∪ {x:↑A@⟨Id(CK), Nt⟩|x:↑A@⟨Id, qIO⟩ ∈ Ωc}

where aPol = (ω, nIds) and Ω = Ωc,Ωn,Ωnrd and Ωc = Ω↾ω and Ωn = Ω↾nIds.

Next, we discuss the typing rules for commands and expressions, of which we provide a
representative selection in Fig. 6.8.

Expression typing rules. Constant values, e.g., tt, ff, and n, are all typed as ⟨Id, Nt⟩ since
their value is the same on each re-execution (i.e., idempotent) and that value does not depend on
sensor inputs or come from variables (i.e., non-tainted). We summarize their typings in the rule
T-value.

Variables whose locations store values, however, are flexible in their qualifiers and evolve
based on their accesses. For instance T-Loc-Read types a variable that is being read by looking
up its type and evolving its idempotence qualifier via δ according to pc and Rd. If the result is
defined, the post-context and type annotation are updated with the result. Otherwise, the type
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T-value
v ∈ {tt, ff, n}

Md | b : nat | Ω | pcSt ⊢RD v :↑ bool@⟨Id, Nt⟩ ⊣ Ω

T-Loc-Read
Ω = Ω′, x : ↑A@ ⟨qIDx, qIOx⟩ pcSt = pc▷ pcS′t qID′ = δ(pc, qIDx,Rd) , UN

Md | b : nat | Ω | pcSt ⊢RD x : ↑A@q′ ⊣ Ω′, x : ↑A@⟨qID′, qIOx⟩

T-Loc-Write
Ω = x : ↑A@ ⟨qIDx, qIOx⟩ ,Ω

′ pcSt = pc▷ pcS′t qID′ = δ(pc, qIDx,Wt) , UN

Md | b : nat | Ω | pcSt ⊢WT x : ↑A@q′ ⊣ Ω′, x : ↑A@ ⟨qID′, qIOx⟩

T-Binary
Md | b ≥ 0 : nat | Ω;Σ | pcSt ⊢RD;Sig e1 : CMdT1

@q1 ⊣ Ω1

Md | b ≥ 0 : nat | Ω;Σ | pcSt ⊢RD;Sig e2 : CMdT2
@q2 ⊣ Ω2 ⊙ : ↑T1 × ↑T2 → ↑T ′

Md | b > 0 : nat | Ω;Σ | pcSt ⊢RD;Sig e1 ⊙ e2 : CMdT ′ @q1 ⊔q q2 ⊣ Ω1 ⊔Ω2

T-Let-in
pcSt = pc▷ pcS′t Md | b ≥ 0 : nat | Ω;Σ, x:↓↑A@⟨Id, Tnt⟩ ⊔ pc | pcSt ⊢Sig c : τ ⊣ Ω′;Σ′

Md | b > 0 : nat | Ω;Σ | pcSt ⊢Sig let x = IN( ) in c : τ ⊣ Ω′;Σ′

T-If
Md | b ≥ 0 : nat | Ω;Σ | pcSt ⊢RD;Sig e : CMdbool @⟨qIDe, qIOe⟩ ⊣ Ω0;Σ0 pcSt = ⟨qID, qIO⟩▷ pcS′t

pc′ = ⟨qID ⊔id qIDe, qIO ⊔t qIOe⟩ Md | b ≥ 0 : nat | Ω0;Σ0 | pc′ ▷ pcSt ⊢Sig c1 : τ ⊣ Ω1 ;Σ1

Md | b ≥ 0 : nat | Ω0;Σ0 | pc′ ▷ pcSt ⊢Sig c2 : τ ⊣ Ω2 ;Σ2 Ω′ = lift(pc,Ω1 ⊔Ω2)

Md | b > 0 : nat | Ω;Σ | pcSt ⊢Sig if e then c1 else c2 : τ ⊣ Ω′; Σ1 ⊔ Σ2

T-Assign-s
Md | b ≥ 0 : nat | Ω;Σ | pcSt ⊢RD;Sig e : CMdA @⟨qIDe, qIOe⟩ ⊣ Ω

1;Σ1

Md | b > 0 : nat | Ω0;Σ0 | pcSt ⊢WT x : ↓↑A@⟨qIDx, qIOx⟩ ⊣ Ω
′;Σ′

pcSt = pc▷ pcS′t pc = ⟨qIDpc, qIOpc⟩ qIDpc ⊔id qIDe ⊑id qIDx qIOpc ⊔t qIOe ⊑t qIOx

x ∈ dom(Ω) Ω′ = x : ↑A@⟨qIDx, qIOx⟩,Ω0 Ω′′ = x : ↑A@⟨qIDx, qIOpc ⊔t qIOe⟩,Ω0

Md | b > 0 : nat | Ω;Σ | pcSt ⊢Sig x := e : τ ⊣ Ω′′;Σ′

T-output-id
aID(c0,O) | b ≥ 0 : nat | Ω;Σ | pcS ⊢RD;Sig e : A@⟨qIDv, qIOv⟩ ⊣ Ω

′;Σ′ ID ∈ O qIDv ⊑id Id

aID(c0,O) | b > 0 : nat | Ω;Σ | pcS ⊢Sig output(ID, e) : τ ⊣ Ω′;Σ′

Figure 6.8: Selected command typing rules for I/O and non-idempotence
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checking will fail. On the other hand T-Loc-Write performs the analogous check for a variable
being written, producing the appropriate qualifier if the write is allowed. Lastly, T-Binary checks
a binary expression e1 ⊙ e2 by checking each expressions separately to get a qualifier and a post-
context, and then joining these results.

Command typing rules. The rule T-Let-In checks a let binding of sensor input, enforcing
that the bound variable x has the type ⟨Id, Tnt⟩ joined with the current pc when checking the
command c, which matches the dynamic rule.

The rule T-If checks a conditional by first checking the conditional expressions e to deter-
mine its qualifiers and post-contexts, which the rule uses to check each branch separately. The
post-contexts serve as the initial contexts of these judgments. Like the dynamic rule, the pc con-
text is raised according to the qualifier of e and is pushed to the pc stack pcSt. The post-contexts
of checking these branches are joined together (denoted ⊔), has the effect of selecting the most
restrictive access and taint qualifiers between these branches according to ⊔id and ⊔t (see Ap-
pendix D for the full definition). If exiting a Tnt context, the lift function changes all MTntWt
qualifiers in Ω′ to Wtn (see Appendix D for the full definition).

The rules for checking an assignment x := e enforce that no non-idempotent data from e or
the pc could flow to idempotent variables (qIDpc ⊔id qIDe ⊑id qIDx). If this condition is met, the
rules propagate taint from expression e and the context pc to the assigned variable x. The rule
T-Assign-s checks an assignment to a variable that types as stable, and updates the taintedness
qualifier of x to reflect the assignment to e under the context pc (qIOpc ⊔t qIOe). The access
qualifier of x evolves in another rule (T-Loc-Write) when checking the WT judgment. Like the
other command typing rules, the post-contexts from checking e are threaded through into the
initial typing context for checking x to inform its checking. For example, a program x := x + 1
where x is neither checkpointed nor non-idempotent would be rejected since x starts with the
access mode NRD, and evolves to mayFstRD when checking its read, which is then used to check
the write to x. Since a write on mayFstRD is prohibited by δ, the type checking would fail. The
checking rule for assignment to an unstable variable is similar, concerning Σ instead.

The rule T-output-id types an output command over an idempotent channel, enforcing that
values (or expressions) sent are solely idempotent. The rule for checking non-idempotent outputs
is analogous, but allowing outputs to be either idempotent or non-idempotent.

6.6 Metatheory

In this section, we state the key theorems of our combined calculus for I/O, and speculate about
the proofs of logical relation and adequacy.

6.6.1 Progress and Preservation

Since the progress theorems do not change substantially, we focus on preservation for commands
and provide intuitions for its supporting lemmas. All theorems and proofs can be found in Ap-
pendix D.4.
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Theorem 9 (Preservation for Commands) If

(†) Md | b ≥ 0 : nat | Ω;Σ | pcSt ⊢Sig c : τ ⊣ Ω′;Σ′

and γ | Md | n | I | O | N | V | pcSo | c is well-formed, ⊢Mdγ N | V | pcSo : Ω | Σ | pcSt, and for some
(co-)natural number n ≥ 0, we have

γ | Md | n | I | O | N | V | pcSo | c → γ′ | Md | n′ | I′ | O′ | N′ | V′ | pcS′o | c
′

then for some Σ0 and Ω0

Md | b ≥ 0 : nat | Ω0;Σ0 | pcS′t ⊢Sig c′ : τ ⊣ Ω′;Σ′

where ⊢Mdγ′ N′ | V′ | pcS′o : Ω0 | Σ0 | pcS′t , Ω ≼ Ω0, Σ ≼ Σ0, and n′ ≥ 0. Moreover γ′ | Md | n′ | I′ |
O′ | N′ | V′ | pcS′o | c

′ is well-formed.

Theorem 9 ensures that well-typed commands that can take a step will step to a well-typed
command in a well-formed configuration. As before, to support evolving access qualifiers that
may occur during the step from c to c′, the initial typing context in the typing judgment of
c′ varies from the initial context of c. However, since the taint qualifiers of variables can also
change at the command level, both stable and unstable typing contexts change. The way in which
they differ from the initial contexts Ω and Σ is characterized by Definition 10.

We say that a context Ω′ is reachable from Ω (denoted Ω ≼ Ω′) if there exists a series of
sequential accesses (δ) and join operations (⊔) on idempotence qualifiers between them. The δ
transitions on read and write are accounted for by (i) and (ii), and join is accounted for by (iii).
Since idempotence qualifiers in the unstable typing context do not change, reachability on Σ is
defined where the idempotence qualifiers are the same. Since taint qualifiers, by nature, can be
replaced throughout type checking we do not reason about them here.

Definition 10 (Reachability) Ω ≼ Ω′ iff there exists Ω0 s.t. Ω0 ≼ Ω′ and either

(i) Ω ≼Rd Ω0 or
(ii) Ω ≼Wt Ω0 or

(iii) for all x : τ@⟨qIDx, qIOx⟩ ∈ Ω it is the case that x0 : τ@⟨qID0, qIO0⟩ ∈ Ω0 s.t. qIDx ⊑id

qID0

We write Σ ≼ Σ′ iff for all x : τ@⟨qIDx, qIOx⟩ ∈ Ω it is the case that x′ : τ@⟨qID′, qIO′⟩ ∈ Ω′

s.t. qIDx = qID′

We define Ω ≼Wt Ω0 similarly to Chapter 4 but according to the modified definition of δ.
We define Ω ≼Rd Ω0 similarly, but for read; we write Ω ≼Rd Ω0 iff for every variable typing
in Ω, it is the case that either its type in Ω0 is the same or differs by a single δ transition on
Rd. These relations are obtained from Theorem 10 and Lemma 1 for the judgments RD and WT,
respectively, and are stitched together into a series of transitions at the command level. Since the
operational semantic rules for expressions and method of computing qualifiers over expressions
were not stated in the main body of this chapter, we just state a simplified version of these lemmas
below. At a high level, since access qualifiers evolve when reading an expression or writing to a
variable, the initial stable typing context of a stepped expression is shifted in a similar manner to
preservation for commands.
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Theorem 10 (Preservation for Expressions) If

(†) Md | b ≥ 0 : nat | Ω;Σ | pcSt ⊢RD;Sig e : τ@q ⊣ Ω′

and for some ⊢Mdγ N | V | pcSo : Ω | Σ | pcSt and natural number n ≥ 0

γ | Md | n | I | O | N | V | pcSo | e → γ | Md | n′ | I | O | N′ | V | pcSo | e
′

then there exists a Ω0 such that

Md | b ≥ 0 : nat | Ω0;Σ | pcSt ⊢RD;Sig e′ : τ@q ⊣ Ω′

where ⊢Mdγ N′ | V | pcSo : Ω0 | Σ | pcSt and n′ ≥ 0, and Ω ≼Rd Ω0.

Lemma 1 (Write Reachability) If

Md | b > 0 : nat | Ω;Σ | pcSt ⊢WT x : ↓↑A@q ⊣ Ω′

then Ω ≼Wt Ω
′.

6.6.2 Logical Relation and Adequacy
We conjecture that building a logical relation for reasoning about correctness in this system
would involve extending a logical relation for undo-logging with considerations for the new
qualifiers. In particular, it would rely on modified policies for PwOff, Commit, and Restore,
shown in Fig. 6.9:

γ′ ⊆ γ s.t. range(γ′) = dom(N1) V2 = ∅

PwOff(γ, aID(c0),N1,V1) = γ′ | V2

N1 = N′Id(qAcc),N
′′
un,N

3
Nid N2 = N′Id,N

′′
Id,N

3
Nid γ′ ⊆ γ s.t. range(γ′) = dom(N2)

Commit(γ, aID(c0),N1) = γ′ | N2

N1 = N′Id(qAcc),N
′′
un,N

3
Nid qAcc , CK K = (Nk) N2 = N′Id(NRD),Nk,N3

Nid

Restore(γ, aID(c0),N1,K, κ) = N2 | κ

Figure 6.9: Commit, Restore, and PwOff policy definitions for (non-)idempotence and I/O

As before, the PwOff policy clears volatile memory and drops the corresponding mappings
from γ. At the end of an atomic region, to prepare for executing the next region, the Commit
policy flattens the idempotence qualifiers to Id. Lastly, Restore resets the access qualifier of all
noncheckpointed variables to NRD, while keeping their taint qualifiers the same.

The term relation would remain the same as before, while the value relation must change to
relate intermittent and continuously-powered states throughout power failure and restoration. In
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particular, after state is restored, we must show that the nonvolatile memories are equivalent in
their checkpointed state, i.e., excluding variables marked after restore as Id(NRD) or Nid which
could hold unstable or non-idempotent data computed by failed prior executions. At the end of
an atomic region execution, we must establish that the final memories are equivalent up to their
Nid variables, which are explicitly allowed to differ across executions. In order to establish that
all tainted values agree by the end of the last successful execution, we rely on the check that there
are no remaining mayTntWt variables. In other words, in a correct program, values written on
one tainted path but not on all will be overwritten on all paths. This overwrite will enable results
from the intermittent execution to match the continuously-powered execution.
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Chapter 7

Formal Foundations of Concurrent
Intermittent Computing

Up until this point, the previous chapters of this thesis and state-of-the-art designs for intermit-
tent systems [20, 40, 44, 119, 121] have established rich support for provably correct sequential
intermittent execution, including formal specifications of intermittent systems and correctness
proofs. These proofs show that results of (sequential) intermittent execution of a program are
equivalent to results of its continuously-powered execution, guaranteeing that sequential pro-
grams in high-assurance application domains execute correctly without intermittence corrupting
results.

Equivalent support for concurrent intermittent systems, however, has lagged. While parallel
execution is out of scope for most energy-harvesting embedded platforms, supporting event-
driven concurrent execution is important. In this concurrency model, programs experience non-
deterministically triggered hardware interrupts that preempt the main application and switch con-
trol over to a programmer-defined interrupt service routine (or ISR), which completes execution
before control switches back to main. Many embedded systems applications rely on this concur-
rency model, using hardware-triggered interrupts to support basic peripheral interaction as well
as more complex features like software-scheduled events and pre-emptive multi-tasking. Even
implementations of common models of intermittent execution, e.g., JIT regions [13, 14], typi-
cally involve the hardware issuing a low-power signal in the form of an interrupt to save volatile
state before power fails.

Yet, fully supporting intermittent execution for this concurrency model is challenging be-
cause: 1) power failures introduce unaccounted-for control flow paths and dependencies that
complicate reasoning about concurrent executions; 2) interrupt triggers and peripheral sensor
data are frequently ephemeral and transient, and are potentially unrecoverable after failure; and
3) shared memory accesses break existing checkpoint mechanisms designed for sequential in-
termittent systems. Due to these challenges, past work has provided only a few concurrent,
intermittent systems that tend towards restricted programming models and limited program fea-
tures [109, 129], e.g., no re-executable code regions, no volatile memory, no reading main mem-
ory from ephemeral ISRs which could abort upon failure. Furthermore, these systems rely solely
on informal correctness notions, precluding provable guarantees, even as concurrent applica-
tions are even more susceptible to subtle bugs.

97



This chapter aims to lay a formal foundation for concurrent, intermittent computing. While
many system designs are possible, our goal is to define a general, flexible model of intermittent
execution with shared memory concurrency, co-designing a runtime system specification and
checking algorithm that together ensure programs will provably execute correctly. Our model
overcomes the bespoke limitations of prior systems, laying groundwork for extension to even
more expressive system features, while our type system enforces proper shared memory ac-
cesses, getting away from the rigid restrictions imposed by prior work. We define a task-based
program structure comprised of ISRs and events that access shared memory locations. Our key
observation is that correctness of concurrent, intermittent systems is inherently intertwined with
reasoning about explicit task re-execution policies and their effect on other concurrently exe-
cuting tasks. While past intermittent systems relied on a notion of atomic re-execution where
designated atomic regions re-execute until they complete without failure, this abstraction is in-
sufficient for the concurrent setting, where some partially-executed tasks (e.g., time-sensitive
ISRs) are thrown out entirely upon reboot. We thus identify a broader set of re-execution poli-
cies enabling flexibility in task re-execution that goes beyond simple atomic re-execution. Upon
reboot, these policies allow the system to re-execute a task immediately, discard it completely,
or run an alternate version. Our key insight is that to enable the correct intermittent execution of
concurrent programs with these re-execution policies, writes to shared variables by failed partial
task executions—which we call unstable writes—must not influence the idempotent results of
the computation. This idea extends the notion of noninterference in the sequential setting from
Chapter 6 and prior work [121].

Towards correct concurrent, intermittent execution, we introduce Glacier1, a co-designed
runtime system and lightweight type system that together support flexible re-execution policies
while rejecting programs that could yield incorrect results when executing concurrently. Glacier
builds on the idea of idempotent and non-idempotent types: partial, unstable computations and
values may differ across re-executions (i.e., be non-idempotent), whereas completed, stable com-
putations and values are idempotent, and any non-idempotent data must not interfere with idem-
potent results. To account for shared memory accesses in our concurrent setting, we extend the
type of a variable with qualifiers that denote the idempotence of a variable both locally and glob-
ally, with respect to writes performed by other tasks. Furthermore, we observe that the meaning
of unstable in this concurrent setting differs from its meaning in the sequential setting. While in
the undo-logging interpretation of crash types for sequential, intermittent computing the mod-
ified checkpointed nonvolatile memory locations are unstable and the remainder of nonvolatile
memory is stable, here all nonvolatile variables that could be accessed by an atomic region via a
write are considered unstable from the perspective of other sharing processes.

Given these types, we design checking rules that account for the influence of task priorities
and re-execution policies on dependencies between variables, ensuring that no non-idempotent
value flows to an idempotent result even in the concurrent setting. We then prove Glacier satis-
fies the key correctness invariant:

“Every intermittent execution of a well-typed concurrent program has an equivalent continuous
execution.”

1Glacier: “General language abstraction for concurrent intermittent execution and re-execution”
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Figure 7.1: Intermittence breaks programs correctly serialized on continuous execution.

The rest of the chapter is structured as follows. Section 7.1 motivates the challenges of rea-
soning about concurrent intermittent execution with a concrete example, which past techniques
are not equipped to handle. Section 7.2 introduces the key ideas behind the techniques needed to
properly handle concurrent intermittent programs. Section 7.3 defines the syntax and operational
semantics for a provably correct runtime system for concurrent programs, first for continuous
program execution (Section 7.3.1) and then for intermittent program execution (Section 7.3.2).
Section 7.4 formally defines our static type system, and discusses its implementation. Section 7.5
discusses an extension of the core calculus. Altogether, programs in our system that pass type
checking are guaranteed to succeed at runtime, which Section 7.6 states as our key theorem.

7.1 Concurrent, Intermittent Execution by Example
To illustrate the challenges of concurrent, intermittent execution, we present a running example.
Fig. 7.1 shows the example code on the left. The goal of the snippet is to process a sensor
input and track the difference between the most recently processed inputs, logging the difference
when a new input is taken. The work is split between two tasks: an event handler entry that
is triggered by a software-scheduled command and an ephemeral interrupt handler ISR IN that
fires whenever the sensor peripheral is ready. Due to the transient nature of the sensor data,
ISR IN must abandon its execution in the event of a power failure, whereas entry can re-execute.
Whenever ISR IN fires, it first stores the input into a private volatile register y, which it then
writes to x, and then logs the current value of d in the variable log. Meanwhile, the task entry
reads x, the most recent input value, and calculates the difference between it and the previously-
processed input, prev, storing the result in d. It then updates prev with x and reads log.

While the binding of input in ISR IN relies only on accesses to local variable y, the assign-
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ments to x and log both access shared variables. To prevent data races, all accesses to shared
variables in both tasks must be wrapped inside critical sections. To implement synchronization,
the system employs the well-established dynamic ceiling priority protocol [1, 113]: each task
and critical section is assigned a priority (by the programmer or static analysis), and only a task
with a strictly higher priority can preempt the currently-running task. When entering a critical
section protecting a shared variable, the priority rises to the ceiling priority of any tasks that
access that variable, preventing racing accesses. In this example, the critical section priority of
2 ensures that the enclosed assignments execute without interruption from other tasks accessing
shared variables x, d, and log; ISR IN cannot interrupt entry’s critical region as its priority is not
high enough.

Since all accesses to shared variables are protected by critical sections, this program is data-
race free. As such, any continuously-powered execution of the two tasks will be serializable, i.e.,
consistent with some serial execution of the critical sections; we show the final states resulting
from the two possible orderings in Fig. 7.1 (a). The example again assumes an initial nonvolatile
state of 3, 1, 5, 0. The two serial orderings are that entry’s critical section executes first, followed
by ISR IN’s, and vice-versa. Assuming entry is first, the critical section sets d to 2, and prev
to 3. If the interrupt trigger then fires, the handler preempts entry and sets x to the input value
11, and log to 2. The handler then returns, allowing entry to continue its execution. The final
memory state is x ↪→ 11, d ↪→ 2, prev ↪→ 3, log ↪→ 2. If the interrupt fires first, the handler sets
x to 11 and log to 1. When entry executes, it sets d to 6 and prev to 5. The final memory state
is thus x ↪→ 11, d ↪→ 6, prev ↪→ 11, log ↪→ 1. Any other result, including ones resulting from
unserialized interleaving of critical regions, would be both incorrect and impossible!

Unstable values in intermittent execution cause cyclic dependence. Unfortunately, an inter-
mittent execution of this program can be unserializable. We show a possible, incorrect intermit-
tent execution in Fig. 7.1 (b). As before, the code in entry is wrapped in an atomic region, where
the variable prev is checkpointed by the system. Accesses of x, d, and log are considered safe in
the sequential setting; the write to d would always overwrite updates from partial executions, and
x and log are read-only. Furthermore, the ISR IN stores the sensor reading in a private volatile
variable that cannot be saved, and accesses the shared variables d, x, and log safely (locally),
since d is read-only and both x and log must be written first.

With the stage set, let us consider an intermittent execution where ISR IN fires after the
critical section of entry has completed, but before the atomic region finishes. Power fails right
after the successful completion of the critical section in ISR IN, resulting in the state x ↪→
11, d ↪→ 2, prev ↪→ 3, log ↪→ 0. Since the atomic region in entry has not yet completed, on
reboot, the program re-executes from the start of the atomic region, resetting the value of prev to
its checkpointed version. Hence, the re-execution reads the values of x and log that were updated
by the ISR, creating a dependence from ISR IN to entry. However, the read of d in the ISR
already created a dependence from entry to ISR IN. As a result, this trace has a happens-before
cycle between entry and the ISR, which makes the execution inherently unserializable. We can
see this in the final result x ↪→ 11, d ↪→ 6, prev ↪→ 11, log ↪→ 0, which is not produced by either
serializable execution. Intermittence broke an otherwise data-race free program! We call the
writes to x and log by the non re-executable task ISR IN unstable writes and the value written by
the to-be-discarded ISR IN an unstable value, which caused the incorrect result.
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Conflict between unstable values and checkpointing. At first glance, it may appear that this
issue could be remedied by extending existing checkpointing techniques to consider potential
WAR access patterns across concurrent tasks. However, naively extending analyses and runtime
systems of checkpointing intended for sequential programs to concurrent ones could not only
break the modularity of the analysis, but also lead to new memory consistency bugs, particularly
when the pre-empting thread must also re-execute on failure.

Consider another example in Fig. 7.2. The program code is the same as above, except that
ISR IN is periodically scheduled and its code is wrapped in an atomic region that re-executes
after failure. Both tasks checkpoint x, d, and log because they have a potential WAR dependence
when considering concurrent executions: x and log could be WAR variables if the entry critical
section runs before ISR IN, and vice versa for d. That is, all variables accessed by these tasks
are checkpointed by them.
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Figure 7.2: Basic checkpointing “fixes” also
break.

Let us consider an execution trace where
ISR IN preempts entry between the completions
of the critical section and the atomic region. The
atomic region in entry writes the values 2 and
3 to d and prev, respectively, before the atomic
region in ISR IN overwrites x to 11. Power
fails. On reboot, all saved values are restored
from their checkpoints back into memory, and
the ISR re-executes first. For simplicity, the sen-
sor returns the value 11 as before, and this time,
stores the value 2 in log. When the atomic re-
gion finishes executing, it commits its values
to the checkpoint context as they are part of
the completed, stable execution trace. Conse-
quently, after ISR IN returns, the atomic region
in entry re-executes on the state x ↪→ 11, d ↪→
2, prev ↪→ 5, log ↪→ 2. Execution ends in an-
other incorrect state x ↪→ 11, d ↪→ 6, prev ↪→
11, log ↪→ 2. The problem is that the write to
d by entry before the atomic region completes
is unstable, and therefore checkpointing at the
beginning of the atomic region in ISR IN allows
an unstable value to persist.

The motivation behind this work is to design an intermittent system language and runtime
to guarantee correct concurrent, intermittent execution. There are multiple ways to approach
designing such a system; for example, one could use a type system to disallow this program
completely or develop a more flexible runtime system that makes smarter choices about when to
update the checkpointed variables. This work explores the former, enforcing that unstable writes
do not tamper with stable concurrent computation at the type level to forewarn programmers of
such potential issues.
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7.2 Key Ideas

Using the example from Fig. 7.1, this section introduces the key ideas of our co-designed type
and runtime system that together provably ensure correct concurrent intermittent execution.

Modular programming with flexible re-execution policies. To overcome the limitations of
prior work, Glacier supports tasks that adopt a broad spectrum of re-execution policies, rang-
ing from those with JIT and atomic regions [40, 44, 119, 121] which continue their execution
immediately, to those that are completely discarded (as in ephemeral ISRs), to those that run
an alternative (perhaps more energy-efficient [80]) version of the original task. Glacier sup-
ports any chaining of re-execution policies, e.g., first attempting to re-execute the original task
immediately, and then attempting a series of alternative tasks before finally discarding after too
many failures. Sections 7.3- 7.4 focus on the first two, immediate and discard, whose behav-
iors are fundamental to the core system design, leaving the more expressive alternative to be
examined afterward in Section 7.5.

Our modular, task-based programming model with dynamic re-execution policies is inten-
tionally similar to popular frameworks for continuous, interrupt-driven concurrency (e.g., RTIC [1]).
A programmer would write their program as a collection of tasks, including hardware-triggered
interrupts and software-scheduled events. Each task specification (e.g., for entry and ISR IN
from Fig. 7.1) consists of: an assigned priority number pr (e.g., 1 or 2), re-execution policy rPol
(e.g., immediate or discard), and sets of shared variables ShAcc (e.g., {x, d, log}).

Local and global (non-)idempotence. The examples of incorrect executions in the previ-
ous section highlight the impact of unstable writes—variables written by tasks that could be
discarded due to power failure. A key insight is that unstable writes could cause values of
variables to differ across executions, and that to rule out incorrect behaviors, the type system
should enforce the policy that unstable values must not interfere with idempotent data. Since
non-idempotent data follows a similar invariant, our observation is that we can label the effects
of unstable writes as non-idempotent, or Nid. In Fig. 7.1, x is idempotent for entry, but may
depend on the unstable (Nid) writes by ISR IN, therefore violating the policy above.

To statically catch such potential dependencies, our type system describes and reasons about
variable (non-)idempotence with respect to both local usage within a given task, as well as global
usage by others. For global usage, we consider writes from tasks with higher or equal priority
versus lower priority separately, each interacting with shared variables in different ways; tasks
with a higher priority relative to a given task could preempt it, thus seeing unstable values gen-
erated by preempted tasks, whereas those with a strictly lower priority could have instead been
preempted, thus revealing unstable writes to their preemptors. Therefore, our types consist of
triples of idempotence qualifiers ⟨qlocal, qlow, qheq⟩, where qualifier qlocal represents the
local (non-)idempotence of a variable, and qlow and qheq represent its (non-)idempotence with
respect to updates from tasks of lower and greater or equal priority, respectively, from the per-
spective of the local task. Each task is checked separately under its own typing context, which is
built according to local policies, task re-execution policies, and priorities, which we detail in Sec-
tion 7.4. Since types are determined relative to task priority, the typing context for two tasks may
map the same variable to different types. For example, x and log both have type int@⟨Id, Id,Nid⟩
in the typing context of entry because x is idempotent within entry, there are no tasks with lower
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priority than entry (and thus no non-idempotent effects for qlow), and the higher priority discard
task ISR IN has an unstable write to x, producing a non-idempotent effect for qheq.

Therefore, our static typing must check that non-idempotent data, whether it be coming from
local or global sources, could not violate local idempotency requirements. For an assignment
x := y where x:int@⟨Id, qlowx, qheqx⟩ and y:int@⟨qlocaly, qlowy, qheqy⟩, the typing rules
would need to check that none of qlocaly, qlowy, qheqy is Nid. For example, when type check-
ing entry in Fig. 7.1, the assignment prev := x would fail, as globally non-idempotent data from
the variable x flows to the locally idempotent variable prev.

A type system and runtime system co-design to ensure correctness. Our correctness definition
follows the same principle as existing work [119]: every intermittent execution of a correct
program has a corresponding continuously-powered execution. The problem with the program
in Fig. 7.1 is that the unstable value written to x by ISR IN flows to idempotent variables when
entry re-executes. We have the choice of disallowing this behavior either by ruling out this
program by our type system, or by implementing a runtime system that subverts the effects of
aborted discard tasks (e.g., writes to x in ISR IN). There are many similar scenarios where
rejecting programs by our type system is too restrictive and we instead rely on the runtime to
ensure correct behavior.

Our observation is processes that do not successfully finish executing should behave as if
they never ran at all, with respect to their effects on idempotent computation. To erase the
effects of x’s writes from ISR IN’s failed execution, the runtime system can save a stable version
of x in a checkpoint to be reverted upon reboot. More concretely, Glacier relies on task-level
checkpointing, allowing tasks with discard policy to checkpoint variables at the beginning of
their execution. If power fails before such a task finishes executing, its writes will be reverted
similar to checkpointing in atomic regions, but unlike atomic regions, the task will not re-execute
on reboot. Each task specification is further extended with a set of checkpointed shared variables,
e.g., x in ISR IN.

S

Sk

 𝖺𝗍𝗈𝗆 c′￼

(a) hold order (b) save restart 
command

(d) forget discards

𝖾𝗇𝖽𝖺𝗍𝗈𝗆

(c) prepare for 
next JIT region

. 𝖺𝗍𝗈𝗆 c0

 𝖩𝖨𝖳( . . . )

 𝖩𝖨𝖳(_)  𝖩𝖨𝖳(_)

 𝖽𝗂𝗌𝖼𝖺𝗋𝖽

Figure 7.3: Sketch of runtime and checkpointed stacks.

Our runtime system assumes
an undo-logging interpretation for
atomic regions. As in Chapters 5
and 6, the checkpoint context Kundo

is denoted explicitly. Though in
this system we additionally con-
sider global volatile memory, and
therefore Kundo also contains check-
pointed versions of volatile state.
Glacier maintains the invariant that
the checkpoint context must always contain only the most up-to-date stable (idempotent) data.
To do so, the runtime must only update those checkpointed values to be in sync with the current
state: after every write in JIT regions (which are stable), and only at the beginning and successful
conclusion of atomic region and discard task execution.

Following prior work [121], Glacier allows variables to differ in value, for instance, to retain
information about re-execution state (e.g., log which records every computed d). Which vari-
ables are allowed to differ across re-executions of a program is specified for each task by the
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programmer, which we refer to as non-idempotent variables.

Checkpointed execution stack. To properly implement task-based concurrency, our runtime
system schedules a frame for each invocation of a task, which we call a process. Each frame
stores the necessary context such as policies, local variable mappings, and execution context. To
remember which processes should resume execution after failure, and in what order, Glacier’s
checkpoint context additionally includes a checkpointed stack, denoted S k. Upon reboot, S k will
be used as the new execution stack. Similar to checkpointed memory, Glacier maintains the
invariant that S k only includes frames for resumable processes. We explain the use cases of S k

in Fig. 7.3 in relation to each frame on S . The top of the figure shows an execution stack S with
four different processes, the leftmost of which is the currently executing frame. For each frame
pair, the frame on the left preempted the frame on the right. In the figure, S includes frames
running (a) a JIT process, (b) an atomic region command c′, (c) the end of an atomic region,
and (d) a discard process that should abort on failure. When frames are pushed to the stack, the
runtime builds a checkpointed counterpart in S k, shown on the bottom of the figure and each pair
connected by a green line.

The first three processes which are running JIT and atomic regions, which live in immediate
tasks, will be recovered on reboot, and thus have checkpointed counterparts in S k. Since JIT
regions re-execute from the point where power failed, and the runtime saves state right before
this failure, each JIT process on S (Fig. 7.3 (a)) has a corresponding placeholder frame to hold
its position relative to other processes in S k that will be replaced with its frame from S right
before power failure. It can also be replaced by an atomic region frame (Fig. 7.3 (b)) when an
atomic region executes for the first time to remember from where to re-execute. When the atomic
region completes (Fig. 7.3 (c)), the atomic region frame is no longer needed and is thus removed
from S k. At this point, the runtime prepares for executing the next JIT region by replacing the JIT
placeholder frame, as described in (a). On the other hand, the last frame (Fig. 7.3 (d)) is a discard
task, which does not resume execution on reboot. For this reason, it has no corresponding frame
in S k.

7.3 Syntax and Operational Semantics

This section introduces the syntax and operational semantics of our core calculus for interrupts.
We first provide a basic operational semantics for interrupts and critical regions, and then an
intermittent, concurrent operational semantics that accounts for non-deterministic power failures.
For ease of explanation, we present simplified versions of the formalism. Differences between
the formalism presented here and the full formalism are summarized in Appendix E.1. The full
syntax and operational semantics can be found in Appendices E.2, E.3, and E.4.

7.3.1 Continuously-Powered Execution

Syntax. The simplified syntax is shown in Fig. 7.4. Values and expressions are standard. Com-
mands are extended with critical sections, denoted startcr(pr, ShAcc); c; endcr, where pr is its
priority and ShAcc is the set of shared variables to be accessed by the enclosed command c. Each
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Program syntax
Values v ::= n | true | false
Commands c ::= skip | x := e | if e then c1 else c2 | let x = e in c | let x = in() in c

| c1; c2 | startcr(pr, ShAcc); c; endcr | ret
Expressions e ::= x | v | e1 ⊙ e2 | uop e
Int. Srv. Rt. isr ::= isr(ID, pr, ShAcc, λx.c)
Runtime syntax
Interrupt irq ::= interrupt(ID, v)
Exec. ctx. E ::= · | endif▷E | endcr▷E | ([ ]; c)▷E
Interrupt queue IRQ ::= · | irq :: IRQ
Local vars υ ::= · | υ, x 7→ (v, pID)
Inputs I ::= · | in(v) :: I
Priorities −→pr ::= · | pr▷ −→pr
Stack S ::= · | F ▷ S
Frame F ::= (pID, ID,−→pr, ShAcc, υ, E, c)
Queue Q ::= · | irq :: Q
Nonvol. mem. N ::= · |N, x 7→ (v, pID)
Vol. mem. V ::= · |V, x 7→ (v, pID)
Cts. Config C∞ ::= (I, IRQ,N,V, S , F,Q)

Figure 7.4: Summary of syntax for programs and continuously-powered runtime system.

variable is tagged with its access mode, wt (“writable”) or rd (“read-only”). Interrupt service
routines are denoted isr, which is a tuple of a unique interrupt identifier ID, its priority pr, a
list of shared variables ShAcc to be accessed, and the function to be executed λx.c, where x will
be bound to the value of the triggering interrupt. Finally, ret is the last command of an isr. A
program is a collection of interrupt handlers IDecl with a dedicated entry point (e.g., the main
function to run).

Runtime constructs for defining the operational semantics appear below the line in Fig. 7.4.
A continuously-powered runtime configuration C∞ is similar to previous chapters but extended
with a stream of incoming interrupts IRQ, the currently-executing code enveloped in a frame F,
a stack S of frames containing preempted processes, and a queue Q of deferred interrupts whose
priority is insufficient to trigger execution.

Each interrupt (irq) is composed of a pair of the interrupt ID and the value relevant to the
interrupt. For example, a timer interrupt can be interrupt(5, 1773576000), where 5 is the unique
ID for timer interrupts and 1773576000 is the unix time stamp of when the timer is triggered.
Though in a real system interrupts arise nondeterministically, our semantic model uses IRQ to
list the interrupts that could trigger in a given program, and likewise for modeling sensor inputs
I. Each input is denoted in(v), where v is the sensor reading.

A frame F captures the relevant runtime state of an isr. In addition to the current command c
and execution context E, F includes the ID of the ISR that is currently running, a unique process
identifier pID to distinguish it from any others (e.g., when there are several timer interrupts
triggered at different times), a set of shared variables ShAcc of the ISR, a mapping υ of local
variables to values, and a priority stack −→pr to handle runtime priorities (we will explain more
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IDecl ⊢ C∞ → C∞′

F = (pID, ID,−→prc, ShAccc, υc, Ec, c)
irq = interrupt(ID, v) isr(ID, pr, ShAcc, λx.ci) ∈ IDecl pr > top(−→prc)

fresh(pID) Fn = (ID, pr, ShAcc, x 7→ v, ·, ci; ret) o = trigger(pID)

IDecl ⊢ I, (irq :: IRQ),N,V, S , F,Q
o
−→ I, IRQ,N,V, F ▷ S , Fn,Q

TriggerInt-C

F = (pIDc, IDc,
−→prc, ShAccc, υc, Ec, cc) irq = interrupt(ID, v)

isr(ID, pr, ShAcc, λx.ci) ∈ IDecl pr ≤ top(−→prc) o = delay(pID)

IDecl ⊢ I, (irq :: IRQ),N,V, S , F,Q
o
−→ I, IRQ,N,V, S , F, (Q :: irq)

DelayInt-C

Fc = (pIDc, IDc,
−→prc, ShAccc, υc, ·, ret) S = (ID,−→pr, ShAcc, υ, E, c)▷ S ′

isr(ID, pr, ShAcc, λx.ci) ∈ IDecl pr > top(−→pr) irq = interrupt(ID, v) fresh(pID)
Fn = (pID, ID, pr, ShAcc, x 7→ v, ·, ci; ret) o1 = complete(pIDc) o2 = trigger(pID)

IDecl ⊢ I, IRQ,N,V, S , Fc, (irq :: Q)
o1,o2
−→ I, IRQ,N,V, S , Fn,Q

Ret-QInt-C

Fc = (pIDc, IDc,
−→prc, ShAccc, υc, ·, ret) o = complete(pIDc)

IDecl ⊢ I, IRQ,N,V, (F ▷ S ), Fc,Q
o
−→ I, IRQ,N,V, S , F,Q

Ret-S-C

F = (pID, ID,−→prc, ShAcc, υ, E, startcr(pr, ShAcc); c; endcr)
Fn = (pID, ID, pr▷ −→prc, ShAcc, υ, endcr▷E, c)

IDecl ⊢ I, IRQ,N,V, S , F,Q −→ I, IRQ,N,V, S , Fn,Q
StartCrit-C

F = (pID, ID, pr▷ −→prc, ShAcc, υ, endcr▷E, skip) Fn = (pID, ID,−→prc, ShAcc, υ, E, skip)

IDecl ⊢ I, IRQ,N,V, S , F,Q −→ I, IRQ,N,V, S , Fn,Q
EndCrit-C

Figure 7.5: Selected concurrent operational semantic rules

when introducing the semantic rules). The execution context E remembers the boundaries of if
statements and critical sections, and enforces execution ordering.

Lastly, for simplicity, the nonvolatile and volatile memories will directly map program vari-
ables to values tagged with an identifier of the process that computed it (a detail needed for proof
purposes).

Operational semantics. Continuously-powered semantic rules are of the form: IDecl ⊢ C∞
o⃗
−→

C∞′, where o⃗ is the list of observable events emitted by the step (to be used in defining and prov-
ing correctness). Key rules for processing interrupts and critical sections are shown in Fig. 7.5.

The rule TriggerInt-C applies when the priority of an incoming interrupt (pr) is strictly
greater than the currently running process (F). The isr corresponding to this interrupt preempts
the current process. The third premise looks up the corresponding isr via the ID. A fresh pID
is generated and a new frame Fn is constructed for the isr, where x is bound to input v. In the
conclusion, the preempted frame F is pushed on top of the stack and the new frame Fn starts
to execute. Finally, the observable event documents that a new process pID is triggered via
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o = trigger(pID). The rule DelayInt-C applies when the priority of the incoming interrupt is not
strictly greater than the currently running process. In that case, the interrupt is enqueued to Q.

The next two rules handle completion of the current frame. A new frame is selected either
from the delayed interrupt queue Q or the stack S , depending on the priorities. If there is an
interrupt in Q with a strictly higher priority than the top frame of S , then the rule Ret-QInt-C
applies, triggering the execution of the delayed interrupt. Otherwise, Ret-S-C applies, resuming
the top frame on S . If both Q and S are empty, execution halts, which we omit.

Following the ceiling priority protocol [113], when a critical section is encountered, the pro-
cess’s priority is raised sufficiently high to prevent it from being preempted. The rule StartCrit-
C pushes the critical section’s priority pr to the frame’s priority stack −→prc and endcr to the execu-
tion context E to mark the end of the section. The pr is checked to be sufficiently high by typing
rules. For example, once the critical section in entry begins executing, the critical section priority
2 is pushed on top of the task priority 1, so that other processes with priority no higher than 2
(e.g., ISR IN) must wait until this critical section completes its execution. However, another isr
with priority 3 could still preempt, and the protocol ensures the safety of it. The rule EndCrit-
C applies when the end of a critical section is reached (i.e., a skip command in the frame and
endcr on top of the execution context). The current priority is popped off the priority stack, thus
allowing lower priority processes to begin executing. For example, any task whose priority is
strictly greater than the entry task priority of 1, i.e., ISR IN with a priority of 2, can preempt at
this point.

7.3.2 Syntax for Intermittent, Concurrent Programs
To support intermittence, our core calculus for concurrency requires constructs to specify desired
re-execution behavior in the event of a failure. This includes task-level re-execution policies
to specify whether to resume or abort a task’s execution, atomic regions within task bodies,
and checkpoints for restoring execution from failure. The necessary extensions to syntax are
highlighted in Fig. 7.6.

Atomic regions. Commands are extended to include atomic regions, where aPol includes sets of
variables that are checkpointed ω (e.g., prev), read-only ρ (e.g., x), must be first written µ (e.g.,
d), and writable in volatile memory β.

ISR policies. Each ISR is extended with a re-execution policy rPol, which is a program λx.d
that is evaluated based on the current system state r (e.g., number of reboots) to a concrete
policy name pname: discard (do not re-execute if encounters a power failure) or immediate (re-
execute using the latest checkpoint), as motivated in Section 7.2. For example, a programmer
could specify a task to re-execute up to three times, and then discard after the third attempt.
ISRs are also extended with a programmer-specified variable policy vPol consisting of shared
variables to be accessed ShAcc, task-level checkpointed variables ShCP (e.g., x in ISR IN), and
non-idempotent variables nIds (e.g., log in ISR IN).

Checkpoints and runtime configurations. To support progress and correct (re-)execution,
continuously-powered runtime configurations are augmented with a checkpoint context Kundo,
that is extended from previous chapters with a checkpointed stack S k. Note that to ensure mem-
ory consistency and adherence to re-execution policies, Kundo must contain only stable data and
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Program syntax
Re-ex pol rPol ::= discard | continue(r, λx.d)
Pol name pname ::= discard | immediate
Atom pol aPol ::= (ω, µ, β, ρ)
Cmd c ::= . . . | startatom(aID, aPol); c; endatom

Var pol vPol ::= (ShAcc, ShCP, nIds)
Int. Srv. Rt. isr ::= isr(ID, pr, vPol , rPol , λx.c)
Runtime syntax
Mode Md ::= atom(aID, aPol,NVw,Vw, rb) | jit | discard(NVw,Vw)
Stack S ::= · | FJ(pID) ▷ S | F ▷ S
Inst. pid. ipID ::= pID | (pID, aID, rb)
JIT pl fr FJ(pID) ::= (pID, jit)
Ckpt ctx K ::= (Nk,Vk, S k)
Frame F ::= (pID, ID,−→pr, vPol , υ, E, Md , c) | (I, IRQ,Kundo,N,V, S , reboot,Q)
Int Conf Ci ::= (I, IRQ, K ,N,V, S , F,Q)
Nvol mem N ::= · |N, x 7→ (v, ipID )
Vol mem V ::= · |V, x 7→ (v, ipID )

Figure 7.6: Summary of syntax for programs and intermittent runtime system. Extensions from
continuously-powered syntax highlighted .

resumable processes at all times. Intermittent runtime configurations Ci are extended to include
a state right after power failure, where the command to be executed is reboot.

Other runtime constructs are augmented with additional bookkeeping; some are key to the
runtime system, while others are used only for proof purposes. Frames are extended with an
execution mode Md, which is discard if the task re-execution policy is discard, or is otherwise jit
and atom for JIT and atomic regions, respectively. The sets NVw and Vw track which variables
have been written to by the current frame, which the runtime system uses to update checkpoints
(more details to come in the next section). For proof purposes, we introduce an instance process
identifier ipID, distinguishing task executions via their pID and re-execution instances of the
same atomic region via an atomic region identifier aID and reboot count rb.

7.3.3 Intermittent Operational Semantic Rules

Selected operational semantic rules for intermittent execution are shown in Fig. 7.8. We focus
on explaining how the runtime operates on the checkpoint context to prepare for and recover
from power failure, and handle re-execution policies, assuming an undo-logging system. We
explain these rules via an example program execution shown in Fig. 7.7. Expression evaluation
relies a big-step operational semantics. Though they are not shown in the main text, the rules are
similar to the ones introduced in Chapter 2 but only rely on N, V, and the local state υc. The full
oeprational semantics and detailed example execution can be found in Appendices E.4 and E.5,
respectively. Each line of Fig. 7.7 highlights key components of a runtime configuration and
frame. The rule names used in steps from one configuration to the next are shown in the leftmost
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Figure 7.7: Fully annotated program and sketch of its correct intermittent execution trace.

column.

Start (rows (0)-(1)). The program begins its execution by triggering the isr entry. The configu-
ration in row 0 is the initial configuration, and row 1 follows from applying the rule TriggerInt-I.
The main differences between this rule and TriggerInt-C from Fig. 7.5 are that the new frame
Fn needs an execution mode Mdn and the checkpoint context Kundo needs to be updated, based on
the entry’s re-execution policy. The schdFrame function, whose rules are shown on the bottom
of Fig. 7.8, takes as input the current checkpoint context Kundo, nonvolatile memory N, and a few
other components of the new frame, and returns the current mode Mdn, and an updated checkpoint
context K′undo.

If the re-execution policy of the new frame is immediate (e.g., entry), the rule schdFrame-
Immed applies. The policy immediate indicates that the task’s code will resume its execution
upon reboot from power failure, and since the top-level checkpoint policy of an immediate task
is JIT, the returned mode is jit. To help JIT regions resume upon failure, a JIT placeholder
frame FJ(pID) (e.g., FJ(p0)) corresponding to the new process pID (e.g., p0) is placed on top of
the checkpointed stack. This placeholder will be replaced by its corresponding live frame right
before power failure or when the execution enters an atomic region, which we explain later. Once
the new frame is set up, execution continues with running the entry task code.

Starting an atomic region (rows (1)-(2)). Next, entry enters an atomic region, which requires
setting up the checkpoints, as shown in the rule StartAtom-I. The checkpointed nonvolatile loca-
tions Nk are initialized with their current values in nonvolatile memory, denoted as the projection
N↓aPol.ω (e.g., prevck 7→ 5). We denote updating checkpointed nonvolatile memory with contents
from their corresponding locations in nonvolatile memory as Nk f N. The rule also replaces
the frame Fk on top of the checkpointed stack (e.g., FJ(p0)), which is always the top-level JIT
placeholder frame, with the atomic region frame F′ (e.g., abbrev. FaIDe), allowing the system to
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Selected operational semantic rules.

TriggerInt-I
F = (pIDc, IDc,

−→prc, vPolc, υc, Ec, Mdc, c) irq = interrupt(ID, v) isr(ID, pr, vPol, rPol, λx.ci) ∈ IDecl
pr > top(−→prc) fresh(pID) (Mdn,K′undo) = schdFrame(Kundo,N, pID, ID, rPol, v)

Fn = (pID, ID, pr, vPol, x 7→ v, ·, Mdn, ci; ret) o = trigger(pID, Mdn)

IDecl ⊢ I, (irq :: IRQ),Kundo,N,V, S , F,Q
o
=⇒ I, IRQ,K′undo,N,V, F ▷ S , Fn,Q

N-Assign-I
F = (pIDc, IDc,

−→prc, vPolc, υc, Ec, Mdc, x := e) Kundo = (Nk,Vk, S k)
x ∈ dom(N) N,V, υc ⊢ e ⇓ v F′ = (pIDc, IDc,

−→prc, vPolc, υc, Ec, Mdc[NVw← NVw ∪ {x}], skip)
K′undo = (Nk[x 7→ v],Vk, S k) if Mdc = jit else K

IDecl ⊢ I, IRQ,Kundo,N,V, S , F,Q =⇒ I, IRQ,K′undo,N[x 7→ v],V, S , F′,Q

StartAtom-I
F = (pID, ID,−→pr, vPol, υ, E, jit, startatom(aID, aPol); c; endatom) Kundo = (Nk,Vk, Fk ▷ S k)

F′ = (pID, ID,−→pr, vPol, υ, E, atom(aID, aPol, ·, ·, 0), c; endatom) K′undo = (Nk f N↓aPol.ω,Vk, F′ ▷ S k)

IDecl ⊢ I, IRQ,Kundo,N,V, S , F,Q =⇒ I, IRQ,K′undo,N,V, S , F
′,Q

EndAtom-I
F = (pID, ID,−→pr, vPol, υ, E, atom(aID, aPol,NVw,Vw, rb), endatom) Kundo = (Nk,Vk, Fk ▷ S k)

Fk = (pID, ID,−→pr, vPol, υ, E, atom(aID, aPol,NVw0,Vw0, rb), c; endatom) F′ = (pID, ID,−→pr, vPol, υ, E, jit, skip)
K′undo = (N′k↓ckVarOf(S k),Vk f V↓Vw, FJ(pID)▷ S k) N′k = Nk f N↓NVw o = endAtom(pID, aID, rb)

IDecl ⊢ I, IRQ,Kundo,N,V, S , F,Q
o
=⇒ I, IRQ,K′undo,N,V, S , F

′,Q

PowerFail-I
F = (pID, ID,−→pr, vPol, υ, E, Md, c) Kundo = (Nk,Vk, S k) K′undo = (Nk,Vk, updJitS(S k, F ▷ S ))

IDecl ⊢ I, IRQ,Kundo,N,V, S , F,Q =⇒ I, IRQ,K′undo,N, ·, ·, reboot,Q

Reboot-I
Kundo = (Nk,Vk, F ▷ S k) (F′ ▷ S ′k) = incRb(F ▷ S k) K′undo = (Nk,Vk, F′ ▷ S ′k) o = rb

IDecl ⊢ I, IRQ,Kundo,N, ·, ·, reboot, (Qdiscard,Qimmed.)
o
=⇒ I, IRQ,Kundo,Nk ⇝ N,Vk, S ′k, F

′,Qimmed.

Selected definitions for setting up a new task frame.

schdFrame-immed
appPol(rPol) = immediate Kundo = (Nk,Vk, S k) K′undo = (Nk,Vk, FJ(pID)▷ S k)

schdFrame(Kundo,N, pID, ID, rPol) = (jit,K′undo)

schdFrame-discard
appPol(rPol) = discard

isr(ID, pr, vPol, rPol, λx.c) ∈ IDecl Kundo = (Nk,Vk, S k) K′undo = (Nk f N↓vPol.ShCP,Vk, S k)

schdFrame(Kundo,N, pID, ID, rPol) = (discard(·, ·),K′undo)

Figure 7.8: Selected intermittent, concurrent operational semantic rules and definitions.

re-execute from the beginning of the region c; endatom in the event of a power failure.

Preempted execution (rows (5)-(6)). Skipping ahead, the interrupt with higher priority arrives
and the rule TriggerInt-I applies to run ISR IN (i.e., ISR IN preempting entry). The preempted
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task frame F (abbrev. F(endatom)) is pushed to the stack F▷S , to be resumed later. Based on the
interrupt’s re-execution policy (e.g. discard), the schdFrame function again computes a mode
Mdn (e.g., discard) and prepares the checkpoint context accordingly. Here the rule schdFrame-
Discard applies and since discard tasks do not resume on reboot from failure, the checkpointed
stack S k remains the same. The schdFrame function also checkpoints variables at the beginning
of a task execution (e.g., x in ShCP), updating the checkpointed variables in Nk (e.g., xck) with
their current values in N (e.g., 3). The resulting mode has NVw and Vw sets initialized to empty,
as the task has not yet written to any locations.

Writing to nonvolatile memory (rows (8)-(9)). When a variable in nonvolatile memory is
written (e.g., x := y in ISR IN), the rule N-Assign-I, first evaluating the expression (e.g., y) to
a value (e.g., 11) and then storing it in the assigned variable (e.g., x). The NVw set is updated
with the assigned variable to reflect that the current process has written to it. The last premise
updates the checkpointed nonvolatile memory when needed. Since JIT regions do not re-execute,
their writes are considered stable and hence values are written through to K′undo on every write,
whereas unstable writes by atomic regions and discard tasks should not impact Kundo. The write
through in a JIT region is also necessary; otherwise progress will be lost when the JIT region is
preempted by another (discard) task and then a power failure occurs and the execution restarts
from a stale checkpointed memory state (more when explaining the reboot). In the example, the
assignment x := y is performed in a discard task, the value of y is not written through to Nk.

Power failure and reboot (rows (9)-(11)). When power is about to fail (e.g., after x := y
in ISR IN), the rule PowerFail-I instantaneously saves the execution progress on the check-
pointed stack. This models hardware behavior that supports JIT checkpointing. The function
updJitS(S k, S ), which takes as arguments the checkpointed stack S k and current stack S and re-
turns an updated checkpointed stack that will be restored on reboot. To make sure every JIT
process on the stack will resume after reboot as expected, updJitS(S k, S ) replaces every JIT
(placeholder) frame in S k with its corresponding in-progress frame in S , while leaving other
frames in S k the same.

The rule Reboot-I models the system recovery from power failures. To distinguish the re-
executed atomic region from its failed prior executions (e.g., the new F(aIDe, 1) versus the failed
F(aIDe, 0)), the function incRb(S ) increments the reboot count of all atomic regions on the stack.
Execution resumes with the top frame which provides a context for an interrupted process. For
example, since the atomic region frame F(aIDe, 1) is on top of the checkpointed stack, the atomic
region in entry re-executes from the beginning. The recovered program runs on memories and a
stack restored from the checkpoint context, Nk, Vk, and S ′k (e.g., x and prev restored to 3 and 5
from xck and prevck, respectively). Here Nk ⇝ N is the result of updating the nonvolatile memory
N with the checkpointed part Nk.

Frames running in discard mode do not have a corresponding frame in S k, and are therefore
not included in the restored stack, effectively causing all in-progress discard processes to be
forgotten on reboot (e.g., ISR IN). Since discard tasks are thrown out on power failure, the
delayed interrupt queue Q only recovers those with policy immediate (Qimmed.).

Ending an atomic region (rows (16)-(17)). At the end of an atomic region, when command
endatom is reached, the rule EndAtom-I applies. This rule commits updates to memory to the
checkpoint context by updating the checkpoints in Nk (e.g., prevck) and Vk with their values in
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N (e.g., prev) and V, for only the variables written by this last atomic region execution, i.e.,
variables in the tracked NVw and Vw sets. This is correct because the atomic region is now
complete and therefor all the writes are stable. This is also necessary for maintaining progress,
similar to why writes in JIT regions are reflected in the checkpoint context. Next, to prepare for
executing the next JIT region, the checkpointed atomic region frame (e.g., FaIDe) is replaced with
a placeholder frame (e.g., FJ(p0)), and the mode is reset to jit.

Returning from a task and halting execution (rows (17)-(18)). At the end of a program
execution, the last task finishes executing with no remaining tasks on the stack or in the queue.
We omit the counterpart of ret-S-C, as the only addition is setting up the checkpoint context.
At this point, like atomic regions, the runtime cleans up the checkpoint context, either popping
the corresponding JIT placeholder frame from S k if the concluding process is immediate, or
committing the computed results to Nk and Vk if the concluding process is discard. The example
execution ends in the final state of x ↪→ 3, d ↪→ 2, prev ↪→ 3, log ↪→ 0, the state from running
entry alone, as shown in Fig. 7.1 (c).

Events and more. Definitions for events are similar to interrupts, with the only difference being
that events are scheduled by a command rather than firing non-deterministically. The full system
definition which handles both interrupts and events, as well as inputs, variable initialization, and
alternate versions of tasks can be found in Appendix E.

7.4 Type System

Our type checking relies on three main components: (1) identifying unstable writes of each
isr (Sec. 7.4.1), (2) constructing typing contexts reflecting unstable write effects from all isrs
(Sec. 7.4.2), and (3) checking the program (Sec. 7.4.3). To simplify presentation, this section
focuses on checking global access patterns (e.g. preventing unstable and non-idempotent writes
of other tasks from influencing idempotent data), as shown in Sec. 7.2, which is the main con-
tribution of this work. Checking local access patterns (e.g. preventing WARs) is also necessary
to ensure correctness, but we elide discussion to Appendix E.6 as these checks follow prior
work [119, 121]. The full type system definition can be found in Appendix E.6.

7.4.1 Identifying Unstable and Non-idempotent Writes from an isr

The stability of write effects of a given isr depends on several factors, namely, the policy of the
isr and the priority of any task that reads its write effects. As such, our type system is equipped
with two key functions, EffToLeq(isr) and EffToHigher(isr), that each return the set of shared
variables written by isr that have unstable or non-idempotent effects on tasks with a lower or
equal priority than isr and higher priority than isr, respectively. To explain how policies and
priorities interact with stability, we illustrate two scenarios in Fig. 7.9, where some current task
isr has preempted a lower priority task isrl and is preempted in turn by a higher priority task
isrh. In column (a) the current task isr has re-execution policy discard, and in column (b) it has
re-execution policy immediate. In each scenario, isr writes to some variable x that is read by
isrh before isr resumes control and by isrl after isr has either been discarded after power failure
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𝑖𝑠𝑟(pr, ShAcc, ShCP, nIds, discard)

𝙬𝙧𝙞𝙩𝙚 𝙭
𝑖𝑠𝑟!

read x

𝑖𝑠𝑟"
read x

ShCP restored
preempted! preempted!

𝑖𝑠𝑟(pr, ShAcc, ShCP, nIds, immed.)

𝗌𝗍𝖺𝗋𝗍𝖺𝗍𝗈𝗆
𝙬𝙧𝙞𝙩𝙚 𝙭
𝖾𝗇𝖽𝖺𝗍𝗈𝗆

𝑖𝑠𝑟!

read x

all writes except nIds stabilized

preempted! preempted!

𝑖𝑠𝑟"
read x

(a1)
(a2)

(b1)

(b2)

(a) ISR with Discard Policy (b) ISR with Immediate Policy

𝑛𝐼𝑑𝑠 ∪ (𝑆ℎ𝐴𝑐𝑐 ↾'(∖ 𝑆ℎ𝐶𝑃) 𝑛𝐼𝑑𝑠 ∪ 𝑆ℎ𝐴𝑐𝑐 ↾'( 𝑛𝐼𝑑𝑠 𝑛𝐼𝑑𝑠 ∪ (𝑤𝑡𝑠𝑂𝑓 atom ∩ 𝑆ℎ𝐴𝑐𝑐)

Summary of an ISR’s Unstable Effects on other Tasks

(a1) EffToLeq(isr): (a2) EffToHigher(isr): (b1) EffToLeq(isr): (b2) EffToLeq(isr):

Figure 7.9: Unstable and non-idempotent writes (repr. by dotted lines) from isr to other tasks
with lower priority vs. higher priority, depending on its re-execution policy: (a) for discard and
(b) for immediate.

(scenario (a)) or re-executed successfully (scenario (b)), with each of these data flows marked
with a labeled dotted arrow.

We now discuss in what situations such a shared variable has unstable effects and must be
returned by EffToLeq(isr) or EffToHigher(isr), as indicated on Fig. 7.9, bottom. First, if a variable
is declared locally in nIds (e.g., log) it can hold non-idempotent data and naturally have a non-
idempotent effect. If a variable is declared locally as Id, identifying its potentially unstable effects
on other tasks is more complex.2 We begin examining the pair isrl and isr in Fig. 7.9 (a). If isr
is interrupted by a power failure before completion, any writes from the partial execution of isr
to nonvolatile memory will persist, except for variables declared in ShCP (such as x in ISR IN),
which will be restored to checkpointed (stable) values. Thus, arrow (a1) reflects that after a
reboot, tasks with priority less than or equal to the priority of isr can see unstable values written
to any non-checkpointed variables by the partial execution of isr. For example, in Fig. 7.7, log
is declared in nIds, so EffToLeq(ISR IN) = {log}. Next, we examine the pair isr and isrh. Since
isrh can preempt isr at any time, isrh may instantly read values from any shared variables written
by isr; however, if the system subsequently loses power before isr completes, then isr will be
discarded, and the values read by isrh will be unstable. Arrow (a2) reflects that tasks with a
higher priority than isr risk reading an unstable value from any shared variables written by isr,
even checkpointed ones.

Now we turn to scenario (b), where the difference is that isr has re-execution policy immediate
and includes an atomic region. Examining the pair isrl and isr, we note that tasks with a lower or
equal priority can only resume their execution after isr successfully completes, since by the re-
execution policy isr is resumed (or re-executed from the start of the atomic region) upon power
failure, not discarded. Therefore, all of isr’s writes will be stabilized before returning to isrl;
arrow (b1) reflects that no unstable writes from isr will be visible to isrl. On the other hand, for
the pair isr and isrh, writes from failed partial executions of the atomic region could be read by
isrh, which is problematic. Consider if isrh preempts and reads a value written by the atomic
region, but the system reboots and the atomic region is restarted. If isrh preempts isr again, it
could incorrectly read a value written by some command earlier in the atomic region. Thus,

2This discussion focuses on unstable writes in nonvolatile memory. Writes to volatile memory are much simpler
and can be found in Appendix E.6.
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arrow (b2) reflects that tasks with a higher priority than isr may observe unstable values from
any variable written by an atomic region in isr. For example, EffToHigher(entry) = {d}. Since d
is written in the atomic region of entry, d is unstable to ISR IN.

7.4.2 Building Typing Contexts for each Task
With the sets of unstable and non-idempotent writes in hand, our type system constructs a typing
context for each task that accounts for effects from all other tasks. We summarize the types and
typing contexts below.

idempotence qualifier qID ::= Id |Nid
type qualifier q ::= ⟨qIDc, qIDl, qIDh⟩

task typing context Γ ::= · |Γ, (x : t@q)
program typing context Ψ ::= · |Ψ, (ID, Md) 7→ Γ

The base types t are int or bool. As in the previous chapter, idempotence qualifiers form
a join semi-lattice Id ⊑id Nid where join is denoted ⊔id. First, the local qualifier qIDc de-
termines whether or not isr is permitted to write a value to x that is potentially derived from
non-idempotent data. qIDc is determined by isr’s variable policy for x; if x is declared in nIds
(e.g., log in ISR IN), then qIDc will be Nid, otherwise it is Id. Next, the qualifier qIDl represents
whether any strictly lower-priority tasks might write an unstable or non-idempotent value to the
given variable. If x is in any of the computed sets EffToHigher(isr′) for any isr′ whose priority is
less than or equal to isr, then qIDl is Nid. Otherwise, it is Id. Lastly, the qualifier qIDh represents
the effects coming to isr from tasks with greater than or equal priority to isr. If x is in any of
the computed sets EffToLeq(isr′) for isr′ with greater than or equal priority to isr (including isr
itself), then qIDh is Nid. Otherwise, it is Id.

The program typing context Ψ maps each pair of an isr’s ID and Md, as evaluated from its
re-execution policy, to a typing context Γ. The two typing contexts for the same isr with different
modes differ in their treatment of task-level shared checkpointed variables ShCP, which are only
used when the policy is discard. Glacier maintains the invariant that checkpointed variables
(e.g., ShCP and ω), must never contain unstable or non-idempotent effects. Therefore, when
constructing a typing context Γ for an isr with discard policy, for every x ∈ ShCP, Γisr(x) =
⟨Id, Id, Id⟩; the type checker will report an error if the computed qIDl or qIDh is Nid. The typing
contexts for the tasks in Fig. 7.7 are as follows:

Γen = {x : int@⟨Id, Id, Id⟩, d : int@⟨Id, Id, Id⟩, prev : int@⟨Id, Id, Id⟩, log : int@⟨Id, Id,Nid⟩}
ΓIN = {x : int@⟨Id, Id, Id⟩, d : int@⟨Id,Nid, Id⟩, log : int@⟨Nid, Id, Id⟩}

If d were checkpointed in ISR IN, then by construction of ΓIN checking would fail because
EffToHigher(entry) = {d}, causing Γ(d).qIDl to be Nid within ISR IN, however d ∈ ShCP requires
it to be fully idempotent.

7.4.3 Type Checking a Program
We present key typing judgments in Fig. 7.10.
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Ψ ⊢ isr : ok isr is typed
Γ,MFWts ⊢atom e : t@q e is typed under atom
Γ ⊢md e : t@q e is typed under jit or discard
Γ,MFWts ⊢atom

ShAcct
c ⊣ MFWts′ c is typed under atom

Γ ⊢md
ShAcct

c : ok c is typed under jit or discard

Figure 7.10: Typing judgment summary

A program is well-typed if each isr is well-typed under the program typing context Ψ, com-
puted based on the algorithm discussed in the previous section. The typing judgments for expres-
sions and commands are indexed by the mode Md of the execution and the set of shared variables
ShAcct accessed by the surrounding task command. These judgments take two forms: one for
checking within an atomic region (atom) and the other for any code not within an atomic region
(Md ∈ {jit, discard}). This distinction is needed because following prior work [119, 121], typing
commands in an atomic region need to check access patterns such as WAR. However, this is not
the contribution of this work, so such checks for atomic regions are elided. Expressions e are
typed under the same contexts as commands and they are of a simple type int or bool, with a
type qualifier q reflecting the (non-)idempotence of the expression e. Next we explain the key
simplified typing rules, summarized in Fig. 7.11.

Tasks. Each task is type checked individually via the rule T-Task. The rule first evaluates the
re-execution policy rPol to determine an initial mode Md, and uses it to look up the task typing
context in Ψ. For tasks with policy discard (e.g., ISR IN), the initial mode will be discard. Oth-
erwise (e.g., entry), it is jit (e.g., corresponding to Γen). Then, the rule checks the task command
c under that typing context and Md (e.g., ΓIN and discard, and Γen and jit respectively). The input
argument to a task is idempotent, i.e., x : int@⟨Id, Id, Id⟩, which is included in Γ.

Atomic regions. The rule T-Atom-Begin-J checks the enclosed command c under a typing con-
text Γ′, which is constructed from the task’s context and additionally includes an interior access
qualifier to describe why the access is idempotent: e.g., Id(CK) for variables in ω, Id(WT) for
variables in µ, or Id(RD) for variables in ρ. The rule checks that every variable in ω is not lo-
cally non-idempotent, and is not an unstable write by other tasks (the last premise), to prevent
non-idempotent data from being checkpointed by an atomic region, similar to the check done for
ShCP when constructing Ψ. Variables in µ should not have unstable writes coming from higher-
priority tasks whose preemption and subsequent power failure could also cause the atomic region
to read unstable values, but a similar check is not needed for lower priority tasks, because such a
variable would be overwritten by an idempotent value before it is read by the atomic region.

Critical sections. To protect against data races, the rule T-Cr-A enforces that critical sections
cannot be preempted by tasks that access common shared variables (e.g. the critical section
in entry should run without preemption from ISR IN). The checks performed by this rule are
inspired by the ceiling priority protocol of popular frameworks [1], enforcing that the priority pr
of a critical section is at least as high as the priority of any task that accesses common shared
variables: pr ≥ prc (e.g. entry’s critical section with priority 2 and ISR IN with priority 2). A
task that does not contend for common shared variables is allowed to preempt a critical section
if its priority is greater than the critical section, causing the task to trigger. Since their sets of
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if rPol = discard then Md = discard, else Md = jit
(Ψ(ID, Md), x : int@⟨Id, Id, Id⟩) ⊢MdvPol.ShAcc c : ok

Ψ ⊢ isr(ID, pr, vPol, rPol, λx.c) : ok
T-Task

Γ′ = mkCtxAtom(Γ, ω, µ, ρ)
Γ′, · ⊢atom

ShAcct
c; endatom : ok ω, ρ, µ pairwise disjoint

∀ xw ∈ µ. Γ(xw) = tw@⟨ , , Id⟩ ∀ xk ∈ ω. Γ(xk) = tk@⟨Id, Id, Id⟩

Γ ⊢
jit
ShAcct

startatom(aID, ω, µ, β, ρ); c; endatom : ok
T-Atom-Begin-J

prc = ceilPr({pr′ | isr(. . . , pr′, vPol) ∈ IDecl ∧ (ShAcc ∩ vPol.ShAcc , ∅)})
pr ≥ prc ShAcc ⊆ ShAcct

Γ′ = {x : t@q | x ∈ dom(Γ) ∧ x < ShAcct \ ShAcc} Γ′,MFWts ⊢atom
ShAcct

c ⊣ MFWts′

Γ,MFWts ⊢atom
ShAcct

startcr(pr, ShAcc); c; endcr ⊣ MFWts′
T-Cr-A

Γ(x) = t@⟨qIDc, qIDl, qIDh⟩

Γ ⊢atom
ShAcct

e : t@⟨qIDe
c, qIDe

l , qIDe
h⟩ (qIDe

c ⊔id qIDe
l ⊔id qIDe

h) ⊑id qIDc

Γ,MFWts ⊢atom
ShAcct

x := e ⊣ MFWts′
T-Assign-N-A

Figure 7.11: Selection of simplified typing rules.

shared variables are disjoint, data races with shared variables would be impossible.
Additionally, the rule checks that the critical section’s ShAcc annotation is correct: its shared

accesses are (1) a subset of the task’s shared accesses ShAcct, and (2) that no other shared vari-
ables are accessed by it. The former is enforced by checking that ShAcc ⊆ ShAcct, and the latter
by restricting the typing context Γ′ to exclude variables appearing in ShAcct but not in ShAcc.

Assignments. The rule T-Assign-N-A enforces that our policy that no non-idempotent data
from local or global sources flows to locally idempotent variables. To gather the effects from
local and global sources, the rule joins the expression’s qualifiers qe, and then checks that
the result is bound by the local qualifier of the variable qIDc. For the assignment prev := x,
Γen(x).qIDc ⊔id Γen(x).qIDl ⊔id Γen(x).qIDh ⊑id Γen(prev).qIDc. If x were not checkpointed by
ISR IN, it would have the type ⟨Id, Id,Nid⟩ in Γen, and the assignment prev := x would have
caused a type error because the global effects of x (Nid) are not bounded by the required lo-
cal usage of prev (Id). Likewise, if log were not declared in nIds by ISR IN, its type would
be ⟨Id, Id, Id⟩ and the assignment log := d would flow globally non-idempotent data from d to
locally idempotent variable log, causing another type error.

7.5 Alternate Versions of Tasks
The core calculus presented is flexible and extensible to additional system behaviors and features.
For example, rather than aborting a task completely or insisting on running the same task over and
over again until it succeeds, some concurrent intermittent systems will instead opt for running
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an alternate (perhaps more energy-efficient [82]) version of a task. This section presents the
changes to the system needed to support alternate versions of tasks. We highlight key changes to
the syntax in Fig. 7.12 in yellow .

. . .

Version number version ::= n : nat
Policy name pname ::= discard | immediate | alternative(ID, version)
Interrupt Service Routine isr ::= isr(ID, version , pr, vPol, rPol, λx.c)
Mode Md ::= atom(aID, aPol,NVw,Vw, rb) | jit | discard(NVw,Vw)

| altOf(pID, rPol) | next(pID,NVw,Vw)
Frame F ::= (pID, ID, version ,−→pr, vPol, υ, E, Md, c)

Figure 7.12: Syntax extensions needed to support alternate versions of tasks.

Syntax. To support alternate versions of a task, we introduce a new policy name alternative
which includes an interrupt ID and version number, that together uniquely identify the alternate
task that will run in this task’s place in the event of a power failure. All tasks in the program
declaration and their frames are extended with a similar version number, which is 0 for the initial
(or only) version of a task. The mode next corresponds to a task with policy alternative, where
pID identifies the alternate frame to run in the event of a failure. Like discard tasks and atomic
regions, alternatives make use of NVw and Vw sets to dynamically track which variables are
written on the task’s execution. Alternative versions of tasks are initially assigned the mode altOf,
identifying the initial version (pID) and its re-execution policy rPol, which will be evaluated
when the alternate frame begins to execute. All versions of a given task have the same priority
pr to maintain the well-formedness of the stack throughout execution.
Scheduling tasks. To prepare for unexpected failure, such an alternate task is scheduled to the
checkpoint context before the original task begins executing. This is accomplished by extending
the definition of schdFrame with an additional case for when the re-execution policy of a task to
be scheduled evaluates to alternative(ID, versiona), and with an additional input v. We show the
definition below.

appPol(rPol) = alternative(ID, versiona)
isr(ID, versiona, pra, vPola, rPola, λx.ca) ∈ IDecl

Kundo = (Nk,Vk, S k) Kundo
′ = (Nk f N↓vPola.ShCP,Vk, Fa ▷ S k)

Fa = (pIDa, ID, versiona, pra, vPola, x 7→ v, ·, altOf(pID, rPola), ca; ret)
fresh(pIDa)

schdFrame(Kundo,N, pID, ID, rPol, v) = (next(pIDa, ·, ·),K
′
undo)

schdFrame-Alt

The rule schdFrame-Alt combines ideas from schdFrame-immed and schdFrame-discard to
(1) schedule an alternate version and (2) make sure the current version will be forgotten should
power fail during its execution. Like scheduling an immediate task, this definition must too
schedule a new task, which is specifically an alternate version (versiona) of the same type of task
being triggered, i.e, has the same ID. To accomplish this, the rule looks up the alternate task in
IDecl, generates a fresh pIDa for it, and inserts a frame corresponding to the alternate task into
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the checkpointed stack. The policy binds the local variable x to the same input data v that the
original task would receive, so that the alternate task would run on the same input.

Like scheduling a discard task, the task with policy alternative will be treated like a discard
and be thrown out on power failure. The new frame is assigned a mode next(pIDa, ·, ·), where
pIDa identifies the alternate task frame and the NVw and Vw sets are initialized to empty, like a
discard.
Finalizing a task execution. If an alternative task, i.e., with frame mode next(pIDa,NVw,Vw),
finishes executing successfully, the function finalizeK applies to finalize the memory state.

The definition of finalizeK for alternative tasks also combines ideas from finalizing the mem-
ory state after running a discard task or an atomic region. Since the task successfully completed,
its alternative is no longer needed. To clean up the state, the rule pops the no longer needed
alternative task frame Fa from the checkpointed stack, in a similar fashion to cleaning up the
checkpoint stack at the end of an atomic region execution. Since this task behaves similar to a
discard task, this one also commits the nonvolatile data written by the task to their checkpoints
and scopes down the checkpoints to only the ones needed for the remaining processes.
Typing. Since the success and failure behaviors of alternative tasks match those of discards,
all the same typing rules apply. Each version of a task will have its own typing context. To
distinguish these different versions, Ψ is extended to take a version number as input.

7.6 Correctness

In this section, we define and prove the correctness of our system. Following prior work [40,
44, 121], every intermittent execution of a well-typed program has an equivalent continuously-
powered execution. However, the concurrently executing tasks and flexible re-execution policies
make finding such a continuously-powered execution more challenging than in the sequential
setting.

7.6.1 Defining Correctness

We provide high-level intuition behind key constructs used for defining and proving correctness.
The detailed formalism can be found in Appendices E.7- E.10.

Effective steps. Intermittent executions include steps that continuously-powered executions do
not have: partial executions of tasks that are eventually discarded, e.g., the first failed execution of
the atomic region in entry. Such steps, which we refer to as ineffective, should have no effect on
idempotent state. In contrast, steps taken by completed processes, which we refer to as effective,
are matched by a continuously-powered execution (e.g., the highlighted steps in the Fig. 7.7
execution). To distinguish effective from ineffective steps, we first define effective processes
for a given intermittent execution trace. We write TI to denote an intermittent execution trace
of the form Ci

0

o0
=⇒ Ci

1 · · ·
on
=⇒ Ci

n+1, as induced by the operational semantic rules. The function
ePidOf(TI) returns the identifiers of effective processes which either have completed successfully
or execute in jit mode.
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ePidOf(TI) = {pID | complete(pID) ∈ TI} ∪ {pID | trigger(pID, jit) ∈ TI}

∪{(pID, aID, rb) | endAtom(pID, aID, rb) ∈ TI}

Formally, effective steps are those taken by frames with an effective instance process identi-
fier.

Equivalent results. A concurrent intermittent execution is correct if it computes the same results
as a continuously-powered execution. Towards proving this, we augment the return statement of
a task and end of atomic regions with a result argument: ret(res) and endatom(res), where the
type of res is t@⟨Id, Id, Id⟩. Observations in a trace are augmented with the value of the result:
complete(ipID, v) endAtom(ipID, v). We write T↓res as the sequence of results of T . Since
res can be computed using any expression with appropriate type, comparing results between an
intermittent and a continuously-powered trace is a proxy for equivalence between their memory
states.

Equivalent configurations. To show that an intermittent execution computes the same results as
a continuously-powered execution, we define an equivalence relation between the configurations
Ci ≈ C∞ in terms of their memories, execution stack, queue, inputs, and interrupts. Intuitively,
the continuously-powered state need only match stable state in the intermittent state.

The relation between nonvolatile memories involves NC, the memory from continuously-
powered execution, NI , the memory from intermittent execution, and Nk, the checkpointed mem-
ory. For a given nonvolatile location x, its value in NI may differ from the one stored in NC, if
only x were most recently written to by an ineffective process. Further, NC(x) may differ from
Nk(x) if its value was also written on the intermittent execution (NI(x) = NC(x)), meaning that it
has yet to be committed to the checkpoint context. This relation is general enough so that after
reboot when the checkpointed memory Nk is written to NI and when atomic regions and discard
tasks complete and Nk is updated, the relation still holds.

Conceptually, the execution stack of C∞ matches the stack recovered from S k, which contains
no frames for in-progress discard tasks or partially-executed atomic regions, and only contexts
for resumable or re-executable processes, as motivated in Section 7.2. The task Q is similar,
where only immediate tasks are recovered on reboot.

Correctness theorem. To formally state the theorem, we first introduce a few auxiliary no-
tations. We write RI(Ci

0) and RC(C∞0 ) to denote the set of traces from configurations Ci
0 and

C∞0 , respectively, and assume that the program begins execution with the frame Fen. We write
K = (·,V, Fen) to denote the initial checkpoint context with empty nonvolatile memory, a pre-
defined initial volatile memory, and the frame of the entry task. Corollary 2 states our main result,
that for any intermittent execution trace of a well-typed program, there exists a continuously-
powered execution trace that computes the same result.

Corollary 1 (Intermittent results are correct) ⊢ IDecl : ok, Ci
0 = (I, IRQ,K,N,V, ·, Fen, ·),

C∞0 = (I, IRQ,N,V, ·, Fen, ·), imply ∀TI ∈ RI(Ci
0), ∃TC ∈ RC(C∞0 ), s.t. TI↓res = TC↓res.

7.6.2 Proving Correctness
Corollary 2 follows from a simulation proof, sketched in Fig. 7.13, where an intermittent execu-
tion trace TI is shown on top, its corresponding continuously-powered execution trace TC on the
bottom, and the purple lines connect related configurations. Effective and ineffective steps are
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Figure 7.13: Correctness proof roadmap

highlighted by the green and red arrows respectively. The proof is by induction on the length of
TI and relies on two key lemmas: one for effective steps and one for ineffective steps. If a con-
figuration Ci

j is related to a continuously-powered execution state C∞ and IDecl ⊢ Ci
j =⇒ C

i
j+1 is

an effective step, we can show that C∞ can take the same step to C∞′ such that Ci
j+1 is related to

C∞′. If the step is ineffective, then we can show that Ci
j+1 is related to C∞. Proving the latter is

straightforward since the equivalence relation is set up to ignore differences caused by ineffective
processes. For the former, we explain a few interesting cases at a high level, where memory or
the execution stack is updated.

Consider an assignment x := e to nonvolatile memory by an effective process where x’s
local qualifier is Id. The configuration relation ensures that C∞ is also ready to execute the same
assignment, and we must show that e evaluates to the same value by Ci

j and C∞. Since x is
locally Id and the program is well-typed, the assignment typing rule enforces that e contains only
variables of the type ⟨Id, Id, Id⟩. The memory relation tells us that NI in Ci

j and NC in C∞ can only
differ in variables that store unstable values (last written by ineffective processes). Since unstable
writes have at least one qualifier as Nid, it follows that e contains no effects from unstable writes
and therefore it evaluates to the same value by Ci

j and C∞.
Next, consider the case where an atomic region finishes executing, at which point its results

are committed to Nk. We need to show that these values are stable, i.e., they are written by
only effective processes. The corresponding operational semantic rule EndAtom-I only updates
locations in Nk that have been written in NI by the atomic region. We have proved that if x is in
NVw, it can only be written (1) by this atomic region, or (2) by a higher-priority task. In the first
case, since the atomic region finishes executing, the values written to Nk are all the results of an
effective process. In the second case, the higher-priority task cannot be ineffective, for otherwise
the type of x would be ⟨Id, ,Nid⟩, meaning it must not be a checkpointed variable based on our
typing rules.

The correctness proof (in Appendix E.10) handles other subtle cases such as branching on a
non-idempotent expression, where re-execution may cause different branches to execute.
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Chapter 8

Discussion and Related Work

This thesis builds upon prior work that establishes the correctness of intermittent and fault tol-
erant systems. To position our contributions, we provide a broad survey of related work on
intermittent computing and related systems, and explain their contributions relative to this thesis.

8.1 Correctness of Sequential, Intermittent Systems
The first intermittent systems [82, 106, 125] relied on informal notions of correctness, leaving
their programs susceptible to two classes of memory consistency bugs: reading computations
from partial executions [77] and allowing stale sensor readings from prior executions to persist
in nonvolatile memory [118]. Surbatovich et al. [119] provide the first formal framework for rea-
soning about intermittent execution. They give the correctness definition that we use and identify
precise memory invariants needed to ensure correct sequential, intermittent execution. By defin-
ing a separate semantics for a variety of logging styles and proving that each system simulates
undo-logging, they are able to establish the correctness of many different flavors of intermittent
systems. This thesis aims to define a language whose type system is focused on reasoning about
the key operations of intermittent computing. By taking this approach, the proposed language
would also provide a framework for reasoning about the correctness of different logging styles
and policies in intermittent systems. Unlike [119], we are able to establish these guarantees
statically by taking a type-based approach.

8.1.1 Type Systems for Safe Intermittent Computing

To our knowledge, Curricle [121] is the only other type system for supporting correct, sequential
intermittent computing. To reason about inputs and non-idempotence, Curricle formulates cor-
rectness for intermittent computing as a non-interference property, asserting that non-idempotent
data does not flow to idempotent variables. They use an information flow type system to enforce
that well-typed programs are correct relative to non-interference. In their system, variables are
also typed with a taint qualifier and idempotence qualifiers are annotated with an interior access
qualifier representing basic access modes, e.g., read-only, writable, and a sum type for condi-
tionals. The qualifiers in Curricle are more coarse-grained than the ones introduced in Chapter 6,
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with their typing rules designed to eagerly reject correct programs. It is the design of our fine-
grained type qualifiers that allows us to safely delay the failure to type check until the end of an
atomic region which, in turn, accepts more correct programs. While crash types uses a similar
correctness criteria established by prior work [119, 121], we are the first to use a logical relation
based on the key operations of intermittent computing to reason about correctness. Furthermore,
with crash types, we are also the first to reason about crashes in expression evaluation, which
were assumed to execute atomically in prior work [119, 121], as well as effectful outputs.

8.1.2 Enforcing Timeliness and Correct Peripheral Interactions
Other works that investigate the formal properties of intermittent computing either reason about
the effects of intermittent execution on peripheral interactions [20] or enforce timeliness con-
straints on sensor readings [120], which are orthogonal to ours. To reason about computations
depending on external peripheral devices involves logging peripheral interactions in a nonvolatile
log to be replayed on reboot [20]. Proving correctness then comes down to additionally support-
ing this logging mechanism in conjunction with the one used by the intermittent system. To
enforce freshness and temporal consistency in an intermittent program, prior work [120] pro-
poses using a single atomic region to surround where an input is taken and its subsequent usages,
which on reboot, would retrieve and re-execute on new inputs. They provide a tool that automati-
cally infers placement of these atomic regions, and instruments programs accordingly. Enforcing
the same constraints in our systems would involve developing a similar static inference.

8.2 Related Programming Languages Theory
The crash types calculus design finds its roots in several areas of programming languages theory,
such as adjoint logic, logical relations, and algebraic effect handlers. In this section, we provide
more discussion of these areas.

8.2.1 Adjoint Modal Logic
Benton et al. [17, 18] provided the first categorical foundation for using adjoint functors to
combine linear and nonlinear logics and showed that a well-behaved calculus requires an in-
dependence principle: linear formulae cannot appear in the assumptions of a nonlinear sequent.
Follow-up works further generalized the system [74, 75, 107]. There, the relation to Pfenning
and Davies’s [95] formulation of the lax ⃝ modality was noted; ⃝ corresponds to UF, where F
and U are adjunctions between truth and validity categories. Short of a full Curry-Howard cor-
respondence for our crash type system and underlying logic, we designed the rules for ↑s

u and ↓s
u

based on the above calculi. Our stable and unstable contexts correspond to the validity and truth
contexts, respectively. Thus, we speculate that the combination ↑s

u↓
s
u in our system corresponds

to the lax modality.
Several prior works used type systems with adjoint modalities to model switching between

program modes [15, 38, 101], e.g., switching a process’s mode between shared and unshared [15],
or adding multicasting, replicable services, and cancellation modes to a session-typed message

122



passing system [101]. We are the first to use these modalities to handle unforeseen shut-downs
and distinguish between stable and power-failure prone modes.

8.2.2 Information Flow Types

Abadi et al. proposed the dependency core calculus framework for tracking program dependen-
cies [3], laying a foundation for reasoning about information flow types. Information flow types
have typically been used for security purposes; for example, by tagging program variables as
either high security or low security, information flow types enforce that high security data does
not flow to low security variables.

Prior work grounds information flow control in modal [11, 84] and epistemic [57] logic, most
recently developing a framework for information flow types based upon modal logic [53]. Other
work grounds information flow types in graded modal types, which are based on quantitative
type theory [12], for tracking how variables are used according to a semiring of quantities. Prior
work has observed that information flow types fit this framework, formulating the lattice of
security levels (or grades) as a partially ordered semiring [4, 33, 50, 90]. In particular, graded
types have been used to formulate information flow types in terms of erasure according to a two-
point information flow lattice L ≤ H [5], as well as quantitative information flow [54]. Though
orthogonal to the modalities used to treat our stable and unstable types, formulating our types Id
and Nid (where Id ⊑id Nid) in terms of graded types [5] seems a natural fit.

8.2.3 Logical Relations

Step-indexing was first introduced by Appel and McAllester [10] who characterize type inhabita-
tion relative to a predicate indexed by the remaining number of steps allotted for a computation.
Since then, other works [9, 122] use step-indexing to ensure the well-foundedness of logical re-
lations that handle heaps with cyclic references, dynamic memory allocation, or recursive types.
Our crash types model the infinite computation that an atomic region can experience under a
non-deterministic number of power failures and re-executions. This recursion necessitates an
indexed relation that limits the number of execution attempts a program can make. In our set-
ting, the notion of an allotted number of steps from traditional step-indexing corresponds to an
allotted number of intermittent execution attempts.

Jung and Tiuryn introduced a logical relation for lambda definability that allows varying
arities [66]. The idea is to increase the arity when passing to later worlds instead of starting with
a large arity. Our logical relation can also be viewed as a relation with different arities; the initial
type of the relation is binary, while after a crash the type of the value relation only corresponds to
the intermittent configuration. During these value steps, the relation is unary, with the continuous
configuration acting as a Kripke world for the intermittent configuration. After restoration, the
relation reverts to binary.

Logical relations have been widely used to prove program equivalence, e.g., [8, 9, 22, 45].
At a high level, idempotency is similar to program equivalence, but it handles re-execution and
requires us only to prove simulation from an intermittent to continuous run, not vice-versa.
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8.2.4 Algebraic Effect Handlers

Algebraic effect handlers [85, 96, 97, 98] give a unified theory for computational effects, e.g.,
exceptions and interactive input/output. A handler accesses the continuation to transform the
computation. Following effect handler syntax, we write effectful environmental interactions of
our system as ε#in(b > 0, ↑s

uκ) or ε#in(b > 0, ↓s
u↑

s
uκ) depending on mode and logging style,

where b refers to a natural number returned by the environment and κ is the continuation that
will run after state is restored. Our Restore policy resembles a handler, in that it has access to
the continuation, but an atomic region with redo-logging may dismiss the continuation, restarting
from a saved command.

8.3 Correctness of Concurrent, Intermittent Systems
To our knowledge, Glacier is the first provably correct concurrent, intermittent system, while
providing a more flexible programming model than is allowed by prior work. This section pro-
vides more detailed discussion of such works here.

8.3.1 Concurrent, Intermittent System Implementations

Our concurrent, intermittent system design draws inspiration from state-of-the-art implementa-
tions of concurrent, intermittent systems [27, 109, 129], while providing a more general abstrac-
tion to give additional flexibility in task policies and allowed memory accesses. Conversely,
none of these works present precise, formal definitions of intermittent concurrency or proofs of
correctness which is the core motivation and contribution of this work.

Our system semantics are closest to the task-based concurrency model of Coati [109]. Coati
supports a “split-phase” [2] model of concurrency, where interrupts are split into a short top half
that fires immediately, e.g., to copy peripheral registers to nonvolatile memory, and a longer bot-
tom half with the actual processing logic that executes later. Using our system’s terminology,
ISRs that fire in the top half are discard tasks that enqueue an event containing the actual han-
dler logic that triggers upon completion. This pair of tasks shares an exclusive set of variables,
forming a unidirectional private channel. Unlike our model, Coati assumes (but does not check)
very restricted access patterns between these two tasks. The discard task must not read or write
to main memory and can only write to the shared variables, while the event can access main
memory freely, but can only read from the shared variables. Intuitively, since the event can only
execute if the discard task finished, the values in the shared variables are stable when read. Fi-
nally, Coati’s notion of tasks is rigid, not allowing interior atomic regions or critical sections, to
reduce the complexity of nesting. The non-standard programming model and strong restrictions
on shared memory accesses imposed by Coati are not present in our system.

Karma [27] specifically seeks to support asynchronous peripheral accesses, not general con-
current tasks. They provide a low-level system layer between the application and peripheral API
to manage checkpointing and rollbacks, focusing primarily on the problem of recovering the im-
plicit state machine of a peripheral’s accesses—orthogonal to the challenge of shared memory
concurrency. We do not model detailed peripheral actions. Incorporating such detailed periph-
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eral models similar to prior work [20] present an interesting avenue for future work. Combining
these models is not straightforward as Karma’s method of maintaining consistency requires the
system to take a checkpoint before calling a peripheral API, which can break existing atomic
region abstractions. Moreover, their checkpoint function for peripheral tasks relies on interrupts
and peripheral functions not writing to shared non-volatile variables. While this design choice is
reasonable for their setting, it does not scale to general, asynchronous programming tasks since
peripheral library APIs often have strict, limited interfaces.

Another concurrent system, Immortal Threads [129] reasons about preemptive multithread-
ing, but does not handle volatile memory state. Their system does not support atomic regions,
instead taking a lightweight checkpoint after every instruction that writes to memory, similar to
our semantics for JIT regions, though differing under the hood. Their semantics for interrupts are
analogous to our discard tasks. For memory consistency, interrupts can only write to memory,
committing upon completion, again similar to the restrictions of Coati, which are stricter than
ours. Our system supports a superset of the tasks and accesses allowed by Immortal Threads;
the interaction between discard tasks and atomic regions, which re-execute, is a novel challenge
addressed by our system.

Most recently, IntOS [128] introduces a deeply-embedded operating system layer for inter-
mittent computing. It operates over both nonvolatile and volatile memory, yet their execution
model only handles transactions that re-execute from the beginning in the event of a power fail-
ure. They do not handle discard tasks and have a number of programming model restrictions,
e.g., all accesses to shared memory must be within transactions, locks cannot be used within a
transaction. While these restrictions provide a basis for their correctness argument, they make
no formal guarantees, and their restrictions limit support for the fine-grained critical sections
and flexible re-execution behaviors that we support. Conversely, as an OS, IntOS also contains
features that we do not model, such as system calls, heap management, and kernel-level bypass
mechanisms. Extending support to these features is beyond the scope of this work.

8.3.2 Concurrent, Embedded Systems
Research on concurrency control for embedded systems has a long history [41, 46, 73], surveyed
here [117]. We are not attempting to provide a new method of concurrency control; rather we
are trying to make it possible for intermittent systems to use the same concurrency models and
frameworks as continuously-powered embedded systems. We do not assume specific implemen-
tations for priority levels or critical sections, and base our synchronization on the priority ceiling
protocol [113], frequently used in real-time systems. We particularly base our continuously-
powered semantics on RTIC [1], a popular real-time interrupt-driven concurrency framework for
Rust, itself based on Real Time for the Masses [47, 76].

8.4 Correctness of Related Systems
Correctness of intermittent systems bears high-level resemblance to correctness of other crash-
consistent systems, e.g., persistent memory systems [16, 43, 52, 55, 60, 61, 69, 102], file sys-
tems [26, 29, 29, 48, 72, 89, 112, 115], or micro-services on the cloud [42, 68]. These appli-
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cations all have some notion of a persistent store and compute tasks that should not corrupt the
store, even if power fails, a hardware component crashes, or a service is abruptly descheduled;
the specifics of each setting vary widely, though, making a formal model from one setting lack
abstractions needed by another.

8.4.1 File Systems
For example, Bornholt et al. [26] develop crash-consistency models, similar to memory consis-
tency models, to characterize the failure and recovery patterns of file systems across crashes.
Their framework Ferrite can be used to verify formal specifications of file systems by both
exhaustively executing litmus tests against all possible crash behaviors and symbolically exe-
cuting litmus tests against a specification. Like intermittent computing, their memory model
considers both volatile and nonvolatile state, providing rules that define the interaction between
these memories in the presence of a crash. They rely on a similar notion of correctness for
crash-consistency models, relating a crashy (intermittent) trace of a program to its canonical
(continuously-powered) trace. However, our work provides formal proofs that instead automati-
cally verify idempotence once and for all programs in our language.

Crash Hoare logic (CHL) [29] ensures the correctness of crash and restore operations in a
file system by extending Hoare logic with a crash condition and a recovery procedure. The crash
condition describes what happens to the state in the event of a crash, while the recovery procedure
runs after the crash and manipulates the state before execution resumes. The system checks that
if a program crashes, the storage system will recover to a state consistent with the prescribed
specifications. Unlike us, however, they require manual effort to formalize the crash condition
and recovery policy for each individual procedure they wish to reason about. Therefore, this
strategy lacks the once and for all guarantees provided by the type systems built in this thesis,
and the flexibility in policies offered by more general abstractions. While CHL reasons only
about file system crashes, this thesis sets out to provide abstractions for reasoning about general
program crashes.

8.4.2 Persistent and Software Transactional Memory
Other works study fault tolerance with respect to different memory models. Notably, persistent
memory models rely solely on nonvolatile memory to perform a computation [34, 79, 86, 126].
Work in this area builds persistent memory interfaces that constrain write orders for executing
concurrent [93, 94] or parallel [25] programs. Our work reasons about sequential and concurrent
program execution on processors with both volatile and nonvolatile memories.

Weak persistency semantics formalize the behavior of programs running under persistency
models for specific processors [102, 103, 104]. They prove their systems are correct according
to persistent linearizability, which characterizes the correctness of concurrent program execution
according to write orders [43, 62]. Our formalism is at a higher level than theirs, not considering
specific processors. To our knowledge, our work is the first to characterize the logical interaction
between volatile and nonvolatile memories.

Our proofs of correct concurrent, intermittent execution draw inspiration from prior work us-
ing durable linearizability [61] to prove [43] the correctness of concurrent programs executing on
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persistent memory systems, decoupling reasoning about correct persistence from linearizability
(for us, serializability). Furthermore, Memento [32] uses types to reason about thread-safety and
crash-safety simultaneously for concurrent data structures in persistent memory systems. Their
language provides a checkpoint primitive, though the meaning is different, saving the results of
a particular operation, not the entire system state, as in intermittent computing. Since the data
structures Memento targets are explicitly lock-free and accessed by threads (not tasks), they do
not reason about transactions and critical sections, as we must. We are interested in providing
similar guarantees, but for intermittent systems which operate according to different semantics
and concurrency models.

Another related area is software transactional memory (STM) which treats memory accesses
like database transactions: committing if an operation succeeds, and retrying if it fails [21, 28,
105]. Unlike STM, Glacier by design does not dynamically detect and recover from write con-
flicts. When one task interrupts another, neither task is aborted or rolled back. Glacier statically
reasons about which variables contain potentially-unstable data. Our re-execution policies are
meant to recover from power failure rather than reconcile conflicting transactions, making this
area orthogonal to Glacier.

8.4.3 Serverless Applications
Other work uses idempotence to reason about the correctness of concurrent operations in server-
less applications [42]. Serverless applications are less fine-grained than intermittent systems.
They operate over regions that either entirely fail or succeed, and do not allow memory to persist
across failures. The partial updates to memory caused by failed intermittent executions are what
make reasoning about concurrent, intermittent program execution so challenging.
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Chapter 9

Future Work

The contributions of this thesis build a frontier for designing programming languages, type sys-
tems and runtime systems for intermittent computing, a specific class of provably correct fault
tolerant systems. In the current technological climate, building dependable, robust, secure, and
efficient systems – ones that you can bet your life on and that minimize computational waste –
is more crucial than ever before, making reasoning about failures across many applications a ne-
cessity. This progression of this thesis, from a basic sequential, intermittent system to gradually
examine more sophisticated program features and complex behaviors, forms a solid foundation
for adaptations of this work that extend reasoning about intermittency, and beyond to other ap-
plications. Studying more complex system behaviors and analogous correctness guarantees in
other domains will bring the contributions of this thesis closer to being adopted by real-world
applications.

For example, though Glacier provides provably correct supports for concurrent intermittent
computing that surpass existing art in terms of expressivity, such as, flexible re-execution policies
and variable accesses, it is still quite restrictive in other aspects, such as its conservativity of type
checking, that should be addressed in order to support more realisitic programs. As another
example, our work on crash types exposes the underlying logical behavior of power failure and
recovery while taking intermittent computing as an example. By investigating other applications
with similar constraints, we could apply observations from crash types to suit the needs of other
application domains.

This chapter outlines several important avenues for future work, including more flexible mod-
els of concurrency and distributed systems in the setting of intermittent computing, as well as
examining other applications that could benefit from similar static correctness guarantees.

9.1 Flexible and Adaptable Intermittent Concurrency

This thesis provides the first formal reasoning and provably correct supports for concurrent in-
termittent systems. Though to manage the inherent complexity of combining concurrency with
intermittence, we adopted several simplifying assumptions which we plan to relax in future work.
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9.1.1 Relaxing Volatile Variables Typing Constraint
Though not discussed in the main body of this thesis, we assume that volatile variables always
have the local qualifier Id which places unintended restrictions on the programming model. For
example, unstable or non-idempotent nonvolatile data could never be written to volatile memory,
and volatile memory could never be written in a conditional that branches on non-idempotent
or unstable data. To remove this restriction and allow variables in volatile memory to be non-
idempotent, future work would need to weaken the key invariant that only idempotent values are
stored in checkpoints.

9.1.2 Posting Events in Ineffective Processes
The current formulation of Glacier allows events such as a programmer-triggered event via the
command post(ID, e), where events can be posted anywhere in the code except for atomic re-
gions and discardable tasks. The reason is that posting events is an effectful computation that
could modify memory shared by other processes. In particular, because events are scheduled
by the software, posting events in atomic regions could cause duplicates to be posted on each
(re-)execution of the program. Depending on whether intended by the programmer of an ap-
plication, this behavior could lead to incorrect results. In future work, we plan to investigate
designing and implementing flexible event posting policies, similar to the re-execution policies
of tasks. We observe that the behavior of posting events in atomic regions bears resemblance to
idempotent and non-idempotent outputs from Chapter 6. In this vein, supporting event posting in
atomic regions could be solved by similarly classifying events as idempotent or non-idempotent,
and buffering idempotent events to the end of an atomic region execution to guarantee they are
run only once. This strategy would require a more flexible correctness proof that reasons about
reorderings of tasks in an execution trace.

9.1.3 More Flexible Memory Accesses and Reasoning
To ease the proofs and formulation, the current formulation of Glacier’s type system overap-
proximates both true non-idempotent variables as well as tainted variables with the same quali-
fier Nid, which places unnecessary restrictions on our type checking. For example, conditionals
that branch according to variables written by lower priority atomic regions execute under a non-
idempotent context and therefore cannot write to idempotent variables within their branches. As
future work, we will explore relaxing the type system to distinguish different types of unstable
writes to allow such reordering.

9.1.4 Energy Consumption and Fair Scheduling
In our systems, we show that if there is enough energy, the program will eventually finish execut-
ing in a finite number of attempted power cycles. However, we cannot in general guarantee that
there is always enough energy to do so. Reasoning about actual energy consumption for embed-
ded systems is highly complex and should be addressed by future provably correct intermittent
systems.
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Reasoning about energy consumption will be especially challenging in multi-tenant settings.
For example, a concurrent system may schedule tasks according to fair energy usage as well as
available hardware resources. To prevent energy-hungry processes from starving other processes,
a programmer could schedule alternative versions of a task that are more energy efficient than
the original [110], yet it is up to the programmer to specify the desired re-execution behavior
of tasks and to determine suitable alternate versions. As a more robust approach, future work
should develop energy consumption models for concurrent, intermittent programs, as well as def-
initions of fair scheduling. Integrating these definitions with correctness criteria for concurrent,
intermittent systems will be challenging especially with regard to scheduling constraints already
imposed by process priorities.

9.1.5 Crash Types for Concurrent and Extensible Intermittent Computing

All of the extensions to Glacier mentioned above will require more flexible correctness criteria,
proof strategy, and type system design. From our development of more flexible qualifier evolu-
tion and checking from Chapter 6, we extracted more fine-grained qualifiers that could be helpful
in tracking variable instability in the concurrent setting to accept more correct programs. There-
fore, a concurrent interpretation of modal crash types has potential to bring more expressivity to
provably correct concurrent, intermittent systems. By approaching reasoning about intermittent
concurrency with a logical relation, we expect encoding policies and invariants of the concur-
rent system to become more principled and the proofs better structured, which could provide a
foundation for more flexible reasoning about concurrent, intermittent systems.

Heterogeneous crash types. There are a few challenges in bringing concurrency to crash types.
First, we would need to develop a semantic typing and policies for discard and alternative tasks,
which abort or run another piece of code with a potentially different re-execution behavior on
reboot. The latter requires examining a form of exception handling for logical relations capable
of diverting a computation from a failed discard task to the checkpointed stack. For the latter,
we would need to develop crash types that are not self-recursive, but rather that are mutually-
recursive, allowing the crash type of one policy to depend on the crash type of another. Further-
more, to prove that computation by ineffective processes does not affect effective processes, the
system must use principles from information flow similar to Glacier. Bringing similar guarantees
to crash types would require building reasoning about information flow into the logical relation,
for which prior work [39, 53] on establishing noninterference via logical relations will serve as
a starting point.

Investigating this nature of crash type also lays groundwork for reasoning about failures in
heterogeneous systems where power could fail on one machine and resume (or re-execute) on
another with potentially different system features, e.g., undo- versus redo-logging for atomic
regions and hardware capabilities to issue low-power signals for JIT regions.

Shared-memory in logical relations. Additionally, reasoning about shared-memory concur-
rency with a logical relation will be another challenge to address. In particular, when relating
two configurations via our crash type logical relation, we rely on establishing that memories
are equivalent up to certain locations at each step of the simulation to establish that the mem-
ories are equivalent in the end. However, in a setting with shared-memory concurrency, this
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approach no longer works because multiple threads could be accessing the same variable at the
same time. Extending our logical relation from crash types to reason about shared-memory con-
currency requires extending the calculus with critical sections to enforce fine-grained locks on
memory accesses, as we did in Glacier. Prior work builds linear logical relations for message-
passing concurrency [124] and for concurrent systems with higher-order stores [23]. However, a
concurrent logical relation for additionally reasoning about failures has not yet been examined.

Multi-modal crash types. Lastly, future work should explore integrating the modalities of crash
types with a modal interpretation of our qualifiers according to adjunctions and graded types [5].
In particular, the mode structure of adjoint logic could be applied to model the qualifier lattices
from Chapter 6. While graded types have been used to reason about information flow [5, 54], to
our knowledge, they have not yet been used to reason about memory accesses. Such a formula-
tion would provide an extensible framework for reasoning about intermittent computation that is
logically grounded in all aspects of its types.

9.2 Bridging the Gap from Theory to Real-World Adoption
To bring the contributions of this thesis closer to being adopted in real-world scenarios, future
work should implement the type systems and runtime systems introduced in this dissertation,
investigate their accessibility by non-expert language practitioners, and study how compilation
affects guarantees proved for high-level programs.

9.2.1 Accessibility and Implementation
Developing prototypes of our type systems for users to interact with would allow us to study the
use cases of our systems as well as the effectiveness of checkpointing error messages. In our type
systems for sequential intermittent computing, type checking will fail at the particular point of a
program where an access is violated, which also points to an ill-checkpointed variable. However,
for the concurrent intermittent system in Chapter 7, where task executions are intertwined and
types depend heavily on a task’s priority and re-execution behavior relative to others, developing
useful error messages for ill-checkpointed variables will be even more challenging. For our
concurrent intermittent runtime system, it will be important to investigate whether the proposed
checkpointing strategies of the runtime system realistically fit the energy constraints of the target
hardware and application domains.

9.2.2 Compiler Optimizations
As intermittent systems typically rely on standard compilers such as LLVM, future work should
investigate correctness for intermittent systems while accounting for compiler optimizations.
For example, in SSA while it is safe to store temporary variables in volatile memory (which is
wiped on power failure), future work should examine how to leverage nonvolatile memory for
such temporary variables correctly. Future work should also investigate optimizations such as
dead code elimination and instruction combining, which could change the structure and access
patterns of a program.
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9.3 Distributed Systems
Future work should bring similar guarantees about correct intermittent computing to reasoning
about distributed systems of EHDs. Reasoning about failures in distributed systems is important
for many applications, including networks of air quality monitoring sensors in smart civil infras-
tructures [6] to networks of agents in an AI application [24]. While reasoning about distributed
systems is an important task, additionally reasoning about failures is especially challenging be-
cause the failure and recovery of one node in a network could cause it to resume execution on an
inconsistent state from the rest of the network. In each of these settings, failures are expensive to
recover from in terms of resources and impact on life [91, 114], therefore making static checking
of programs prior to deployment a necessity.

Correctness via consensus. In distributed systems where work is split amongst multiple nodes
in a network, the failure of one node could cause inconsistent data to propagate to other nodes,
causing incorrect program behavior. Therefore, to allow a network to remain operational and
compute correct results despite failures, correctness reasoning and system designs for intermit-
tent computing should be extended with consensus protocols that will allow nodes in a distributed
system to agree on shared state and execution order.

9.4 Beyond Intermittent Computing
The work presented in this thesis builds a logical foundation for reasoning about crashes, which
initiates first steps for providing similar guarantees for other systems that also must endure
failures. Writing programming languages and type systems that enforce correct behavior for
other fault tolerant applications can bring once-and-for-all correctness guarantees to systems that
would be otherwise difficult or tedious to verify. This section outlines a few such applications.

9.4.1 Fault-Resilient Cyberphysical Systems
One field that would benefit from correctness reasoning regarding failures is cyberphysical sys-
tems. Cyberphysical systems encompass a realm of safety-critical applications, ranging from
collision avoidance detection for aircraft [116], to safe braking and acceleration algorithms for
autonomous vehicles [92] and trains [67], to ground robot navigation [83]. In each of these appli-
cations, forward progress is crucial for efficiency and even safety, even in the face of failure. For
example, if a component were to fail in an airplane’s collision avoidance algorithm mid-flight,
the system should handle the failure and not shut off completely, which could pose even more
risk to passengers on the plane.

However, many cyberphysical systems applications rely on commercial off-the-shelf hard-
ware rather than fault tolerant specialized hardware that could provide, e.g., system support to
issue low power signals for handling JIT program execution. These systems are thus considered
fault-resilient; implicit fault tolerance on the hardware level can no longer be assumed, making
provisioning for failures on the software level prior to deployment especially essential [31].

In future work, safety-critical reasoning for cyberphysical systems should be extended with
reasoning for fault resiliency, and runtime designs with proper checkpointing for failure-susceptible
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components. For example, while prior work established a type system that brings provable static
safety guarantees to cyberphysical systems [30], there does not yet exist a type system that com-
bines safety guarantees with fault-resilient reasoning. Designing such a language would require
marrying the refinement types from prior work [30] with the crash type system.
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Chapter 10

Conclusion

This dissertation explores the logical foundations of intermittent computing. Throughout this
work, we found that the design of general type-based abstractions rooted in logical reasoning
forms a solid foundation for reasoning about complex and realistic behaviors in intermittent
systems and furthermore gives rise to dependable system designs.

In Chapter 3, we identified the logical underpinning of intermittent computing as adjoint
logic. In particular, we observed that correctness for intermittent computing embodies the inde-
pendence principle from adjoint logic: stable computation must not depend on unstable values.
From these observations, we defined crash types for intermittent computing that encodes the key
operations of intermittent computing in terms of shifts from adjoint logic. We developed a type
system and operational semantics based on crash types, and a logical relation for reasoning about
correctness.

The framework and logical relation introduced for the basic crash type system was flexible
enough to be extended. In Chapter 4, we showed that crash types could be extended to ac-
commodate a more flexible checkpointing policy, requiring that only write-after-read variables
must be checkpointed in a program to avoid memory consistency bugs. To support this more
flexible checkpointing policy, we introduced qualifiers for written variables that are not check-
pointed, and developed a basic qualifier evolution; together, these inform us of how variables
are accessed in previous stages of type checking to rule out memory accesses that could violate
memory consistency.

In Chapter 5, we adapted crash types to support undo-logging, a more popular logging style
across intermittent systems. We observed that the behaviors of checkpoint and restore in undo-
logging differ from redo-logging, not only in the operational semantics, but also in the defintion
of crash types. In particular, we found that in undo-logging, unstable values can persist in non-
volatile memory throughout power failure and be restored on reboot. Therefore, the combination
of ↓↑, previously interpreted as a computation that returns a stable value, is used to type the state
prior to restore, where stable values replace unstable values. We found that the key operations
for undo-logging continue to have interpretations in adjoint logic.

Chapter 6 introduced nondeterministic inputs and effectful outputs; though we could have
built upon either the redo- or undo-logging interpretation, we chose the latter because it is more
common amongst intermittent systems. With inputs and outputs, RIO bugs could arise from the
re-execution of atomic regions with ill-checkpointed variables, causing unintended duplication
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of outputs, as well as divergent program behavior on re-execution for inputs. We observe that
the former variety of RIO bug has not been addressed by any other provably correct intermittent
system. We classified two varieties of outputs, idempotent and nonidempotent, and prevented
RIO bugs in idempotent outputs by buffering them until the end of an atomic region where they
are guaranteed to execute exactly once.

Programs with RIO bugs on inputs, on the other hand, have been studied by prior work [121],
but in an overly conservative manner that requires more variables to be checkpointed than nec-
essary for an entire class of correct programs: programs that overwrite their tainted effects on all
paths before they can be read. To support these programs, we delayed rejecting these programs
until the end of an atomic region in order to observe program behavior after a branch. To accom-
plish this goal, we identified an overarching set of memory access patterns in input-dependent
programs and generalized the qualifier evolution from Chapter 4 to accommodate the demands
of these qualifiers. Moreover, the resulting type checking does not require the programmer or
a prior type inference to specify variable accesses, which was required by all other provably-
correct system designs.

Lastly, Chapter 7 introduced the first system for supporting concurrent, intermittent pro-
grams. There, we co-designed a runtime system and type system capable of supporting diverse
re-execution behaviors and flexible variable accesses. In a concurrent system with shared mem-
ory, correct behavior requires enforcing that unstable values could not affect other task execu-
tions. In doing so, we observed that the checkpoint context must always contain only stable data,
meaning that the unstable results of partial ineffective task executions should never affect the
checkpoints. We provided the first formal definitions of correctness for concurrent, intermittent
computing and proofs of correctness.

Overall this thesis provides a sound basis for supporting intermittent computing in a range of
complex system behaviors, all progressing towards more sophisticated models of computation
that bring the systems investigated by this thesis closer to benefitting real-world application.
Looking ahead, future intermittent systems will be capable of supporting more complex program
behaviors and execution conditions, ranging from supporting more flexible concurrent behaviors,
to other multi-tenant applications such as distributed or heterogenous systems. Though at its
core, the contributions of this thesis identify the fundamental logical behaviors underlying system
failures and recovery, which we hope will guide future designers of correct fault tolerant systems
towards more dependable, adaptable, and accessible designs.
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Appendix A

Modal Crash Types for Intermittent
Computing

A.1 Progress and Preservation
Lemma 1 (Progress for shifted expressions) If

Md | b:nat | Ω ⊢Rd e : ↑A

then ∀ n : nat with n > 0 and ∀N,V, γ with ⊢Md
γ N | V : Ω, either

• Val(γ | Md | n | N | V | e) or
• ∃(γ | Md | n′ | N | V | e′) such that γ | Md | n | N | V | e → γ | Md | n′ | N | V | e′.

Proof: The proof proceeds by structural induction over Md | b : nat | Ω ⊢Rd e : ↑A.
Case 1 [T-Loc-Read]. Suppose the last rule in the typing derivation is T-Loc-Read:

Ω = x : ↑A@q,Ω′

Md | b : nat | Ω ⊢RD x : ↑A
(T-Loc-Read)

Then by inversion, we have Ω = x : ↑A@q,Ω′. By assumption, ⊢Md
γ N | V : Ω. By

inversion of ⊢Md
γ N | V : Ω according to the well-formedness definition, one of the two

subcases hold:

Subcase 1. N = ℓ@q ↪→ v,N′ with γ = γ′, [x 7→ ℓ].
Since n > 0, it follows that ∃n′ such that n = n′ + 1, and hence the evaluation rule
D-loc-Read applies:

γ = γ′, [x 7→ ℓ]
N = ℓ@q ↪→ v,N′ δ(q, RD) , UN n = n′ + 1

γ | Md | n | N | V | x→ γ | Md | n′ | N | V | v
(D-loc-Read)

This yields the desired result.
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Subcase 2. V = ℓ@q ↪→ v,V′ with γ = γ′, [x 7→ ℓ].
Since n > 0, it follows that ∃n′ such that n = n′ + 1, and hence the evaluation rule
D-loc-Read applies:

γ = γ′, [x 7→ ℓ]
V = ℓ@q ↪→ v,V′ δ(q, RD) , UN n = n′ + 1

γ | Md | n | N | V | x→ γ | Md | n′ | N | V | v
(D-var-Read)

This yields exactly the desired result.

Case 2 [T-Bool-t]. Suppose that the last rule in the typing derivation is T-Bool-t:

Md | b : nat | Ω ⊢RD tt :↑ bool
(T-Bool-t)

By the value rule V-Bool-t and the assumption n > 0 we get

n > 0

Val(γ | Md | n | N | V | tt)
(V-Bool-t)

Case 3 [T-Bool-f]. Suppose that the last rule in the typing derivation is T-Bool-f:

Md | b : nat | Ω ⊢RD ff :↑ bool
(T-Bool-f)

By the value rule V-Bool-f and the assumption n > 0 we get

n > 0

Val(γ | Md | n | N | V | ff)
(V-Bool-f)

Case 4 [T-Int].
Suppose that the last rule in the typing derivation is T-Int:

Md | b : nat | Ω ⊢RD n : ↑int
(T-Int)

By the value rule V-Int and the assumption n > 0 we get:

n > 0

Val(γ | Md | n | N | V | n)
(V-Int)
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□

Theorem 1 (Progress for expressions) If Md | b R m : nat | Ω;Σ ⊢Rd;Sig e : τ, then ∀ n : nat
with nRm and ∀ N,V, γ with ⊢Md

γ N | V : Ω | Σ, either
• Val(γ | Md | n | N | V | e) or
• ∃(γ | Md | n′ | N | V | e′) such that γ | Md | n | N | V | e → γ | Md | n′ | N | V | e′.

Proof: The proof is by structural induction over Md | b R m : nat | Ω;Σ ⊢Rd;Sig e : τ. We
consider a specific (co-)natural number nRm and contexts N,V, γ with ⊢Md

γ N | V : Ω | Σ. We
consider cases based on the last step in the derivation:
Case 1 [T-Enough?].

Md | b = 0 : nat | Ω;Σ ⊢Sig′′ e : τ Md | b > 0 : nat | Ω;Σ ⊢RD;Sig e : τ
Sig′ = {Md | b ≥ 0 : nat | Ω;Σ ⊢RD e : τ}
Sig′′ = i f Md = jit, then Sig′, else Sig

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e : τ
(T-enough?)

By assumption, we know that n ≥ 0. We consider two subcases based on the value of n
(i.e. n = 0 or n > 0):

Subcase 1 [n = 0]. By the value rule V-e-Crash, we have

Val(γ | Md | 0 | N | V | e),

which completes the proof of this subcase.

Subcase 2 [n > 0].
By inversion on T-Enough?, we have

(1) Md | b = 0 : nat | Ω;Σ ⊢Sig′′ e : τ

(2) Md | b > 0 : nat | Ω;Σ ⊢RD;Sig e : τ

(3) Sig′ = {Md | b ≥ 0 : nat | Ω;Σ ⊢RD e : τ}

(4) Sig′′ = i f Md = jit, then Sig′, else Sig

We can apply the induction hypothesis to (2) to get for n > 0, and N,V, γ either
• Val(γ | Md | n | N | V | e) or
• ∃(γ | Md | n′ | N | V | e′) such that γ | Md | n | N | V | e → γ | Md | n′ | N | V | e′.

which completes the proof of this subcase.

Case 2 [T-Binary].
Suppose the last rule in the typing derivation is T-Binary and e = e1 ⊙ e2:

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e1 : CMdT
Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e2 : CMdT ′ ⊙ : ↑T × ↑T ′ → ↑T ′′

Md | b > 0 : nat | Ω;Σ ⊢RD;Sig e1 ⊙ e2 : CMdT ′′
(T-Binary)

By assumption, we know that n > 0. By inversion, we have
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(1) Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e1 : CMdT
(2) Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e2 : CMdT ′
(3) ⊙ : ↑T × ↑T ′ → ↑T ′′

By the inductive hypothesis applied to (1), either

• Val(γ | Md | n | N | V | e1), or
• ∃(γ | Md | n′ | N | V | e′1) such that γ | Md | n | N | V | e1 → γ | Md | n′ | N | V | e′1.

From here, the proof proceeds in two subcases:

Subcase 1. Val(γ | Md | n | N | V | e1)
We apply the inductive hypothesis to (2) to get two sub-subcases.

Subcase 1a. Val(γ | Md | n | N | V | e2).
Since n > 0, we can apply the dynamic rule D-Binary-v to get

γ | Md | n | N | V | e1 ⊙ e2 → γ | Md | n′ | N | V | v,

where v = e1 ⊙ e2, and n = n′ + 1.

Subcase 1b. ∃(γ | Md | n′ | N | V | e′2) such that γ | Md | n | N | V | e2 → γ | Md | n′ |
N | V | e′2. By D-Binary-2,

γ | Md | n | N | V | e1 ⊙ e2 → γ | Md | n′ | N | V | e1 ⊙ e′2

Subcase 2. Suppose that ∃(γ | Md | n′ | N | V | e′1) such that γ | Md | n | N | V | e1 → γ |
Md | n′ | N | V | e′1. Then, by D-Binary-1,

γ | Md | n | N | V | e1 ⊙ e2 → γ | Md | n′ | N | V | e′1 ⊙ e2

The desired result holds in all subcases.

Case 3 [T-∨-succ].
Suppose the last rule in the typing derivation is T-∨-succ:

Md | b : nat | Ω;Σ ⊢RD v : ↓↑A

Md | b > 0 : nat | Ω;Σ ⊢RD;Sig v : τ ∨ ↓↑A
(T-∨-succ)

By assumption, we get n > 0. By inversion, we have:

† Md | b : nat | Ω;Σ ⊢RD v : ↓↑A

We know that the last rule for deriving † is T-R-Shift:

Σ = ↓Σ′ Ω = Ω′,Ω′′ck Md | b : nat | Ω,Σ′ ⊢RD v : ↑A

Md | b : nat | Ω;Σ ⊢RD v : ↓↑A
(T-R-Shift)

By inversion, we have:
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(1) Md | b : nat | Ω,Σ′ ⊢RD v : ↑A

(2) Σ = ↓Σ′

(3) Ω = Ω′,Ω′′ck
By assumption ⊢Md

γ N | V : Ω | Σ and (2), it follows from Lemma 27 that ⊢Md
γ N | V : Ω,Σ′.

Then the desired result follows directly by application of Lemma 26 to (1) (since n > 0).

□

Theorem 2 (Progress for commands) If Md | b R m : nat | Ω;Σ ⊢Sig c : τ, then ∀ n : nat with
nRm and ∀ γ,N,V with ⊢Mdγ N | V : Ω | Σ, either
• Val(γ | Md | n | N | V | c) or
• ∃(γ′ | Md′ | n′ | N′ | V′ | c′) such that γ | Md | n | N | V | c → γ′ | Md′ | n′ | N′ | V′ | c′.

Proof: The proof is by structural induction over Md | b R m : nat | Ω;Σ ⊢Sig c : τ. We consider
a specific (co-)natural number nRm and contexts N,V, γ with ⊢Md

γ N | V : Ω | Σ. We consider
cases based on the last step in the derivation:

Case 1 [T-Enough?].

Md | b = 0 : nat | Ω;Σ ⊢Sig′′ c : τ Md | b > 0 : nat | Ω;Σ ⊢Sig c : τ
Sig′ = {Md | b ≥ 0 : nat | Ω;Σ ⊢ c : τ}
Sig′′ = i f Md = jit, then Sig′, else Sig

Md | b ≥ 0 : nat | Ω;Σ ⊢Sig c : τ
(T-enough?)

By assumption, we know that n ≥ 0. We consider two subcases based on the value of n:

Subcase 1 [n = 0]. By the value rule V-c-Crash, we have

Val(γ | Md | 0 | N | V | c),

which completes the proof of this subcase.

Subcase 2 [n > 0].
By inversion on T-Enough?, and since n > 0, we have

(1) Md | b = 0 : nat | Ω;Σ ⊢Sig′′ c : τ

(2) Md | b > 0 : nat | Ω;Σ ⊢Sig c : τ

(3) Sig′ = {Md | b ≥ 0 : nat | Ω;Σ ⊢ c : τ}

(4) Sig′′ = i f Md = jit, then Sig′, else Sig

We can apply the induction hypothesis on this judgment to get for n > 0, and N,V, γ
either
• Val(γ | Md | n | N | V | c) or
• ∃(γ′ | Md′ | n′ | N′ | V′ | c′) such that γ | Md | n | N | V | c → γ′ | Md′ | n′ | N′ |

V′ | c′.
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which completes the proof of this subcase.

Case 2 [T-If].
Suppose the last rule in the typing derivation is T-if and c = if e then c1 else c2:

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e : CMdbool
Md | b ≥ 0 : nat | Ω;Σ ⊢Sig c1 : τ Md | b ≥ 0 : nat | Ω;Σ ⊢Sig c2 : τ

Md | b > 0 : nat | Ω;Σ ⊢Sig if e then c1 else c2 : τ
(T-If)

By assumption, we know that n > 0. By inversion, we have:

(1) Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e : CMd
bool

(2) Md | b ≥ 0 : nat | Ω;Σ ⊢Sig c1 : τ

(3) Md | b ≥ 0 : nat | Ω;Σ ⊢Sig c2 : τ

By Theorem 16 applied to (1), either
• Val(γ | Md | n | N | V | e) or
• ∃(γ | Md | n′ | N | V | e′) such that γ | Md | n | N | V | e → γ | Md | n′ | N | V | e′.

From here, the proof proceeds in two subcases:

Subcase 1. Val(γ | Md | n | N | V | e).
Since Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e : CMdbool, we have by inversion on T-Enough?
followed by inversion on T-∨-succ that

Md | b : nat | Ω;Σ ⊢RD;Sig e : ↓↑bool

Again, by inversion on T-R-Shift, we have

(1) Md | b : nat | Ω;Σ ⊢RD;Sig e : ↑bool

(2) Ω = Ω′,Ω′′ck
(3) Σ = ↓Σ′

By inversion on the rules T-bool-t and T-bool-f, we have that either e is tt or ff.

Subcase 1a. If e = tt, then since n > 0 the rule D-If-tt applies and yields the
desired result.

n = n′ + 1 Val(γ | Md | n | N | V | tt)

γ | Md | n | N | V | if tt then c1 else c2 → γ | Md | n′ | N | V | c1
(D-If-tt)

Subcase 1b. Similarly, if e = ff, then since n > 0, the rule D-If-ff applies and
yields the desired result.

n = n′ + 1 Val(γ | Md | n | N | V | ff)

γ | Md | n | N | V | if ff then c1 else c2 → γ | Md | n′ | N | V | c2
(D-If-ff)
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Subcase 2. ∃(γ | Md | n′ | N | V | e′) such that γ | Md | n | N | V | e → γ | Md | n′ | N | V |
e′. Then the rule D-if applies and produces the desired result.

γ | Md | n | N | V | e → γ | Md | n′ | N | V | e′

γ | Md | n | N | V | if e then c1 else c2 →

γ | Md | n′ | N | V | if e′ then c1 else c2

(D-If)

Case 3 [(T-Let)].
Suppose the last rule in the typing derivation is T-Let:

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e1 : CMdA
Md | b ≥ 0 : nat | Ω;Σ, x:↓↑A @ Ck ⊢Sig c : τ

Md | b > 0 : nat | Ω;Σ ⊢Sig let x = e1 in c : τ
(T-Let)

By assumption, we know n > 0. By inversion, we have a typing derivation for:

(1) Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e1 : CMdA
(2) Md | b ≥ 0 : nat | Ω;Σ, x:↓↑A @ Ck ⊢Sig c : τ

By Theorem 16 applied to (1), either
• Val(γ | Md | n | N | V | e1) or
• ∃(γ | Md | n′ | N | V | e′1) such that γ | Md | n | N | V | e1 → γ | Md | n′ | N | V | e′1.

The proof proceeds in two subcases.

Subcase 1. Suppose that Val(γ | Md | n | N | V | e1). Then since n > 0, the rule
D-Let-step-v applies and yields the desired result. Note that here γ′ extends γ by
adding a new mapping from x to ℓ.

Val(γ | Md | n | N | V | e1)
γ′ = γ, [x 7→ ℓ] ℓ fresh n = n′ + 1

γ | Md | n | N | V | let x = e1 in c→ γ′ | Md | n′ | N | V, ℓ@Ck ↪→ e1 | c
(D-Let-step-v)

Subcase 2. Suppose that ∃(γ | Md | n′ | N | V | e′1) such that γ | Md | n | N | V | e1 →

γ | Md | n′ | N | V | e′1. Then since n > 0, the rule D-Let-step applies and yields the
desired result.

γ | Md | n | N | V | e→ γ | Md | n′ | N | V | e′

γ | Md | n | N | V | let x = e in c→ γ | Md | n′ | N | V | let x = e′ in c
(D-Let-step)

Case 4 [T-∨-Succ].
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Suppose the last rule in the typing derivation is T-∨-Succ:

Md | b : nat | Ω;Σ ⊢Sig skip : ↓↑unit

Md | b > 0 : nat | Ω;Σ ⊢Sig skip : τ ∨ ↓↑unit
(T-∨-Succ)

Then since n > 0, the rule V-skip applies and yields the desired result.

n > 0

Val(γ | Md | n | N | V | skip)
(V-skip)

Case 5 [T-Assign].
Suppose the last rule in the typing derivation is T-Assign:

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e : CMdA
Md | b > 0 : nat | Ω;Σ ⊢Wt p : ↓↑ A

Md | b > 0 : nat | Ω;Σ ⊢Sig p := e : CMdunit
(T-Assign)

By assumption, we know that n > 0. By inversion on T-Assign, we have

(i) Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e : CMdA
(ii) Md | b > 0 : nat | Ω;Σ ⊢Wt p : ↓↑ A

By Theorem 16 applied to (i), either
• Val(γ | Md | n | N | V | e) or
• ∃(γ | Md | n′ | N | V | e′) such that γ | Md | n | N | V | e → γ | Md | n′ | N | V | e′.

The proof proceeds in two subcases.

Subcase 1. Val(γ | Md | n | N | V | e).
By inversion on T-w-Shift applied to (ii), we have:

Σ =↓ Σ′ Md | b > 0 : nat | Ω′,Σ′ ⊢Wt p : ↑A Ω = Ω′,Ω′′ck

Md | b > 0 : nat | Ω;Σ ⊢Wt p : ↓↑ A
(T-w-Shift)

(1) Σ =↓ Σ′

(2) Md | b > 0 : nat | Ω,Σ′ ⊢Wt p : ↑A

(3) Ω = Ω′,Ω′′ck
Now we proceed by inversion on T-Loc-Write applied to (2). From this inversion,
we have:

Ω,Σ′ = x:↑A@q,Ω′2 q , RD

κ | Md | b > 0 : nat | Ω,Σ′ ⊢Wt x : ↑A
(T-Loc-Write)
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(i) Ω,Σ′ = x:↑A@q,Ω′2 , and

(ii) q , RD

By assumption, we have ⊢Md
γ N | V : Ω | Σ. By Lemma 27, and Σ =↓ Σ′, we have

⊢Md
γ N | V : Ω,Σ′. By the well-formedness definition, one of the two subcases hold:

Subcase 1a. V = ℓ@q ↪→ v′,V′ with γ = γ′, [x 7→ ℓ].
Since n > 0, the D-Assign-V rule applies and yields the desired result.

Val(γ | Md | n | N | V | e) V = V′, ℓ@q ↪→ v′

q , RD γ = γ′, [x→ ℓ] n = n′ + 1

γ | Md | n | N | V | x := e → γ | Md | n′ | N | V′, ℓ@q ↪→ e | skip
(D-Assign-V)

Subcase 1b. N = ℓ@q ↪→ v′,N′ with γ = γ′, [x 7→ ℓ].
Since n > 0, the D-Assign-N rule applies and yields the desired result.

Val(γ | Md | n | N | V | e) N = N′, ℓ@q ↪→ v′

q , RD γ = γ′, [x→ ℓ] n = n′ + 1

γ | Md | n | N | V | x := e → γ | Md | n′ | N′, ℓ@q ↪→ e | V | skip
(D-Assign-N)

Subcase 2. ∃(γ | Md | n′ | N | V | e′) such that γ | Md | n | N | V | e → γ | Md | n′ | N | V |
e′. The rule D-Assign-step applies and yields the desired result.

γ | Md | n | N | V | e → γ | Md | n′ | N | V | e′

γ | Md | n | N | V | p := e → γ | Md | n′ | N | V | p := e′
(D-Assign-step)

Case 6 [(T-seq)].
Suppose the last rule in the typing derivation is T-seq:

Md | b ≥ 0 : nat | Ω;Σ ⊢Sig c1 : Cunit Md | b ≥ 0 : nat | Ω;Σ ⊢Sig c2 : τ

Md | b > 0 : nat | Ω;Σ ⊢Sig c1; c2 : τ
(T-seq)

Then the desired result follows by D-seq:

γ | Md | n | N | V | c1; c2 → γ | Md | n | N | V | c1;γ|V c2
D-seq

Case 7 [(T-seq-d)]. Suppose the last rule in the typing derivation is T-seq-d:
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W = γ | V Md | b ≥ 0 : nat | Ω;Σ ⊢Sig c1 : Cunit
Σ′ = trim(Σ,V, γ) Md | b ≥ 0 : nat | Ω;Σ′ ⊢Sig c2 : τ

Md | b > 0 : nat | Ω;Σ ⊢Sig c1;W c2 : τ
(T-seq-d)

By inversion we have

(1) W = γ | V

(2) Md | b ≥ 0 : nat | Ω;Σ ⊢Sig c1 : Cunit
(3) Σ′ = trim(Σ,V, γ)

(4) Md | b ≥ 0 : nat | Ω;Σ′ ⊢Sig c2 : τ

By the inductive hypothesis applied to (1), we have that either

• Val(γ | Md | n | N | V | c1) or
• ∃(γ | Md′ | n′ | N′ | V′ | c′1) such that γ | Md | n | N | V | c1 → γ | Md′ | n′ | N′ | V′ | c′1.

The proof proceeds in two subcases.

Subcase 1. Val(γ | Md | n | N | V | c1).
By (2), Val(γ | Md | n | N | V | c1), and the assumption n > 0, it follows by inversion
on T-Enough? that

(1) Sig′ = {Md | b ≥ 0 : nat | Ω;Σ ⊢Sig c1 : Cunit}

(2) Sig′′ = if Md = jit, then Sig′, else Sig

(3) Md | b = 0 : nat | Ω;Σ ⊢Sig′′ c1 : Cunit
(4) Md | b > 0 : nat | Ω;Σ ⊢Sig c1 : Cunit

By definition, Cunit = ↓(nat⇝ ↑Cunit) ∨ ↓↑unit. Additionally, observe that Val(γ |
Md | n | N | V | c1) implies that c1 = skip. Then by inversion of T-∨-Succ

Md | b : nat | Ω;Σ ⊢Sig skip : ↓↑unit

Md | b > 0 : nat | Ω;Σ ⊢Sig skip : ↓(nat⇝ ↑Cunit) ∨ ↓↑unit
(T-∨-Succ)

we learn that Md | b : nat | Ω;Σ ⊢Sig skip : ↓↑unit.
The assumption n > 0 implies that n = n′ + 1. By this fact, (1), and V = V ↾ dom(V)
(which is trivially satisfied because V = V), the rule D-seq-v applies

n = n′ + 1 W = γ | V V = V ↾ dom(V)

γ | Md | n | N | V | skip;W c2 → γ | Md | n′ | N | V | c2
(D-seq-v)

Observe that γ | Md | n | N | V | skip;W c2 → γ | Md | n′ | N | V | c2 is the desired
result.
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Subcase 2.∃(γ′ | Md′ | n′ | N′ | V′ | c′1) such that γ | Md | n | N | V | c1 → γ′ | Md′ | n′ |
N′ | V′ | c′1.
Since n > 0, the rule D-cont applies and yields the desired result.

γ | Md | n | N | V | c1 → γ
′ | Md′ | n′ | N′ | V′ | c′1

γ | Md | n | N | V | c1;W c2 → γ
′ | Md′ | n′ | N′ | V′ | c′1;W c2

(D-seq-step)

□

Lemma 4 (Well-typedness of expressions under crash in jit) jit | b = 0 : nat | Ω;Σ ⊢RD;Sig′
e : Cjit

A for Sig′ = {jit | b ≥ 0 : nat | Ω;Σ ⊢RD e : Cjit
A }.

Proof: Note that Cjit
A = ↓(nat ⇝ ↑ C

jit
A ) ∨ ↓↑A. Let Ω′ = Ω,Ω′′ck where Σ = ↓Ω′′. By axiom 3,

we have ε # iņ() : nat > 0. Then the typing derivation follows by the assumption that jit | b ≥
0 : nat | Ω;Σ ⊢RD e : Cjit

A ∈ Sig
′.

jit | b ≥ 0 : nat | Ω; ↓Ω′′ ⊢RD e : Cjit
A ∈ Sig

′

Ω′ = Ω,Ω′′ck

jit | b > 0 : nat | Ω′ ⊢RD;Sig′↑ e : ↑Cjit
A

(T-Jit-Restore)

ε # iņ() : nat > 0

jit | · | Ω,Ω′′ck ⊢RD;Sig′ ε # iņ(b > 0, ↑e) : (nat⇝ ↑Cjit
A )

(T-Charge)

Σ = ↓Ω′′

jit | · | Ω;Σ ⊢RD;Sig′ ↓ε # iņ(b > 0, ↑e) : ↓(nat⇝ ↑ Cjit
A )

(T-Jit-stop)

jit | b = 0 : nat | Ω;Σ ⊢RD;Sig′ e : ↓(nat⇝ ↑ Cjit
A ) ∨ ↓↑A

(T-∨-Crash)

The conclusion jit | b = 0 : nat | Ω;Σ ⊢RD;Sig′ e : ↓(nat ⇝ ↑ Cjit
A) ∨ ↓↑A yields the desired

result.
□

Lemma 4 (Well-typedness of expressions under crash in aID) If aID(c0) | b = 0 : nat |
Ω;Σ′ ⊢RD;Sig e′ : τ then aID(c0) | b = 0 : nat | Ω;Σ ⊢RD;Sig e : τ.

Proof: Let the type τ = CaID
A and note that CaID

A = ↓(nat⇝ ↑ CaID
unit

) ∨ ↓↑A. By inversion on the
assumed typing judgment

aID(c0) | b ≥ 0 : nat | Ω; ↓ Ω′′ ⊢ c0 : Cunit ∈ Sig
Ω = Ω′,Ω′′ck

aID(c0) | b > 0 : nat | Ω ⊢Sig↑ e′ : ↑CaID
unit

(T-aID-Restore)

ε # iņ() : nat > 0

aID(c0) | · | Ω ⊢Sig ε # iņ(b > 0, ↑e′) : (nat⇝ ↑CaID
unit)

(T-Charge)

aID(c0) | · | Ω;Σ′ ⊢Sig ↓ε # iņ(b > 0, ↑e′) : ↓(nat⇝ ↑ CaID
unit)

(T-aID-stop)

aID(c0) | b = 0 : nat | Ω;Σ′ ⊢Sig e′ : ↓(nat⇝ ↑ CaID
unit) ∨ ↓↑A

(T-∨-Crash)

we learn the following:
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(1) aID(c0) | b ≥ 0 : nat | Ω; ↓ Ω′′ ⊢ c0 : Cunit ∈ Sig

(2) Ω = Ω′,Ω′′ck
(3) ε # iņ() : nat > 0

Therefore, we have the following typing derivation:

aID(c0) | b ≥ 0 : nat | Ω; ↓ Ω′′ ⊢ c0 : Cunit ∈ Sig
Ω = Ω′,Ω′′ck

aID(c0) | b > 0 : nat | Ω ⊢Sig↑ e : ↑CaID
unit

(T-aID-Restore)

ε # iņ() : nat > 0

aID(c0) | · | Ω ⊢Sig ε # iņ(b > 0, ↑e) : (nat⇝ ↑CaID
unit)

(T-Charge)

aID(c0) | · | Ω;Σ ⊢Sig ↓ε # iņ(b > 0, ↑e) : ↓(nat⇝ ↑ CaID
unit)

(T-aID-stop)

aID(c0) | b = 0 : nat | Ω;Σ ⊢Sig e : ↓(nat⇝ ↑ CaID
unit) ∨ ↓↑A

(T-∨-Crash)

The conclusion aID(c0) | b = 0 : nat | Ω;Σ ⊢Sig e : ↓(nat ⇝ ↑ CaID
unit

) ∨ ↓↑A yields the
desired result.

□

Lemma 5 (Well-typedness of commands under crash in jit) jit | b = 0 : nat | Ω;Σ ⊢Sig′
c : Cjit

unit
for Sig′ = {jit | b ≥ 0 : nat | Ω;Σ ⊢ c : Cjit

unit
}.

Proof: Note that Cjit
unit
= ↓(nat ⇝ ↑ Cjit

unit
) ∨ ↓↑unit. Let Ω′ = Ω,Ω′′ck where ↓Ω′′ = Σ. By

axiom 3, we have that ε # iņ() : nat > 0. Then the typing derivation follows by the assumptions
jit | b ≥ 0 : nat | Ω;Σ ⊢ c : Cjit

unit
∈ Sig′.

jit | b ≥ 0 : nat | Ω; ↓Ω′′ ⊢ c : Cjit
unit
∈ Sig′

Ω′ = Ω,Ω′′ck

jit | b > 0 : nat | Ω′ ⊢Sig′↑ c : ↑Cjit
unit

(T-Jit-Restore)

ε # iņ() : nat > 0

jit | · | Ω′ ⊢Sig′ ε # iņ(b > 0, ↑c) : (nat⇝ ↑Cjit
unit

)
(T-Charge)

Σ = ↓Ω′′

jit | · | Ω;Σ ⊢Sig′ ↓ε # iņ(b > 0, ↑c) : ↓(nat⇝ ↑ Cjit
unit

)
(T-Jit-stop)

jit | b = 0 : nat | Ω;Σ ⊢Sig′ c : ↓(nat⇝ ↑ Cjit
unit

) ∨ ↓↑unit
(T-∨-Crash)

The conclusion jit | b = 0 : nat | Ω;Σ ⊢Sig′ c : ↓(nat⇝ ↑ Cjit
unit

)∨↓↑unit yields the desired
result. □

Lemma 6 (Well-typedness of commands under crash in aID) If aID(c0) | b = 0 : nat |
Ω;Σ′ ⊢Sig c′ : τ then aID(c0) | b = 0 : nat | Ω;Σ ⊢Sig c : τ.

Proof: Let the type τ = CaID
unit

and note that CaID
unit
= ↓(nat ⇝ ↑ CaID

unit
) ∨ ↓↑unit. By inversion

on the assumed typing judgment
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aID(c0) | b ≥ 0 : nat | Ω; ↓ Ω′′ ⊢ c0 : Cunit ∈ Sig
Ω = Ω′,Ω′′ck

aID(c0) | b > 0 : nat | Ω ⊢Sig↑ c′ : ↑CaID
unit

(T-aID-Restore)

ε # iņ() : nat > 0

aID(c0) | · | Ω ⊢Sig ε # iņ(b > 0, ↑c′) : (nat⇝ ↑CaID
unit)

(T-Charge)

aID(c0) | · | Ω;Σ′ ⊢Sig ↓ε # iņ(b > 0, ↑c′) : ↓(nat⇝ ↑ CaID
unit)

(T-aID-stop)

aID(c0) | b = 0 : nat | Ω;Σ′ ⊢Sig c′ : ↓(nat⇝ ↑ CaID
unit) ∨ ↓↑unit

(T-∨-Crash)

we learn the following:

(1) aID(c0) | b ≥ 0 : nat | Ω; ↓ Ω′′ ⊢ c0 : Cunit ∈ Sig

(2) Ω = Ω′,Ω′′ck
(3) ε # iņ() : nat > 0

Therefore, we have the following typing derivation:

aID(c0) | b ≥ 0 : nat | Ω; ↓ Ω′′ ⊢ c0 : Cunit ∈ Sig
Ω = Ω′,Ω′′ck

aID(c0) | b > 0 : nat | Ω ⊢Sig↑ c : ↑CaID
unit

(T-aID-Restore)

ε # iņ() : nat > 0

aID(c0) | · | Ω ⊢Sig ε # iņ(b > 0, ↑c) : (nat⇝ ↑CaID
unit)

(T-Charge)

aID(c0) | · | Ω;Σ ⊢Sig ↓ε # iņ(b > 0, ↑c) : ↓(nat⇝ ↑ CaID
unit)

(T-aID-stop)

aID(c0) | b = 0 : nat | Ω;Σ ⊢Sig c : ↓(nat⇝ ↑ CaID
unit) ∨ ↓↑unit

(T-∨-Crash)

The conclusion aID(c0) | b = 0 : nat | Ω;Σ ⊢Sig c : ↓(nat ⇝ ↑ CaID
unit

) ∨ ↓↑unit yields the
desired result.

□

Theorem 3 (Preservation for expressions) If

(†) Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e : τ

and for some ⊢Mdγ N | V : Ω | Σ and (co-)natural number n ≥ 0, we have

γ | Md | n | N | V | e → γ | Md | n′ | N | V | e′

then
Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e′ : τ

with n′ ≥ 0.

Proof: The proof is by induction on the size of e. We proceed by considering possible cases
for γ | Md | n | N | V | e → γ | Md | n′ | N | V | e′.
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Case 1. [D-Binary-1].

n > 0 γ | Md | n | N | V | e1 → γ | Md | n′ | N | V | e′1
γ | Md | n | N | V | e1 ⊙ e2 → γ | Md | n′ | N | V | e′1 ⊙ e2

(D-Binary-1)

By the first premise of D-Binary-1, we have that n > 0. By inversion on the assumed
typing judgment (†) via T-Enough? rule, we have

(†1) Md | b > 0 : nat | Ω;Σ ⊢RD;Sig e1 ⊙ e2 : τ

and
(†2) Md | b = 0 : nat | Ω;Σ ⊢RD;Sig e1 ⊙ e2 : τ.

By inversion on (†1) via T-Binary

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e1 : τ
Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e2 : τ

Md | b > 0 : nat | Ω;Σ ⊢RD;Sig e1 ⊙ e2 : τs (T-Binary)

we learn that

(1) Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e1 : τs

(2) Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e2 : τs

By the inductive hypothesis applied to (1) and γ | Md | n | N | V | e1 → γ | Md | n′ | N | V |
e′1, it follows that

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e′1 : τs,

and n′ ≥ 0. By the following application of the T-Binary rule we get

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e′1 : τs

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e2 : τ

Md | b > 0 : nat | Ω;Σ ⊢RD;Sig e′1 ⊙ e2 : τs (T-Binary)

We consider two subcases based on Md.

Subcase 1. [Md = Jit]. By Md | b > 0 : nat | Ω;Σ ⊢RD;Sig e′1 ⊙ e2 : τs via lemma 28, we
get Md | b = 0 : nat | Ω;Σ ⊢RD;Sig e′1 ⊙ e2 : τs.

Subcase 2. [Md = aID(c0)]. By (†2) via lemma 29, we get Md | b = 0 : nat | Ω;Σ ⊢RD;Sig
e′1 ⊙ e2 : τs.

In both subcases, we have the typing judgments Md | b = 0 : nat | Ω;Σ ⊢RD;Sig e′1⊙ e2 : τs

and Md | b > 0 : nat | Ω;Σ ⊢RD;Sig e′1 ⊙ e2 : τs. Then the desired result follows by
T-Enough?:

Md | b = 0 : nat | Ω;Σ ⊢RD;Sig e′1 ⊙ e2 : τs

Md | b > 0 : nat | Ω;Σ ⊢RD;Sig e′1 ⊙ e2 : τ

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e′1 ⊙ e2 : τ
(T-enough?)
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Case 2 [D-Binary-2].

n > 0 γ | Val(Md | n | N | V | e1)
γ | Md | n | N | V | e2 → γ | Md | n′ | N′ | V′ | e′2

γ | Md | n | N | V | e1 ⊙ e2 → γ | Md | n′ | N′ | V′ | e1 ⊙ e′2
(D-Binary-2)

By the first premise n > 0. By inversion on (†) via T-Enough? rule, we have

(†1) Md | b > 0 : nat | Ω;Σ ⊢RD;Sig e1 ⊙ e2 : τs

and
(†2) Md | b = 0 : nat | Ω;Σ ⊢RD;Sig e1 ⊙ e2 : τs.

By inversion on (†1) via T-Binary

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e1 : τs

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e2 : τ

Md | b > 0 : nat | Ω;Σ ⊢RD;Sig e1 ⊙ e2 : τs (T-Binary)

we learn that

(1) Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e1 : τs

(2) Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e2 : τs

By the inductive hypothesis applied to Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e2 : τs and
γ | Md | n | N | V | e2 → γ | Md | n′ | N′ | V′ | e′2, it follows that

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e′2 : τs,

and n′ ≥ 0. By the following application of the T-Binary rule we get

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e1 : τs

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e′2 : τ

Md | b > 0 : nat | Ω;Σ ⊢RD;Sig e1 ⊙ e′2 : τs (T-Binary)

We consider two subcases based on Md.

Subcase 1. [Md = Jit]. By Md | b > 0 : nat | Ω;Σ ⊢RD;Sig e1 ⊙ e′2 : τs via lemma 28, we
get Md | b = 0 : nat | Ω;Σ ⊢RD;Sig e1 ⊙ e′2 : τs.

Subcase 2. [Md = aID(c0)]. By (†2) via lemma 29, we get Md | b = 0 : nat | Ω;Σ ⊢RD;Sig
e1 ⊙ e′2 : τs.

In both subcases, Then the desired result follows by T-Enough?:

Md | b = 0 : nat | Ω;Σ ⊢RD;Sig e1 ⊙ e′2 : τs

Md | b > 0 : nat | Ω;Σ ⊢RD;Sig e1 ⊙ e′2 : τ

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e1 ⊙ e′2 : τ
(T-enough?)
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Case 3. [D-Binary-v].

n = n′ + 1
Val(γ | Md | n | N | V | e1) Val(γ | Md | n | N | V | e2) v = e1 ⊙ e2

γ | Md | n | N | V | e1 ⊙ e2 → γ | Md | n′ | N | V | v
(D-Binary-v)

By the first premise n > 0 and n′ ≥ 0. By inversion on (†) via T-Enough? rule, we have

(†1) Md | b > 0 : nat | Ω;Σ ⊢RD;Sig e1 ⊙ e2 : τs

and
(†2) Md | b = 0 : nat | Ω;Σ ⊢RD;Sig e1 ⊙ e2 : τs.

By inversion on (†1) via T-Binary

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e1 : τs

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e2 : τ

Md | b > 0 : nat | Ω;Σ ⊢RD;Sig e1 ⊙ e2 : τs (T-Binary)

we learn that

(1) Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e1 : τs

(2) Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e2 : τs

From (1) and (2), we apply inversion on T-Enough?, T-∨-Succ, and T-R-Shift to get Md |
b : nat | Ω,Σ′ ⊢RD;Sig e1 : ↑As and Md | b : nat | Ω,Σ′ ⊢RD;Sig e2 : ↑As for Σ =↓ Σ′. By
definition of ⊙ operator, we have Md | b : nat | Ω,Σ′ ⊢RD;Sig v : ↑As for v = e1 ⊙ e2. By
application of T-∨-Succ and T-R-Shift we get

Md | b > 0 : nat | Ω;Σ ⊢RD;Sig v : τs

We consider two subcases based on Md.

Subcase 1. [Md = Jit]. By Md | b > 0 : nat | Ω;Σ ⊢RD;Sig v : τs via lemma 28, we get
Md | b = 0 : nat | Ω;Σ ⊢RD;Sig v : τs.

Subcase 2. [Md = aID(c0)]. By (†2) via lemma 29, we get Md | b = 0 : nat | Ω;Σ ⊢RD;Sig
v : τs.

In both subcases, Then the desired result follows by T-Enough?:

Md | b = 0 : nat | Ω;Σ ⊢RD;Sig v : τs

Md | b > 0 : nat | Ω;Σ ⊢RD;Sig v : τ

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig v : τ
(T-enough?)
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Case 4. [D-Var-Read].

γ = γ′, [x 7→ ℓ] V = ℓ@q ↪→ v,V′ δ(q, RD) , UN n = n′ + 1

γ | Md | n | N | V | x→ γ | Md | n′ | N | V | v
(D-var-Read)

By the last premise n > 0 and n′ ≥ 0. By inversion on (†) via T-Enough? rule, we have

(†1) Md | b > 0 : nat | Ω;Σ ⊢RD;Sig x : τs

and
(†2) Md | b = 0 : nat | Ω;Σ ⊢RD;Sig x : τs.

By inversion on (†1) via T-∨-Succ

Md | b : nat | Ω;Σ ⊢RD;Sig x : ↓↑Ai

Md | b > 0 : nat | Ω;Σ ⊢RD;Sig x : τ1 ∨ ↓↑Ai (T-∨-Succ)

we learn that Md | b : nat | Ω;Σ ⊢RD;Sig x : ↓↑Ai.
By inversion on Md | b : nat | Ω;Σ ⊢RD;Sig x : ↓↑Ai via T-R-Shift

Σ = ↓Σ′ Md | b : nat | Ω,Σ′ ⊢RD;Sig x : ↑Ai

Md | b : nat | Ω;Σ ⊢RD;Sig x : ↓↑Ai (T-R-Shift)

we learn that Md | b : nat | Ω,Σ′ ⊢RD;Sig x : ↑Ai and Σ = ↓Σ′.
By Lemma 27 applied to the assumption ⊢Mdγ N | V : Ω | Σ and premise Σ = ↓Σ′, we know
that ⊢Md

γ N | V : Ω,Σ′. By definition of well-formedness, we know that γ = γ′, [x 7→ ℓ] and
Md | b : nat | Ω,Σ′ ⊢RD;Sig x : ↑As

By application of T-∨-Succ and T-R-Shift we get

Md | b > 0 : nat | Ω;Σ ⊢RD;Sig x : τs

We consider two subcases based on Md.

Subcase 1. [Md = Jit]. By Md | b > 0 : nat | Ω;Σ ⊢RD;Sig x : τs via lemma 28, we get
Md | b = 0 : nat | Ω;Σ ⊢RD;Sig x : τs.

Subcase 2. [Md = aID(c0)]. By (†2) via lemma 29, we get Md | b = 0 : nat | Ω;Σ ⊢RD;Sig
x : τs.

In both subcases, we have Md | b = 0 : nat | Ω;Σ ⊢RD;Sig x : τs. Then the desired result
follows by T-Enough?:

Md | b = 0 : nat | Ω;Σ ⊢RD;Sig x : τs

Md | b > 0 : nat | Ω;Σ ⊢RD;Sig x : τ

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig x : τ
(T-enough?)
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Case 5. [D-Loc-Read]. The proof is similar to the previous case.
□

Lemma 7 (Equality of trimmed volatile contexts) If
(i) Σ′ = trim(Σ,V0, γ0)

(ii) ⊢Mdγ N | V : Ω | Σ,
(iii) ⊢Mdγ′′ N′ | V′ : Ω | Σ′′,
(iv) dom(V0) ⊆ dom(V) and dom(V0) ⊆ dom(V′)
(v) γ0 ⊆ γ and γ0 ⊆ γ

′′

then Σ′ = trim(Σ′′,V0, γ0).

Proof: We need to show that Σ′ = trim(Σ′′,V0, γ0). The proof proceeds by proving each direc-
tion separately:
Ad⇒. Let x : ↓↑A@q ∈ Σ′. Then by (i), we have

(1) x : ↓↑A@q ∈ Σ

(2) γ0 = [x 7→ l], γ′0
(3) l ∈ dom(V0)

We need to show that x : ↓↑A@q ∈ Σ′′. From (2) and γ0 ⊆ γ
′′, it follows that ∃γ′′0 ⊇ γ

′
0

such that γ′′ = [x 7→ l], γ′′0 (∗). By (iv) and (3), we have that l ∈ dom(V′). So, ∃V′0, v such
that V′ = V′0, l ↪→ v (∗∗) and · ⊢ v : ↑A (∗∗∗). Note that inverting (iii) via V-loc yields the
well-formedness judgment ⊢Md

γ′′0
N′ | V′0 : Ω | Σ′′0 (†) and q = Ck (‡). Then, it follows by

V-loc applied to (∗), (∗∗), (∗∗∗), (†), (‡) that x : ↓↑A@q ∈ Σ′′.

Ad⇐. Let

(1) x : ↓↑A@q ∈ Σ′′

(2) γ0 = [x 7→ l], γ′0
(3) l ∈ dom(V0)

We need to show that x : ↓↑A@q ∈ Σ′. To this end, it suffices to show that x : ↓↑A@q ∈ Σ.
By (3) and dom(V0) ⊆ dom(V), we have that l ∈ dom(V). Therefore, ∃V′0, v such that
V = V′0, l@q ↪→ v (∗), · ⊢ v : ↑A (∗∗), and q = Ck. From (2) and γ0 ⊆ γ, we have that
∃ γ′ ⊇ γ′0 such that γ = [x 7→ l], γ′. Note that inverting (ii) via V-loc yields the well-
formedness judgment ⊢Md

γ′ N | V′0 : Ω | Σ0 (∗∗∗). By V-Loc applied to (∗), (∗∗), (∗∗∗),
q = Ck, and γ = [x 7→ l], γ′, we have

x : ↓↑A@q ∈ Σ

Then it follows by definition 28 applied to (i) that

x : ↓↑A@q ∈ Σ′.

We have shown that x : ↓↑A@q ∈ Σ′ iff x : ↓↑A@q ∈ Σ′′, γ = [x 7→ l], γ′, and l ∈ dom(V).
The desired result holds by definition 28. □
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Lemma 8 (Well-formedness of smaller memories) If
(i) ⊢Mdγ N | V : Ω | Σ,

(ii) V′′ = V ↾ dom(V′),
(iii) Σ′ = trim(Σ,V′, γ′), and
(iv) γ′ ⊆ γ

then ⊢Mdγ′ N | V′′ : Ω | Σ′.

Proof: By (2), observe that V ⊇ V′′. The proof proceeds by induction on the size of V − V′′.
Base case: |V − V′′| = 0. If |V − V′′| = 0, then V = V′′ and the desired result holds by assumption

(1).

Inductive case. Let |V − V′′| = k + 1 where |V0 − V′′| = k where V = V0, l@Ck ↪→ v and
· ⊢ v : ↑A. Let x:↓↑A@q ∈ Σ such that Σ = Σ0, (x:↓↑A@q). By inversion on V-loc applied
to the assumed judgment:

⊢Mdγ0
N | V0 : Ω | Σ0 γ = [x 7→ l], γ0 V = V0, l@Ck ↪→ v · ⊢ v : ↑A

⊢Mdγ N | V : Ω | Σ0, (x:↓↑A@q)
V-loc

we learn that

(1) ⊢Mdγ0
N | V0 : Ω | Σ0

(2) γ = [x 7→ l], γ0

(3) V = V0, l@Ck ↪→ v

(4) · ⊢ v:↑A

Now we need to show that V′′ = V0 ↾ dom(V′) and Σ′ = trim(Σ0,V′, γ′).

Ad V′′ = V0 ↾ dom(V′). To show that V′′ = V0 ↾ dom(V′), it suffices to show that l <
dom(V′):
By assumption, it follows that l ∈ V−V′′, or equivalently, l ∈ V and l < V′′. Now sup-
pose that l ∈ dom(V′). Then it follows by (ii) that l ∈ V′′, a contradiction. Therefore,
we have l < dom(V′).
Therefore, V′′ = V0 ↾ dom(V′) follows by l < dom(V′) and (ii).

Ad Σ′ = trim(Σ0,V′, γ′). To show Σ′ = trim(Σ0,V′, γ′), we first need to show that

(a) dom(V′) ⊆ dom(V0)

(b) dom(V′) ⊆ dom(V)

(c) γ ⊇ γ′

(d) γ0 ⊇ γ
′

(a) follows by V′′ = V0 ↾ dom(V′). Towards (b), note that since V ⊇ V′′ by as-
sumption, we have dom(V) ⊇ dom(V′′). By V′′ = V0 ↾ dom(V′), it follows that
dom(V′′) = dom(V′). Therefore, dom(V′) ⊆ dom(V) (b) holds. (c) follows by as-
sumption (iv). By definition, γ = [x 7→ l], γ0, so γ0 is the smallest subset of γ not
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containing x 7→ l. Observe that γ′ is a subset of γ that does not contain x 7→ l. So,
γ ⊇ γ0 ⊇ γ

′, which concludes the proof of (d).

Σ′ = trim(Σ0,V′, γ′) follows by lemma 36 applied to (iii), (a), (b), (c), and (d).

By the inductive hypothesis applied to (1), V′′ = V0 ↾ dom(V′), and Σ′ = trim(Σ0,V′, γ′),
we have ⊢Mdγ′ N | V′′ : Ω | Σ′. This is the desired result.

□

Theorem 4 (preservation for commands) If

(†) Md | b ≥ 0 : nat | Ω;Σ ⊢ c : τ

and γ | Md | n | N | V | c is well-formed and ⊢Mdγ N | V : Ω | Σ and (co-)natural number n ≥ 0, we
have

γ | Md | n | N | V | c → γ′ | Md | n′ | N′ | V′ | c′

then for some Σ′

Md | b ≥ 0 : nat | Ω;Σ′ ⊢ c′ : τ

where ⊢Mdγ′ N′ | V′ : Ω | Σ′ and n′ ≥ 0. Moreover γ′ | Md | n′ | N′ | V′ | c′ is well-formed.

Proof: The proof is by induction on the size of c. We proceed by considering possible cases
for γ | Md | n | N | V | c → γ′ | Md′ | n′ | N′ | V′ | c′.
Case 1 [D-Let-step].

n > 0 γ | Md | n | N | V | e→ γ | Md | n′ | N | V | e′

γ | Md | n | N | V | let x = e in c→ γ | Md | n′ | N | V | let x = e′ in c
(D-Let-step)

By the first premise n > 0. By inversion on (†) via T-Enough? rule, we have

(†1) Md | b > 0 : nat | Ω;Σ ⊢ let x = e in c : τ

and
(†2) Md | b = 0 : nat | Ω;Σ ⊢ let x = e in c : τ.

By inversion on (†1) via T-Let

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e : CMdA
Md | b ≥ 0 : nat | Ω;Σ, x:↓↑A @ Ck ⊢ c : τ

Md | b > 0 : nat | Ω;Σ ⊢ let x = e in c : τ
(T-Let)

we learn that

(1) Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e : CMd
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(2) Md | b ≥ 0 : nat | Ω;Σ, x:↓↑A @ Ck ⊢ c : τ

By the application of Theorem 17 on (1) and the premise γ | Md | n | N | V | e → γ | Md |
n′ | N | V | e′, it follows that

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e′ : CMdA ,

and n′ ≥ 0. By the following application of the T-Let rule we get

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e′ : CMdA
Md | b ≥ 0 : nat | Ω;Σ, x:↓↑A @ Ck ⊢ c : τ

Md | b > 0 : nat | Ω;Σ ⊢ let x = e′ in c : τ
(T-Let)

We consider two subcases based on Md.

Subcase 1. [Md = Jit]. By Md | b > 0 : nat | Ω;Σ ⊢ let x = e′ in c : τs via lemma 30,
we get Md | b = 0 : nat | Ω;Σ ⊢ let x = e′ in c : τs.

Subcase 2. [Md = aID(c0)]. By (†2) via lemma 31, we get Md | b = 0 : nat | Ω;Σ ⊢
let x = e′ in c : τ.

In both subcases, the desired result follows by T-Enough?:

Md | b = 0 : nat | Ω;Σ ⊢ let x = e′ in c : τ
Md | b > 0 : nat | Ω;Σ ⊢ let x = e′ in c : τ

Md | b ≥ 0 : nat | Ω;Σ ⊢ let x = e′ in c : τ
(T-enough?)

Observe that the well-formedness of γ | Md | n′ | N | V | let x = e′ in c follows by definition
26, vacuously.

Case 2. [D-Let-v].

Val(γ | Md | n | N | V | e) γ′ = γ, [x 7→ ℓ] ℓ fresh n = n′ + 1

γ | Md | n | N | V | let x = e in c→ γ′ | Md | n′ | N | V, ℓ@Ck ↪→ e | c
(D-Let-v)

By the last premise n > 0, and n′ ≥ 0. By inversion on (†) via T-Enough? rule, we have

(†1) Md | b > 0 : nat | Ω;Σ ⊢ let x = e in c : τ

and
(†2) Md | b = 0 : nat | Ω;Σ ⊢ let x = e in c : τ.

By inversion on (†1) via T-Let

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e : CMdA
Md | b ≥ 0 : nat | Ω;Σ, x:↓↑A @ Ck ⊢ c : τ

Md | b > 0 : nat | Ω;Σ ⊢ let x = e in c : τ
(T-Let)

we learn that
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(1) Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e : CMdA
(2) Md | b ≥ 0 : nat | Ω;Σ, x:↓↑A @ Ck ⊢ c : τ

The typing judgment (2) completes the proof, if we can show that ⊢Mdγ′ N | V, ℓ@Ck ↪→ e :
Ω | Σ, x:↓↑A.
By Val(γ | Md | n | N | V | e), we can apply inversion on Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig
e : CMdA via T-Enough?, T-∨-Succ, and T-R-Shift to get

Md | b : nat | Ω,Σ′ ⊢RD;Sig e : ↑A,

where Σ = ↓Σ′.
This is enough to prove ⊢Mdγ′ N | V, ℓ@Ck ↪→ e : Ω | Σ, x:↓↑A.
Observe that the well-formedness of γ′ | Md | n′ | N | V, ℓ@Ck ↪→ e | c follows by
definition 26, vacuously because c is not of the form c′;W c′′.

Case 3 [D-Assign-step].

n > 0 γ | Md | n | N | V | e → γ | Md | n′ | N | V | e′

γ | Md | n | N | V | x := e → γ | Md | n′ | N | V | x := e′
(D-Assign-step)

By the first premise n > 0. By inversion on (†) via T-Enough? rule, we have

(†1) Md | b > 0 : nat | Ω;Σ ⊢ x := e : τ

and
(†2) Md | b = 0 : nat | Ω;Σ ⊢ x := e : τ.

By inversion on (†1) via T-Assign we have Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e : CMdA and
Md | b > 0 : nat | Ω;Σ ⊢Wt x : ↓↑ A.

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e : CMdA
Md | b > 0 : nat | Ω;Σ ⊢Wt x : ↓↑ A

Md | b > 0 : nat | Ω;Σ ⊢ x := e : CMdunit
(T-Assign)

By the application of Theorem 17 on Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e : CMdA and the
premise γ | Md | n | N | V | e → γ | Md | n′ | N | V | e′, it follows that

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e′ : CMdA ,

and n′ ≥ 0. By the following application of the T-Assign rule we get

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e′ : CMdA
Md | b > 0 : nat | Ω;Σ ⊢Wt x : ↓↑ A

Md | b > 0 : nat | Ω;Σ ⊢ x := e′ : CMdunit
(T-Assign)

We consider two subcases based on Md.
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Subcase 1. [Md = Jit]. By Md | b > 0 : nat | Ω;Σ ⊢ x := e : τ via lemma 30, we get
Md | b = 0 : nat | Ω;Σ ⊢ x := e′ : τ.

Subcase 2. [Md = aID(c0)]. By (†2) via lemma 31, we get Md | b = 0 : nat | Ω;Σ ⊢ x :=
e′ : τ.

In both subcases, the desired result follows by T-Enough?:

Md | b = 0 : nat | Ω;Σ ⊢ x := e′ : τ
Md | b > 0 : nat | Ω;Σ ⊢ x := e′ : τ

Md | b ≥ 0 : nat | Ω;Σ ⊢ x := e′ : τ
(T-enough?)

Observe that the well-formedness of γ | Md | n′ | N | V | x := e′ follows by definition 26,
vacuously.

Case 4 [D-Assign-V].

Val(γ | Md | n | N | V | e) V = V′, ℓ@q ↪→ v′

q′ = δ(q, wt) , UN γ = γ′, [x→ ℓ] n = n′ + 1

γ | Md | n | N | V | x := e → γ | Md | n′ | N | V′, ℓ@q′ ↪→ e | skip
(D-Assign-V)

By the last premise n > 0, and n′ ≥ 0. By inversion on (†) via T-Enough? rule, we have

(†1) Md | b > 0 : nat | Ω;Σ ⊢ x := e : τ

and
(†2) Md | b = 0 : nat | Ω;Σ ⊢ x := e : τ.

By inversion on (†1) via T-Assign

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e : CMdA
Md | b > 0 : nat | Ω;Σ ⊢Wt x : ↓↑ A

Md | b > 0 : nat | Ω;Σ ⊢ x := e : CMdunit
(T-Assign)

we have

(1) Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e : CMdA
(2) Md | b > 0 : nat | Ω;Σ ⊢Wt x : ↓↑ A

By the premise Val(γ | Md | n | N | V | e), we can apply inversion on Md | b ≥ 0 : nat |
Ω;Σ ⊢RD;Sig e : CMdA via T-Enough?, T-∨-Succ, and T-R-Shift to get

Md | b : nat | Ω,Σ′ ⊢RD;Sig e : ↑A,

where Σ = ↓Σ′.
Appying V-loc, we can show that ⊢Mdγ N | V′, (ℓ@Ck ↪→ e) : Ω | Σ, (x :↓↑ A@Ck).
Moreover, by T-Skip, T-R-Shift, and T-∨-Succ we have
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Md | b > 0 : nat | Ω;Σ ⊢ skip : Cunit.

We consider two subcases based on Md.

Subcase 1. [Md = Jit]. By Md | b > 0 : nat | Ω;Σ ⊢ skip : Cunit via lemma 30, we get
Md | b = 0 : nat | Ω;Σ ⊢ skip : Cunit.

Subcase 2. [Md = aID(c0)]. By (†2) via lemma 31, we get Md | b = 0 : nat | Ω;Σ ⊢
skip : Cunit.

In both subcases, the desired result follows by T-Enough?:

Md | b = 0 : nat | Ω;Σ ⊢ skip : Cunit
Md | b > 0 : nat | Ω;Σ ⊢ skip : Cunit
Md | b ≥ 0 : nat | Ω;Σ ⊢ skip : Cunit

(T-enough?)

Observe that the well-formedness of γ | Md | n′ | N | V′, ℓ@q′ ↪→ e | skip follows by
definition 26, vacuously.

Case 5 [D-Assign-N].

Val(γ | Md | n | N | V | e) N = N′, ℓ@q ↪→ v′

q′ = δ(q, wt) , UN γ = γ′, [x→ ℓ] n = n′ + 1

γ | Md | n | N | V | x := e → γ | Md | n′ | N′, ℓ@q′ ↪→ e | V | skip
(D-Assign-N)

By the last premise n > 0, and n′ ≥ 0. By inversion on (†) via T-Enough? rule, we have

(†1) Md | b > 0 : nat | Ω;Σ ⊢ x := e : τ

and
(†2) Md | b = 0 : nat | Ω;Σ ⊢ x := e : τ.

By inversion on (†1) via T-Assign

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e : CMdA
Md | b > 0 : nat | Ω;Σ ⊢Wt x : ↓↑ A

Md | b > 0 : nat | Ω;Σ ⊢ x := e : CMdunit
(T-Assign)

we learn that

(1) Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e : CMdA
(2) Md | b > 0 : nat | Ω;Σ ⊢Wt x : ↓↑ A

By Val(γ | Md | n | N | V | e), we can apply inversion on Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig
e : CMdA via T-Enough?, T-∨-Succ, and T-R-Shift to get

Md | b : nat | Ω,Σ′ ⊢RD;Sig e : ↑A,
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where Σ = ↓Σ′. This is enough to prove ⊢Mdγ N′, ℓ@Ck ↪→ e | V : Ω′ | Σ. Moreover, by
T-Skip, T-R-Shift, and T-∨-Succ we have

Md | b > 0 : nat | Ω′;Σ ⊢ skip : Cunit.

We consider two subcases based on Md.

Subcase 1. [Md = Jit]. By Md | b > 0 : nat | Ω′;Σ ⊢ skip : Cunit via lemma 30, we get
Md | b = 0 : nat | Ω′;Σ ⊢ skip : Cunit.

Subcase 2. [Md = aID(c0)]. By (†2) via lemma 31, we get Md | b = 0 : nat | Ω′;Σ ⊢
skip : Cunit.

In both subcases, the desired result follows by T-Enough?:

Md | b = 0 : nat | Ω′;Σ ⊢ skip : Cunit
Md | b > 0 : nat | Ω′;Σ ⊢ skip : Cunit
Md | b ≥ 0 : nat | Ω′;Σ ⊢ skip : Cunit

(T-enough?)

Observe that the well-formedness of γ | Md | n′ | N′, ℓ@q′ ↪→ e | V | skip follows by
definition 26, vacuously.

Case 6 [D-If].

γ | Md | n | N | V | e → γ | Md | n′ | N | V | e′

γ | Md | n | N | V | if e then c1 else c2 → γ | Md | n′ | N | V | if e′ then c1 else c2
(D-If)

By the first premise n > 0. By inversion on (†) via T-Enough? rule, we have

(†1) Md | b > 0 : nat | Ω;Σ ⊢ if e then c1 else c2 : τ

and
(†2) Md | b = 0 : nat | Ω;Σ ⊢ if e then c1 else c2 : τ.

By inversion on (†1) via T-If

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e : CMdbool
Md | b ≥ 0 : nat | Ω;Σ ⊢ c1 : τ Md | b ≥ 0 : nat | Ω;Σ ⊢ c2 : τ

Md | b > 0 : nat | Ω;Σ ⊢ if e then c1 else c2 : τ
(T-If)

we learn that

(1) Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e : CMdbool

(2) Md | b ≥ 0 : nat | Ω;Σ ⊢ c1 : τ

(3) Md | b ≥ 0 : nat | Ω;Σ ⊢ c2 : τ.
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By the application of Theorem 17 on (1), it follows that

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e′ : CMdbool,

and n′ ≥ 0. By the following application of the T-If rule we get

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e′ : CMdbool
Md | b ≥ 0 : nat | Ω;Σ ⊢ c1 : τ Md | b ≥ 0 : nat | Ω;Σ ⊢ c2 : τ

Md | b > 0 : nat | Ω;Σ ⊢ if e′ then c1 else c2 : τ
(T-If)

We consider two subcases based on Md.

Subcase 1. [Md = Jit]. By Md | b > 0 : nat | Ω;Σ ⊢ if e′ then c1 else c2 : τ via lemma
30, we get Md | b = 0 : nat | Ω;Σ ⊢ if e′ then c1 else c2 : τ.

Subcase 2. [Md = aID(c0)]. By (†2) via lemma 31, we get Md | b = 0 : nat | Ω;Σ ⊢
if e′ then c1 else c2 : τs.

In both subcases, the desired result follows by T-Enough?:

Md | b = 0 : nat | Ω;Σ ⊢ if e′ then c1 else c2 : τ
Md | b > 0 : nat | Ω;Σ ⊢ if e′ then c1 else c2 : τ

Md | b ≥ 0 : nat | Ω;Σ ⊢ if e′ then c1 else c2 : τ
(T-enough?)

Observe that the well-formedness of γ | Md | n′ | N | V | if e′ then c1 else c2 follows by
definition 26, vacuously.

Case 7. [D-If-tt].

n = n′ + 1 Val(γ | Md | n | N | V | tt)

γ | Md | n | N | V | if tt then c1 else c2 → γ | Md | n′ | N | V | c1
(D-If-tt)

By the first premise n > 0, and n′ ≥ 0. By inversion on (†) via T-Enough? rule, we have

(†1) Md | b > 0 : nat | Ω;Σ ⊢ if tt then c1 else c2 : τ

and
(†2) Md | b = 0 : nat | Ω;Σ ⊢ if tt then c1 else c2 : τ.

By inversion on (†1) via T-If

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig tt : CMdbool
Md | b ≥ 0 : nat | Ω;Σ ⊢ c1 : τ Md | b ≥ 0 : nat | Ω;Σ ⊢ c2 : τ

Md | b > 0 : nat | Ω;Σ ⊢ if tt then c1 else c2 : τ
(T-If)

we learn that
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(1) Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig tt : CMdbool

(2) Md | b ≥ 0 : nat | Ω;Σ ⊢ c1 : τ

(3) Md | b ≥ 0 : nat | Ω;Σ ⊢ c2 : τ

Observe that the well-formedness of γ | Md | n′ | N | V | c1 follows by definition 26,
vacuously because c1 is not of the form c′;W c′′

The typing judgment (2) completes the proof, because ⊢Mdγ N | V : Ω | Σ holds by assump-
tion.

Case 8 [D-If-ff]. Similar to the previous case.

Case 9 [D-seq].

n > 0

γ | Md | n | N | V | c1; c2 → γ | Md | n | N | V | c1;γ|V c2
(D-seq)

By the premise n > 0. By inversion on (†) via T-Enough? rule, we have

(†1) Md | b > 0 : nat | Ω;Σ ⊢ c1; c2 : τs

and
(†2) Md | b = 0 : nat | Ω;Σ ⊢ c1; c2 : τs.

By inversion on (†1) via T-Seq

Md | b ≥ 0 : nat | Ω;Σ ⊢ c1 : Cunit Md | b ≥ 0 : nat | Ω;Σ ⊢ c2 : τ

Md | b > 0 : nat | Ω;Σ ⊢ c1; c2 : τ
(T-Seq)

we learn that

(1) Md | b ≥ 0 : nat | Ω;Σ ⊢ c1 : Cunit
(2) Md | b ≥ 0 : nat | Ω;Σ ⊢ c2 : τs

Put W = γ | V. We now want to show that Σ = trim(Σ,V, γ). By definition 28, it is
straightforward to see that trim(Σ,V, γ) ⊆ Σ. We need to show Σ ⊆ trim(Σ,V, γ). Let
x : ↓↑A@q ∈ Σ be arbitrary and write Σ = Σ′, (x : ↓↑A@q). Then by inversion on the
well-formedness definition V-loc:

⊢Md
γ′ N | V′ : Ω | Σ′

V = V′, ℓ@ q ↪→ v q = Ck γ = γ′, [x 7→ ℓ] · ⊢ v : ↑A

⊢Md
γ N | V : Ω | Σ′, (x:↓↑A@q)

(V-loc)

we know that γ = γ′, [x 7→ ℓ] with ℓ ∈ dom(V). From here, definition 28 implies that
x ∈ trim(Σ,V, γ). Because x ∈ Σ was arbitrary, we have shown that Σ ⊆ trim(Σ,V, γ).
Therefore, Σ = trim(Σ,V, γ).
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By the following application of the T-seq-d rule

W = γ | V Md | b ≥ 0 : nat | Ω;Σ ⊢ c1 : Cunit
Σ = trim(Σ,V, γ) Md | b ≥ 0 : nat | Ω;Σ ⊢ c2 : τ

Md | b > 0 : nat | Ω;Σ ⊢ c1;W c2 : τ
(T-seq-d)

we learn that Md | b > 0 : nat | Ω;Σ ⊢ c1;W c2 : τ
We consider two subcases based on Md.

Subcase 1. [Md = Jit]. By Md | b > 0 : nat | Ω;Σ ⊢ c1;W c2 : τs via lemma 30, we get
Md | b = 0 : nat | Ω;Σ ⊢ c1;W c2 : τ.

Subcase 2. [Md = aID(c0)]. By (†2) via lemma 31, we get Md | b = 0 : nat | Ω;Σ ⊢
c1;W c2 : τs.

In both subcases, the desired result follows by T-Enough?:

Md | b = 0 : nat | Ω;Σ ⊢ c1;W c2 : τs

Md | b > 0 : nat | Ω;Σ ⊢ c1;W c2 : τs

Md | b ≥ 0 : nat | Ω;Σ ⊢ c1;W c2 : τ
(T-enough?)

Observe that the well-formedness of γ | Md | n | N | V | c1;γ|V c2 follows by definition 26
since γ ⊆ γ and dom(V) ⊆ dom(V).

Case 10 [D-seq-step].

n > 0 γ | Md | n | N | V | c1 → γ
′ | Md | n′ | N′ | V′ | c′1

γ | Md | n | N | V | c1;W c2 → γ
′ | Md | n′ | N′ | V′ | c′1;W c2

(D-seq-step)

The premises yield

(a) n > 0

(b) γ | Md | n | N | V | c1 → γ
′ | Md | n′ | N′ | V′ | c′1

By assumption, note that

• ⊢Mdγ N | V : Ω | Σ
• Md | b ≥ 0 : nat | Ω;Σ ⊢Sig c1;W c2 : τ
• γ | Md | n | N | V | c1;W c2 is well-formed.

Put W = γ0 | V0. Then by definition 26, we have dom(V0) ⊆ dom(V) and γ0 ⊆ γ. Observe
that γ | Md | n | N | V | c1 is well-formed, which vacuously follows by definition 26 because
c1 does not have the form c′;W′ c′′.
By inversion on Md | b ≥ 0 : nat | Ω;Σ ⊢Sig c1;W c2 : τ via T-Enough? rule, we have

(†1) Md | b > 0 : nat | Ω;Σ ⊢Sig c1;W c2 : τ
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and
(†2) Md | b = 0 : nat | Ω;Σ ⊢Sig c1;W c2 : τ.

By inversion on (†1) via T-seq-d

W = γ0 | V0 Md | b ≥ 0 : nat | Ω;Σ ⊢Sig c1 : Cunit
Σ′ = trim(Σ,V0, γ0) Md | b ≥ 0 : nat | Ω;Σ′ ⊢Sig c2 : τ

Md | b > 0 : nat | Ω;Σ ⊢Sig c1;W c2 : τ
(T-seq-d)

we learn that

(1) W = γ0 | V0

(2) Md | b ≥ 0 : nat | Ω;Σ ⊢Sig c1 : Cunit
(3) Σ′ = trim(Σ,V0, γ0)

(4) Md | b ≥ 0 : nat | Ω;Σ′ ⊢Sig c2 : τ

By the inductive hypothesis applied to (2), (b), the well-formedness of γ | Md | n | N | V |
c1, ⊢Mdγ N | V : Ω | Σ, and n ≥ 0, we get Md | b ≥ 0 : nat | Ω;Σ′′ ⊢ c′1 : Cunit, where

(i) ⊢Mdγ′ N′ | V′ : Ω | Σ′′,

(ii) n′ ≥ 0, and

(iii) γ′ | Md | n′ | N′ | V′ | c′1 is well-formed.

We now need to show that dom(V0) ⊆ dom(V′) and γ0 ⊆ γ
′. Observe that c1 , c′;W c′′

because c1;W c2. By lemma 38 c1 , c′;W c′′, it follows that dom(V) ⊆ dom(V′) and γ ⊆ γ′.
Then it follows by dom(V0) ⊆ dom(V1) and γ0 ⊆ γ1 (as shown above), that dom(V0) ⊆
dom(V1) ⊆ dom(V′) and γ0 ⊆ γ1 ⊆ γ

′. Hence, dom(V0) ⊆ dom(V′) and γ0 ⊆ γ
′.

It suffices to show Σ′ = trim(Σ′′,V0, γ0).
By lemma 36, it follows that Σ′ = trim(Σ′′,V0, γ0).
Using (1), (3), (4), and Md | b ≥ 0 : nat | Ω;Σ′′ ⊢ c′1 : Cunit, we can apply T-seq-d

W = γ0 | V0 Md | b ≥ 0 : nat | Ω;Σ′′ ⊢ c′1 : Cunit
Σ′ = trim(Σ′′,V0, γ0) Md | b ≥ 0 : nat | Ω;Σ′ ⊢ c2 : τ

Md | b > 0 : nat | Ω;Σ′′ ⊢ c′1;W c2 : τ
(T-seq-d)

We now need to show that Md | b = 0 : nat | Ω;Σ′′ ⊢ c′1;W c2 : τ. The proof proceeds in
two subcases based on Md:

Case Md = jit. By Md | b > 0 : nat | Ω;Σ′′ ⊢ c′1;W c2 : τ via lemma 30, we can see that
Md | b = 0 : nat | Ω;Σ′′ ⊢ c′1;W c2 : τ.

Case Md = aID(c0). By (†2) via lemma 31, we can see that Md | b = 0 : nat | Ω;Σ′′ ⊢
c′1;W c2 : τ.
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In both cases, Md | b = 0 : nat | Ω;Σ′′ ⊢ c′1;W c2 : τ.
The desired result follows by T-Enough?:

Md | b = 0 : nat | Ω;Σ′′ ⊢ c′1;W c2 : τ
Md | b > 0 : nat | Ω;Σ′′ ⊢ c′1;W c2 : τ

Md | b ≥ 0 : nat | Ω;Σ′′ ⊢ c′1;W c2 : τ
(T-enough?)

Observe that by definition 26 applied to dom(V0) ⊆ dom(V′) and γ0 ⊆ γ
′ (as shown above),

γ′ | Md | n′ | N′ | V′ | c′1;W c2 is well-formed. In the case where c′1 is of the form c′;W c′′,
the rule stepping c1 must be D-seq since c1 , c′;W c′′. Thus, observe that γ′ ⊆ γ′ and
dom(V′) ⊆ dom(V′), and hence it follows by definition 26 that γ′ | Md | n′ | N′ | V′ | c′1;W c2

is well-formed.

Case 11 [D-seq-v].

n = n′ + 1 W = γ′ | V′ V′′ = V ↾ dom(V′)

γ | Md | n | N | V | skip;W c2 → γ
′ | Md | n′ | N | V′′ | c2

(D-seq-v)

Observe that n = n′ + 1 (from the premise of D-seq-v) implies n > 0, and hence b > 0.
By assumption, we have

Md | b > 0 : nat | Ω;Σ ⊢ skip;W c2 : τ

where ⊢Mdγ N | V : Ω | Σ.
By inversion on T-seq-d, we have

(1) Md | b ≥ 0 : nat | Ω;Σ ⊢ skip : Cunit
(2) Md | b ≥ 0 : nat | Ω;Σ′ ⊢ c2 : τ

(3) W = γ′ | V′ (from the premise of D-seq-v)

(4) Σ′ = trim(Σ,V′, γ′)

We now need to show that ⊢Mdγ′ N | V′′ : Ω | Σ′. Since γ | Md | n | N | V | skip;W c2 is
well-formed (by assumption), it follows by definition 26 that γ′ ⊆ γ. Therefore, the desired
result follows by lemma 37 applied to ⊢Mdγ′ N | V : Ω | Σ, the premise V′′ = V ↾ dom(V′),
(4), and γ′ ⊆ γ. Observe that (2) yields the desired result where ⊢Mdγ′′ N | V′′ : Ω | Σ′.
Observe that the well-formedness of γ′ | Md | n′ | N | V′′ | c2 follows by definition 26,
vacuously because c2 is not of the form c′;W c′′.

□

Theorem 7 (Preservation for programs) Consider b : nat | Ω ⊢ p : ↑Cunit, a nonvolatile
memory N and a bijective map γ that matches qualifiers and types from variables in Ω to loca-
tions in N. For any n:nat ≥ 0, if we have [χ ▷ ε] ⊗ γ | n | N | p ⇒ [χ′ ▷ ε] ⊗ γ′ | n′ | N′ | p′,
then b : nat | Ω ⊢ p′ : ↑Cunit, with γ remaining a bijective map from Ω to N′.
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Proof: By a structural induction on the typing derivation, and case distinction on the step.
Case 1.

n > 0
n′ > 0 [χ▷ ε] ⊗ γ | jit | n | N | · | c ⇒∗ [χ′ ▷ ε] ⊗ γ′ | jit | n′ | N′ | V′ | skip

[χ▷ ε] ⊗ γ | n | N | c; p′ ⇒ [χ′ ▷ ε] ⊗ γ | n′ | N′ | p′
(P-seq)

By inversion on the typing rules, we know that bR0 : nat | Ω | · ⊢ c : Cunit and b : nat |
Ω ⊢ p′ : ↑Cunit By preservation for commands, we know that γ′ is well-formed for N′

and V′ at the jit mode with respect to Ω and some Σ. By definition of well-formedness, we
know that for some γ1 ⊆ γ

′, we have γ1 is well-formed for Ω and N′. But we know that
γ ⊆ γ′ is well-formed for Ω. This means that γ = γ′ and thus γ is a bijective map that
matches qualifiers and types from variables in Ω to locations in N′.

Case 2.

n > 0
InitWorldd(N; ρ) = N0,V0 [χ▷ ε] ⊗ γ | aID(c0) | n | N0 | V0 | c0 ⇒

∗

[χ′ ▷ ε] ⊗ γ′ | aID(c0) | n′ | N′ | V′ | skip
n′ > 0 N1 = FinWorldd(N′; V′)

[χ▷ ε] ⊗ γ | n | N | Ckpt[(aID; ρ)](c0); p ⇒ [χ′ ▷ ε] ⊗ γ | n′ | N1 | p
(P-CKpt)

By inversion on the typing rules, we know that bR0 : nat | Ω0 | Σ0 ⊢ c : Cunit and
b : nat | Ω ⊢ p′ : ↑Cunit By preservation for commands, we know that γ′ is well-formed
for N′ and V′ at the jit mode with respect toΩ and some Σ. By definition of well-formedness
and FinWorld, we know that for some γ1 ⊆ γ

′, we have γ1 is well-formed for Ω and N1.
But we know that γ ⊆ γ′ is well-formed for Ω. This means that γ = γ′ and thus γ is a
bijective map that matches qualifiers and types from variables in Ω to locations in N1.

□

A.2 Fundamental Theorem of Logical Relation
Theorem 5 (Fundamental theorem) If b : nat | Ω ⊢ p : ↑Cunit, then b : nat | Ω ⊩ p : ↑Cunit.

Proof: The proof is by induction on the static typing derivation for p and considering the last
step in the derivation.
Case 1. Suppose that p = Ckpt[aID, ρ](c); p′. Figures A.1 and A.2 explain the proof for the case

where T-P-Ckpt is the last step of the derivation.

Ω′ | Σ = InitWorldt(Ω; ρ) Sig = {aID(c) | b ≥ 0 : nat | Ω′;Σ ⊢ c : Cunit}
aID(c) | b ≥ 0 : nat | Ω′; Σ ⊢Sig c : Cunit b : nat | Ω ⊢ p′ : ↑Cunit

b : nat | Ω ⊢ Ckpt[aID, ρ](c); p′ : ↑Cunit
(T-P-Ckpt)

By inversion, we know that
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γ ∣ 𝚊𝙸𝙳(c) ∣ ∞ ∣ 𝖭𝖵 ∣ 𝖵 ∣ c

γ ∣ 𝚊𝙸𝙳(c) ∣ ∞ ∣ 𝖭𝖵 ∣ 𝖵 ∣ c

γ ∣ 𝚊𝙸𝙳(c) ∣ n ∣ 𝖭𝖵 ∣ 𝖵 ∣ c

γ1 ∣ 𝚊𝙸𝙳(c) ∣ 0 ∣ 𝖭𝖵 ∣ 𝖵1 ∣ c1

⇒* ⇒
0

ℰ
𝒱

k+1

k+1

(1)

(2)

γ ∣ 𝚊𝙸𝙳(c) ∣ ∞ ∣ 𝖭𝖵 ∣ 𝖵 ∣ cγ1 ∣ 𝚊𝙸𝙳(c) ∣ ⋅ ∣ 𝖭𝖵 ∣ 𝖵1 ∣(3)
𝒱 k

By progress and preservation

γ ∣ 𝚊𝙸𝙳(c) ∣ ∞ ∣ 𝖭𝖵 ∣ 𝖵 ∣ cγ ∣ 𝚊𝙸𝙳(c) ∣ ⋅ ∣ 𝖭𝖵 ∣(4)
𝒱 k

γ ∣ 𝚊𝙸𝙳(c) ∣ ∞ ∣ 𝖭𝖵 ∣ 𝖵 ∣ cγ ∣ 𝚊𝙸𝙳(c) ∣ n′￼ ∣ 𝖭𝖵 ∣ ↑ c1(5)
𝒱 k

γ ∣ 𝚊𝙸𝙳(c) ∣ ∞ ∣ 𝖭𝖵 ∣ 𝖵 ∣ cγ ∣ 𝚊𝙸𝙳(c) ∣ n′￼ ∣ 𝖭𝖵 ∣ 𝖵 ∣ c(6)
ℰ k

Induction

𝖭𝖵 = 𝖭𝖵′￼, 𝖵𝚌𝚔

range(γ) = dom(NV )

γ ⊆ γ1

We  know: range(γ) = dom(NV )

We show:

𝖭𝖵 = 𝖭𝖵′￼, 𝖵𝚌𝚔

We  know:

γ ⊆ γ1

We show:

𝙲Unit

𝙲Unit

↓ (𝚗𝚊𝚝 ⇝ ↑ 𝙲Unit)

𝚗𝚊𝚝 ⇝ ↑ 𝙲Unit

↑ 𝙲Unit

𝙲Unit

ϵ#in(b > 0, ↑ c1)

↓ ϵ#in(b > 0, ↑ c1)

Figure A.1: Proof of the fundamental theorem for aID - inductive case

γ ∣ 𝚊𝙸𝙳(c) ∣ ∞ ∣ 𝖭𝖵 ∣ 𝖵 ∣ c

γ1 ∣ 𝚊𝙸𝙳(c) ∣ ∞ ∣ 𝖭𝖵 ∣ 𝖵1 ∣ c

γ ∣ 𝚊𝙸𝙳(c) ∣ n ∣ 𝖭𝖵 ∣ 𝖵 ∣ c

γ1 ∣ 𝚊𝙸𝙳(c) ∣ n′￼ ∣ 𝖭𝖵 ∣ 𝖵1 ∣ c1

⇒*

ℰ
𝒱

k+1

k+1

(1)

(2)

γ1 ∣ 𝚊𝙸𝙳(c) ∣ ∞ ∣ 𝖭𝖵 ∣ 𝖵1 ∣ cγ1 ∣ 𝚊𝙸𝙳(c) ∣ n′￼ ∣ 𝖭𝖵 ∣ 𝖵1 ∣ c1(3)
𝒱 k

By progress and preservation

γ′￼1 ∣ 𝚊𝙸𝙳(c) ∣ ∞ ∣ 𝖭𝖵′￼1 ∣ cγ′￼1 ∣ 𝚊𝙸𝙳(c) ∣ n′￼ ∣ 𝖭𝖵′￼1 ∣ c1(4)
𝒱 k

𝖭𝖵′￼1 = 𝖭𝖵′￼1

𝙲𝚘𝚖𝚖𝚒𝚝(γ1 ∣ 𝚊𝙸𝙳(c) ∣ 𝖭𝖵 ∣ 𝖵) = γ′￼1 ∣ 𝖭𝖵′￼1We know:

We show:

𝙲𝚞𝚗𝚒𝚝

𝙲𝚞𝚗𝚒𝚝

↓ ↑ 𝚞𝚗𝚒𝚝

↑ 𝚞𝚗𝚒𝚝

⇒*

Figure A.2: Proof of the fundamental theorem for aID - base case
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γ ∣ 𝙹𝚒𝚝 ∣ ∞ ∣ 𝖭𝖵 ∣ 𝖵 ∣ c

γ1 ∣ 𝙹𝚒𝚝 ∣ ∞ ∣ 𝖭𝖵1 ∣ 𝖵′￼ ∣ c1

γ ∣ 𝙹𝚒𝚝 ∣ n ∣ 𝖭𝖵 ∣ 𝖵 ∣ c

γ1 ∣ 𝙹𝚒𝚝 ∣ 0 ∣ 𝖭𝖵1 ∣ 𝖵′￼ ∣ c1

⇒*

ℰ
𝒱

k+1

k+1

(1)

(2)

γ1 ∣ 𝙹𝚒𝚝 ∣ ∞ ∣ 𝖭𝖵1 ∣ 𝖵′￼ ∣ c1γ1 ∣ 𝙹𝚒𝚝 ∣ ⋅ ∣ 𝖭𝖵1 ∣ 𝖵′￼ ∣(3)
𝒱 k

By progress and preservation

γ1 ∣ 𝙹𝚒𝚝 ∣ ∞ ∣ 𝖭𝖵1 ∣ 𝖵′￼ ∣ c1γ1 ∣ 𝙹𝚒𝚝 ∣ ⋅ ∣ 𝖭𝖵′￼1 ∣(4)
𝒱 k

γ1 ∣ 𝙹𝚒𝚝 ∣ ∞ ∣ 𝖭𝖵1 ∣ 𝖵′￼ ∣ c1γ1 ∣ 𝙹𝚒𝚝 ∣ n′￼ ∣ 𝖭𝖵′￼1 ∣ ↑ c1(5)
𝒱 k

γ1 ∣ 𝙹𝚒𝚝 ∣ ∞ ∣ 𝖭𝖵1 ∣ 𝖵′￼ ∣ c1γ1 ∣ 𝙹𝚒𝚝 ∣ n′￼ ∣ 𝖭𝖵1 ∣ 𝖵′￼ ∣ c1(6)
ℰ k

Induction
We know:

𝖭𝖵′￼1 = 𝖭𝖵1, 𝖵′￼𝚌𝚔

We show:

𝙲Unit

𝙲Unit

↓ (𝚗𝚊𝚝 ⇝ ↑ 𝙲Unit)

𝚗𝚊𝚝 ⇝ ↑ 𝙲Unit

↑ 𝙲Unit

𝙲Unit

⇒*
ϵ#in(b > 0, ↑ c1)

↓ ϵ#in(b > 0, ↑ c1)

𝖭𝖵′￼1 = 𝖭𝖵1, 𝖵′￼𝚌𝚔

Figure A.3: Proof of the fundamental theorem for Jit - inductive case

(1) Ω′ | Σ = InitWorldt(Ω; ρ)

(2) Sig = {aID(c) | b ≥ 0 : nat | Ω′;Σ ⊢ c : Cunit}

(3) aID(c) | b ≥ 0 : nat | Ω′; Σ ⊢Sig c : Cunit
(4) b : nat | Ω ⊢ p′ : ↑Cunit

By (1) and the definition of InitWorldt, we have that Ω′ = Ω′′,Σck. Observe that the
inductive hypothesis asserts that b : nat |Ω ⊢ p′ : ↑Cunit implies b : nat |Ω ⊩ p′ : ↑Cunit.
By applying the inductive hypothesis to (4), we learn that

b : nat |Ω ⊩ p′ : ↑Cunit.

To complete the proof, we need to establish

aID(c) | b≥ 0 : nat |Ω′;Σ ⊩ c≤ c : Cunit.

By definition of logical relation, this is equivalent to showing that c is related to itself in
the term interpretation for arbitrary n0, m0, γ0, N0, and V0 where N0 | V0 ⊩ γ0::Ω′′,Σck | Σ.
In particular, this condition establishes that ⊢aID(c)

γ0 N0 | V0 : Ω′ | Σ, and hence, N0 =

N′0,V0ck and range(γ0) = dom(N0). By assumption, p does not contain any worlds W, so
it follows that c does not contain any worlds W. Therefore, it follows by definition 26 that
γ0 | aID(c) | n0 | N0 | V0 | c and γ0 | aID(c) | ∞ | N0 | V0 | c are well-formed.
We need to show that ∀n0:

(γ0 | aID(c) | n0 | N0 | V0 | c, γ0 | aID(c) | ∞ | N0 | V0 | c) ∈ EJCunitKm0
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The proof proceeds by induction on m0:

Base case (m0 = 0). When m0 = 0, the proof is trivial and the desired result follows
immediately by the value interpretation at type Cunit:

(γ0 | aID(c) | n0 | N0 | V0 | c, γ0 | aID(c) | ∞ | N0 | V0 | c) ∈ EJCunitK0

Inductive case (m0 = k + 1 (∃k)). If m0 = k + 1, we need to show that

(γ0 | aID(c) | n0 | N0 | V0 | c, γ0 | aID(c) | ∞ | N0 | V0 | c) ∈ EJCunitKk+1

such that

(i) ∃.(γ1 | aID(c) | n1 | N1 | V1 | c1) such that γ0 | aID(c) | n0 | N0 | V0 | c →∗ γ1 |

aID(c) | n1 | N1 | V1 | c1 AND

(ii) ∃.(γ2 | aID(c) | ∞ | N2 | V2 | c2) such that γ0 | aID(c) | ∞ | N0 | V0 | c →∗ γ2 |

aID(c) | ∞ | N2 | V2 | c2 AND

(iii) (γ1 | aID(c) | n1 | N1 | V1 | c1, γ2 | aID(c) | ∞ | N2 | V2 | c2) ∈ VJCunitKk+1,

By the progress and preservation for commands applied to (2) and (3), we know that
the first configuration

γ0 | aID(c) | n0 | N0 | V0 | c

can take multiple steps until it becomes a value configuration that continues to be
well-typed. Observe that in the mode aID(c), nonvolatile memory remains unchanged.
We prove this by induction on n0:

Base case. If n0 = 0, then the configuration is a value.

Inductive case. Suppose that n0 = n′0 + 1 (∃n′0). Since aID(c) | b ≥ 0 : nat |
Ω′; Σ ⊢Sig c : Cunit and ⊢aID(c)

γ0 N0 | V0 : Ω′ | Σ, it follows by progress for
commands that either γ0 | aID(c) | n0 | N0 | V0 | c is a value or γ0 | aID(c) | n0 |

N0 | V0 | c is not a value, in which case ∃ γ′′1 | aID(c) | n′′1 | N0 | V′′1 | c
′′
1 such that

γ0 | aID(c) | n0 | N0 | V0 | c→ γ′′1 | aID(c) | n′′1 | N0 | V′′1 | c
′′
1

where aID(c) | b ≥ 0 : nat | Ω′; Σ′ ⊢Sig c : Cunit, ⊢
aID(c)
γ′′1

N0 | V′′0 : Ω′ | Σ′,
and γ′′1 | aID(c) | n′′1 | N0 | V′′1 | c′′1 is well-formed (by theorem 5 because
γ0 | aID(c) | n0 | N0 | V0 | c is well-formed).
By the inductive hypothesis, γ′′1 | aID(c) | n′′1 | N0 | V′′1 | c′′1 →

∗ γ′1 | aID(c) |
n′1 | N0 | V′1 | c

′
1 where γ′1 | aID(c) | n′1 | N0 | V′1 | c

′
1 is well-formed and a value,

aID(c) | b ≥ 0 : nat | Ω′; Σ′′ ⊢Sig c′1 : Cunit, and ⊢aID(c)
γ′1

N0 | V′1 : Ω′ | Σ′′. By
head expansion, we establish that

γ0 | aID(c) | n0 | N0 | V0 | c→∗ γ′1 | aID(c) | n′1 | N0 | V′1 | c
′
1
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We have just shown that (i) holds.
The proof proceeds in two subcases, depending on the value of n′1:

Subcase n′1 = 0. Observe that (ii) holds vacuously because γ0 | aID(c) | ∞ | N0 |

V0 | c→∗ γ0 | aID(c) | ∞ | N0 | V0 | c in 0 steps.
We now need to show that (iii) holds:

(γ′1 | aID(c) | n′1 | N0 | V′1 | c
′
1, γ0 | aID(c) | ∞ | N0 | V0 | c) ∈ VJCunitKk+1

This step corresponds to (2) in the figure where we need to show that the config-
urations are in the value interpretation at type Cunit. By the value interpretation
at type Cunit, and because n′1 = 0, this is equivalent to showing

(γ′1 | aID(c) | · | N0 | V′1 | ↓ε#in(n′1 > 0, ↑ c′1), γ0 | aID(c) | ∞ | N0 | V0 | c)

∈ VJ↓ (nat⇝ ↑ Cunit)Kk

This step corresponds to (3) in the diagram. At this step we show the above
relation holds by its definition:

(vi) PwOff(γ′1, aID(c),N0,V′1) = γ′′1 | ∅ AND

(vii) (γ′′1 | aID(c) | · | N0 | ε#in(n′1 > 0, ↑ c′1), γ0 | aID(c) | ∞ | N0 | V0 | c) ∈
VJnat⇝ ↑ CunitKk

To show (vi), we need to show that range(γ′′1 ) = dom(N0) where γ′′1 is the largest
restriction of γ′1 such that this condition holds. Observe that the desired result
follows immediately by the assumptions γ0 ⊆ γ

′
1 and range(γ0) = dom(N0),

where γ′′1 = γ0. Hence, we need to show

(γ0 | aID(c) | · | N0 | ε#in(n′1 > 0, ↑ c′1), γ0 | aID(c) | ∞ | N0 | V0 | c)

∈ VJnat⇝ ↑ CunitKk

This corresponds to step (4) in the diagram. By definition of the value relation
at the type nat⇝ ↑ Cunit, this is equivalent to showing the following:

∀n′1 > 0.(γ0 | aID(c) | n′1 | N0 |↑ c′1, γ0 | aID(c) | ∞ | N0 | V0 | c)

∈ VJ↑ CunitKk

Fix an arbitrary n1. We need to show that

(γ0 | aID(c) | n1 | N0 |↑ c′1, γ0 | aID(c) | ∞ | N0 | V0 | c) ∈ VJ↑ CunitKk

This corresponds to step (5) in the diagram. By the definition of value relation
at the type ↑ Cunit, this is equivalent to showing
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(viii) restore(γ0 | aID(c) | N0 | c′1) = N0 | V′0 | c
′
0 (for some V′0, c

′
0) AND

(ix) (γ0 | aID(c) | n1 | N0 | V0 | c′0, γ0 | aID(c) | ∞ | N0 | V′0 | c) ∈ EJCunitKk

By assumption, we have that N0 = N′0,V0ck. By the definition of restore(γ0 |

aID(c) | N0 | c′1) = N0 | V′0 | c
′
0 we have that N0 = N′0,V

′
0ck. Therefore, V′0 = V0.

Now we need to show that

(γ0 | aID(c) | n1 | N0 | V0 | c, γ0 | aID(c) | ∞ | N0 | V0 | c) ∈ EJCunitKk

which follows directly by the inductive hypothesis. Propagating up the cascade,
we learn that since n1 in step (4) was arbitrary, the value relation holds for all n1.
In summary, we have just shown that

(γ0 | aID(c) | n0 | N0 | V0 | c, γ0 | aID(c) | ∞ | N0 | V0 | c) ∈ EJCunitKk+1

Subcase n′1 > 0. Since n′1 > 0 and γ′1 | aID(c) | n′1 | N0 | V′1 | c
′
1 is a value, we step

the second configuration to completion:

γ0 | aID(c) | ∞ | N0 | V0 | c 7→∗ γ′1 | aID(c) | ∞ | N0 | V′1 | c
′
1

Now we want to show that

(γ′1 | aID(c) | n′1 | N0 | V′1 | c
′
1, γ

′
1 | aID(c) | ∞ | N0 | V′1 | c

′
1) ∈ VJ↓↑ CunitKk+1

By the value interpretation at type Cunit and n′1 > 0, we need to show that

(γ′1 | aID(c) | n′1 | N0 | V′1 | c
′
1, γ

′
1 | aID(c) | ∞ | N0 | V′1 | c

′
1) ∈ VJ↓↑ unitKk

By definition of the value interpretation at the type ↓↑ unit, this is equivalent to
showing

(x) Commit(γ′1 | aID(c) | N0 | V′1) = γ1 | N′1,V
′′
1 AND

(xi) Commit(γ′1 | aID(c) | N0 | V′1) = γ2 | N′2,V
′′
2 AND

(xii) (γ1 | aID(c) | n′1 | N
′
1,V

′′
1 | skip, γ2 | aID(c) | ∞ | N′2,V

′′
2 | skip)

∈ VJ↑ unitKk

By (x) and (xi), we observe that γ1 = γ2 and N′1,V
′′
1 = N′2,V

′′
2 .

Therefore, we can use the value interpretation at type ↑ unit to prove (xii):

(γ1 | aID(c) | n′1 | N
′
1,V

′′
1 | skip, γ2 | aID(c) | ∞ | N′2,V

′′
2 | skip) ∈ VJ↑ unitKk
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which holds by definition of logical relation. This is the last piece we needed in
order to prove the desired result:

(γ0 | aID(c) | n0 | N0 | V0 | c, γ0 | aID(c) | ∞ | N0 | V0 | c) ∈ EJCunitKk+1

In general, we have that (γ0 | aID(c) | n0 | N0 | V0 | c, γ0 | aID(c) | ∞ | N0 | V0 |

c) ∈ EJCunitKm0 where N0 | V0 ⊩ γ0::Ω′′,Σck | Σ. Since n0,m0 ≥ 0, γ0, N0, and V0

were arbitrarily chosen, this result holds for all n,m ≥ 0, γ,N,V. Therefore, it follows by
definition of logical relation that aID(c) | b≥ 0 : nat |Ω′;Σ ⊩ c≤ c : Cunit. Finally, the
desired result follows by application of P-Ckpt-semantic.

Ω′ |Σ= InitWorldt(Ω; ρ)
aID(c) | b≥ 0 : nat |Ω′;Σ ⊩ c≤ c : Cunit b : nat |Ω ⊩ p′ : ↑Cunit

b : nat |Ω ⊩ Ckpt[aID, ρ](c); p′ : ↑Cunit
(P-Ckpt-semantic)

Case 2. Suppose that p = c; p′. Figure A.3 explains the proof for the case where T-P-seq is the
last step of the derivation.

jit | b ≥ 0 : nat | Ω; · ⊢∅ c : Cunit b : nat | Ω ⊢ p′ : ↑Cunit
b : nat | Ω ⊢ c; p′ : ↑Cunit

(T-P-seq)

By inversion, we know that

(1) jit | b ≥ 0 : nat | Ω; · ⊢∅ c : Cunit
(2) b : nat | Ω ⊢ p′ : ↑Cunit

From (1), we know that c is well-typed for static context Ω and Σ = ·. By applying the
inductive hypothesis to (2), we learn that b : nat | Ω ⊩ p′ : ↑Cunit. To complete the proof,
we need to show that jit | b ≥ 0 : nat | Ω; · ⊩ c ≤ c : Cunit. By the definition of logical
relation, this is equivalent to establishing that c is related to itself in the term interpretation
for arbitrary n0, m0, γ0, N0, and V0 where N0 | V0 ⊩ γ0::Ω | Σ. In particular, this condition
establishes the condition that ⊢jit

γ0 N0 | V0 : Ω | Σ. By assumption, the program p, and by
extension the command c, does not contain any worlds W, so it follows by definition 26 that
γ0 | jit | n0 | N0 | V0 | c and γ0 | jit | ∞ | N0 | V0 | c are well-formed configurations. We need
to show that ∀c. jit | b ≥ 0 : nat | Ω;Σ ⊢∅ c : Cunit and ∀N0,V0, γ0, n0.N0 | V0 ⊩ γ0::Ω | Σ:

(γ0 | jit | n0 | N0 | V0 | c, γ0 | jit | ∞ | N0 | V0 | c) ∈ EJCunitKm0

The proof proceeds by induction on m0:

Base case (m0 = 0). When m0 = 0, the proof is trivial and the desired result follows im-
mediately by the definition of logical relation.

187



Inductive case (m0 = k + 1 (∃k)) Consider the case where m0 = k + 1.
We need to show that

(γ0 | jit | n0 | N0 | V0 | c, γ0 | jit | ∞ | N0 | V0 | c) ∈ EJCunitKk+1

By the term interpretation at type Cunit, this is equivalent to showing

(i) ∃.γ1 | jit | n1 | N1 | V1 | c1 such that γ0 | jit | n0 | N0 | V0 | c →∗ γ1 | jit | n1 | N1 |

V1 | c1

(ii) ∃.γ2 | jit | ∞ | N2 | V2 | c2 such that γ0 | jit | ∞ | N0 | V0 | c →∗ γ2 | jit | ∞ | N2 |

V2 | c2

(iii) (γ1 | jit | n1 | N1 | V1 | c1, γ2 | jit | ∞ | N2 | V2 | c2) ∈ VJCunitKk+1

By the progress and preservation theorems, we know that the first configuration can
take multiple steps until it becomes a value configuration that continues to be well-
typed. We proceed by induction on n0:

Base case. If n0 = 0, then the configuration is a value.

Inductive case. Suppose that n0 = n′0 + 1 (∃n′0). Since ⊢jit
γ0 N0 | V0 : Ω | · and

jit | b ≥ 0 : nat | Ω; · ⊢∅ c : Cunit, it follows by theorem 2 (Progress for
commands) that either γ0 | jit | n0 | N0 | V0 | c is a value or γ0 | jit | n0 | N0 | V0 | c
is not a value, in which case ∃ γ′′1 | jit | n

′′
1 | N

′′
1 | V

′′
1 | c

′′
1 such that

γ0 | jit | n0 | N0 | V0 | c→ γ′′1 | jit | n
′′
1 | N

′′
1 | V

′′
1 | c

′′
1

where γ′′1 | jit | n
′′
1 | N

′′
1 | V

′′
1 | c

′′
1 is well-formed, ⊢jit

γ′′1
N′′1 | V

′′
1 : Ω′′ | Σ′′ and jit |

b ≥ 0 : nat | Ω′′;Σ′′ ⊢∅ c′′1 : Cunit (by theorem 5 because γ0 | jit | n0 | N0 | V0 | c
is well-formed and ⊢jit

γ0 N0 | V0 : Ω | ·).
By the inductive hypothesis, γ′′1 | jit | n′′1 | N′′1 | V′′1 | c′′1 →

∗ γ′1 | jit | n′1 |
N′1 | V′1 | c′1 where γ′1 | jit | n′1 | N′1 | V′1 | c′1 is well-formed and a value,
⊢

jit
γ′1

N′1 | V′1 : Ω′′′ | Σ′′′, and jit | b ≥ 0 : nat | Ω′′′;Σ′′′ ⊢∅ c′1 : Cunit. By head
expansion, we establish that

γ0 | jit | n0 | N0 | V0 | c→∗ γ′1 | jit | n
′
1 | N

′
1 | V

′
1 | c

′
1

Analogously, we step the second configuration until c′1 with the exact same steps as
in the first configuration by theorems 2 (Progress for commands) and 5:

γ0 | jit | ∞ | N0 | V0 | c→∗ γ′1 | jit | ∞ | N
′
1 | V

′
1 | c

′
1

We have just shown (i) and (ii). The proof of (iii) corresponds to step (2) in the
diagram. Proving that the configurations are in the value interpretation at type Cunit
is equivalent to showing

(iv) n′1 = 0 ∧ (γ′1 | jit | · | N
′
1 | V

′
1 |↓ ε#in(n′1 > 0, ↑ c′1), γ′1 | jit | ∞ | N

′
1 | V

′
1 | c

′
1)

∈ VJ↓ (nat⇝↑ Cunit)Kk OR
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(v) n′1 > 0 ∧ (γ′1 | jit | n
′
1 | N

′
1 | V

′
1 | c

′
1, γ

′
1 | jit | ∞ | N

′
1 | V

′
1 | c

′
1) ∈ VJ↓↑ unitKk

The proof proceeds in two subcases depending on the value of n′0:

Case n′1 = 0. If n′1 = 0, then we need to show that

(γ′1 | jit | · | N
′
1 | V

′
1 |↓ ε#in(n′1 > 0, ↑ c′1), γ′1 | jit | ∞ | N

′
1 | V

′
1 | c

′
1)

∈ VJ↓ (nat⇝↑ Cunit)Kk

This proof corresponds to point (3) in the diagram. To show that the two con-
figurations are in the value interpretation at type ↓ (nat ⇝ ↑ Cunit), we need to
show:

(vi) PwOff(γ′1, jit,N
′
1,V

′
1) = γ′1 | V

′
1 AND

(vii) (γ′1 | jit | · | V
′
1,N

′
1 | ε#in(n′1 > 0, ↑ c′1), γ′1 | jit | ∞ | N

′
1 | V

′
1 | c

′
1)

∈ VJnat⇝↑ CunitKk

To show (vii), we need to show that the configurations are in the value interpre-
tation of nat⇝↑ Cunit, which corresponds to step (4) in the diagram:

(γ′1 | jit | · | V
′
1,N

′
1 | ε#in(n′1 > 0, ↑ c′1), γ′1 | jit | ∞ | N

′
1 | V

′
1 | c

′
1) ∈ VJnat⇝↑ CunitKk

This is equivalent to proving that

∀n > 0.(γ′1 | jit | n | V
′
1,N

′
1 | ε#in(n′1 > 0, ↑ c′1), γ′1 | jit | ∞ | N

′
1 | V

′
1 | c

′
1) ∈ VJ↑ CunitKk

This step corresponds to point (5) in the diagram. Fix an arbitrary n′. We need
to show that

(γ′1 | jit | n
′ | V′1,N

′
1 | ε#in(n′1 > 0, ↑ c′1), γ′1 | jit | ∞ | N

′
1 | V

′
1 | c

′
1) ∈ VJ↑ CunitKk

According to the value interpretation at type ↑ Cunit, this is equivalent to show-
ing:

(viii) restore(γ′1, jit, (V
′
1,N

′
1), c′1) = N′ | N′′ | c′1 where V′1,N

′
1 = N′,N′′ck AND

(ix) (γ′1 | jit | n
′ | N′ | N′′ck | c

′
1, γ

′
1 | jit | ∞ | N

′
1 | V

′
1 | c

′
1)

∈ EJCunitKk

From (viii), we have that V′1 = N′′ck and N′ = N′1. Recalling from above that
⊢

jit
γ′1

N′1 | V
′
1 : Ω′′′ | Σ′′′ (which is equivalent to N′1 | V

′
1 ⊩ γ

′
1::Ω′′′ | Σ′′′ for jit) and

jit | b ≥ 0 : nat | Ω′′′;Σ′′′ ⊢∅ c′1 : Cunit, we can apply the inductive hypothesis to
prove (ix). Therefore, we have established that

(γ0 | jit | n0 | N0 | V0 | c, γ0 | jit | ∞ | N0 | V0 | c) ∈ EJCunitKk+1
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Case n′0 > 0. If n′0 > 0, then we need to show that

(γ′1 | jit | n
′
1 | N

′
1 | V

′
1 | c

′
1, γ

′
1 | jit | ∞ | N

′
1 | V

′
1 | c

′
1) ∈ VJ↓↑ unitKk

From the value interpretation at type ↓↑ unit, we have

(x) Commit(γ′1 | jit | N
′
1 | V

′
1) = γ1 | N1

(xi) Commit(γ′1 | jit | N
′
1 | V

′
1) = γ2 | N2

(xii) (γ1 | jit | n′1 | N1 | skip, γ2 | jit | ∞ | N2 | skip) ∈ VJ↓↑ unitKk

From (x) and (xi), we have that γ1 = γ2 and N1 = N2. Therefore, the desired
result follows by the value interpretation at type ↓↑ unit:

(γ1 | jit | n′1 | N1 | skip, γ2 | jit | ∞ | N2 | skip) ∈ VJ↓↑ unitKk

Therefore, we have shown that (γ0 | jit | n0 | N0 | V0 | c, γ0 | jit | ∞ | N0 | V0 | c) ∈
EJCunitKm0 where N0 | V0 ⊩ γ0::Ω′′,Σck | Σ. Since n0,m0 ≥ 0, γ0, N0, V0 were arbitrary,
this result holds for all n,m ≥ 0, γ, N, V. Therefore, it follows by the definition of logical
relation that jit | b ≥ 0 : nat | Ω; · ⊩ c ≤ c : Cunit. Finally, the desired result follows by
application of P-seq-semantic.

jit | b ≥ 0 : nat | Ω; · ⊩ c ≤ c : Cunit b : nat | Ω ⊩ p′ : ↑Cunit
b : nat | Ω ⊩ c; p′ : ↑Cunit

(P-seq-semantic)

□

A.3 Adequacy
Theorem 6 (Adequacy) Consider b : nat | Ω ⊩ p : Cunit, a nonvolatile memory N and a
bijective map γ that matches qualifiers and types from variables in Ω to locations in N. The
triple of p, N, and γ is idempotent.

Proof: The proof is by cases according to the execution mode.
Stepping a JIT block. Consider a program of form [χ▷ ε]⊗ γ | n | N | c; p′ that can take a step
using the D-P-Seq rule to [χ′′ ▷ ε] ⊗ γ | n′ | N′ | p′. By inversion on the D-P-Seq rule,

n > 0
n′ > 0 [χ▷ ε] ⊗ γ | jit | n | N | · | c ⇒∗ [χ′ ▷ ε] ⊗ γ′1 | jit | n

′ | N′ | V′ | skip

[χ▷ ε] ⊗ γ | n | N | c; p′ ⇒ [χ′ ▷ ε] ⊗ γ | n′ | N′ | p′
(D-P-seq)

Suppose that the command c is successfully executed to completion with possibly m power
failures and m + 1 tries along the way:
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• n > 0
• n′ > 0
• [χ▷ ε] ⊗ γ | jit | n | N | · | c ⇒∗ [χ′ ▷ ε] ⊗ γ′1 | jit | n

′ | N′ | V′ | skip
Our goal is to show that we can run the configuration with∞, an infinite level of energy, as:

[χ▷ ε] ⊗ γ | jit | ∞ | N | · | c ⇒∗ [χ▷ ε] ⊗ γ′′2 | jit | ∞ | N
′ | V2 | skip.

Figure B.2 shows the main idea of the proof. Here we provide more details. We first need to
establish that the configuration with n level of energy is related to itself when provided with an
infinite energy level∞ for every index, including m + 1 (point (1) in Figure 3.23).

By inversion on T-P-seq-semantic and the assumption b : nat | Ω ⊩ c; p′ : ↑Cunit,

jit | b ≥ 0 : nat | Ω; · ⊩ c ≤ c : Cunit b : nat | Ω ⊩ p′ : ↑Cunit
b : nat | Ω ⊩ c; p′ : ↑Cunit

(P-seq-semantic)

we learn that
(i) jit | b ≥ 0 : nat | Ω; · ⊩ c ≤ c : Cunit

(ii) b : nat | Ω ⊩ p′ : ↑Cunit
By the definition of logical relation applied to (i), we have that ∀n0,m0 ≥ 0.∀γ0,N0 s.t.

N0 | · ⊩ γ0 :: Ω | ·. (γ0 | jit | n0 | N0 | · | c, γ0 | jit | ∞ | N0 | · | c) ∈ EJCunitKm0 .
Instantiating m0 to be the number of tries m + 1 (i.e. m0 = m + 1), we have that

(γ | jit | n | N | · | c, γ | jit | ∞ | N | · | c) ∈ EJCunitKm+1

To prove the desired result, we use induction to prove the following generalized statement:
• [χ ▷ ε] ⊗ γ1 | jit | n1 | N1 | V1 | c1 ⇒

∗ [χ′′ ▷ ε] ⊗ γ′ | jit | n′ | N′ | V′ | skip in m crashes
and

• (γ1 | jit | n1 | N1 | V1 | c1, γ2 | jit | ∞ | N2 | V2 | c2) ∈ EJCunitKm+1

then for any energy stream χ0, we have [χ0▷ε]⊗γ2 | jit | ∞ | N2 | V2 | c2 ⇒
∗ [χ0▷ε]⊗ γ′′2 |

jit | ∞ | N′′2 | V
′′
2 | skip and N′′2 = N′.

The proof proceeds by induction on the number of crashes (m):
Base case: m = 0 (# tries = 1). It follows by the term interpretation at type Cunit that

1. ∃(γ′′1 | jit | n
′ | N′1 | V

′
1 | c

′
1) s.t. γ1 | jit | n | N1 | V1 | c1 →

∗ γ′′1 | jit | n
′ | N′1 | V

′
1 | c

′
1

AND

2. ∃(γ′′2 | jit | ∞ | N′2 | V
′
2 | c

′
2) s.t. γ2 | jit | ∞ | N2 | V2 | c2 →

∗ γ′′2 | jit | ∞ | N′2 | V
′
2 | c

′
2

AND

3. (γ′′1 | jit | n
′ | N′1 | V

′
1 | c

′
1, γ

′′
2 | jit | ∞ | N′2 | V

′
2 | c

′
2) ∈ VJCunitK1

Since m = 0, there are no crashes in (1). So, n′ > 0 and the first configuration steps to
completion via D-step where N′1 = N′ and V′1 = V′ and γ′′1 = γ

′:

[χ▷ ε] ⊗ γ1 | jit | n | N1 | V1 | c1 ⇒
∗ [χ▷ ε] ⊗ γ′′1 | jit | n

′ | N′1 | V
′
1 | skip

By (2) we know that:

[χ0 ▷ ε] ⊗ γ2 | jit | ∞ | N2 | V2 | c2 ⇒
∗ [χ0 ▷ ε] ⊗ γ′′2 | jit | ∞ | N′2 | V

′
2 | c

′
2
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and by (3) and n′ > 0, we get that the post steps are related by the value interpretation at
type ↓↑ unit. This means that c′2 = skip and we have

[χ0 ▷ ε] ⊗ γ2 | jit | ∞ | N2 | V2 | c2 ⇒
∗ [χ0 ▷ ε] ⊗ γ′′2 | jit | ∞ | N′2 | V

′
2 | skip

and
(γ′′1 | jit | n

′ | N′1 | V
′
1 | skip, γ′′2 | jit | ∞ | N′2 | V

′
2 | skip) ∈ VJ↓↑ unitK0

It then follows by the value relation at type ↓↑ unit that

1. Commit(γ′′1 | jit | N
′
1 | V

′
1) = γ1 | N1 where range(γ1) = dom(N1) and γ1 ⊆ γ′′1

2. Commit(γ′′2 | jit | N
′
2 | V

′
2) = γ2 | N2 where range(γ2) = dom(N2) and γ2 ⊆ γ′′2

3. (γ1 | jit | n′ | N1 | skip, γ2 | jit | ∞ | N2 | skip) ∈ VJ↑ unitK0

By the definition of commit in the jit mode and (1) and (2), we have N1 = N′1 and N2 = N′2.
Thus, it follows by the value interpretation at type ↑ unit:

N′ = N′1 = N′2

Therefore, we have

[χ0 ▷ ε] ⊗ γ2 | jit | ∞ | N2 | V2 | c2 ⇒
∗ [χ0 ▷ ε] ⊗ γ′′2 | jit | ∞ | N′ | V′2 | skip

which completes the proof for this subcase.

Inductive case: m = k + 1(∃ k) (# tries = k + 2). It follows by the term interpretation at type
Cunit that

(iii) ∃(γ′1 | jit | n
′
1 | N

′
1 | V

′
1 | c

′
1) s.t. γ1 | jit | n | N1 | V1 | c1 →

∗ γ′1 | jit | n
′
1 | N

′
1 | V

′
1 | c

′
1

(iv) ∃(γ′2 | jit | ∞ | N
′
2 | V

′
2 | c

′
2) s.t. γ2 | jit | ∞ | N2 | V2 | c2 →

∗ γ′2 | jit | ∞ | N
′
2 | V

′
2 | c

′
2

(v) (γ′1 | jit | n
′
1 | N

′
1 | V

′
1 | c

′
1, γ

′
2 | jit | ∞ | N

′
2 | V

′
2 | c

′
2) ∈ VJCunitKk+2

From (iii), we step the first configuration until it becomes a value. It follows by the rule
D-step that

[χ▷ ε] ⊗ γ1 | jit | n | N1 | V1 | c1 ⇒
∗ [χ▷ ε] ⊗ γ′1 | jit | n

′
1 | N

′
1 | V

′
1 | c

′
1

We step the second configuration via D-step applied to (iv):

[χ0 ▷ ε] ⊗ γ2 | jit | ∞ | N2 | V2 | c2 ⇒
∗ [χ0 ▷ ε] ⊗ γ′2 | jit | ∞ | N

′
2 | V

′
2 | c

′
2

and by (v) we have:

(γ′1 | jit | n
′
1 | N

′
1 | V

′
1 | c

′
1, γ

′
2 | jit | ∞ | N

′
2 | V

′
2 | c

′
2) ∈ VJCunitKk+2

Since there are m > 0 crashes, we know that n′1 = 0. By application of D-Crash, we have

[χ▷ ε] ⊗ γ′1 | jit | 0 | N
′
1 | V

′
1 | c

′
1 ⇒ [χ▷ ε] ⊗ γ′1 | jit | · | N

′
1 | V

′
1 |↓ ε#in(b > 0; ↑ c′1)
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By the value interpretation at type Cunit, observe that the stepped configuration continues
to be related to the second configuration:

(γ′1 | jit | · | N
′
1 | V

′
1 |↓ ε#in(b > 0; ↑ c′1), γ′2 | jit | ∞ | N

′
2 | V

′
2 | c

′
2)

∈ VJ↓ (nat⇝↑ Cunit)Kk+1

By D-S-Jit, we have

[χ▷ ε] ⊗ γ′1 | jit | · | N
′
1 | V

′
1 |↓ ε#in(b > 0; ↑ c′1)

⇒ [χ▷ ε] ⊗ γ′1 | jit | · | N
′
1,V

′
1Ck | ε#in(b > 0; ↑ c′1)

By the value interpretation at type ↓ (nat ⇝ Cunit), the post step configuration remains
related to the second configuration:

(γ′1 | jit | · | N
′
1,V

′
1Ck | ε#in(b > 0; ↑ c′1), γ′2 | jit | ∞ | N

′
2 | V

′
2 | c

′
2)

∈ VJnat⇝↑ CunitKk+1

as by definition of PwOff in the jit mode, we have PwOff(γ′1, jit,N
′
1,V

′
1) = γ′1 | V

′
1.

By D-charge, for some n′′ > 0, we have χ = n′′ :: χ′ :

[χ▷ ε] ⊗ γ′1 | jit | · | N
′
1,V

′
1Ck | ε#in(b > 0; ↑ c′1)

⇒ [χ′ ▷ ε] ⊗ γ′1 | jit | n
′′ | N′1,V

′
1Ck |↑ c′1

It follows by the value interpretation at type nat ⇝↑ Cunit that the stepped configuration
and the second configuration remain related for n′′ (by ∀ elimination):

(γ′1 | jit | n
′′ | N′1,V

′
1Ck |↑ c′1, γ

′
2 | jit | ∞ | N

′
2 | V

′
2 | c

′
2)

∈ VJ↑ CunitKk+1

By D-restore-Jit, we have

[χ′ ▷ ε] ⊗ γ′1 | jit | n
′′ | N′1,V

′
1Ck |↑ c′1

⇒ [χ′ ▷ ε] ⊗ γ′1 | jit | n
′′ | N′1 | V

′
1 | c

′
1

From above, we get [χ▷ε]⊗γ1 | jit | n1 | N1 | V1 | c1 ⇒
∗ [χ′▷ε]⊗γ′1 | jit | n

′′ | N′1 | V
′
1 | c

′
1

and [χ0 ▷ ε] ⊗ γ2 | jit | ∞ | N2 | V2 | c2 ⇒
∗ [χ0 ▷ ε] ⊗ γ′2 | jit | ∞ | N

′
2 | V

′
2 | c

′
2. By the

value interpretation at type ↑ Cunit, these configurations continue to be related:
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(γ′1 | jit | n
′′ | N′1 | V

′
1 | c

′
1, γ

′
2 | jit | ∞ | N

′
2 | V

′
2 | c

′
2)

∈ EJCunitKk+1

as restore(γ′1, jit, (N
′
1,V

′
1Ck), c

′
1) = N′1 | V

′
1 | c

′
1.

Since [χ▷ε]⊗γ1 | jit | n1 | N1 | V1 | c1 ⇒
∗ [χ′′▷ε]⊗ γ′1 | jit | n

′ | N′ | V′ | skip in k crashes
we know that [χ▷ ε] ⊗ γ′1 | jit | n

′′ | N′1 | V
′
1 | c

′
1 ⇒

∗ [χ′′ ▷ ε] ⊗ γ′1 | jit | n
′ | N′ | V′ | skip

in k − 1 crashes.
By the application of the induction hypothesis we get: [χ0 ▷ ε] ⊗ γ′2 | jit | ∞ | N′2 | V′2 |
c′2 ⇒

∗ [χ0 ▷ ε] ⊗ γ′′2 | jit | ∞ | N | V
′′
2 | skip, which combined with [χ0 ▷ ε] ⊗ γ2 | jit |

∞ | N2 | V2 | c2 ⇒
∗ [χ0 ▷ ε] ⊗ γ′2 | jit | ∞ | N

′
2 | V

′
2 | c

′
2 gives us the desired result of this

subcase:

[χ0 ▷ ε] ⊗ γ2 | jit | ∞ | N2 | V2 | c2 ⇒
∗ [χ0 ▷ ε] ⊗ γ′′2 | jit | ∞ | N | V

′′
2 | skip

With that established, we can apply the generalized statement on assumptions

(γ | jit | n | N | · | c, γ | jit | ∞ | N | · | c) ∈ EJCunitKm+1

and [χ▷ ε] ⊗ γ | jit | n | N | · | c ⇒∗ [χ′ ▷ ε] ⊗ γ′1 | jit | n
′ | N′ | V′ | skip to get

[χ▷ ε] ⊗ γ | jit | ∞ | N | · | c ⇒∗ [χ▷ ε] ⊗ γ′′2 | jit | ∞ | N
′ | V2 | skip

and apply D-P-Seq rule to complete the proof of this case:

∞ > 0
∞ > 0 [χ▷ ε] ⊗ γ | jit | ∞ | N | · | c ⇒∗ [χ▷ ε] ⊗ γ′′2 | jit | ∞ | N

′ | V2 | skip

[χ▷ ε] ⊗ γ | ∞ | N | c; p′ ⇒ [χ▷ ε] ⊗ γ | ∞ | N′ | p′
(D-P-seq)

Stepping an atomic region. Consider a program of form [χ▷ ε]⊗γ | n | N | Ckpt[(aID; ρ)](c0); p′

that can take a step using the D-P-Seq rule to [χ′′ ▷ ε] ⊗ γ | n′ | N1 | p′. By inversion on the
D-P-Ckpt rule,

n > 0 InitWorldd(N; ρ; γ) = N0,V0

[χ▷ ε] ⊗ γ | aID(c0) | n | N0 | V0 | c0 ⇒
∗ [χ′′ ▷ ε] ⊗ γ′ | aID(c0) | n′ | N′ | V′ | skip

n′ > 0 N1 = FinWorldd(N′; V′)

[χ▷ ε] ⊗ γ | n | N | Ckpt[(aID; ρ)](c0); p′ ⇒ [χ′′ ▷ ε] ⊗ γ | n′ | N1 | p′
(D-P-CKpt)

we learn that
• n > 0
• InitWorldd(N; ρ; γ) = N0,V0
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• [χ▷ ε] ⊗ γ | aID(c0) | n | N0 | V0 | c0 ⇒
∗ [χ′′ ▷ ε] ⊗ γ′ | aID(c0) | n′ | N′ | V′ | skip

• n′ > 0
• N1 = FinWorldd(N′; V′)

Our goal is to simulate this execution in a continuous setting. In particular, we need to find a
continuous execution such that [χ▷ ε]⊗ γ | aID(c0) | ∞ | N0 | V0 | c0 ⇒

∗ [χ ▷ ε]⊗ γ′ | aID(c0) |
∞ | N′2 | V′2 | skip, where N1 = FinWorldd(N′2; V′2). To this end, we invert the assumption
b : nat | Ω ⊩ Ckpt[(aID; ρ)](c0); p′ :↑ Cunit via P-Ckpt-semantic,

Ω′ |Σ= InitWorldt(Ω; ρ)
aID(c0) | b≥ 0 : nat |Ω′;Σ ⊩ c0 ≤ c0 : Cunit b : nat |Ω ⊩ p′ : ↑Cunit

b : nat |Ω ⊩ Ckpt[aID, ρ](c0); p′ : ↑Cunit
(P-Ckpt-semantic)

we learn that

(i) Ω′ |Σ= InitWorldt(Ω; ρ)

(ii) aID(c0) | b≥ 0 : nat |Ω′;Σ ⊩ c0 ≤ c0 : Cunit
(iii) b : nat |Ω ⊩ p′ : ↑Cunit

By definition of logical relation applied to (ii), we have that ∀n1,m1 ≥ 0.∀γ1,N1,V1 s.t.
N1 | V1 ⊩ γ1 :: Ω | Σ (γ1 | aID(c0) | n1 | N1 | V1 | c0, γ1 | aID(c0) | ∞ | N1 | V1 | c0) ∈ EJCunitKm1 .

By instantiating the memories accordingly, and the index m1 with the number of tries m + 1
(where m is the number of crashes), we have

(γ | aID(c0) | n | N0 | V0 | c0, γ | aID(c0) | ∞ | N0 | V0 | c0) ∈ EJCunitKm+1

To get our result, we first prove the following generalized statement: if
• [χ▷ ε] ⊗ γ1 | aID(c0) | n1 | N1 | V1 | c1 ⇒

∗ [χ′ ▷ ε] ⊗ γ′ | aID(c0) | n′1 | N
′ | V′ | skip in m

crashes and
• (γ1 | aID(c0) | n1 | N1 | V1 | c1, γ2 | aID(c0) | ∞ | N2 | V2 | c2) ∈ EJCunitKm+1

then for all energy streams χ0, we have [χ0 ▷ ε] ⊗ γ2 | aID(c0) | ∞ | N2 | V2 | c2 ⇒
∗

[χ0 ▷ ε] ⊗ γ′′2 | aID(c0) | ∞ | N′′2 | V
′′
2 | skip, where FinWorldd(N′; V′) = FinWorldd(N′′2 ; V′′2 )

The proof proceeds by induction on the number of crashes:

Base case: m = 0 (# tries = 1). If m = 0, then it follows by the term interpretation at type Cunit,

(1) ∃(γ′′1 | aID(c0) | n′ | N′1 | V
′
1 | c

′
1) s.t. γ1 | aID(c0) | n | N1 | V1 | c1 →

∗ γ′′1 | aID(c0) |
n′ | N′1 | V

′
1 | c

′
1 AND

(2) ∃(γ′′2 | aID(c0) | ∞ | N′2 | V
′
2 | c

′
2) s.t. γ2 | aID(c0) | ∞ | N2 | V2 | c2 →

∗ γ′′2 | aID(c0) |
∞ | N′2 | V

′
2 | c

′
2 AND

(3) (γ′′1 | aID(c0) | n′ | N′1 | V
′
1 | c

′
1, γ

′′
2 | aID(c0) | ∞ | N′2 | V

′
2 | c

′
2) ∈ VJCunitK1

The number of crashes is 0, so n′ > 0 and the first configuration steps to completion via
D-step where N′1 = N′ and V′1 = V′ and γ′′1 = γ

′:

[χ▷ ε] ⊗ γ1 | aID(c0) | n | N1 | V1 | c1 ⇒
∗ [χ▷ ε] ⊗ γ′′1 | aID(c0) | n′ | N′1 | V

′
1 | skip
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Applying D-Step to (2), we know that:

[χ0 ▷ ε] ⊗ γ2 | aID(c0) | ∞ | N2 | V2 | c2 ⇒
∗ [χ0 ▷ ε] ⊗ γ′′2 | aID(c0) | ∞ | N′2 | V

′
2 | c

′
2

and by (3) and n′ > 0, we get that the post steps are related by the value interpretation at
type ↓↑ unit. This means that c′2 = skip and we have

[χ0 ▷ ε] ⊗ γ2 | aID(c0) | ∞ | N2 | V2 | c2 ⇒
∗ [χ0 ▷ ε] ⊗ γ′′2 | aID(c0) | ∞ | N′2 | V

′
2 | skip

and

(γ′′1 | aID(c0) | n′ | N′1 | V
′
1 | skip, γ′′2 | aID(c0) | ∞ | N′2 | V

′
2 | skip) ∈ VJ↓↑ unitK0

It then follows that

(1) Commit(γ′′1 | aID(c0) | N′1 | V′1) = γ′ | N′,V′ where γ′ ⊆ γ′′1 , N′1 = N′,N′0Ck, V′1 =
V′0,V

′, dom(V′) = dom(N′0), range(γ′) = dom(N′1) ∪ dom(V′).

(2) Commit(γ′′2 | aID(c0) | N′2 | V′2) = γ2 | N2,V2 where γ2 ⊆ γ′′2 , N′2 = N2,N2
0Ck,

V′2 = V2
0,V

2, dom(V2) = dom(N2
0), range(γ2) = dom(N′2) ∪ dom(V2).

(3) (γ′ | aID(c0) | n′ | N′,V′ | skip, γ2 | aID(c0) | ∞ | N2,V2 | skip) ∈ VJ↑ unitK0

It follows by the value interpretation at type ↑ unit that N′,V′ = N2,V2. We observe that
by definition, FinWorldd(N′1; V′1) = N′,V′ and FinWorldd(N′2; V′2) = N2,V2.
Therefore, we have

[χ0 ▷ ε] ⊗ γ2 | aID(c0) | ∞ | N2 | V2 | c2 ⇒
∗ [χ0 ▷ ε] ⊗ γ′′2 | aID(c0) | ∞ | N′2 | V

′
2 | skip

where FinWorldd(N′1; V′1) = FinWorldd(N′2; V′2), and the proof of this subcase is complete.

Inductive case: m = k + 1(∃ k) (# tries = k + 2). By the term interpretation at type Cunit, we
have

(i) ∃ γ′1 | aID(c0) | n′1 | N
′
1 | V

′
1 | c

′
1 s.t. γ1 | aID(c0) | n | N1 | V1 | c1 →

∗ γ′1 | aID(c0) | n′1 |
N′1 | V

′
1 | c

′
1

(ii) ∃ γ′2 | aID(c0) | ∞ | N′2 | V
′
2 | c

′
2 s.t. γ2 | aID(c0) | ∞ | N2 | V2 | c2 →

∗ γ′2 | aID(c0) | ∞ |
N′2 | V

′
2 | c

′
2.

(iii) (γ′1 | aID(c0) | n′1 | N
′
1 | V

′
1 | c

′
1, γ

′
2 | aID(c0) | ∞ | N′2 | V

′
2 | c

′
2) ∈ VJCunitKk+1

From (i), we step the first configuration until it becomes a value. It follows by the rule
D-step that

[χ ▷ ε] ⊗ γ | aID(c0) | n | N1 | V1 | c1 ⇒
∗ [χ ▷ ε] ⊗ γ′1 | aID(c0) | n′1 | N

′
1 | V

′
1 | c

′
1

Since there are m > 0 crashes, we know that n′1 = 0. By (ii), we step the second configura-
tion via D-step:

[χ0 ▷ ε] ⊗ γ2 | aID(c0) | ∞ | N2 | V2 | c2 ⇒
∗ [χ0 ▷ ε] ⊗ γ′2 | aID(c0) | ∞ | N′2 | V

′
2 | c

′
2
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and by (iii), we have

(γ′1 | aID(c0) | n′1 | N
′
1 | V

′
1 | c

′
1, γ

′
2 | aID(c0) | ∞ | N′2 | V

′
2 | c

′
2) ∈ VJCunitKk+1

By application of D-Crash, we have

[χ ▷ ε] ⊗ γ′1 | aID(c0) | 0 | N′1 | V
′
1 | c

′
1

⇒ [χ ▷ ε] ⊗ γ′1 | aID(c0) | · | N′1 | V
′
1 |↓ ε#in(b > 0; ↑ c′1)

By the value interpretation at type Cunit, observe that the stepped configuration continues
to be related to the second configuration:

(γ′1 | aID(c0) | · | N′1 | V
′
1 |↓ ε#in(b > 0; ↑ c′1), γ′2 | aID(c0) | ∞ | N′2 | V

′
2 | c

′
2)

∈ VJ↓ (nat⇝ ↑ Cunit)Kk

By D-S-aID, for γ1 ⊆ γ′1 such that range(γ1) = dom(N′1), we have:

[χ ▷ ε] ⊗ γ′1 | aID(c0) | · | N′1 | V
′
1 |↓ ε#in(b > 0; ↑ c′1)

⇒ [χ ▷ ε] ⊗ γ1 | aID(c0) | · | N′1 | ε#in(b > 0; ↑ c′1)

By the value interpretation at type ↓ (nat ⇝ ↑ Cunit), and the definition of PwOff in the
atomic case, we have PwOff(γ′1, aID(c0),N′1,V

′
1) = γ1 | ∅, and thus the stepped configura-

tion continues to be related to the second configuration:

(γ1 | aID(c0) | · | N′1 | ε#in(b > 0; ↑ c′1), γ′2 | aID(c0) | ∞ | N′2 | V
′
2 | c

′
2)

∈ VJnat⇝ ↑ CunitKk

By stepping the first configuration according to D-charge, we have for some n′′ > 0 such
that χ = n′′ :: χ′:

[χ ▷ ε] ⊗ γ1 | aID(c0) | · | N′1 | ε#in(b > 0; ↑ c′1)

⇒ [χ′ ▷ ε] ⊗ γ1 | aID(c0) | n′′ | N′1 |↑ c′1

By the value interpretation at type nat ⇝↑ Cunit, observe that the stepped configuration
remains related to the second configuration for n′′ > 0:

(γ1 | aID(c0) | n′′ | N′1 |↑ c′1, γ
′
2 | aID(c0) | ∞ | N′2 | V

′
2 | c

′
2) ∈ VJ↑ CunitKk

Stepping the first configuration via D-restore-aID, we have

[χ ▷ ε] ⊗ γ1 | aID(c0) | n′′ | N′1 |↑ c′1 ⇒ [χ ▷ ε] ⊗ γ1 | aID(c0) | n′′ | N′1 | · | c0

By the value interpretation at type ↑ Cunit, the first and second configurations remain
related:

(γ1 | aID(c0) | n′′ | N′1 | · | c0, γ
′
2 | aID(c0) | ∞ | N′2 | V

′
2 | c

′
2) ∈ EJCunitKk
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since restore(γ1, aID(c0),N′1, c
′
1) = N′1 | · | c0.

By assumption, [χ▷ ε]⊗ γ1 | aID(c0) | n′′ | N′1 | · | c0 ⇒
∗ [χ′′ ▷ ε]⊗ γ′ | aID(c0) | n′ | N′ |

V′ | skip in k − 1 crashes.
By induction hypothesis, we get [χ0▷ε]⊗γ′2 | aID(c0) | ∞ | N′2 | V

′
2 | c

′
2 ⇒

∗ [χ0 ▷ ε]⊗γ′′2 |
aID(c0) | n′ | N′′2 | V′′2 | skip such that FinWorldd(N′; V′) = FinWorldd(N′′2 ; V′′2 ). This
combined with [χ0 ▷ ε] ⊗ γ2 | aID(c0) | ∞ | N2 | V2 | c2 ⇒

∗ [χ0 ▷ ε] ⊗ γ′2 | aID(c0) | ∞ |
N′2 | V

′
2 | c

′
2 gives us [χ0 ▷ ε] ⊗ γ2 | aID(c0) | ∞ | N2 | V2 | c2 ⇒

∗ [χ0 ▷ ε] ⊗ γ′′2 | aID(c0) |
n′ | N′′2 | V

′′
2 | skip, and completes the proof of this subcase.

With that established, we can apply the generalized statement on assumptions

(γ | aID(c0) | n | N0 | V0 | c0, γ | aID(c0) | ∞ | N0 | V0 | c0) ∈ EJCunitKm+1

and [χ ▷ ε] ⊗ γ | aID(c0) | n | N0 | V0 | c0 ⇒
∗ [χ′ ▷ ε] ⊗ γ′ | aID(c0) | n′ | N′ | V′ | skip to get

[χ ▷ ε] ⊗ γ | aID(c0) | ∞ | N0 | V0 | c0 ⇒
∗ [χ ▷ ε] ⊗ γ′′ | aID(c0) | ∞ | N′′ | V′′ | skip, where

FinWorldd(N′; V′) = FinWorldd(N′′; V′′). and apply D-P-Ckpt rule to complete the proof of this
case.

□
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Appendix B

More Efficient Checkpointing Policies
Appendix

B.1 Syntax and Operational Semantics

B.1.1 Syntax

We present the syntax for our calculus below, which extends the syntax from Appendix A with
supports for must-first-write variables. These include extending atomic region policies with a
programmer-defined set of must-first-write variables µ and qualifiers MFstWt and Wtn that are
assigned to these variables. In particular, variables in µ are initially assigned a MFstWt qualifier
which evolves to Wtn on its first write for a given atomic region (re-)execution.

Commands and expressions
values v ::= n | tt | ff | x
exprs e ::= v | e ⊙ e
cmds c ::= skip | let x = e in c | if e then c else c | x := e | c; c | c;W c
atom. reg. pols. aPol ::= (ρ, µ, ω)
progs p ::= skip | startatom(aID, aPol); c; endatom; p | c; p
Access qualifiers and memories
access qualifier q ::= CK | RD | MFstWt | Wtn
nonvolatile mem N ::= · | ℓ@ q ↪→ v,N | ℓck@ CK ↪→ v,N
volatile mem V ::= · | ℓ@ CK ↪→ v,V
var loc map γ ::= · | γ, x 7→ ℓ
Instructions, statements, and configurations
continuations κ ::= c | e
statements s ::= κ | i | p
crash instrs i ::= ↓ε # in(b > 0, ↑κ) | ε # in(b > 0, ↑κ) |↑ κ
energy level g ::= · | n
charge stream χ ::= n :: χ
open config Co ::= (γ | Md | g | N | V | s) | (γ | Md | g | N | s)
closed config Cc ::= [χ▷ ε] ⊗ Co

exec. mode Md ::= aID(c) | jit
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B.1.2 Access Transition Function (δ)

We define a helper function δ to aid in checking memory accesses and evolving access qualifiers.
The function indicates that reading and writing to checkpointed (CK) variables is allowed and re-
sults in the same qualifier. Writing to a must-first-write (MFstWt) variable evolves the qualifier to
Wtn, whereas reading from it is undefined, indicating a potential WAR variable that is not check-
pointed. Reading from a read-only (RD) variable results in the same qualifier, whereas written
on a read-only variable is undefined, pointing to another WAR variable that is not checkpointed.
Lastly, writing and reading an already written variable (Wtn) results in the same qualifier.

δ(CK,Rd) = δ(CK,Wt) = CK δ(MFstWt,Wt) = Wtn δ(MFstWt,Rd) = UN
δ(RD,Rd) = RD δ(RD,Wt) = UN δ(Wtn,Wt) = δ(Wtn,Rd) = Wtn

B.1.3 Value Configurations and Expression Execution

The value relations remain the same as before. We repeat them below.

n > 0

Val(γ | Md | n | N | V | skip)
(V-skip)

n > 0

Val(γ | Md | n | N | V | n)
(V-Nat)

n > 0

Val(γ | Md | n | N | V | tt)
(V-Bool-t)

n > 0

Val(γ | Md | n | N | V | ff)
(V-Bool-f)

Val(γ | Md | 0 | N | V | κ)
(V-crash)

Val([χ▷ ε] ⊗ γ | Md | · | N | V | ↓ε # in(b > 0, ↑κ))
(V-↓)

Val([χ▷ ε] ⊗ γ | Md | · | N | ε # in(b > 0, ↑κ))
(V-# in)

n > 0

Val([χ▷ ε] ⊗ γ | Md | n | N | ↑κ)
(V-↑)

n > 0

Val([χ▷ ε] ⊗ γ | n | N | skip)
(V-p-done)

n > 0

Val([χ▷ ε] ⊗ γ | n | N | V | skip)
(V-c-done)

B.1.4 Expression Execution

The operational semantic rules for evaluating binary expressions are also the same as before,
except for D-N-Read for reading a nonvolatile memory location is extended with a check that the
location is readable (δ(q,Rd) , UN).
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γ = γ′, [x 7→ ℓ] V = ℓ@q ↪→ v,V′ n = n′ + 1

γ | Md | n | N | V | x→ γ | Md | n′ | N | V | v
(D-V-Read)

γ = γ′, [x 7→ ℓ] δ(q,Rd) , UN N = ℓ@q ↪→ v,N′ n = n′ + 1

γ | Md | n | N | V | x→ γ | Md | n′ | N | V | v
(D-N-Read)

n > 0 γ | Md | n | N | V | e1 → γ | Md | n′ | N | V | e′1
γ | Md | n | N | V | e1 ⊙ e2 → γ | Md | n′ | N | V | e′1 ⊙ e2

(D-Binary-1)

n > 0
Val(γ | Md | n | N | V | e1) γ | Md | n | N | V | e2 → γ | Md | n′ | N | V | e′2

γ | Md | n | N | V | e1 ⊙ e2 → γ | Md | n′ | N | V | e1 ⊙ e′2
(D-Binary-2)

n = n′ + 1
Val(γ | Md | n | N | V | e1) Val(γ | Md | n | N | V | e2) v = e1 ⊙ e2

γ | Md | n | N | V | e1 ⊙ e2 → γ | Md | n′ | N | V | v
(D-Binary-v)
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B.1.5 Command Execution (Open Config)

The rules for command execution of open configurations remain the same as before, except for
assignment to a nonvolatile variable. The rule D-Assign-N is extended with a check that the
location corresponding to the variable x is in fact writable according to δ, and if it is, updates the
qualifier accordingly.

n > 0 γ | Md | n | N | V | e→ γ | Md | n′ | N | V | e′

γ | Md | n | N | V | let x = e in c→ γ | Md | n′ | N | V | let x = e′ in c
(D-Let-step)

Val(γ | Md | n | N | V | e1) γ′ = γ, [x 7→ ℓ] ℓ fresh n = n′ + 1

γ | Md | n | N | V | let x = e1 in c→ γ′ | Md | n′ | N | V, ℓ@CK ↪→ e1 | c
(D-Let-v)

n > 0 γ | Md | n | N | V | e → γ | Md | n′ | N | V | e′

γ | Md | n | N | V | p := e → γ | Md | n′ | N | V | p := e′
(D-Assign-step)

Val(γ | Md | n | N | V | e)
γ = γ′, [x→ ℓ] V = V′, ℓ@q ↪→ v′ n = n′ + 1

γ | Md | n | N | V | x := e → γ | Md | n′ | N | V′, ℓ@q ↪→ e | skip
(D-Assign-V)

Val(γ | Md | n | N | V | e)
γ = γ′, [x→ ℓ] N = N′, ℓ@q ↪→ v′ q′ = δ(q,Wt) , UN n = n′ + 1

γ | Md | n | N | V | x := e → γ | Md | n′ | N′, ℓ@q′ ↪→ e | V | skip
(D-Assign-N)

n > 0 γ | Md | n | N | V | e → γ | Md | n′ | N | V | e′

γ | Md | n | N | V | if e then c1 else c2 → γ | Md | n′ | N | V | if e′ then c1 else c2
(D-If)

n = n′ + 1 Val(γ | Md | n | N | V | tt)

γ | Md | n | N | V | if tt then c1 else c2 → γ | Md | n′ | N | V | c1
(D-If-tt)

n = n′ + 1 Val(γ | Md | n | N | V | ff)

γ | Md | n | N | V | if ff then c1 else c2 → γ | Md | n′ | N | V | c2
(D-If-ff)

γ | Md | n | N | V | c1; c2 → γ | Md | n | N | V | c1;γ|V c2
(D-seq)

γ | Md | n | N | V | c1 → γ
′ | Md | n′ | N′ | V′ | c′1

γ | Md | n | N | V | c1;W c2 → γ
′ | Md | n′ | N′ | V′ | c′1;W c2

(D-seq-step)

n = n′ + 1 W = γ′ | V′ V′′ = V ↾ dom(V′)

γ | Md | n | N | V | skip;W c2 → γ
′ | Md | n′ | N | V′′ | c2

(D-seq-v)
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Definition 11 (Well-formedness for configurations) A configuration γ | Md | n | N | V | c is
well-formed iff when c = c1;W1 · · · ;Wn−1 cn;Wn cn+1 where n > 1, all of the following hold
• dom(Nck) ⊆ dom(V j) ⊆ dom(Vi) ⊆ dom(V)
• γ j ⊆ γi ⊆ γ

where 1 ≤ i < j ≤ n and Wk = γk | Vk for all k ∈ [1, n].

B.1.6 Command Execution (Closed Config)
Since only the restore operation must be modified to reset the Wtn qualifiers to MFstWt prior
to each atomic region re-execution, the only closed configuration command execution rule that
changes is D-restore-aID. To restore state, as detected by the instruction ↑κ, the rule replaces
all Wtn qualifiers in nonvolatile memory with MFstWt and regenerates the volatile log for check-
pointed variables.

γ | Md | n |N |V | c→ γ | Md | n′ |N′ |V′ | c′

[χ▷ ε] ⊗ γ | Md | n |N |V | c⇒ [χ▷ ε] ⊗ γ | Md | n′ |N′ |V′ | c′
(D-step)

[χ▷ ε] ⊗ γ | Md | 0 |N |V | κ ⇒ [χ▷ ε] ⊗ γ | Md | · |N |V | ↓ ε # in(b > 0; ↑κ)
(D-Crash)

[χ▷ ε] ⊗ γ | jit | · |N |V | ↓ε # in(b > 0; ↑κ)
⇒ [χ▷ ε] ⊗ γ | jit |N,Vck | ε # in(b > 0; ↑κ)

(D-S-Jit)

γ′ ⊆ γ range(γ′) = dom(NV)

[χ▷ ε] ⊗ γ | aID(c0) | · |N |V | ↓ε # in(b > 0; ↑κ)
⇒ [χ▷ ε] ⊗ γ′ | aID(c0) | · |N | ε # in(b > 0; ↑κ)

(D-S-aID)

[n :: χ▷ ε] ⊗ γ | Md | · |N | ε # in(b > 0; ↑κ)⇒ [χ▷ ε] ⊗ γ | Md | n |N | ↑κ
(D-charge)

N = N′RD,MFstWt,N
′′
ck,N

′′′
Wtn

[χ▷ ε] ⊗ γ | aID | n | N | ↑κ
⇒ [χ▷ ε] ⊗ γ | aID | n | N′RD,MFstWt,N

′′
ck,N

′′′
MFstWt | N

′′ | c0

(D-restore-aID)

N = N′,N′′ck
[χ▷ ε] ⊗ γ | jit | n |N | ↑ κ ⇒ [χ▷ ε] ⊗ γ | jit | n |N′ |N′′ | κ

(D-restore-Jit)

B.1.7 Top-Level Program Execution
The top-level program execution rules are given below. The rules for JIT and atomic regions
remain the same as before, with a modified definition of InitWorldd and FinWorldd. From before,
InitWorldd is additionally defined to set the qualifiers of all variables in the set µ to MFstWt.
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By the successful end of an atomic region execution, all MFstWt qualifiers will become Wtn.
Therefore, the FinWorldd function replaces the Wtn qualifiers with CK and commits the volatile
logs to nonvolatile memory.

n > 0 InitWorldd(N; aPol; γ) = N0 | V0

[χ▷ ε] ⊗ γ | aID(c0) | n | N0 | V0 | c0 ⇒
∗ [ε : l′] ⊗ γ′ | aID(c0) | n′ | N′ | V′ | skip

n′ > 0 N1 = FinWorldd(N′; V′)

[χ▷ ε] ⊗ γ | n | N | startatom(aID, aPol); c0; endatom; p ⇒p [ε : l′] ⊗ γ | n′ | N1 | p
(D-P-Ckpt)

n > 0
n′ > 0 [χ▷ ε] ⊗ γ | jit | n | N | · | c ⇒∗ [χ′ ▷ ε] ⊗ γ′ | jit | n′ | N′ | V′ | skip

[χ▷ ε] ⊗ γ | n | N | c; p ⇒p [χ′ ▷ ε] ⊗ γ | n′ | N′ | p
(D-P-seq)

Definitions of InitWorldd and FinWorldd

Definition 12 InitWorldd(N; aPol; γ) = N0 | V0 | γ0 where aPol = (ρ, µ, ω) iff
• N = N1,N2,N3,
• dom(N1) = range(γ↾ρ),
• dom(N2) = range(γ↾ω),
• dom(N3) = range(γ↾µ),
• V0, γv = unzip({(ℓ∗@CK ↪→ v, x 7→ ℓ∗) | N2(ℓ) = v, ℓ∗ fresh, x ∈ ω s.t. γ(x) = ℓ}),
• N0 = {ℓ@RD ↪→ v | N1(ℓ) = v}∪{ℓck@CK ↪→ v | N2(ℓ) = v}∪{ℓ@MFstWt ↪→ v | N3(ℓ) = v},
• γ0 = {xck 7→ γ(x)ck | x ∈ ω} ∪ {x 7→ γ(x) | x < ω} ∪ γv

Definition 13 FinWorldd(N; V) = N f iff
• N = N1 ck,N2,
• dom(N1) = dom(V),
• N f = V ∪ {ℓ@CK ↪→ v | ℓ@q ↪→ v ∈ N2, q ∈ {RD, Wtn}}
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B.2 Type system

B.2.1 Types

We present the grammar for types below. The structure of crash types and typing contexts re-
mains the same as before, but are extended with access qualifiers MFstWt and Wtn for type
checking atomic regions.

store types A ::= int | bool
basic types T ::= unit | A
unstable types τu ::= T | ↓ τs | τu ∨ τu | CMdT
stable types τs ::= nat⇝ τs | ↑ τu

type variables CMdT ::= Cunit | CMdA
access qualifier q ::= CK | RD | MFstWt | Wtn
unstable store typing context Σ ::= · | x : ↓s

u↑
s
uA@CK,Σ

stable store typing context Ω := · | x : ↑s
uA@q, Ω | xck : ↑s

uA@CK,Ω

command crash type Cunit = ↓
s
u(nat⇝ ↑s

uCunit) ∨ ↓
s
u↑

s
uunit

atomic crash type CMdA = ↓
s
u(nat⇝ ↑s

uCunit) ∨ ↓
s
u↑

s
uA

jit crash type C
jit
A = ↓

s
u(nat⇝ ↑s

uC
jit
A) ∨ ↓s

u↑
s
uA

B.2.2 Expression Typing

Since MFstWt qualifiers could evolve to Wtn over the course of type checking, WT expression
typing judgments are extended with a stable post-context whose domain matches the initial stable
typing context, but may differ in its qualifiers to track changes in qualifiers.

For example, to check a variable that is being written, the rule T-Loc-Write checks that
the variable is writable according to δ. If the variable is writable, the rule assigns the updated
qualifier to the typing of x. The rule T-W-Shift, restricts the post-typing context from premise
to conclusion to match the domain of the initial stable typing context. The remainder of the
expression typing rules are all for the RD judgments. Since qualifiers do not change on read,
These rules remain the same as before.
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Ω,Σ′ = x:↑A@q,Ω′2 q′ = δ(q,Wt) , UN

Md | b : nat | Ω,Σ′ ⊢WT x : ↑A ⊣ x:↑A@q′,Ω′2
(T-Loc-Write)

Σ =↓ Σ′ Ω = Ω′,Ω′′ck Md | b : nat | Ω′,Σ′ ⊢WT x : ↑A ⊣ Ω1

Md | b : nat | Ω;Σ ⊢WT x : ↓↑ A ⊣ Ω1↾dom(Ω)
(T-W-Shift)

Ω(x) = ↑A@q

Md | b : nat | Ω ⊢RD x : ↑A
(T-Loc-Read)

Md | b : nat | Ω ⊢RD tt :↑ bool
(T-Bool-t)

Md | b : nat | Ω ⊢RD ff : ↑bool
(T-Bool-f)

Md | b : nat | Ω ⊢RD n : ↑int
(T-Int)

Σ = ↓Σ′ Ω = Ω′,Ω′′ck Md | b : nat | Ω′,Σ′ ⊢RD v : ↑A

Md | b : nat | Ω;Σ ⊢RD;Sig v : ↓↑A
(T-R-Shift)

Md | b : nat | Ω;Σ ⊢RD;Sig x : ↓↑A

Md | b > 0 : nat | Ω;Σ ⊢RD;Sig x : τ1 ∨ ↓↑A
(T-∨-Succ)

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e1 : CMdT
Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e2 : CMdT ′ ⊙ : ↑T × ↑T ′ → ↑T ′′

Md | b > 0 : nat | Ω;Σ ⊢RD;Sig e1 ⊙ e2 : CMdT ′′
(T-Binary)

Sig′ = {Md | b ≥ 0 : nat | Ω;Σ ⊢RD e : τ}
Sig′′ = if Md = jit, then Sig′, else Sig

Md | b = 0 : nat | Ω;Σ ⊢Sig′′ e : τ Md | b > 0 : nat | Ω;Σ ⊢RD;Sig e : τ

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e : τ
(T-enough?)

B.2.3 Command Typing
Checking variable writes propagates to command typing in the form of checking assignments,
which propagates through sequencing to account for updated variable accesses in checking later
commands. In particular, T-Assign returns a post-context that matches its WT judgment to reflect
the write to x that occurs during the assignment. The sequencing rules (T-seq and T-seq-d) pass
along information about qualifier accesses from checking a command c1 to checking the next
command c2. The typing rule for checking conditionals (T-If) assumes that checking c1 and c2

result in the same post-typing context, rejecting programs that write to a MFstWt variable in one
branch but not the other. T-C-Shift is similar to T-W-Shift, restricting the post-context of the
conclusion from the premise. T-Skip returns the same post-context as the initial stable typing
context. The rules T-∨-Succ and T-Let pass the same post-context from premise to conclusion.
Lastly, T-enough? populates the type signature with the post-context Ω′ to remember that a
typing derivation that already solved for Ω′ already exists.
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Md | b : nat | Ω ⊢Sig skip : ↑unit ⊣ Ω
(T-Skip)

Σ = ↓Σ′ Ω = Ω′,Ω′′ck Md | b : nat | Ω′,Σ′ ⊢Sig skip : ↑unit ⊣ Ω1

Md | b : nat | Ω;Σ ⊢Sig skip : ↓↑unit ⊣ Ω1↾dom(Ω)
(T-C-Shift)

Md | b : nat | Ω;Σ ⊢Sig skip : ↓↑unit ⊣ Ω′

Md | b > 0 : nat | Ω;Σ ⊢Sig skip : τ ∨ ↓↑unit ⊣ Ω′
(T-∨-Succ)

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e1 : CMdA
Md | b ≥ 0 : nat | Ω;Σ, x:↓↑A@CK ⊢Sig c : τ ⊣ Ω′

Md | b > 0 : nat | Ω;Σ ⊢Sig let x = e1 in c : τ ⊣ Ω′
(T-Let)

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e : CMdA Md | b > 0 : nat | Ω;Σ ⊢WT x : ↓↑A ⊣ Ω′

Md | b > 0 : nat | Ω;Σ ⊢Sig x := e : CMdunit ⊣ Ω
′

(T-Assign)

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e : CMdbool
Md | b ≥ 0 : nat | Ω;Σ ⊢Sig c1 : τ ⊣ Ω′ Md | b ≥ 0 : nat | Ω;Σ ⊢Sig c2 : τ ⊣ Ω′

Md | b > 0 : nat | Ω;Σ ⊢Sig if e then c1 else c2 : τ ⊣ Ω′
(T-If)

Md | b ≥ 0 : nat | Ω;Σ ⊢Sig c1 : CMdunit ⊣ Ω
′ Md | b ≥ 0 : nat | Ω′;Σ ⊢Sig c2 : τ ⊣ Ω′′

Md | b > 0 : nat | Ω;Σ ⊢Sig c1; c2 : τ ⊣ Ω′′
(T-seq)

W = γ | V Md | b ≥ 0 : nat | Ω;Σ ⊢Sig c1 : CMdunit ⊣ Ω
′

Σ′ = trim(Σ,V, γ) Md | b ≥ 0 : nat | Ω′;Σ′ ⊢Sig c2 : τ ⊣ Ω′′

Md | b > 0 : nat | Ω;Σ ⊢Sig c1;W c2 : τ ⊣ Ω′′
(T-seq-d)

Sig′ = {Md | b ≥ 0 : nat | Ω;Σ ⊢ c : τ ⊣ Ω′}
Sig′′ = if Md = jit, then Sig′, else Sig

Md | b = 0 : nat | Ω;Σ ⊢Sig′′ c : τ Md | b > 0 : nat | Ω;Σ ⊢Sig c : τ ⊣ Ω′

Md | b ≥ 0 : nat | Ω;Σ ⊢Sig c : τ ⊣ Ω′
(T-enough?)

B.2.4 Statement Typing

The rules for statement typing remain similar to before, excpet for T-aID-Restore which is ex-
tended to revert all Wtn qualifiers to MFstWt which matches the dynamic rule.
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Md | · | Ω;Σ ⊢Sig ↓ε # in(b > 0, ↑κ′) : ↓(nat⇝ ↑ CMdT′ )

Md | b = 0 : nat | Ω;Σ ⊢Sig κ′ : ↓(nat⇝ ↑ CMdT′ ) ∨ ↓↑T
(T-∨-Crash)

aID(c0) | · | Ω ⊢Sig ε # in(b > 0, ↑κ′) : (nat⇝ ↑CMdunit)

aID(c0) | · | Ω;Σ ⊢Sig ↓ε # in(b > 0, ↑κ′) : ↓(nat⇝ ↑ CMdunit)
(T-aID-stop)

Σ = ↓↑Σ′ jit | · | Ω, ↑Σ′ck ⊢Sig ε # in(b > 0, ↑κ′) : (nat⇝ ↑CMdT )

jit | · | Ω;Σ ⊢Sig ↓ε # in(b > 0, ↑κ′) : ↓(nat⇝ ↑ CMdT )
(T-Jit-stop)

ε # in() : nat > 0 Md | b > 0 : nat | Ω ⊢Sig↑ κ′ : ↑CMdT
Md | · | Ω ⊢Sig ε # in(b > 0, ↑ κ′) : (nat⇝ ↑CMdT )

(T-Charge)

Ω = Ω′RD,MFstWt,Wtn,Ω
′′
ck

Ω1 = Ω
′
RD,Wtn,Wtn,Ω

′′
ck aID(c0) | b ≥ 0 : nat | Ω1; ↓Ω′′ ⊢ c0 : Cunit ∈ Sig

aID(c0) | b > 0 : nat | Ω ⊢Sig ↑κ′ :↑ Cunit
(T-aID-Restore)

Ω = Ω′,Ω′′ck jit | b ≥ 0 : nat | Ω′; ↓Ω′′ ⊢ κ′ : CMdT ∈ Sig

jit | b > 0 : nat | Ω ⊢Sig ↑κ′ :↑ CMdT
(T-Jit-Restore)

B.2.5 Program Typing
The rule for checking an atomic region is extended from before. The modified InitWorldt def-
inition checks that the variable sets in aPol are all pairwise disjoint and cover the domain of
nonvolatile memory. For every variable declared in µ, it sets the qualifier to MFstWt. At the
end of checking an atomic region, all MFstWt variables should become Wtn. This is checked by
Ω′↾{MFstWt} = ∅, where Ω′ is the post-context from checking the atomic region command c0.

Ω0 | Σ0 = InitWorldt(Ω; aPol)
Sig = {aID(c0) | b ≥ 0 : nat | Ω0;Σ0 ⊢ c0 : Cunit ⊣ Ω′}

aID(c0) | b ≥ 0 : nat | Ω0; Σ0 ⊢Sig c0 : Cunit ⊣ Ω′

Ω′↾{MFstWt} = ∅ b : nat | Ω ⊢ p : ↑Cunit
b : nat | Ω ⊢ startatom(aID, aPol); c0; endatom; p : ↑Cunit

(T-P-Ckpt)

jit | b ≥ 0 : nat | Ω; · ⊢∅ c : Cunit ⊣ Ω′ b : nat | Ω ⊢ p : ↑Cunit
b : nat | Ω ⊢ c; p : ↑Cunit

(T-P-seq)

Definition 14 Ω0 | Σ0 = InitWorldt(Ω; aPol) where aPol = (ρ, µ, ω) iff
• dom(Ω) = ρ ∪ µ ∪ ω,
• ρ ∩ µ = ∅, µ ∩ ω = ∅, ρ ∩ ω = ∅,
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• Ω0 = Ω
r,Ωm,Ωc

ck
and

• Σ0 = ↓Ω
c

where Ω = Ωr,Ωm,Ωc and Ωr = Ω↾ρ,Ωm = Ω↾µ, and Ωc = Ω↾ω.

B.2.6 Store Typing
The store typing definition remains the same as before. We repeat the definition below.

⊢aID
γ · | · : · | ·

(Empty)

⊢
jit
γ′ N | V′ : Ω | Σ

V = V′, ℓ@ q ↪→ v q = Ck γ = γ′, [x 7→ ℓ] Md | b : nat | Ω ⊢RD v : ↑A

⊢jit
γ N | V : Ω | Σ, (x:↓↑A@q)

(V-loc)

⊢aID
γ′ N′ | V : Ω | Σ N = N′, ℓ@ q ↪→ v

q , Ck γ = γ′, [x 7→ ℓ] Md | b : nat | Ω ⊢RD v : ↑A

⊢aID
γ N | V : Ω, (x:↑A@q) | Σ

(N-loc-aID-1)

⊢aID
γ′ N′ | V′ : Ω | Σ N = N′, ℓck@ q ↪→ v V = V′, ℓ@ q ↪→ v′ q = Ck
γ = γ′, [x 7→ ℓ] Md | b : nat | Ω ⊢RD v : ↑A Md | b : nat | Ω ⊢RD v′ : ↑A

⊢aID
γ N | V : Ω, (xck:↑A@q) | Σ, (x:↓↑A@q)

(N-loc-aID-2)

⊢
jit
γ′ N′ | V : Ω | Σ N = N′, ℓ@ q ↪→ v

q = Ck γ = γ′, [x 7→ ℓ] Md | b : nat | Ω ⊢RD v : ↑A

⊢jit
γ N | V : Ω, (x:↑A@q) | Σ

(N-loc-Jit)
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B.3 Logical Relation

The logical relation is the same as before, but includes a condition that makes it more general.
We state the definition below.

The key difference is that now there may be variables written on the intermittent execution
that are not written on the continuously-powered execution at intermediary stages of the sim-
ulation. After restore, the qualifiers of these variables are reverted to MFstWt. This check is
included in the definition ofVJ↑CunitKm.

Binary relation for commands
Md | b ≥ 0 : nat | Ω | Σ ⊩ c1 ≤ c2 : Cunit
iff ∀n,m ≥ 0. ∀γ,N,V.s.t. ⊢Mdγ N | V : Ω | Σ.

(γ | Md | n | N | V | c1, γ | Md | ∞ | N | V | c2) ∈ EJCunitKm

Term relation
EJCunitKm+1 = {(Co1,C

∞
o2) | ∃.C′o1 s.t.Co1 →

∗
irred C

′
o1 ∧ ∃.C

∞′

o2 s.t.C∞o2 →
∗ C∞

′

o2 ∧

(C′o1,C
∞′

o2 ) ∈VJCunitKm+1}

EJCunitK0 = {(Co1,C
∞
o2)}

Value relation
VJ↑unitK = {(Co1,C

∞
o2) | Co1 = (γ | Md | n1 |N | skip) ∧ C∞o2 = (γ | Md | ∞ |N | skip)}

VJ↓↑unitK = {(Co1,C
∞
o2) | Co1 = (γ1 | Md | n1 |N1 |V1 | skip)∧

C∞o2 = (γ2 | Md | ∞ |N2 |V2 | skip)∧
Commit(γi, Md,Ni,Vi) = γ′i |N

′
i ∧

(γ′1 | Md | n1 |N′1 | skip, γ′2 | Md | ∞ |N
′
2 | skip) ∈ VJ↑unitK}

VJ↑CunitKm = {(Co1,C
∞
o2) | Co1 = (γ1 | Md | n |N1 | ↑κ)∧

C∞o2 = (γ2 | Md | ∞ |N2 |V2 | c2)∧
Restore(γ1, Md,N1, κ) = N0 |V0 | c0 ∧

N0 \ {MFstWt} = N2 \ {MFstWt} ∧

(γ1 | Md | n |N0 |V0 | c0, γ2 | Md | ∞ |N2 |V2 | c2) ∈ EJCunitKm}

VJnat⇝↑CunitKm = {(Co1,C
∞
o2) | Co1 = (γ1 | Md | · |N1 | ε # in(b > 0, ↑κ))∧

∀n>0.(γ1 | Md | n |N1| ↑κ,C
∞
o2) ∈VJ↑ CunitKm}

VJ↓(nat⇝↑Cunit)Km = {(Co1,C
∞
o2) | Co1 = (γ1 | Md | · |N1|V1| ↓ε # in(b > 0, ↑κ))∧

PwOff(γ1, Md,N1,V1) = γ′1 |V
′ ∧

(γ′1 | Md | · |V
′
ck
,N1 | ε # in(b > 0, ↑κ),C∞o2) ∈ VJnat⇝ ↑CunitKm}

VJCunitKm+1 = {(Co1,C
∞
o2) | Co1 = (γ1 | Md | n1 |N1 |V1 | c1)∧

either n1 = 0 ∧ (γ1 | Md | · |N1 |V1 | ↓ε # in(b > 0, ↑c1),C∞o2)
∈ VJ↓(nat⇝↑ Cunit)Km,

or n1 > 0 ∧ (γ1 | Md | n1 |N1 |V1 | c1,C
∞
o2) ∈ VJ↓↑ unitK}

Figure B.1: Step-indexed logical relation for crash types
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B.3.1 Commit, PwOff, and Restore Policies
The policies for Commit and PwOff are the same as before, whereas Restore is modified. Like
the typing dynamic rules for restore, the policy reverts all Wtn qualifiers to MFstWt.

N1 = N′1 RD,Wtn,MFstWt,N
′′
ck

N2 = N′1 ck,V
′′ V1 = V′1,V

′′ dom(V′′) = dom(N′′) γ′ ⊆ γ s.t. range(γ′) = dom(N1)

Commit(γ, aID(c0),N1,V1) = γ′ | N2

N1 = N′RD,MFstWt,N
′′
ck,N

3
Wtn N2 = N′RD,MFstWt,N

′′
ck,N

3
MFstWt V2 = N′′

Restore(γ, aID(c0),N1, κ) = N2 | V2 | c0

γ′ ⊆ γ s.t. range(γ′) = dom(N1) V2 = ∅

PwOff(γ, aID(c0),N1,V1) = γ′ | V2

γ′ ⊆ γ s.t. range(γ′) = dom(N)

Commit(γ, jit,N,V1) = γ′ | N

N1 = N′,N′′ck N2 = N′ V2 = N′′

Restore(γ, jit,N1, κ) = N2 | V2 | c

V2 = V1 γ′ = γ

PwOff(γ, jit,N1,V1) = γ′ | V2

B.3.2 Semantic Typing
The rules for semantic typing remain the same as before. We repeat them below.

Ω0 |Σ0 = InitWorldt(Ω; aPol)
aID(c0) | b≥ 0 : nat |Ω0 |Σ0 ⊩ c0 ≤ c0 : Cunit b : nat |Ω ⊩ p : ↑Cunit

b : nat |Ω ⊩ startatom(aID, aPol); c0; endatom; p : ↑Cunit
(P-Ckpt-semantic)

jit | b ≥ 0 : nat | Ω | · ⊩ c ≤ c : Cunit b : nat | Ω ⊩ p : ↑Cunit
b : nat | Ω ⊩ c; p : ↑Cunit

(P-seq-semantic)
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B.4 Progress and Preservation
Lemma 2 (Progress for shifted expressions) If

Md | b:nat | Ω ⊢Rd e : ↑A

then ∀ n : nat with n > 0 and ∀N,V, γ with ⊢Md
γ N | V : Ω, either

• Val(γ | Md | n | N | V | e) or
• ∃(γ | Md | n′ | N | V | e′) such that γ | Md | n | N | V | e → γ | Md | n′ | N | V | e′.

Proof: The proof proceeds by structural induction over Md | b : nat | Ω ⊢Rd e : ↑A.
Case 1 [T-Loc-Read]. Suppose the last rule in the typing derivation is T-Loc-Read:

Ω = x : ↑A@q,Ω′

Md | b : nat | Ω ⊢RD x : ↑A
(T-Loc-Read)

Then by inversion, we have Ω = x : ↑A@q,Ω′. By assumption, ⊢Md
γ N | V : Ω. By

inversion of ⊢Md
γ N | V : Ω according to the well-formedness definition, one of the two

subcases hold:

Subcase 1. N = ℓ@q ↪→ v,N′ with γ = γ′, [x 7→ ℓ].
Since n > 0, it follows that ∃n′ such that n = n′ + 1, and hence the evaluation rule
D-loc-Read applies:

γ = γ′, [x 7→ ℓ]
N = ℓ@q ↪→ v,N′ δ(q, RD) , UN n = n′ + 1

γ | Md | n | N | V | x→ γ | Md | n′ | N | V | v
(D-loc-Read)

This yields the desired result.

Subcase 2. V = ℓ@q ↪→ v,V′ with γ = γ′, [x 7→ ℓ].
Since n > 0, it follows that ∃n′ such that n = n′ + 1, and hence the evaluation rule
D-loc-Read applies:

γ = γ′, [x 7→ ℓ]
V = ℓ@q ↪→ v,V′ δ(q, RD) , UN n = n′ + 1

γ | Md | n | N | V | x→ γ | Md | n′ | N | V | v
(D-var-Read)

This yields exactly the desired result.

Case 2 [T-Bool-t]. Suppose that the last rule in the typing derivation is T-Bool-t:

212



Md | b : nat | Ω ⊢RD tt :↑ bool
(T-Bool-t)

By the value rule V-Bool-t and the assumption n > 0 we get

n > 0

Val(γ | Md | n | N | V | tt)
(V-Bool-t)

Case 3 [T-Bool-f]. Suppose that the last rule in the typing derivation is T-Bool-f:

Md | b : nat | Ω ⊢RD ff :↑ bool
(T-Bool-f)

By the value rule V-Bool-f and the assumption n > 0 we get

n > 0

Val(γ | Md | n | N | V | ff)
(V-Bool-f)

Case 4 [T-Int].
Suppose that the last rule in the typing derivation is T-Int:

Md | b : nat | Ω ⊢RD n : ↑int
(T-Int)

By the value rule V-Int and the assumption n > 0 we get:

n > 0

Val(γ | Md | n | N | V | n)
(V-Int)

□

Theorem 11 (Progress for expressions) If Md | b R m : nat | Ω;Σ ⊢Rd;Sig e : τ, then ∀ n : nat
with nRm and ∀ N,V, γ with ⊢Md

γ N | V : Ω | Σ, either
• Val(γ | Md | n | N | V | e) or
• ∃(γ | Md | n′ | N | V | e′) such that γ | Md | n | N | V | e → γ | Md | n′ | N | V | e′.

Proof: The proof is by structural induction over Md | b R m : nat | Ω;Σ ⊢Rd;Sig e : τ. We
consider a specific (co-)natural number nRm and contexts N,V, γ with ⊢Md

γ N | V : Ω | Σ. We
consider cases based on the last step in the derivation:
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Case 1 [T-Enough?].

Md | b = 0 : nat | Ω;Σ ⊢Sig′′ e : τ Md | b > 0 : nat | Ω;Σ ⊢RD;Sig e : τ
Sig′ = {Md | b ≥ 0 : nat | Ω;Σ ⊢RD e : τ}
Sig′′ = i f Md = jit, then Sig′, else Sig

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e : τ
(T-enough?)

By assumption, we know that n ≥ 0. We consider two subcases based on the value of n
(i.e. n = 0 or n > 0):

Subcase 1 [n = 0]. By the value rule V-e-Crash, we have

Val(γ | Md | 0 | N | V | e),

which completes the proof of this subcase.

Subcase 2 [n > 0].
By inversion on T-Enough?, we have

(1) Md | b = 0 : nat | Ω;Σ ⊢Sig′′ e : τ

(2) Md | b > 0 : nat | Ω;Σ ⊢RD;Sig e : τ

(3) Sig′ = {Md | b ≥ 0 : nat | Ω;Σ ⊢RD e : τ}

(4) Sig′′ = i f Md = jit, then Sig′, else Sig

We can apply the induction hypothesis to (2) to get for n > 0, and N,V, γ either
• Val(γ | Md | n | N | V | e) or
• ∃(γ | Md | n′ | N | V | e′) such that γ | Md | n | N | V | e → γ | Md | n′ | N | V | e′.

which completes the proof of this subcase.

Case 2 [T-Binary].
Suppose the last rule in the typing derivation is T-Binary and e = e1 ⊙ e2:

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e1 : CMdT
Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e2 : CMdT ′ ⊙ : ↑T × ↑T ′ → ↑T ′′

Md | b > 0 : nat | Ω;Σ ⊢RD;Sig e1 ⊙ e2 : CMdT ′′
(T-Binary)

By assumption, we know that n > 0. By inversion, we have

(1) Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e1 : CMdT
(2) Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e2 : CMdT ′
(3) ⊙ : ↑T × ↑T ′ → ↑T ′′

By the inductive hypothesis applied to (1), either

• Val(γ | Md | n | N | V | e1), or
• ∃(γ | Md | n′ | N | V | e′1) such that γ | Md | n | N | V | e1 → γ | Md | n′ | N | V | e′1.
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From here, the proof proceeds in two subcases:

Subcase 1. Val(γ | Md | n | N | V | e1)
We apply the inductive hypothesis to (2) to get two sub-subcases.

Subcase 1a. Val(γ | Md | n | N | V | e2).
Since n > 0, we can apply the dynamic rule D-Binary-v to get

γ | Md | n | N | V | e1 ⊙ e2 → γ | Md | n′ | N | V | v,

where v = e1 ⊙ e2, and n = n′ + 1.

Subcase 1b. ∃(γ | Md | n′ | N | V | e′2) such that γ | Md | n | N | V | e2 → γ | Md | n′ |
N | V | e′2. By D-Binary-2,

γ | Md | n | N | V | e1 ⊙ e2 → γ | Md | n′ | N | V | e1 ⊙ e′2

Subcase 2. Suppose that ∃(γ | Md | n′ | N | V | e′1) such that γ | Md | n | N | V | e1 → γ |
Md | n′ | N | V | e′1. Then, by D-Binary-1,

γ | Md | n | N | V | e1 ⊙ e2 → γ | Md | n′ | N | V | e′1 ⊙ e2

The desired result holds in all subcases.

Case 3 [T-∨-succ].
Suppose the last rule in the typing derivation is T-∨-succ:

Md | b : nat | Ω;Σ ⊢RD v : ↓↑A

Md | b > 0 : nat | Ω;Σ ⊢RD;Sig v : τ ∨ ↓↑A
(T-∨-succ)

By assumption, we get n > 0. By inversion, we have:

† Md | b : nat | Ω;Σ ⊢RD v : ↓↑A

We know that the last rule for deriving † is T-R-Shift:

Σ = ↓Σ′ Ω = Ω′,Ω′′ck Md | b : nat | Ω,Σ′ ⊢RD v : ↑A

Md | b : nat | Ω;Σ ⊢RD v : ↓↑A
(T-R-Shift)

By inversion, we have:

(1) Md | b : nat | Ω,Σ′ ⊢RD v : ↑A

(2) Σ = ↓Σ′

(3) Ω = Ω′,Ω′′ck
By assumption ⊢Md

γ N | V : Ω | Σ and (2), it follows from Lemma 27 that ⊢Md
γ N | V : Ω,Σ′.

Then the desired result follows directly by application of Lemma 26 to (1) (since n > 0).
□

Lemma 3 If ⊢Md
γ N | V : Ω | Σ and Σ = ↓Σ′, then ⊢Md

γ N | V : Ω,Σ′.
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Proof: The proof is by induction on the structure of ⊢Md
γ N | V : Ω | Σ. For each step in the

derivation, we build the corresponding step of a derivation for ⊢Md
γ N | V : Ω,Σ′ according to the

well-formedness definition. □

Theorem 6.1 (Progress for Commands) If Md | b R m : nat | Ω;Σ ⊢Sig c : τ ⊣ Ω′, then ∀
n : nat with nRm and ∀ γ,N,V with ⊢Mdγ N | V : Ω | Σ, either
• Val(γ | Md | n | N | V | c) or
• ∃(γ′ | Md′ | n′ | N′ | V′ | c′) such that γ | Md | n | N | V | c → γ′ | Md′ | n′ | N′ | V′ | c′.

Proof: The proof is by structural induction over Md | b R m : nat | Ω;Σ ⊢Sig c : τ ⊣ Ω′. We
consider a specific (co-)natural number nRm and contexts N,V, γ with ⊢Md

γ N | V : Ω | Σ. We
consider cases based on the last step in the derivation:

Case 1 [T-Enough?].

Md | b = 0 : nat | Ω;Σ ⊢Sig′′ c : τ
Md | b > 0 : nat | Ω;Σ ⊢Sig c : τ ⊣ Ω′

Sig′ = {Md | b ≥ 0 : nat | Ω;Σ ⊢ c : τ}
Sig′′ = i f Md = jit, then Sig′, else Sig

Md | b ≥ 0 : nat | Ω;Σ ⊢Sig c : τ ⊣ Ω′
(T-enough?)

By assumption, we know that n ≥ 0. We consider two subcases based on the value of n:

Subcase 1 [n = 0]. By the value rule V-c-Crash, we have

Val(γ | Md | 0 | N | V | c),

which completes the proof of this subcase.

Subcase 2 [n > 0].
By inversion on T-Enough?, and since n > 0, we have

(1) Md | b = 0 : nat | Ω;Σ ⊢Sig′′ c : τ

(2) Md | b > 0 : nat | Ω;Σ ⊢Sig c : τ ⊣ Ω′

(3) Sig′ = {Md | b ≥ 0 : nat | Ω;Σ ⊢ c : τ}

(4) Sig′′ = i f Md = jit, then Sig′, else Sig

We can apply the induction hypothesis on this judgment to get for n > 0, and N,V, γ
either
• Val(γ | Md | n | N | V | c) or
• ∃(γ′ | Md′ | n′ | N′ | V′ | c′) such that γ | Md | n | N | V | c → γ′ | Md′ | n′ | N′ |

V′ | c′.

which completes the proof of this subcase.

Case 2 [T-If].
Suppose the last rule in the typing derivation is T-if and c = if e then c1 else c2:
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Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e : CMdbool
Md | b ≥ 0 : nat | Ω;Σ ⊢Sig c1 : τ ⊣ Ω′

Md | b ≥ 0 : nat | Ω;Σ ⊢Sig c2 : τ ⊣ Ω′

Md | b > 0 : nat | Ω;Σ ⊢Sig if e then c1 else c2 : τ ⊣ Ω′
(T-If)

By assumption, we know that n > 0. By inversion, we have:

(1) Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e : CMd
bool

(2) Md | b ≥ 0 : nat | Ω;Σ ⊢Sig c1 : τ ⊣ Ω′

(3) Md | b ≥ 0 : nat | Ω;Σ ⊢Sig c2 : τ ⊣ Ω′

By Theorem 16 applied to (1), either
• Val(γ | Md | n | N | V | e) or
• ∃(γ | Md | n′ | N | V | e′) such that γ | Md | n | N | V | e → γ | Md | n′ | N | V | e′.

From here, the proof proceeds in two subcases:

Subcase 1. Val(γ | Md | n | N | V | e).
Since Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e : CMdbool, we have by inversion on T-Enough?
followed by inversion on T-∨-succ that

Md | b : nat | Ω;Σ ⊢RD;Sig e : ↓↑bool

Again, by inversion on T-R-Shift, we have

(1) Md | b : nat | Ω;Σ ⊢RD;Sig e : ↑bool

(2) Ω = Ω′,Ω′′ck
(3) Σ = ↓Σ′

By inversion on the rules T-bool-t and T-bool-f, we have that either e is tt or ff.

Subcase 1a. If e = tt, then since n > 0 the rule D-If-tt applies and yields the
desired result.

n = n′ + 1 Val(γ | Md | n | N | V | tt)

γ | Md | n | N | V | if tt then c1 else c2 → γ | Md | n′ | N | V | c1
(D-If-tt)

Subcase 1b. Similarly, if e = ff, then since n > 0, the rule D-If-ff applies and
yields the desired result.

n = n′ + 1 Val(γ | Md | n | N | V | ff)

γ | Md | n | N | V | if ff then c1 else c2 → γ | Md | n′ | N | V | c2
(D-If-ff)
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Subcase 2. ∃(γ | Md | n′ | N | V | e′) such that γ | Md | n | N | V | e → γ | Md | n′ | N | V |
e′. Then the rule D-if applies and produces the desired result.

γ | Md | n | N | V | e → γ | Md | n′ | N | V | e′

γ | Md | n | N | V | if e then c1 else c2 →

γ | Md | n′ | N | V | if e′ then c1 else c2

(D-If)

Case 3 [(T-Let)].
Suppose the last rule in the typing derivation is T-Let:

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e1 : CMdA
Md | b ≥ 0 : nat | Ω;Σ, x:↓↑A @ Ck ⊢Sig c : τ ⊣ Ω′

Md | b > 0 : nat | Ω;Σ ⊢Sig let x = e1 in c : τ ⊣ Ω′
(T-Let)

By assumption, we know n > 0. By inversion, we have a typing derivation for:

(1) Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e1 : CMdA
(2) Md | b ≥ 0 : nat | Ω;Σ, x:↓↑A @ Ck ⊢Sig c : τ ⊣ Ω′

By Theorem 16 applied to (1), either
• Val(γ | Md | n | N | V | e1) or
• ∃(γ | Md | n′ | N | V | e′1) such that γ | Md | n | N | V | e1 → γ | Md | n′ | N | V | e′1.

The proof proceeds in two subcases.

Subcase 1. Suppose that Val(γ | Md | n | N | V | e1). Then since n > 0, the rule
D-Let-step-v applies and yields the desired result. Note that here γ′ extends γ by
adding a new mapping from x to ℓ.

Val(γ | Md | n | N | V | e1)
γ′ = γ, [x 7→ ℓ] ℓ fresh n = n′ + 1

γ | Md | n | N | V | let x = e1 in c→ γ′ | Md | n′ | N | V, ℓ@Ck ↪→ e1 | c
(D-Let-step-v)

Subcase 2. Suppose that ∃(γ | Md | n′ | N | V | e′1) such that γ | Md | n | N | V | e1 →

γ | Md | n′ | N | V | e′1. Then since n > 0, the rule D-Let-step applies and yields the
desired result.

γ | Md | n | N | V | e→ γ | Md | n′ | N | V | e′

γ | Md | n | N | V | let x = e in c→ γ | Md | n′ | N | V | let x = e′ in c
(D-Let-step)

Case 4 [T-∨-Succ].
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Suppose the last rule in the typing derivation is T-∨-Succ:

Md | b : nat | Ω;Σ ⊢Sig skip : ↓↑unit ⊣ Ω′

Md | b > 0 : nat | Ω;Σ ⊢Sig skip : τ ∨ ↓↑unit ⊣ Ω′
(T-∨-Succ)

Then since n > 0, the rule V-skip applies and yields the desired result.

n > 0

Val(γ | Md | n | N | V | skip)
(V-skip)

Case 5 [T-Assign].
Suppose the last rule in the typing derivation is T-Assign:

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e : CMdA
Md | b > 0 : nat | Ω;Σ ⊢Wt p : ↓↑ A ⊣ Ω1

Md | b > 0 : nat | Ω;Σ ⊢Sig p := e : CMdunit ⊣ Ω1
(T-Assign)

By assumption, we know that n > 0. By inversion on T-Assign, we have

(i) Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e : CMdA
(ii) Md | b > 0 : nat | Ω;Σ ⊢Wt p : ↓↑ A ⊣ Ω1

By Theorem 16 applied to (i), either
• Val(γ | Md | n | N | V | e) or
• ∃(γ | Md | n′ | N | V | e′) such that γ | Md | n | N | V | e → γ | Md | n′ | N | V | e′.

The proof proceeds in two subcases.

Subcase 1. Val(γ | Md | n | N | V | e).
By inversion on T-w-Shift applied to (ii), we have:

Σ =↓ Σ′

Md | b > 0 : nat | Ω,Σ′ ⊢Wt p : ↑A ⊣ Ω2 Ω1 = Ω2 \ dom(Σ′)

Md | b > 0 : nat | Ω;Σ ⊢Wt p : ↓↑ A ⊣ Ω1
(T-w-Shift)

(1) Σ =↓ Σ′

(2) Md | b > 0 : nat | Ω,Σ′ ⊢Wt p : ↑A ⊣ Ω2

(3) Ω1 = Ω2/dom(Σ′)

Now we proceed by inversion on T-Loc-Write applied to (2). From this inversion,
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Ω,Σ′ = x:↑A@q,Ω′2 q′ = δ(q,Wt) , UN

κ | Md | b > 0 : nat | Ω,Σ′ ⊢Wt p : ↑A ⊣ Ω2
(T-Loc-Write)

we have:

(i) Ω,Σ′ = x:↑A@q,Ω′2 , and

(ii) q′ = δ(q,Wt) , UN

where Ω2 = x:↑A@q′,Ω′2
By assumption, we have ⊢Md

γ N | V : Ω | Σ. By Lemma 27, and Σ =↓ Σ′, we have
⊢Md
γ N | V : Ω,Σ′. By the well-formedness definition, one of the two subcases hold:

Subcase 1a. V = ℓ@q ↪→ v′,V′ with γ = γ′, [x 7→ ℓ].
Since n > 0, the D-Assign-V rule applies and yields the desired result.

Val(γ | Md | n | N | V | e) V = V′, ℓ@q ↪→ v′

q′ = δ(q, wt) , UN γ = γ′, [x→ ℓ] n = n′ + 1

γ | Md | n | N | V | x := e → γ | Md | n′ | N | V′, ℓ@q′ ↪→ e | skip
(D-Assign-V)

Subcase 1b. N = ℓ@q ↪→ v′,N′ with γ = γ′, [x 7→ ℓ].
Since n > 0, the D-Assign-N rule applies and yields the desired result. By
definition of δ, it follows that q , Rd, for we cannot have δ(Rd,Wt) , UN.

Val(γ | Md | n | N | V | e) N = N′, ℓ@q ↪→ v′

q′ = δ(q, wt) , UN q , RD γ = γ′, [x→ ℓ] n = n′ + 1

γ | Md | n | N | V | x := e → γ | Md | n′ | N′, ℓ@q′ ↪→ e | V | skip
(D-Assign-N)

Subcase 2. ∃(γ | Md | n′ | N | V | e′) such that γ | Md | n | N | V | e → γ | Md | n′ | N | V |
e′. The rule D-Assign-step applies and yields the desired result.

γ | Md | n | N | V | e → γ | Md | n′ | N | V | e′

γ | Md | n | N | V | p := e → γ | Md | n′ | N | V | p := e′
(D-Assign-step)

Case 6 [(T-seq)].
Suppose the last rule in the typing derivation is T-seq:

Md | b ≥ 0 : nat | Ω;Σ ⊢Sig c1 : Cunit ⊣ Ω′

Md | b ≥ 0 : nat | Ω′;Σ ⊢Sig c2 : τ ⊣ Ω′′

Md | b > 0 : nat | Ω;Σ ⊢Sig c1; c2 : τ ⊣ Ω′′
(T-seq)
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Then the desired result follows by D-seq:

γ | Md | n | N | V | c1; c2 → γ | Md | n | N | V | c1;γ|V c2
D-seq

Case 7 [(T-seq-d)]. Suppose the last rule in the typing derivation is T-seq-d:

W = γ | V Md | b ≥ 0 : nat | Ω;Σ ⊢Sig c1 : Cunit ⊣ Ω′

Σ′ = trim(Σ,V, γ) Md | b ≥ 0 : nat | Ω′;Σ′ ⊢Sig c2 : τ ⊣ Ω′′

Md | b > 0 : nat | Ω;Σ ⊢Sig c1;W c2 : τ ⊣ Ω′′
(T-seq-d)

By inversion we have

(1) W = γ | V

(2) Md | b ≥ 0 : nat | Ω;Σ ⊢Sig c1 : Cunit ⊣ Ω′

(3) Σ′ = trim(Σ,V, γ)

(4) Md | b ≥ 0 : nat | Ω′;Σ′ ⊢Sig c2 : τ ⊣ Ω′′

By the inductive hypothesis applied to (1), we have that either

• Val(γ | Md | n | N | V | c1) or
• ∃(γ | Md′ | n′ | N′ | V′ | c′1) such that γ | Md | n | N | V | c1 → γ | Md

′ | n′ | N′ | V′ | c′1.

The proof proceeds in two subcases.

Subcase 1. Val(γ | Md | n | N | V | c1).
By (2), Val(γ | Md | n | N | V | c1), and the assumption n > 0, it follows by inversion
on T-Enough? that

(1) Sig′ = {Md | b ≥ 0 : nat | Ω;Σ ⊢Sig c1 : Cunit}

(2) Sig′′ = if Md = jit, then Sig′, else Sig

(3) Md | b = 0 : nat | Ω;Σ ⊢Sig′′ c1 : Cunit
(4) Md | b > 0 : nat | Ω;Σ ⊢Sig c1 : Cunit ⊣ Ω′

By definition, Cunit = ↓(nat⇝ ↑Cunit) ∨ ↓↑unit. Additionally, observe that Val(γ |
Md | n | N | V | c1) implies that c1 = skip. Then by inversion of T-∨-Succ

Md | b : nat | Ω;Σ ⊢Sig skip : ↓↑unit ⊣ Ω′

Md | b > 0 : nat | Ω;Σ ⊢Sig skip : ↓(nat⇝ ↑Cunit) ∨ ↓↑unit ⊣ Ω′
(T-∨-Succ)

we learn that Md | b : nat | Ω;Σ ⊢Sig skip : ↓↑unit ⊣ Ω′.
The assumption n > 0 implies that n = n′ + 1. By this fact, (1), and V = V ↾ dom(V)
(which is trivially satisfied because V = V), the rule D-seq-v applies
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n = n′ + 1 W = γ | V V = V ↾ dom(V)

γ | Md | n | N | V | skip;W c2 → γ | Md | n′ | N | V | c2
(D-seq-v)

Observe that γ | Md | n | N | V | skip;W c2 → γ | Md | n′ | N | V | c2 is the desired
result.

Subcase 2.∃(γ′ | Md′ | n′ | N′ | V′ | c′1) such that γ | Md | n | N | V | c1 → γ
′ | Md′ | n′ |

N′ | V′ | c′1.
Since n > 0, the rule D-cont applies and yields the desired result.

γ | Md | n | N | V | c1 → γ
′ | Md′ | n′ | N′ | V′ | c′1

γ | Md | n | N | V | c1;W c2 → γ
′ | Md′ | n′ | N′ | V′ | c′1;W c2

(D-seq-step)

□

Axiom 1 (positive input to generation channel) ε # iņ() : nat > 0.

Lemma 4 (well-typedness of expressions under crash in jit) jit | b = 0 : nat | Ω;Σ ⊢RD;Sig′
e : Cjit

A for Sig′ = {jit | b ≥ 0 : nat | Ω;Σ ⊢RD e : Cjit
A }.

Proof: Note that Cjit
A = ↓(nat ⇝ ↑ C

jit
A ) ∨ ↓↑A. Let Ω′ = Ω,Ω′′ck where Σ = ↓Ω′′. By axiom

3, we have ε # iņ() : nat > 0. Then the typing derivation follows by the assumption that
jit | b ≥ 0 : nat | Ω;Σ ⊢RD e : Cjit

A ∈ Sig
′.

jit | b ≥ 0 : nat | Ω; ↓Ω′′ ⊢RD e : Cjit
A ∈ Sig

′

Ω′ = Ω,Ω′′ck

jit | b > 0 : nat | Ω′ ⊢RD;Sig′↑ e : ↑Cjit
A

(T-Jit-Restore)

ε # iņ() : nat > 0

jit | · | Ω,Ω′′ck ⊢RD;Sig′ ε # iņ(b > 0, ↑e) : (nat⇝ ↑Cjit
A )

(T-Charge)

Σ = ↓Ω′′

jit | · | Ω;Σ ⊢RD;Sig′ ↓ε # iņ(b > 0, ↑e) : ↓(nat⇝ ↑ Cjit
A )

(T-Jit-stop)

jit | b = 0 : nat | Ω;Σ ⊢RD;Sig′ e : ↓(nat⇝ ↑ Cjit
A ) ∨ ↓↑A

(T-∨-Crash)

The conclusion jit | b = 0 : nat | Ω;Σ ⊢RD;Sig′ e : ↓(nat ⇝ ↑ Cjit
A) ∨ ↓↑A yields the desired

result.
□

Lemma 5 (well-typedness of expressions under crash in aID) If aID(c0) | b = 0 : nat |
Ω;Σ′ ⊢RD;Sig e′ : τ then aID(c0) | b = 0 : nat | Ω;Σ ⊢RD;Sig e : τ.

Proof: Let the type τ = CaID
A and note that CaID

A = ↓(nat⇝ ↑ CaID
unit

) ∨ ↓↑A. By inversion on the
assumed typing judgment
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aID(c0) | b ≥ 0 : nat | Ω; ↓ Ω′′ ⊢ c0 : Cunit ∈ Sig
Ω = Ω′,Ω′′ck

aID(c0) | b > 0 : nat | Ω ⊢Sig↑ e′ : ↑CaID
unit

(T-aID-Restore)

ε # iņ() : nat > 0

aID(c0) | · | Ω ⊢Sig ε # iņ(b > 0, ↑e′) : (nat⇝ ↑CaID
unit)

(T-Charge)

aID(c0) | · | Ω;Σ′ ⊢Sig ↓ε # iņ(b > 0, ↑e′) : ↓(nat⇝ ↑ CaID
unit)

(T-aID-stop)

aID(c0) | b = 0 : nat | Ω;Σ′ ⊢Sig e′ : ↓(nat⇝ ↑ CaID
unit) ∨ ↓↑A

(T-∨-Crash)

we learn the following:

(1) aID(c0) | b ≥ 0 : nat | Ω; ↓ Ω′′ ⊢ c0 : Cunit ∈ Sig

(2) Ω = Ω′,Ω′′ck
(3) ε # iņ() : nat > 0

Therefore, we have the following typing derivation:

aID(c0) | b ≥ 0 : nat | Ω; ↓ Ω′′ ⊢ c0 : Cunit ∈ Sig
Ω = Ω′,Ω′′ck

aID(c0) | b > 0 : nat | Ω ⊢Sig↑ e : ↑CaID
unit

(T-aID-Restore)

ε # iņ() : nat > 0

aID(c0) | · | Ω ⊢Sig ε # iņ(b > 0, ↑e) : (nat⇝ ↑CaID
unit)

(T-Charge)

aID(c0) | · | Ω;Σ ⊢Sig ↓ε # iņ(b > 0, ↑e) : ↓(nat⇝ ↑ CaID
unit)

(T-aID-stop)

aID(c0) | b = 0 : nat | Ω;Σ ⊢Sig e : ↓(nat⇝ ↑ CaID
unit) ∨ ↓↑A

(T-∨-Crash)

The conclusion aID(c0) | b = 0 : nat | Ω;Σ ⊢Sig e : ↓(nat ⇝ ↑ CaID
unit

) ∨ ↓↑A yields the
desired result.

□

Lemma 6 (well-typedness of commands under crash in jit) jit | b = 0 : nat | Ω;Σ ⊢Sig′
c : Cjit

unit
for Sig′ = {jit | b ≥ 0 : nat | Ω;Σ ⊢ c : Cjit

unit
}.

Proof: Note that Cjit
unit
= ↓(nat ⇝ ↑ Cjit

unit
) ∨ ↓↑unit. Let Ω′ = Ω,Ω′′ck where ↓Ω′′ = Σ. By

axiom 3, we have that ε # iņ() : nat > 0. Then the typing derivation follows by the assumptions
jit | b ≥ 0 : nat | Ω;Σ ⊢ c : Cjit

unit
∈ Sig′.

jit | b ≥ 0 : nat | Ω; ↓Ω′′ ⊢ c : Cjit
unit
∈ Sig′

Ω′ = Ω,Ω′′ck

jit | b > 0 : nat | Ω′ ⊢Sig′↑ c : ↑Cjit
unit

(T-Jit-Restore)

ε # iņ() : nat > 0

jit | · | Ω′ ⊢Sig′ ε # iņ(b > 0, ↑c) : (nat⇝ ↑Cjit
unit

)
(T-Charge)

Σ = ↓Ω′′

jit | · | Ω;Σ ⊢Sig′ ↓ε # iņ(b > 0, ↑c) : ↓(nat⇝ ↑ Cjit
unit

)
(T-Jit-stop)

jit | b = 0 : nat | Ω;Σ ⊢Sig′ c : ↓(nat⇝ ↑ Cjit
unit

) ∨ ↓↑unit
(T-∨-Crash)
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The conclusion jit | b = 0 : nat | Ω;Σ ⊢Sig′ c : ↓(nat⇝ ↑ Cjit
unit

)∨↓↑unit yields the desired
result. □

Lemma 7 (well-typedness of commands under crash in aID) If aID(c0) | b = 0 : nat |
Ω;Σ′ ⊢Sig c′ : τ then aID(c0) | b = 0 : nat | Ω;Σ ⊢Sig c : τ.

Proof: Let the type τ = CaID
unit

and note that CaID
unit
= ↓(nat ⇝ ↑ CaID

unit
) ∨ ↓↑unit. By inversion

on the assumed typing judgment

aID(c0) | b ≥ 0 : nat | Ω; ↓ Ω′′ ⊢ c0 : Cunit ∈ Sig
Ω = Ω′,Ω′′ck

aID(c0) | b > 0 : nat | Ω ⊢Sig↑ c′ : ↑CaID
unit

(T-aID-Restore)

ε # iņ() : nat > 0

aID(c0) | · | Ω ⊢Sig ε # iņ(b > 0, ↑c′) : (nat⇝ ↑CaID
unit)

(T-Charge)

aID(c0) | · | Ω;Σ′ ⊢Sig ↓ε # iņ(b > 0, ↑c′) : ↓(nat⇝ ↑ CaID
unit)

(T-aID-stop)

aID(c0) | b = 0 : nat | Ω;Σ′ ⊢Sig c′ : ↓(nat⇝ ↑ CaID
unit) ∨ ↓↑unit

(T-∨-Crash)

we learn the following:
(1) aID(c0) | b ≥ 0 : nat | Ω; ↓ Ω′′ ⊢ c0 : Cunit ∈ Sig

(2) Ω = Ω′,Ω′′ck
(3) ε # iņ() : nat > 0

Therefore, we have the following typing derivation:

aID(c0) | b ≥ 0 : nat | Ω; ↓ Ω′′ ⊢ c0 : Cunit ∈ Sig
Ω = Ω′,Ω′′ck

aID(c0) | b > 0 : nat | Ω ⊢Sig↑ c : ↑CaID
unit

(T-aID-Restore)

ε # iņ() : nat > 0

aID(c0) | · | Ω ⊢Sig ε # iņ(b > 0, ↑c) : (nat⇝ ↑CaID
unit)

(T-Charge)

aID(c0) | · | Ω;Σ ⊢Sig ↓ε # iņ(b > 0, ↑c) : ↓(nat⇝ ↑ CaID
unit)

(T-aID-stop)

aID(c0) | b = 0 : nat | Ω;Σ ⊢Sig c : ↓(nat⇝ ↑ CaID
unit) ∨ ↓↑unit

(T-∨-Crash)

The conclusion aID(c0) | b = 0 : nat | Ω;Σ ⊢Sig c : ↓(nat ⇝ ↑ CaID
unit

) ∨ ↓↑unit yields the
desired result.

□

Theorem 12 (preservation for expressions) If

(†) Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e : τ

and for some ⊢Mdγ N | V : Ω | Σ and natural number n ≥ 0, we have

γ | Md | n | N | V | e → γ | Md | n′ | N | V | e′

then
Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e′ : τ

with n′ ≥ 0.
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Proof: The proof is by induction on the size of e. We proceed by considering possible cases
for γ | Md | n | N | V | e → γ | Md | n′ | N | V | e′.

Case 1. [D-Binary-1].

n > 0 γ | Md | n | N | V | e1 → γ | Md | n′ | N | V | e′1
γ | Md | n | N | V | e1 ⊙ e2 → γ | Md | n′ | N | V | e′1 ⊙ e2

(D-Binary-1)

By the first premise of D-Binary-1, we have that n > 0. By inversion on the assumed
typing judgment (†) via T-Enough? rule, we have

(†1) Md | b > 0 : nat | Ω;Σ ⊢RD;Sig e1 ⊙ e2 : τ

and
(†2) Md | b = 0 : nat | Ω;Σ ⊢RD;Sig e1 ⊙ e2 : τ.

By inversion on (†1) via T-Binary

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e1 : τ
Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e2 : τ

Md | b > 0 : nat | Ω;Σ ⊢RD;Sig e1 ⊙ e2 : τs (T-Binary)

we learn that

(1) Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e1 : τs

(2) Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e2 : τs

By the inductive hypothesis applied to (1) and γ | Md | n | N | V | e1 → γ | Md | n′ | N | V |
e′1, it follows that

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e′1 : τs,

and n′ ≥ 0. By the following application of the T-Binary rule we get

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e′1 : τs

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e2 : τ

Md | b > 0 : nat | Ω;Σ ⊢RD;Sig e′1 ⊙ e2 : τs (T-Binary)

We consider two subcases based on Md.

Subcase 1. [Md = Jit]. By Md | b > 0 : nat | Ω;Σ ⊢RD;Sig e′1 ⊙ e2 : τs via lemma 28, we
get Md | b = 0 : nat | Ω;Σ ⊢RD;Sig e′1 ⊙ e2 : τs.

Subcase 2. [Md = aID(c0)]. By (†2) via lemma 29, we get Md | b = 0 : nat | Ω;Σ ⊢RD;Sig
e′1 ⊙ e2 : τs.

In both subcases, we have the typing judgments Md | b = 0 : nat | Ω;Σ ⊢RD;Sig e′1⊙ e2 : τs

and Md | b > 0 : nat | Ω;Σ ⊢RD;Sig e′1 ⊙ e2 : τs. Then the desired result follows by
T-Enough?:
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Md | b = 0 : nat | Ω;Σ ⊢RD;Sig e′1 ⊙ e2 : τs

Md | b > 0 : nat | Ω;Σ ⊢RD;Sig e′1 ⊙ e2 : τ

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e′1 ⊙ e2 : τ
(T-enough?)

Case 2 [D-Binary-2].

n > 0 γ | Val(Md | n | N | V | e1)
γ | Md | n | N | V | e2 → γ | Md | n′ | N′ | V′ | e′2

γ | Md | n | N | V | e1 ⊙ e2 → γ | Md | n′ | N′ | V′ | e1 ⊙ e′2
(D-Binary-2)

By the first premise n > 0. By inversion on (†) via T-Enough? rule, we have

(†1) Md | b > 0 : nat | Ω;Σ ⊢RD;Sig e1 ⊙ e2 : τs

and
(†2) Md | b = 0 : nat | Ω;Σ ⊢RD;Sig e1 ⊙ e2 : τs.

By inversion on (†1) via T-Binary

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e1 : τs

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e2 : τ

Md | b > 0 : nat | Ω;Σ ⊢RD;Sig e1 ⊙ e2 : τs (T-Binary)

we learn that

(1) Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e1 : τs

(2) Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e2 : τs

By the inductive hypothesis applied to Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e2 : τs and
γ | Md | n | N | V | e2 → γ | Md | n′ | N′ | V′ | e′2, it follows that

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e′2 : τs,

and n′ ≥ 0. By the following application of the T-Binary rule we get

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e1 : τs

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e′2 : τ

Md | b > 0 : nat | Ω;Σ ⊢RD;Sig e1 ⊙ e′2 : τs (T-Binary)

We consider two subcases based on Md.

Subcase 1. [Md = Jit]. By Md | b > 0 : nat | Ω;Σ ⊢RD;Sig e1 ⊙ e′2 : τs via lemma 28, we
get Md | b = 0 : nat | Ω;Σ ⊢RD;Sig e1 ⊙ e′2 : τs.
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Subcase 2. [Md = aID(c0)]. By (†2) via lemma 29, we get Md | b = 0 : nat | Ω;Σ ⊢RD;Sig
e1 ⊙ e′2 : τs.

In both subcases, Then the desired result follows by T-Enough?:

Md | b = 0 : nat | Ω;Σ ⊢RD;Sig e1 ⊙ e′2 : τs

Md | b > 0 : nat | Ω;Σ ⊢RD;Sig e1 ⊙ e′2 : τ

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e1 ⊙ e′2 : τ
(T-enough?)

Case 3. [D-Binary-v].

n = n′ + 1
Val(γ | Md | n | N | V | e1) Val(γ | Md | n | N | V | e2) v = e1 ⊙ e2

γ | Md | n | N | V | e1 ⊙ e2 → γ | Md | n′ | N | V | v
(D-Binary-v)

By the first premise n > 0 and n′ ≥ 0. By inversion on (†) via T-Enough? rule, we have

(†1) Md | b > 0 : nat | Ω;Σ ⊢RD;Sig e1 ⊙ e2 : τs

and
(†2) Md | b = 0 : nat | Ω;Σ ⊢RD;Sig e1 ⊙ e2 : τs.

By inversion on (†1) via T-Binary

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e1 : τs

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e2 : τ

Md | b > 0 : nat | Ω;Σ ⊢RD;Sig e1 ⊙ e2 : τs (T-Binary)

we learn that

(1) Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e1 : τs

(2) Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e2 : τs

From (1) and (2), we apply inversion on T-Enough?, T-∨-Succ, and T-R-Shift to get Md |
b : nat | Ω,Σ′ ⊢RD;Sig e1 : ↑As and Md | b : nat | Ω,Σ′ ⊢RD;Sig e2 : ↑As for Σ =↓ Σ′. By
definition of ⊙ operator, we have Md | b : nat | Ω,Σ′ ⊢RD;Sig v : ↑As for v = e1 ⊙ e2. By
application of T-∨-Succ and T-R-Shift we get

Md | b > 0 : nat | Ω;Σ ⊢RD;Sig v : τs

We consider two subcases based on Md.

Subcase 1. [Md = Jit]. By Md | b > 0 : nat | Ω;Σ ⊢RD;Sig v : τs via lemma 28, we get
Md | b = 0 : nat | Ω;Σ ⊢RD;Sig v : τs.
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Subcase 2. [Md = aID(c0)]. By (†2) via lemma 29, we get Md | b = 0 : nat | Ω;Σ ⊢RD;Sig
v : τs.

In both subcases, Then the desired result follows by T-Enough?:

Md | b = 0 : nat | Ω;Σ ⊢RD;Sig v : τs

Md | b > 0 : nat | Ω;Σ ⊢RD;Sig v : τ

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig v : τ
(T-enough?)

Case 4. [D-Var-Read].

γ = γ′, [x 7→ ℓ] V = ℓ@q ↪→ v,V′ δ(q, RD) , UN n = n′ + 1

γ | Md | n | N | V | x→ γ | Md | n′ | N | V | v
(D-var-Read)

By the last premise n > 0 and n′ ≥ 0. By inversion on (†) via T-Enough? rule, we have

(†1) Md | b > 0 : nat | Ω;Σ ⊢RD;Sig x : τs

and
(†2) Md | b = 0 : nat | Ω;Σ ⊢RD;Sig x : τs.

By inversion on (†1) via T-∨-Succ

Md | b : nat | Ω;Σ ⊢RD;Sig x : ↓↑Ai

Md | b > 0 : nat | Ω;Σ ⊢RD;Sig x : τ1 ∨ ↓↑Ai (T-∨-Succ)

we learn that Md | b : nat | Ω;Σ ⊢RD;Sig x : ↓↑Ai.
By inversion on Md | b : nat | Ω;Σ ⊢RD;Sig x : ↓↑Ai via T-R-Shift

Σ = ↓Σ′ Md | b : nat | Ω,Σ′ ⊢RD;Sig x : ↑Ai

Md | b : nat | Ω;Σ ⊢RD;Sig x : ↓↑Ai (T-R-Shift)

we learn that Md | b : nat | Ω,Σ′ ⊢RD;Sig x : ↑Ai and Σ = ↓Σ′.
By Lemma 27 applied to the assumption ⊢Mdγ N | V : Ω | Σ and premise Σ = ↓Σ′, we know
that ⊢Md

γ N | V : Ω,Σ′. By definition of well-formedness, we know that γ = γ′, [x 7→ ℓ] and
Md | b : nat | Ω,Σ′ ⊢RD;Sig x : ↑As

By application of T-∨-Succ and T-R-Shift we get

Md | b > 0 : nat | Ω;Σ ⊢RD;Sig x : τs

We consider two subcases based on Md.

Subcase 1. [Md = Jit]. By Md | b > 0 : nat | Ω;Σ ⊢RD;Sig x : τs via lemma 28, we get
Md | b = 0 : nat | Ω;Σ ⊢RD;Sig x : τs.
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Subcase 2. [Md = aID(c0)]. By (†2) via lemma 29, we get Md | b = 0 : nat | Ω;Σ ⊢RD;Sig
x : τs.

In both subcases, we have Md | b = 0 : nat | Ω;Σ ⊢RD;Sig x : τs. Then the desired result
follows by T-Enough?:

Md | b = 0 : nat | Ω;Σ ⊢RD;Sig x : τs

Md | b > 0 : nat | Ω;Σ ⊢RD;Sig x : τ

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig x : τ
(T-enough?)

Case 5. [D-N-Read].
The proof is analogous to the previous case.

□

Definition 15 We write Σ′ = trim(Σ,V, γ) where x:τ@q ∈ Σ′ iff γ = [x 7→ ℓ], γ′ and x:τ@q ∈ Σ
and ℓ ∈ dom(V).

Lemma 8 (equality of trimmed volatile contexts) If
(i) Σ′ = trim(Σ,V0, γ0)

(ii) ⊢Mdγ N | V : Ω | Σ,
(iii) ⊢Mdγ′′ N′ | V′ : Ω | Σ′′,
(iv) dom(V0) ⊆ dom(V) and dom(V0) ⊆ dom(V′)
(v) γ0 ⊆ γ and γ0 ⊆ γ

′′

then Σ′ = trim(Σ′′,V0, γ0).

Proof: We need to show that Σ′ = trim(Σ′′,V0, γ0). The proof proceeds by proving each direc-
tion separately:

Ad⇒. Let x : ↓↑A@q ∈ Σ′. Then by (i), we have

(1) x : ↓↑A@q ∈ Σ

(2) γ0 = [x 7→ l], γ′0
(3) l ∈ dom(V0)

We need to show that x : ↓↑A@q ∈ Σ′′. From (2) and γ0 ⊆ γ
′′, it follows that ∃γ′′0 ⊇ γ

′
0

such that γ′′ = [x 7→ l], γ′′0 (∗). By (iv) and (3), we have that l ∈ dom(V′). So, ∃V′0, v such
that V′ = V′0, l ↪→ v (∗∗) and · ⊢ v : ↑A (∗∗∗). Note that inverting (iii) via V-loc yields the
well-formedness judgment ⊢Md

γ′′0
N′ | V′0 : Ω | Σ′′0 (†) and q = Ck (‡). Then, it follows by

V-loc applied to (∗), (∗∗), (∗∗∗), (†), (‡) that x : ↓↑A@q ∈ Σ′′.

Ad⇐. Let

(1) x : ↓↑A@q ∈ Σ′′

(2) γ0 = [x 7→ l], γ′0
(3) l ∈ dom(V0)
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We need to show that x : ↓↑A@q ∈ Σ′. To this end, it suffices to show that x : ↓↑A@q ∈ Σ.
By (3) and dom(V0) ⊆ dom(V), we have that l ∈ dom(V). Therefore, ∃V′0, v such that
V = V′0, l@q ↪→ v (∗), · ⊢ v : ↑A (∗∗), and q = Ck. From (2) and γ0 ⊆ γ, we have that
∃ γ′ ⊇ γ′0 such that γ = [x 7→ l], γ′. Note that inverting (ii) via V-loc yields the well-
formedness judgment ⊢Md

γ′ N | V′0 : Ω | Σ0 (∗∗∗). By V-Loc applied to (∗), (∗∗), (∗∗∗),
q = Ck, and γ = [x 7→ l], γ′, we have

x : ↓↑A@q ∈ Σ

Then it follows by definition 28 applied to (i) that

x : ↓↑A@q ∈ Σ′.

We have shown that x : ↓↑A@q ∈ Σ′ iff x : ↓↑A@q ∈ Σ′′, γ = [x 7→ l], γ′, and l ∈ dom(V).
The desired result holds by definition 28. □

Lemma 9 (well-formedness of smaller memories) If
(i) ⊢Mdγ N | V : Ω | Σ,

(ii) V′′ = V ↾ dom(V′),
(iii) Σ′ = trim(Σ,V′, γ′), and
(iv) γ′ ⊆ γ

then ⊢Mdγ′ N | V′′ : Ω | Σ′.

Proof: By (2), observe that V ⊇ V′′. The proof proceeds by induction on the size of V − V′′.

Base case: |V − V′′| = 0. If |V − V′′| = 0, then V = V′′ and the desired result holds by assumption
(1).

Inductive case. Let |V − V′′| = k + 1 where |V0 − V′′| = k where V = V0, l@Ck ↪→ v and
· ⊢ v : ↑A. Let x:↓↑A@q ∈ Σ such that Σ = Σ0, (x:↓↑A@q). By inversion on V-loc applied
to the assumed judgment:

⊢Mdγ0
N | V0 : Ω | Σ0 γ = [x 7→ l], γ0 V = V0, l@Ck ↪→ v · ⊢ v : ↑A

⊢Mdγ N | V : Ω | Σ0, (x:↓↑A@q)
V-loc

we learn that

(1) ⊢Mdγ0
N | V0 : Ω | Σ0

(2) γ = [x 7→ l], γ0

(3) V = V0, l@Ck ↪→ v

(4) · ⊢ v:↑A

Now we need to show that V′′ = V0 ↾ dom(V′) and Σ′ = trim(Σ0,V′, γ′).
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Ad V′′ = V0 ↾ dom(V′). To show that V′′ = V0 ↾ dom(V′), it suffices to show that l <
dom(V′):
By assumption, it follows that l ∈ V−V′′, or equivalently, l ∈ V and l < V′′. Now sup-
pose that l ∈ dom(V′). Then it follows by (ii) that l ∈ V′′, a contradiction. Therefore,
we have l < dom(V′).
Therefore, V′′ = V0 ↾ dom(V′) follows by l < dom(V′) and (ii).

Ad Σ′ = trim(Σ0,V′, γ′). To show Σ′ = trim(Σ0,V′, γ′), we first need to show that

(a) dom(V′) ⊆ dom(V0)

(b) dom(V′) ⊆ dom(V)

(c) γ ⊇ γ′

(d) γ0 ⊇ γ
′

(a) follows by V′′ = V0 ↾ dom(V′). Towards (b), note that since V ⊇ V′′ by as-
sumption, we have dom(V) ⊇ dom(V′′). By V′′ = V0 ↾ dom(V′), it follows that
dom(V′′) = dom(V′). Therefore, dom(V′) ⊆ dom(V) (b) holds. (c) follows by as-
sumption (iv). By definition, γ = [x 7→ l], γ0, so γ0 is the smallest subset of γ not
containing x 7→ l. Observe that γ′ is a subset of γ that does not contain x 7→ l. So,
γ ⊇ γ0 ⊇ γ

′, which concludes the proof of (d).

Σ′ = trim(Σ0,V′, γ′) follows by lemma 36 applied to (iii), (a), (b), (c), and (d).

By the inductive hypothesis applied to (1), V′′ = V0 ↾ dom(V′), and Σ′ = trim(Σ0,V′, γ′),
we have ⊢Mdγ′ N | V′′ : Ω | Σ′. This is the desired result.

□

Lemma 10 (Monotonicity of volatile memories) If γ | Md | n | N | V | c → γ′ | Md | n′ | N′ |
V′ | c′ where c , c1;W c2, then dom(V) ⊆ dom(V′), γ ⊆ γ′.

Proof: The proof is straightforward, proceeding in cases on the dynamic rules. □

Definition 16 Ω > Ω′ iff ∀x:τ@q ∈ Ω, we have x:τ@q′ ∈ Ω′ where q′ , UN and either q = q′

or δ(q,Wt) = q′.
Lemma 11 If Md | b > 0 : nat | Ω;Σ ⊢Sig c : CMd

unit
⊣ Ω′, then dom(Ω) ⊆ dom(Ω′).

Proof: The proof is by induction on the size of c. We consider possible cases for Md | b > 0 :
nat | Ω;Σ ⊢Sig c : CMd

unit
⊣ Ω′.

Case [T-C-Shift].

Σ = ↓Σ′ Ω = Ω′,Ω′′ck Md | b : nat | Ω′,Σ′ ⊢Sig skip : ↑unit ⊣ Ω1

Md | b : nat | Ω;Σ ⊢Sig skip : ↓↑unit ⊣ Ω1↾dom(Ω)
(T-C-Shift)

By definition of ↾, we obtain the desired result dom(Ω) ⊆ dom(Ω1↾dom(Ω)).
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Case [T-seq].

Md | b ≥ 0 : nat | Ω;Σ ⊢Sig c1 : CMdunit ⊣ Ω
′

Md | b ≥ 0 : nat | Ω′;Σ ⊢Sig c2 : τ ⊣ Ω′′

Md | b > 0 : nat | Ω;Σ ⊢Sig c1; c2 : τ ⊣ Ω′′
(T-seq)

By inversion of T-seq, we learn that
• Md | b ≥ 0 : nat | Ω;Σ ⊢Sig c1 : CMd

unit
⊣ Ω′

• Md | b ≥ 0 : nat | Ω′;Σ ⊢Sig c2 : τ ⊣ Ω′′

By applying the inductive hypothesis to each of these judgments, we learn that dom(Ω) ⊆
dom(Ω′) and dom(Ω′) ⊆ dom(Ω′′). By transitivity, we establish the desired result dom(Ω) ⊆
dom(Ω′′).

Case [T-seq-d]. This case is similar to T-seq.

Case [T-∨-Succ,T-Let,T-Assign,T-If,T-enough?]. In each case, we apply the inductive hy-
pothesis to learn that dom(Ω) ⊆ dom(Ω′).

□

Theorem 6.2 (Preservation for Commands) If

(†) Md | b ≥ 0 : nat | Ω;Σ ⊢Sig c : τ ⊣ Ω′

and γ | Md | n | N | V | c is well-formed, ⊢Mdγ N | V : Ω | Σ, dom(Nck) ⊆ dom(V), and for some
(co-)natural number n ≥ 0, we have

γ | Md | n | N | V | c → γ′ | Md | n′ | N′ | V′ | c′

then for some Σ′, and Ω0

Md | b ≥ 0 : nat | Ω0;Σ′ ⊢Sig c′ : τ ⊣ Ω′

where ⊢Mdγ′ N′ | V′ : Ω0 | Σ
′, Ω > Ω0, and n′ ≥ 0. Moreover γ′ | Md | n′ | N′ | V′ | c′ is well-formed.

Moreover, dom(N) = dom(N′), and if Md = aID(c0), then N′ \ {MFstWt, Wtn} = N\ {MFstWt, Wtn}
and dom(N′ck) ⊆ dom(V′).

Proof: The proof is by induction on the size of c. We proceed by considering possible cases
for γ | Md | n | N | V | c → γ′ | Md′ | n′ | N′ | V′ | c′.
Case 1 [D-Let-step].

n > 0 γ | Md | n | N | V | e→ γ | Md | n′ | N | V | e′

γ | Md | n | N | V | let x = e in c→ γ | Md | n′ | N | V | let x = e′ in c
(D-Let-step)
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By the first premise n > 0. By inversion on (†) via T-Enough? rule, we have

(†1) Md | b > 0 : nat | Ω;Σ ⊢Sig let x = e in c : τ ⊣ Ω′

and
(†2) Md | b = 0 : nat | Ω;Σ ⊢Sig′′ let x = e in c : τ

where Sig′′ = i f Md = jit, then Sig′, else Sig and Sig′′ = {Md | b ≥ 0 : nat | Ω;Σ ⊢
let x = e in c : τ}.
By inversion on (†1) via T-Let

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e : CMdA
Md | b ≥ 0 : nat | Ω;Σ, x:↓↑A @ Ck ⊢Sig c : τ ⊣ Ω′

Md | b > 0 : nat | Ω;Σ ⊢Sig let x = e in c : τ ⊣ Ω′
(T-Let)

we learn that

(1) Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e : CMdA
(2) Md | b ≥ 0 : nat | Ω;Σ, x:↓↑A @ Ck ⊢Sig c : τ ⊣ Ω′

By the application of Theorem 17 to (1) and the premise γ | Md | n | N | V | e → γ | Md |
n′ | N | V | e′, it follows that

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e′ : CMdA ,

and n′ ≥ 0. By the following application of the T-Let rule we get

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e′ : CMdA
Md | b ≥ 0 : nat | Ω;Σ, x:↓↑A @ Ck ⊢Sig c : τ ⊣ Ω′

Md | b > 0 : nat | Ω;Σ ⊢Sig let x = e′ in c : τ ⊣ Ω′
(T-Let)

We consider two subcases based on Md.

Subcase 1. [Md = Jit]. Let Sig1 = {Md | b ≥ 0 : nat | Ω;Σ ⊢ let x = e′ in c : τs}. It
follows via lemma 30, we get Md | b = 0 : nat | Ω;Σ ⊢Sig′′ let x = e′ in c : τs.

Subcase 2. [Md = aID(c0)]. By (†2) via lemma 31, we get Md | b = 0 : nat | Ω;Σ ⊢Sig′′
let x = e′ in c : τ.

In both subcases, the desired result follows by T-Enough?:

Sig1 = {Md | b ≥ 0 : nat | Ω;Σ ⊢ let x = e′ in c : τs}

Sig2 = i f Md = jit then Sig1, else Sig
Md | b = 0 : nat | Ω;Σ ⊢Sig2 let x = e′ in c : τ
Md | b > 0 : nat | Ω;Σ ⊢Sig let x = e′ in c : τ ⊣ Ω′

Md | b ≥ 0 : nat | Ω;Σ ⊢Sig let x = e′ in c : τ ⊣ Ω′
(T-enough?)
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Observe that the well-formedness of γ | Md | n′ | N | V | let x = e′ in c follows by
definition 26, and Ω > Ω follows by definition 7, both vacuously. Additionally, observe
that N \ {MFstWt, Wtn} = N \ {MFstWt, Wtn}, as desired. The detail dom(Nck) ⊆ dom(V)
follows by assumption.

Case 2. [D-Let-v].

Val(γ | Md | n | N | V | e) γ′ = γ, [x 7→ ℓ] ℓ fresh n = n′ + 1

γ | Md | n | N | V | let x = e in c→ γ′ | Md | n′ | N | V, ℓ@Ck ↪→ e | c
(D-Let-v)

By the last premise n > 0, and n′ ≥ 0. By inversion on (†) via T-Enough? rule, we have

(†1) Md | b > 0 : nat | Ω;Σ ⊢ let x = e in c : τ ⊣ Ω′

and
(†2) Md | b = 0 : nat | Ω;Σ ⊢ let x = e in c : τ.

By inversion of (†1) via T-Let

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e : CMdA
Md | b ≥ 0 : nat | Ω;Σ, x:↓↑A @ Ck ⊢ c : τ ⊣ Ω′

Md | b > 0 : nat | Ω;Σ ⊢ let x = e in c : τ ⊣ Ω′
(T-Let)

we learn that

(1) Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e : CMdA
(2) Md | b ≥ 0 : nat | Ω;Σ, x:↓↑A @ Ck ⊢ c : τ ⊣ Ω′

The typing judgment (2) completes the proof, if we can show that ⊢Mdγ′ N | V, ℓ@Ck ↪→ e :
Ω | Σ, x:↓↑A@Ck.
By Val(γ | Md | n | N | V | e), we can apply inversion on Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig
e : CMdA via T-Enough?, T-∨-Succ, and T-R-Shift to get

Md | b : nat | Ω,Σ′ ⊢RD;Sig e : ↑A,

where Σ = ↓Σ′.
This is enough to prove ⊢Mdγ′ N | V, ℓ@Ck ↪→ e : Ω | Σ, x:↓↑A@Ck.
Observe that the well-formedness of γ′ | Md | n′ | N | V, ℓ@Ck ↪→ e | c follows by defi-
nition 26, vacuously because c is not of the form c′;W c′′. Observe that Ω > Ω follows by
definition 7 vacuously. Additionally, observe that N \ {MFstWt, Wtn} = N \ {MFstWt, Wtn},
as desired. The detail dom(Nck) ⊆ dom(V, ℓ@CK ↪→ e) follows by assumption and the
observation that dom(V) ⊆ dom(V, ℓ@CK ↪→ e).

Case 3 [D-Assign-step].

n > 0 γ | Md | n | N | V | e → γ | Md | n′ | N | V | e′

γ | Md | n | N | V | x := e → γ | Md | n′ | N | V | x := e′
(D-Assign-step)
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By the first premise n > 0. By inversion on (†) via T-Enough? rule, we have

(†1) Md | b > 0 : nat | Ω;Σ ⊢Sig x := e : τ ⊣ Ω′

and
(†2) Md | b = 0 : nat | Ω;Σ ⊢Sig′′ x := e : τ

where Sig′′ = i f Md = jit then Sig′ else Sig and Sig′ = {Md | b ≥ 0 : nat | Ω;Σ ⊢ x :=
e : τ}.
By inversion on (†1) via T-Assign

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e : CMdA
Md | b > 0 : nat | Ω;Σ ⊢WT x : ↓↑ A ⊣ Ω′

Md | b > 0 : nat | Ω;Σ ⊢Sig x := e : CMdunit ⊣ Ω
′

(T-Assign)

we have

• Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e : CMdA and
• Md | b > 0 : nat | Ω;Σ ⊢WT x : ↓↑ A ⊣ Ω′.

By the application of Theorem 17 on Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e : CMdA and the
premise γ | Md | n | N | V | e → γ | Md | n′ | N | V | e′, it follows that

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e′ : CMdA ,

and n′ ≥ 0. By the following application of the T-Assign rule we get

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e′ : CMdA
Md | b > 0 : nat | Ω;Σ ⊢WT x : ↓↑ A ⊣ Ω′

Md | b > 0 : nat | Ω;Σ ⊢Sig x := e′ : CMdunit ⊣ Ω
′

(T-Assign)

We consider two subcases based on Md.

Subcase 1. [Md = Jit]. Let Sig1 = {Md | b ≥ 0 : nat | Ω;Σ ⊢ x := e′ : τ}. It follows by
lemma 30 that Md | b = 0 : nat | Ω;Σ ⊢Sig1 x := e′ : τ.

Subcase 2. [Md = aID(c0)]. By (†2) via lemma 31, we get Md | b = 0 : nat | Ω;Σ ⊢Sig
x := e′ : τ.

In both subcases, the desired result follows by T-Enough?:

Sig1 = {Md | b ≥ 0 : nat | Ω;Σ ⊢ x := e′ : τ}
Sig2 = i f Md = jit then Sig1 else Sig
Md | b = 0 : nat | Ω;Σ ⊢Sig2 x := e′ : τ
Md | b > 0 : nat | Ω;Σ ⊢Sig x := e′ : τ ⊣ Ω′

Md | b ≥ 0 : nat | Ω;Σ ⊢Sig x := e′ : τ ⊣ Ω′
(T-enough?)
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Observe that the well-formedness of γ | Md | n′ | N | V | x := e′ follows by definition 26,
vacuously. The detail Ω > Ω follows by definition 7, vacuously. Additionally, observe that
N\{MFstWt, Wtn} = N\{MFstWt, Wtn}, as desired. The detail dom(Nck) ⊆ dom(V) follows
by assumption.

Case [D-Assign-V].

Val(γ | Md | n | N | V | e) V = V′, ℓ@q ↪→ v′

q′ = δ(q, wt) , UN γ = γ′, [x→ ℓ] n = n′ + 1

γ | Md | n | N | V | x := e → γ | Md | n′ | N | V′, ℓ@q′ ↪→ e | skip
(D-Assign-V)

By the last premise n > 0, and n′ ≥ 0. By inversion on (†) via T-Enough? rule, we have

(†1) Md | b > 0 : nat | Ω;Σ ⊢Sig x := e : τ ⊣ Ω′

and
(†2) Md | b = 0 : nat | Ω;Σ ⊢Sig′′ x := e : τ

where Sig′′ = i f Md = jit then Sig′ else Sig and Sig′ = {Md | b ≥ 0 : nat | Ω;Σ ⊢ x :=
e : τ}.
By inversion on (†1) via T-Assign

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e : CMdA
Md | b > 0 : nat | Ω;Σ ⊢WT x : ↓↑ A ⊣ Ω′

Md | b > 0 : nat | Ω;Σ ⊢Sig x := e : CMdunit ⊣ Ω
′

(T-Assign)

we have

(1) Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e : CMdA
(2) Md | b > 0 : nat | Ω;Σ ⊢WT x : ↓↑ A ⊣ Ω′

By V-loc and the definition of V, we have that ⊢Mdγ N | V′, (ℓ@Ck ↪→ v′) : Ω | Σ0, (x :↓↑
A@Ck) where Σ = Σ0, (x :↓↑ A@CK). It follows by inversion on T-w-Shift and T-Loc-Write

Σ = ↓Σ′ Ω = Ω0,Ω1 ck

Ω0,Σ
′ = x : ↑A@CK,Ω′2 = Ω

′′ CK = δ(CK,Wt) , UN

Md | b > 0 : nat | Ω0,Σ
′ ⊢WT x : ↑ A ⊣ Ω′′

(T-Loc-Write)

Md | b > 0 : nat | Ω;Σ ⊢WT x : ↓↑ A ⊣ Ω′′↾dom(Ω)
(T-w-Shift)

that

• Ω′ = Ω′′↾dom(Ω) (∃Ω′′)
• Ω′′ = Ω0,Σ

′

• Σ = ↓Σ′
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• Ω = Ω0,Ω1 ck

It follows by assumption Nck ⊆ V and the well-formedness condition ⊢Mdγ N | V : Ω | Σ
that Ω1 ck ⊆ Σ

′. Hence Ω ⊆ Ω0,Σ
′. Since Ω′′ = Ω0,Σ

′, it follows that Ω ⊆ Ω′′, and hence
Ω = Ω′′↾dom(Ω). Since Ω′ = Ω′′↾dom(Ω), we have that Ω = Ω′.

By the premise Val(γ | Md | n | N | V | e), we can apply inversion on Md | b ≥ 0 : nat |
Ω;Σ ⊢RD;Sig e : CMdA via T-Enough?, T-∨-Succ, and T-R-Shift to get

Md | b : nat | Ω,Σ′ ⊢RD;Sig e : ↑A,

where Σ = ↓Σ′.
Appying V-loc, we can show that ⊢Mdγ N | V′, (ℓ@Ck ↪→ e) : Ω | Σ0, (x :↓↑ A@Ck) where
Σ′ = Σ0, (x :↓↑ A@Ck).
We want to show that

Md | b > 0 : nat | Ω;Σ ⊢Sig skip : Cunit ⊣ Ω′′↾dom(Ω).

Noting that Ω = Ω′′↾dom(Ω), it follows by T-Skip, T-C-Shift, and T-∨-Succ that

Md | b > 0 : nat | Ω;Σ ⊢Sig skip : Cunit ⊣ Ω.

We consider two subcases based on Md.

Subcase 1. [Md = Jit]. Let Sig1 = {Md | b ≥ 0 : nat | Ω;Σ ⊢ skip : Cunit}. From
lemma 30, we get Md | b = 0 : nat | Ω;Σ ⊢Sig skip : Cunit.

Subcase 2. [Md = aID(c0)]. By (†2) via lemma 31, we get Md | b = 0 : nat | Ω;Σ ⊢Sig
skip : Cunit.

In both subcases, the desired result follows by T-Enough?:

Sig1 = {Md | b ≥ 0 : nat | Ω;Σ ⊢ skip : τ}
Sig2 = i f Md = jit then Sig1, else Sig
Md | b = 0 : nat | Ω;Σ ⊢Sig2 skip : Cunit
Md | b > 0 : nat | Ω;Σ ⊢Sig skip : Cunit ⊣ Ω

Md | b ≥ 0 : nat | Ω;Σ ⊢Sig skip : Cunit ⊣ Ω
(T-enough?)

Observe that the well-formedness of γ | Md | n′ | N | V′, ℓ@q′ ↪→ e | skip follows by
definition 26, vacuously, and Ω > Ω follows by definition 7, both vacuously. Addition-
ally, observe that N \ {MFstWt, Wtn} = N \ {MFstWt, Wtn}, as desired. Lastly, note that
dom(V) = dom(V′, ℓ@q′ ↪→ e). Therefore, it follows by assumption that dom(Nck) ⊆
dom(V′, ℓ@q′ ↪→ e).

Case [D-Assign-N].

Val(γ | Md | n | N | V | e) N = N′, ℓ@q ↪→ v′

q′ = δ(q,Wt) , UN γ = γ′, [x→ ℓ] n = n′ + 1

γ | Md | n | N | V | x := e → γ | Md | n′ | N′, ℓ@q′ ↪→ e | V | skip
(D-Assign-N)
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By the last premise n > 0, and n′ ≥ 0. By inversion on (†) via T-Enough? rule, we have

(†1) Md | b > 0 : nat | Ω;Σ ⊢Sig x := e : τ ⊣ Ω′

and
(†2) Md | b = 0 : nat | Ω;Σ ⊢Sig′′ x := e : τ

where Sig′′ = i f Md = jit then Sig′ else Sig and Sig′ = {Md | b ≥ 0 : nat | Ω;Σ ⊢ x :=
e : τ}.
By inversion on (†1) via T-Assign

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e : CMdA
Md | b > 0 : nat | Ω;Σ ⊢WT x : ↓↑ A ⊣ Ω′

Md | b > 0 : nat | Ω;Σ ⊢Sig x := e : CMdunit ⊣ Ω
′

(T-Assign)

we learn that

(1) Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e : CMdA
(2) Md | b > 0 : nat | Ω;Σ ⊢WT x : ↓↑ A ⊣ Ω′

By inversion on (2) via T-w-Shift and T-Loc-Write:

Σ = ↓Σ′ Ω = Ω0,Ω1 ck

Ω0,Σ
′ = x : ↑A@q,Ω′2

Ω′′ = x : ↑A@q′,Ω′2 q′ = δ(q,Wt) , UN

Md | b > 0 : nat | Ω0,Σ
′ ⊢WT x : ↑ A ⊣ Ω′′

(T-Loc-Write)

Md | b > 0 : nat | Ω;Σ ⊢WT x : ↓↑ A ⊣ Ω′′↾dom(Ω)
(T-w-Shift)

we have

(i) Ω′ = Ω′′↾dom(Ω) (∃Ω′′)

(ii) Σ = ↓Σ′

(iii) Ω = Ω0,Ω1 ck

(iv) Ω0,Σ
′ = x : ↑A@q,Ω′2

(v) Ω′′ = x : ↑A@q′,Ω′2
(vi) q′ = δ(q,Wt) , UN

By Val(γ | Md | n | N | V | e), we can apply inversion on Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig
e : CMdA via T-Enough?, T-∨-Succ, and T-R-Shift to get

Md | b : nat | Ω,Σ′ ⊢RD;Sig e : ↑A,
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where Σ = ↓Σ′. This is enough to prove ⊢Mdγ (ℓ@Ck ↪→ e,N′′) | V : (x : ↑A@q′,Ω′2) | Σ.
From here, we note that since x : ↑A@q, we have x : ↑A@q ∈ Ω0. Therefore, Ω′′ = Ω0,Σ′

for some Ω0 < Ω0 (i.e., Ω0 = Ω′′0 , x : ↑A@q′ where Ω0 = Ω
′′
0 , x : ↑A@q).

We now need to show that:

Md | b > 0 : nat | Ω′;Σ ⊢Sig skip : Cunit ⊣ Ω′′↾dom(Ω).

LetΩ′ = Ω0,Ω1
ck. By T-Skip, T-C-Shift, and T-∨-Succ, and recalling thatΩ′ = Ω′′↾dom(Ω)

(as defined above), we have

Σ = ↓Σ′ Ω′ = Ω0,Ω1
ck

Md | b > 0 : nat | Ω0,Σ′ ⊢Sig skip : ↑unit ⊣ Ω′′
(T-Skip)

Md | b > 0 : nat | Ω′;Σ ⊢Sig skip : ↓↑unit ⊣ Ω′′↾dom(Ω′)
(T-C-Shift)

Md | b > 0 : nat | Ω′;Σ ⊢Sig skip : Cunit ⊣ Ω′′↾dom(Ω′)
(T-∨-Succ)

We now need to show that dom(Ω′) = dom(Ω). From (i), we have that dom(Ω′) ⊆ dom(Ω).
By Lemma 39, we have that dom(Ω) ⊆ dom(Ω′).
We consider two subcases based on Md.

Subcase 1. [Md = Jit]. Let Sig1 = {Md | b ≥ 0 : nat | Ω′;Σ ⊢ skip : Cunit}. By lemma
30, we get Md | b = 0 : nat | Ω′;Σ ⊢ skip : Cunit.

Subcase 2. [Md = aID(c0)]. By (†2) via lemma 31, we get Md | b = 0 : nat | Ω′;Σ ⊢
skip : Cunit.

In both subcases, the desired result follows by T-Enough?:

Sig1 = {Md | b ≥ 0 : nat | Ω;Σ ⊢ skip : Cunit}
Sig2 = i f Md = jit then Sig1, else Sig
Md | b = 0 : nat | Ω′;Σ ⊢Sig2 skip : Cunit

Md | b > 0 : nat | Ω′;Σ ⊢Sig skip : Cunit ⊣ Ω′′↾dom(Ω′)

Md | b ≥ 0 : nat | Ω′;Σ ⊢Sig skip : Cunit ⊣ Ω′′↾dom(Ω′)
(T-enough?)

Observe that the well-formedness of γ | Md | n′ | N′, ℓ@q′ ↪→ e | V | skip follows by
definition 26 vacuously. The detail Ω > Ω′ follows by definition 7, (iv) and (v) from
above, and the premise q′ = δ(q,Wt) , UN. If Md = aID(c0), we want to show that
N \ {MFstWt, Wtn} = (N′, ℓ@q′ ↪→ e) \ {MFstWt, Wtn}. By definition, N = N′, ℓ@q ↪→ v′.
Since ℓ is written to, q′ = Wtn, and either q = Wtn or q = MFstWt. Now we need
to show that N′, ℓ@q ↪→ v′ \ {MFstWt, Wtn} = N′, ℓ@q′ ↪→ e \ {MFstWt, Wtn}. From
above, this reduces to showing N′ \ {MFstWt, Wtn} = N′ \ {MFstWt, Wtn} which holds
trivially. Lastly, note that dom(N) = dom(N′, ℓ@q′ ↪→ e). Therefore, it follows by as-
sumption, and the definition of δ (i.e. q′ = Ck if q = Ck), that dom(N0

ck
) ⊆ dom(V) where

N′, ℓ@q′ ↪→ e = N0
ck
,N1.
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Case 6 [D-If].

γ | Md | n | N | V | e → γ | Md | n′ | N | V | e′

γ | Md | n | N | V | if e then c1 else c2 → γ | Md | n′ | N | V | if e′ then c1 else c2
(D-If)

By the first premise n > 0. By inversion on (†) via T-Enough? rule, we have

(†1) Md | b > 0 : nat | Ω;Σ ⊢Sig if e then c1 else c2 : τ ⊣ Ω′

and
(†2) Md | b = 0 : nat | Ω;Σ ⊢Sig′′ if e then c1 else c2 : τ

where Sig′′ = i f Md = jit then Sig′ else Sig and Sig′ = {Md | b ≥ 0 : nat | Ω;Σ ⊢
if e then c1 else c2 : τ}.
By inversion on (†1) via T-If

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e : CMdbool
Md | b ≥ 0 : nat | Ω;Σ ⊢Sig c1 : τ ⊣ Ω′

Md | b ≥ 0 : nat | Ω;Σ ⊢Sig c2 : τ ⊣ Ω′

Md | b > 0 : nat | Ω;Σ ⊢Sig if e then c1 else c2 : τ ⊣ Ω′
(T-If)

we learn that

(1) Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e : CMdbool

(2) Md | b ≥ 0 : nat | Ω;Σ ⊢Sig c1 : τ ⊣ Ω′

(3) Md | b ≥ 0 : nat | Ω;Σ ⊢Sig c2 : τ ⊣ Ω′.

By the application of Theorem 17 on (1) and γ | Md | n | N | V | e → γ | Md | n′ | N | V | e′,
it follows that

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e′ : CMdbool,

and n′ ≥ 0. By the following application of the T-If rule we get

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e′ : CMdbool
Md | b ≥ 0 : nat | Ω;Σ ⊢Sig c1 : τ ⊣ Ω′

Md | b ≥ 0 : nat | Ω;Σ ⊢Sig c2 : τ ⊣ Ω′

Md | b > 0 : nat | Ω;Σ ⊢Sig if e′ then c1 else c2 : τ ⊣ Ω′
(T-If)

We consider two subcases based on Md.

Subcase 1. [Md = Jit]. Let Sig1 = {Md | b ≥ 0 : nat | Ω;Σ ⊢ if e′ then c1 else c2 : τ}.
By lemma 30, we get Md | b = 0 : nat | Ω;Σ ⊢Sig1 if e′ then c1 else c2 : τ.

Subcase 2. [Md = aID(c0)]. By (†2) via lemma 31, we get Md | b = 0 : nat | Ω;Σ ⊢
if e′ then c1 else c2 : τs.
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In both subcases, the desired result follows by T-Enough?:

Sig1 = {Md | b ≥ 0 : nat | Ω;Σ ⊢ if e′ then c1 else c2 : τ}
Sig2 = i f Md = jit then Sig1, else Sig

Md | b = 0 : nat | Ω;Σ ⊢Sig2 if e′ then c1 else c2 : τ
Md | b > 0 : nat | Ω;Σ ⊢Sig if e′ then c1 else c2 : τ ⊣ Ω′

Md | b ≥ 0 : nat | Ω;Σ ⊢Sig if e′ then c1 else c2 : τ ⊣ Ω′
(T-enough?)

Observe that the well-formedness of γ | Md | n′ | N | V | if e′ then c1 else c2 follows by
definition 26, and Ω > Ω follows by definition 7, both vacuously. Additionally, observe
that N \ {MFstWt, Wtn} = N \ {MFstWt, Wtn}, as desired. The detail dom(Nck) ⊆ dom(V)
follows by assumption.

Case 7. [D-If-tt].

n = n′ + 1 Val(γ | Md | n | N | V | tt)

γ | Md | n | N | V | if tt then c1 else c2 → γ | Md | n′ | N | V | c1
(D-If-tt)

By the first premise n > 0, and n′ ≥ 0. By inversion on (†) via T-Enough? rule, we have

(†1) Md | b > 0 : nat | Ω;Σ ⊢Sig if tt then c1 else c2 : τ ⊣ Ω′

and
(†2) Md | b = 0 : nat | Ω;Σ ⊢Sig′′ if tt then c1 else c2 : τ

where Sig′′ = i f Md = jit then Sig′ else Sig and Sig′ = {Md | b ≥ 0 : nat | Ω;Σ ⊢
if tt then c1 else c2 : τ}.
By inversion on (†1) via T-If

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig tt : CMdbool
Md | b ≥ 0 : nat | Ω;Σ ⊢Sig c1 : τ ⊣ Ω′

Md | b ≥ 0 : nat | Ω;Σ ⊢Sig c2 : τ ⊣ Ω′

Md | b > 0 : nat | Ω;Σ ⊢Sig if tt then c1 else c2 : τ ⊣ Ω′
(T-If)

we learn that

(1) Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig tt : CMdbool

(2) Md | b ≥ 0 : nat | Ω;Σ ⊢Sig c1 : τ ⊣ Ω′

(3) Md | b ≥ 0 : nat | Ω;Σ ⊢Sig c2 : τ ⊣ Ω′

Observe that the well-formedness of γ | Md | n′ | N | V | c1 follows by definition 26,
vacuously because c1 is not of the form c′;W c′′. The detail Ω > Ω follows vacuously by
definition 7.
The typing judgment (2) completes the proof, because ⊢Mdγ N | V : Ω | Σ holds by assump-
tion. Additionally, observe that N \ {MFstWt, Wtn} = N \ {MFstWt, Wtn}, as desired. The
detail dom(Nck) ⊆ dom(V) follows by assumption.
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Case 8 [D-If-ff]. Similar to the previous case.

Case 9 [D-seq].

n > 0

γ | Md | n | N | V | c1; c2 → γ | Md | n | N | V | c1;γ|V c2
(D-seq)

By the premise n > 0. By inversion on (†) via T-Enough? rule, we have

(†1) Md | b > 0 : nat | Ω;Σ ⊢Sig c1; c2 : τs ⊣ Ω′

and
(†2) Md | b = 0 : nat | Ω;Σ ⊢Sig′′ c1; c2 : τs

where Sig′′ = i f Md = jit then Sig′ else Sig and Sig′ = {Md | b ≥ 0 : nat | Ω;Σ ⊢ c1; c2 :
τs}.
By inversion on (†1) via T-Seq

Md | b ≥ 0 : nat | Ω;Σ ⊢Sig c1 : Cunit ⊣ Ω′

Md | b ≥ 0 : nat | Ω′;Σ ⊢Sig c2 : τ ⊣ Ω′′

Md | b > 0 : nat | Ω;Σ ⊢Sig c1; c2 : τ ⊣ Ω′′
(T-Seq)

we learn that

(1) Md | b ≥ 0 : nat | Ω;Σ ⊢Sig c1 : Cunit ⊣ Ω′

(2) Md | b ≥ 0 : nat | Ω′;Σ ⊢Sig c2 : τs ⊣ Ω′′

Put W = γ | V. We now want to show that Σ = trim(Σ,V, γ). By definition 28, it is
straightforward to see that trim(Σ,V, γ) ⊆ Σ. We need to show Σ ⊆ trim(Σ,V, γ). Let
x : ↓↑A@q ∈ Σ be arbitrary and write Σ = Σ′, (x : ↓↑A@q). Then by inversion on the
well-formedness definition V-loc:

⊢Md
γ′ N | V′ : Ω | Σ′

V = V′, ℓ@ q ↪→ v q = Ck γ = γ′, [x 7→ ℓ] · ⊢ v : ↑A

⊢Md
γ N | V : Ω | Σ′, (x:↓↑A@q)

(V-loc)

we know that γ = γ′, [x 7→ ℓ] with ℓ ∈ dom(V). From here, definition 28 implies that
x ∈ trim(Σ,V, γ). Because x ∈ Σ was arbitrary, we have shown that Σ ⊆ trim(Σ,V, γ).
Therefore, Σ = trim(Σ,V, γ).
By the following application of the T-seq-d rule

W = γ | V Md | b ≥ 0 : nat | Ω;Σ ⊢Sig c1 : Cunit ⊣ Ω′

Σ = trim(Σ,V, γ) Md | b ≥ 0 : nat | Ω′;Σ ⊢Sig c2 : τ ⊣ Ω′′

Md | b > 0 : nat | Ω;Σ ⊢Sig c1;W c2 : τ ⊣ Ω′′
(T-seq-d)
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we learn that Md | b > 0 : nat | Ω;Σ ⊢Sig c1;W c2 : τ ⊣ Ω′′

We consider two subcases based on Md.

Subcase 1. [Md = Jit]. Let Sig1 = {Md | b ≥ 0 : nat | Ω;Σ ⊢ c1;W c2 : τ}. By lemma
30, we get Md | b = 0 : nat | Ω;Σ ⊢ c1;W c2 : τ.

Subcase 2. [Md = aID(c0)]. By (†2) via lemma 31, we get Md | b = 0 : nat | Ω;Σ ⊢
c1;W c2 : τ.

In both subcases, the desired result follows by T-Enough?:

Sig1 = {Md | b ≥ 0 : nat | Ω;Σ ⊢ c1;W c2 : τ}
Sig2 = i f Md = jit then Sig1 else Sig
Md | b = 0 : nat | Ω;Σ ⊢Sig2 c1;W c2 : τ
Md | b > 0 : nat | Ω;Σ ⊢Sig c1;W c2 : τ ⊣ Ω′′

Md | b ≥ 0 : nat | Ω;Σ ⊢Sig c1;W c2 : τ ⊣ Ω′′
(T-enough?)

Observe that the well-formedness of γ | Md | n | N | V | c1;γ|V c2 follows by definition 26
since γ ⊆ γ and dom(Nck) ⊆ dom(V) ⊆ dom(V). The detail Ω > Ω follows by definition 7,
vacuously. Additionally, observe that N \ {MFstWt, Wtn} = N \ {MFstWt, Wtn}, as desired.

Case [D-seq-step].

n > 0 γ | Md | n | N | V | c1 → γ
′ | Md | n′ | N′ | V′ | c′1

γ | Md | n | N | V | c1;W c2 → γ
′ | Md | n′ | N′ | V′ | c′1;W c2

(D-seq-step)

The premises yield

(a) n > 0

(b) γ | Md | n | N | V | c1 → γ
′ | Md | n′ | N′ | V′ | c′1

By assumption, note that

• ⊢Mdγ N | V : Ω | Σ
• Md | b ≥ 0 : nat | Ω;Σ ⊢Sig c1;W c2 : τ ⊣ Ω′

• γ | Md | n | N | V | c1;W c2 is well-formed.

Put W = γ0 | V0. Then by definition 26, we have dom(V0) ⊆ dom(V) and γ0 ⊆ γ. Observe
that γ | Md | n | N | V | c1 is well-formed, which vacuously follows by definition 26 because
c1 does not have the form c′;W′ c′′ and we always run the command c1 before c2.
By inversion of Md | b ≥ 0 : nat | Ω;Σ ⊢Sig c1;W c2 : τ ⊣ Ω′ via T-Enough? rule, we have

(†1) Md | b > 0 : nat | Ω;Σ ⊢Sig c1;W c2 : τ ⊣ Ω′

and
(†2) Md | b = 0 : nat | Ω;Σ ⊢Sig′′ c1;W c2 : τ
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where Sig′′ = i f Md = jit, then Sig′, else Sig and Sig′′ = {Md | b ≥ 0 : nat | Ω;Σ ⊢
c1;W c2 : τ}.
By inversion of (†1) via T-seq-d

W = γ0 | V0 Md | b ≥ 0 : nat | Ω;Σ ⊢Sig c1 : Cunit ⊣ Ω′

Σ′ = trim(Σ,V0, γ0) Md | b ≥ 0 : nat | Ω′;Σ′ ⊢Sig c2 : τ ⊣ Ω′′

Md | b > 0 : nat | Ω;Σ ⊢Sig c1;W c2 : τ ⊣ Ω′′
(T-seq-d)

we learn that

(1) Md | b ≥ 0 : nat | Ω;Σ ⊢Sig c1 : Cunit ⊣ Ω′

(2) Σ′ = trim(Σ,V0, γ0)

(3) Md | b ≥ 0 : nat | Ω′;Σ′ ⊢Sig c2 : τ ⊣ Ω′′

By the inductive hypothesis applied to (1), (b), the well-formedness of γ | Md | n | N |
V | c1, ⊢Mdγ N | V : Ω | Σ, n ≥ 0, and dom(Nck) ⊆ dom(V), we get Md | b ≥ 0 : nat |
Ω0;Σ′′ ⊢Sig c′1 : Cunit ⊣ Ω′, where

(i) ⊢Mdγ′ N′ | V′ : Ω0 | Σ
′′,

(ii) n′ ≥ 0,

(iii) γ′ | Md | n′ | N′ | V′ | c′1 is well-formed,

(iv) Ω > Ω0,

(v) if Md = aID(c0), N \ {MFstWt, Wtn} = N′ \ {MFstWt, Wtn}, and

(vi) dom(N′ck) ⊆ dom(V′)

We now need to show that dom(N′ck) ⊆ dom(V0) ⊆ dom(V′) and γ0 ⊆ γ
′. Observe that c1 ,

c′;W c′′ because c1;W c2 and we always run c1 first. By lemma 38 and c1 , c′;W c′′, it follows
that dom(V) ⊆ dom(V′) and γ ⊆ γ′. Then it follows by dom(V0) ⊆ dom(V) and γ0 ⊆ γ
(as shown above), that dom(V0) ⊆ dom(V) ⊆ dom(V′) and γ0 ⊆ γ ⊆ γ

′. Additionally,
it follows by assumption that dom(N) = dom(N′), and so it follows by the assumption
dom(Nck) ⊆ dom(V0) that dom(N′ck) ⊆ dom(V0). Hence, dom(N′ck) ⊆ dom(V0) ⊆ dom(V′)
and γ0 ⊆ γ

′.
It suffices to show Σ′ = trim(Σ′′,V0, γ0).
By lemma 36, it follows that Σ′ = trim(Σ′′,V0, γ0).
Using W = γ0 | V0, (2), (3), and Md | b ≥ 0 : nat | Ω0;Σ′′ ⊢Sig c′1 : Cunit ⊣ Ω′, we can
apply T-seq-d

W = γ0 | V0 Md | b ≥ 0 : nat | Ω0;Σ′′ ⊢Sig c′1 : Cunit ⊣ Ω′

Σ′ = trim(Σ′′,V0, γ0) Md | b ≥ 0 : nat | Ω′;Σ′ ⊢Sig c2 : τ ⊣ Ω′′

Md | b > 0 : nat | Ω0;Σ′′ ⊢Sig c′1;W c2 : τ ⊣ Ω′′
(T-seq-d)
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We now need to show that Md | b = 0 : nat | Ω0;Σ′′ ⊢Sig c′1;W c2 : τ. The proof proceeds
in two subcases based on Md:

Case Md = jit. Let Sig1 = {Md | b ≥ 0 : nat | Ω0;Σ′′ ⊢ c′1;W c2 : τ}. It follows by lemma
30 that Md | b = 0 : nat | Ω0;Σ′′ ⊢ c′1;W c2 : τ.

Case Md = aID(c0). By (†2) via lemma 31, we can see that Md | b = 0 : nat | Ω0;Σ′′ ⊢
c′1;W c2 : τ.

In both cases, Md | b = 0 : nat | Ω0;Σ′′ ⊢ c′1;W c2 : τ.
The desired result follows by T-Enough?:

Sig1 = {Md | b ≥ 0 : nat | Ω0;Σ′′ ⊢ c′1;W c2 : τ}
Sig2 = i f Md = jit, then Sig1, else Sig
Md | b = 0 : nat | Ω0;Σ′′ ⊢ c′1;W c2 : τ

Md | b > 0 : nat | Ω0;Σ′′ ⊢ c′1;W c2 : τ ⊣ Ω′′

Md | b ≥ 0 : nat | Ω0;Σ′′ ⊢ c′1;W c2 : τ ⊣ Ω′′
(T-enough?)

and (iv), which asserts that Ω > Ω0.
Observe that by definition 26 applied to dom(N′ck) ⊆ dom(V0) ⊆ dom(V′) and γ0 ⊆ γ

′ (as
shown above), γ′ | Md | n′ | N′ | V′ | c′1;W c2 is well-formed. In the case where c′1 is of
the form c′;W c′′, the rule stepping c1 must be D-seq since c1 , c′;W c′′. Thus, observe that
γ′ ⊆ γ′ and dom(N′ck) ⊆ dom(V′) ⊆ dom(V′), and hence it follows by definition 26 that
γ′ | Md | n′ | N′ | V′ | c′1;W c2 is well-formed.

Case 11 [D-seq-v].

n = n′ + 1 W = γ′ | V′ V′′ = V ↾ dom(V′)

γ | Md | n | N | V | skip;W c2 → γ
′ | Md | n′ | N | V′′ | c2

(D-seq-v)

Observe that n = n′ + 1 (from the premise of D-seq-v) implies n > 0, and hence b > 0.
By assumption, we have

Md | b > 0 : nat | Ω;Σ ⊢ skip;W c2 : τ ⊣ Ω′

where ⊢Mdγ N | V : Ω | Σ.
By inversion on T-seq-d, we have

(1) Md | b ≥ 0 : nat | Ω;Σ ⊢ skip : Cunit ⊣ Ω′′

(2) Md | b ≥ 0 : nat | Ω′′;Σ′ ⊢ c2 : τ ⊣ Ω′

(3) W = γ′ | V′ (from the premise of D-seq-v)

(4) Σ′ = trim(Σ,V′, γ′)

We now need to show that ⊢Mdγ′ N | V′′ : Ω | Σ′. Since γ | Md | n | N | V | skip;W c2 is
well-formed (by assumption), it follows by definition 26 that γ′ ⊆ γ. Therefore, the desired
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result follows by lemma 37 applied to ⊢Mdγ′ N | V : Ω | Σ, the premise V′′ = V ↾ dom(V′), (4),
and γ′ ⊆ γ. Observe that (2) yields the desired result where ⊢Mdγ′′ N | V′′ : Ω | Σ′. Observe
that the well-formedness of γ′ | Md | n′ | N | V′′ | c2 follows by definition 26, vacuously
because c2 is not of the form c′;W c′′. We now need to show that Ω > Ω′′. By inversion
of (1) on T-C-Shift, it follows that Ω = Ω′′. Then the desired result follows vacuously by
definition 7. Additionally, observe that N \ {MFstWt, Wtn} = N \ {MFstWt, Wtn}, as desired.
Lastly, we need to show that dom(Nck) ⊆ dom(V′′). That is to say that trimming the volatile
context does not throw out any checkpointed locations.
Since γ | Md | n | N | V | skip;W c2 is well-formed, it follows that dom(Nck) ⊆ dom(V′).
It then follows by V′′ = V↾dom(V′) that dom(V′) = dom(V′′). Therefore, dom(Nck) ⊆
dom(V′′).

Note that dom(N) = dom(N′) holds by observation, and by the inductive hypothesis in case
10 (D-seq-step). □

Lemma 12 If γ | Md | n | N1 | V | c→ γ | Md | n′ | N′1 | V
′ | c′ and N1\{MFstWt} = N2\{MFstWt},

then γ | Md | ∞ | N2 | V | c→ γ | Md | ∞ | N′2 | V
′ | c′ and N′1 \ {MFstWt} = N′2 \ {MFstWt}.

Proof: The proof is by induction on the size of c. We proceed by considering possible cases
for γ | Md | n | N1 | V | c→ γ | Md | n | N′1 | V

′ | c′.
Case 1 [D-Let-step].

n > 0 γ | Md | n | N | V | e→ γ | Md | n′ | N | V | e′

γ | Md | n | N | V | let x = e in c→ γ | Md | n′ | N | V | let x = e′ in c
(D-Let-step)

By inversion on D-Let-step, we have:

• n > 0
• γ | Md | n | N | V | e→ γ | Md | n′ | N | V | e′

Let N \ {MFstWt} = N2 \ {MFstWt}. By applying the inductive hypothesis, we have

• γ | Md | ∞ | N2 | V | e→ γ | Md | ∞ | N2 | V | e′

• N \ {MFstWt} = N2 \ {MFstWt}

Observing that∞ > 0, we apply D-Let-step to learn that

γ | Md | ∞ | N2 | V | let x = e in c→ γ | Md | ∞ | N2 | V | let x = e′ in c

Case 2. [D-Let-v].

Val(γ | Md | n | N | V | e) γ′ = γ, [x 7→ ℓ] ℓ fresh n = n′ + 1

γ | Md | n | N | V | let x = e in c→ γ′ | Md | n′ | N | V, ℓ@Ck ↪→ e | c
(D-Let-v)

Let N \ {MFstWt} = N2 \ {MFstWt}. By inversion on D-Let-v, we have
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(1) Val(γ | Md | n | N | V | e)

(2) γ′ = γ, [x 7→ ℓ]

(3) ℓ fresh

(4) n = n′ + 1

From n = n′ + 1, we know that n > 0. Thus, Val(γ | Md | n | N | V | e) is not a crash
value (i.e. n , 0). Therefore, Val(γ | Md | ∞ | N2 | V | e) since ∞ > 0. By application of
D-Let-v to Val(γ | Md | ∞ | N2 | V | e), (2), (3), and∞ > 0, we have

γ | Md | ∞ | N2 | V | let x = e in c→ γ′ | Md | ∞ | N2 | V, ℓ@Ck ↪→ e | c

Case 3 [D-Assign-step].

n > 0 γ | Md | n | N | V | e → γ | Md | n′ | N | V | e′

γ | Md | n | N | V | x := e → γ | Md | n′ | N | V | x := e′
(D-Assign-step)

By inversion on D-Assign-step, we have

• n > 0
• γ | Md | n | N | V | e → γ | Md | n′ | N | V | e′

Let N \ {MFstWt} = N2 \ {MFstWt}. By applying the inductive hypothesis, we have

γ | Md | ∞ | N2 | V | e → γ | Md | ∞ | N2 | V | e′

where N \ {MFstWt} = N2 \ {MFstWt}.
Observing that∞ > 0, we apply D-Assign-step to learn that

γ | Md | ∞ | N2 | V | x := e → γ | Md | ∞ | N2 | V | x := e′

Case 4 [D-Assign-V].

Val(γ | Md | n | N | V | e) V = V′, ℓ@q ↪→ v′

q′ = δ(q, wt) , UN γ = γ′, [x→ ℓ] n = n′ + 1

γ | Md | n | N | V | x := e → γ | Md | n′ | N | V′, ℓ@q′ ↪→ e | skip
(D-Assign-V)

The proof is analogous to the argument of Case 2 (D-Let-v).

Case 5 [D-Assign-N].

Val(γ | Md | n | N | V | e) N = N′, ℓ@q ↪→ v′

q′ = δ(q, wt) , UN γ = γ′, [x→ ℓ] n = n′ + 1

γ | Md | n | N | V | x := e → γ | Md | n′ | N′, ℓ@q′ ↪→ e | V | skip
(D-Assign-N)

By inversion of D-Assign-N, we learn that

247



(1) Val(γ | Md | n | N | V | e)

(2) N = N′, ℓ@q ↪→ v′

(3) q′ = δ(q, wt) , UN

(4) γ = γ′, [x→ ℓ]

(5) n = n′ + 1

Let N \ {MFstWt} = N2 \ {MFstWt}. We want to show that γ | Md | ∞ | N2 | V | x :=
e → γ | Md | ∞ | N′2, ℓ@q′ ↪→ e | V | skip and N′, ℓ@q′ ↪→ e \ {MFstWt} = N′2, ℓ@q′ ↪→
e \ {MFstWt} where N2 = N′2, ℓ@q ↪→ v′.
From (5), we know that (1) is not a crash value (i.e. n > 0, and hence n , 0). Since
∞ > 0, we have Val(γ | Md | ∞ | N2 | V | e). By application of D-Assign-NV to
Val(γ | Md | ∞ | N2 | V | e), N2 = N′2, ℓ@q ↪→ v′, (3), (4), and∞ > 0, we have

γ | Md | ∞ | N2 | V | x := e → γ | Md | ∞ | N′2, ℓ@q′ ↪→ e | V | skip

Towards N′, ℓ@q′ ↪→ e \ {MFstWt} = N′2, ℓ@q′ ↪→ e \ {MFstWt}, observe that the assump-
tion N\{MFstWt} = N2 \{MFstWt} implies N′ \{MFstWt} = N′2 \{MFstWt}. Thus, it follows
that N′, ℓ@q′ ↪→ e \ {MFstWt} = N′2, ℓ@q′ ↪→ e \ {MFstWt}, as desired.

Case 6 [D-If].

γ | Md | n | N | V | e → γ | Md | n′ | N | V | e′

γ | Md | n | N | V | if e then c1 else c2 → γ | Md | n′ | N | V | if e′ then c1 else c2
(D-If)

The proof is similar to the proof of Case 3 (D-Assign-step).

Case 7. [D-If-tt].

n = n′ + 1 Val(γ | Md | n | N | V | tt)

γ | Md | n | N | V | if tt then c1 else c2 → γ | Md | n′ | N | V | c1
(D-If-tt)

By inversion on D-If-tt, we have

(1) n = n′ + 1

(2) Val(γ | Md | n | N | V | tt)

From (1), we know that n > 0, and hence (2) is not a crash value. Let N \ {MFstWt} =
N2 \ {MFstWt}. Observing that ∞ > 0, we have that Val(γ | Md | ∞ | N2 | V | tt). By
applying D-If-tt, we have that

γ | Md | ∞ | N2 | V | if tt then c1 else c2 → γ | Md | ∞ | N2 | V | c1
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Case 8. [D-If-ff].

n = n′ + 1 Val(γ | Md | n | N | V | ff)

γ | Md | n | N | V | if ff then c1 else c2 → γ | Md | n′ | N | V | c1
(D-If-ff)

The proof is similar to the previous case (D-If-tt).

Case 9 [D-seq].

n > 0

γ | Md | n | N | V | c1; c2 → γ | Md | n | N | V | c1;γ|V c2
(D-seq)

Let N \ {MFstWt} = N2 \ {MFstWt}. Observing that ∞ > 0, it follows by application of
D-seq that

γ | Md | ∞ | N2 | V | c1; c2 → γ | Md | ∞ | N2 | V | c1;γ|V c2

Case 10 [D-seq-step].

n > 0 γ | Md | n | N | V | c1 → γ
′ | Md | n′ | N′ | V′ | c′1

γ | Md | n | N | V | c1;W c2 → γ
′ | Md | n′ | N′ | V′ | c′1;W c2

(D-seq-step)

Let N \ {MFstWt} = N2 \ {MFstWt}. By inversion on D-seq-step, we have

• n > 0
• γ | Md | n | N | V | c1 → γ

′ | Md | n′ | N′ | V′ | c′1
By the inductive hypothesis, we have

(1) γ | Md | ∞ | N2 | V | c1 → γ
′ | Md | ∞ | N′2 | V

′ | c′1
(2) N′ \ {MFstWt} = N′2 \ {MFstWt}

From (1) and the observation∞ > 0, we apply D-seq-step to learn that

γ | Md | ∞ | N2 | V | c1;W c2 → γ
′ | Md | ∞ | N′2 | V

′ | c′1;W c2

Case 11 [D-seq-v].

n = n′ + 1 W = γ′ | V′ V′′ = V ↾ dom(V′)

γ | Md | n | N | V | skip;W c2 → γ
′ | Md | n′ | N | V′′ | c2

(D-seq-v)

Let N \ {MFstWt} = N2 \ {MFstWt}. By inversion on D-seq-v, we have
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• W = γ′ | V′

• V′′ = V ↾ dom(V′)

Observe that∞ > 0. By applying D-seq-v, we have

γ | Md | n | N2 | V | skip;W c2 → γ
′ | Md | n′ | N2 | V′′ | c2

□
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B.5 Preservation for Closed Configurations
Theorem 13 (Preservation for programs) Consider b : nat | Ω ⊢ p : ↑Cunit, a nonvolatile
memory N and a bijective map γ that matches qualifiers and types from variables in Ω to loca-
tions in N. For any n:nat ≥ 0, if we have [χ▷ ε] ⊗ γ | n | N | p ⇒p [χ′ ▷ ε] ⊗ γ′ | n′ | N′ | p′,
then b : nat | Ω ⊢ p′ : ↑Cunit, with γ remaining a bijective map from Ω to N′.

Proof: By a structural induction on the typing derivation, and case distinction on the step.
Case 1.

n > 0
n′ > 0 [χ▷ ε] ⊗ γ | jit | n | N | · | c ⇒∗ [χ′ ▷ ε] ⊗ γ′ | jit | n′ | N′ | V′ | skip

[χ▷ ε] ⊗ γ | n | N | c; p′ ⇒ [χ′ ▷ ε] ⊗ γ | n′ | N′ | p′
(P-seq)

By inversion on the typing rules, we know that bR0 : nat | Ω | · ⊢ c : Cunit and b : nat |
Ω ⊢ p′ : ↑Cunit By preservation for commands, we know that γ′ is well-formed for N′

and V′ at the jit mode with respect to Ω and some Σ. By definition of well-formedness, we
know that for some γ1 ⊆ γ

′, we have γ1 is well-formed for Ω and N′. But we know that
γ ⊆ γ′ is well-formed for Ω. This means that γ = γ′ and thus γ is a bijective map that
matches qualifiers and types from variables in Ω to locations in N′.

Case 2.

n > 0
InitWorldd(N; ρ; µ;ω) = N0,V0 [χ▷ ε] ⊗ γ | aID(c0) | n | N0 | V0 | c0 ⇒

∗

[χ′ ▷ ε] ⊗ γ′ | aID(c0) | n′ | N′ | V′ | skip
n′ > 0 N1 = FinWorldd(N′; V′)

[χ▷ ε] ⊗ γ | n | N | Ckpt[aID; ρ; µ;ω](c0); p ⇒ [χ′ ▷ ε] ⊗ γ | n′ | N1 | p
(P-Ckpt)

By inversion on the typing rules, we know that bR0 : nat | Ω0 | Σ0 ⊢ c : Cunit and
b : nat | Ω ⊢ p′ : ↑Cunit By preservation for commands, we know that γ′ is well-formed
for N′ and V′ at the jit mode with respect toΩ and some Σ. By definition of well-formedness
and FinWorld, we know that for some γ1 ⊆ γ

′, we have γ1 is well-formed for Ω and N1.
But we know that γ ⊆ γ′ is well-formed for Ω. This means that γ = γ′ and thus γ is a
bijective map that matches qualifiers and types from variables in Ω to locations in N1.

□

B.6 Fundamental Theorem of Logical Relation

Lemma 13 If aID(c) | b ≥ 0 : nat | Ω′; Σ ⊢Sig c : Cunit ⊣ Ω′′ and ⊢aID(c)
γ0 N1 | V0 : Ω′ | Σ, then

∃.(γ1 | aID(c) | n1 | N′1 | V1 | c1) such that
• γ0 | aID(c) | n0 | N1 | V0 | c→∗ γ1 | aID(c) | n1 | N′1 | V1 | c1,
• N1 \ {MFstWt, Wtn} = N′1 \ {MFstWt, Wtn}, and
• dom(N1) = dom(N′1).
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Proof: We prove this by induction on n0:

Base case. If n0 = 0, then the configuration is a value.

Inductive case. Suppose that n0 = n′0 + 1 (∃n′0). Since aID(c) | b ≥ 0 : nat | Ω′; Σ ⊢Sig c :
Cunit ⊣ Ω

′′ and ⊢aID(c)
γ0 N1 | V0 : Ω′ | Σ, it follows by the progress theorem that either

γ0 | aID(c) | n0 | N1 | V0 | c is a value or γ0 | aID(c) | n0 | N1 | V0 | c is not a value, in
which case ∃ γ′′1 | aID(c) | n′′1 | N

′′
1 | V

′′
1 | c

′′
1 such that

γ0 | aID(c) | n0 | N1 | V0 | c→ γ′′1 | aID(c) | n′′1 | N
′′
1 | V

′′
1 | c

′′
1

where

• aID(c) | b ≥ 0 : nat | Ω′′0 ; Σ′ ⊢Sig c′′1 : Cunit ⊣ Ω′′,
• Ω′ > Ω′′0 ,

• ⊢aID(c)
γ′′1

N′′1 | V
′′
1 : Ω′′0 | Σ

′,

• γ′′1 | aID(c) | n′′1 | N
′′
1 | V

′′
1 | c

′′
1 is well-formed,

• if Md = aID(c), N1 \ {MFstWt, Wtn} = N′′1 \ {MFstWt, Wtn}, and
• dom(N1) = dom(N′′1 ).

We get these conditions by applying the preservation theorem (theorem 5) because γ0 |

aID(c) | n0 | N0 | V0 | c is well-formed.
By the inductive hypothesis,

γ′′1 | aID(c) | n′′1 | N
′′
1 | V

′′
1 | c

′′
1 →

∗ γ′1 | aID(c) | n′1 | N
′
1 | V

′
1 | c

′
1.

where

• γ′1 | aID(c) | n′1 | N
′
1 | V

′
1 | c

′
1 is well-formed and a value,

• Ω′′0 > Ω
′
0

• aID(c) | b ≥ 0 : nat | Ω′0; Σ′′ ⊢Sig c′1 : Cunit ⊣ Ω′′,

• ⊢aID(c)
γ′1

N′1 | V
′
1 : Ω′0 | Σ

′′,

• if Md = aID(c), N′′1 \ {MFstWt, Wtn} = N′1 \ {MFstWt, Wtn}, and
• dom(N′′1 ) = dom(N′1).

By head expansion, we establish that

γ0 | aID(c) | n0 | N1 | V0 | c→∗ γ′1 | aID(c) | n′1 | N
′
1 | V

′
1 | c

′
1

where N1 \ {MFstWt, Wtn} = N′1 \ {MFstWt, Wtn} and dom(N1) = dom(N′1).

□

Lemma 14 If γ0 | aID(c) | n0 | N1 | V0 | c→m γ1 | aID(c) | n1 | N′1 | V1 | c1 and N1 \ {MFstWt} =

N2 \ {MFstWt}, then γ0 | aID(c) | ∞ | N2 | V0 | c →m γ′1 | aID(c) | ∞ | N′2 | V′1 | c′1 where
N′1 \ {MFstWt} = N′2 \ {MFstWt}.
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Proof: The proof proceeds by induction on the number of steps m such that γ0 | aID(c) | n0 |

N1 | V0 | c→m γ′1 | aID(c) | n′1 | N
′
1 | V

′
1 | c

′
1.

Base case (m = 0). By assumption, N1 \ {MFstWt} = N2 \ {MFstWt}. Trivially,

γ0 | aID(c) | ∞ | N2 | V0 | c→0 γ0 | aID(c) | ∞ | N2 | V0 | c

where N1 \ {MFstWt} = N2 \ {MFstWt}.

Inductive case (m = k + 1). Suppose that m = k + 1 such that

γ0 | aID(c) | n0 | N1 | V0 | c
→γ′′1 | aID(c) | n′′1 | N

′′
1 | V

′′
1 | c

′′
1

→kγ′1 | aID(c) | n′1 | N
′
1 | V

′
1 | c

′
1

By assumption, N1 \ {MFstWt} = N2 \ {MFstWt}. Hence, it follows by lemma 25

γ0 | aID(c) | ∞ | N2 | V0 | c→ γ′′1 | aID(c) | ∞ | N′′2 | V
′′
1 | c

′′
1

where N′′1 \ {MFstWt} = N′′2 \ {MFstWt}. By the inductive hypothesis, it follows that

γ′′1 | aID(c) | ∞ | N′′2 | V
′′
1 | c

′′
1 →

k γ′1 | aID(c) | ∞ | N′2 | V
′
1 | c

′
1

where N′1 \ {MFstWt} = N′2 \ {MFstWt}.

□

Definition 17 (Subset Property) A judgment aID(c) | b ≥ 0 : nat | Ω; Σ ⊢Sig c : Cunit ⊣ Ω′ has
the subset property iff Ω0

ck
⊆ Σ′ where Σ = ↓Σ′ and Ω = Ω0

ck
,Ω1.

Theorem 6.3 (Fundamental theorem) If b : nat | Ω ⊢ p : ↑Cunit, then b : nat | Ω ⊩ p :
↑Cunit.

Proof: The proof is by induction on the static typing derivation for p and considering the last
step in the derivation.

Case 1. Suppose that p = Ckpt[aID, ρ, µ, ω](c); p′ such that T-P-Ckpt is the last step of the
derivation.

Ω′ | Σ = InitWorldt(Ω; ρ; µ;ω)
Sig = {aID(c) | b ≥ 0 : nat | Ω′;Σ ⊢ c : Cunit ⊣ Ω′′}

aID(c) | b ≥ 0 : nat | Ω′; Σ ⊢Sig c : Cunit ⊣ Ω′′

b : nat | Ω ⊢ p′ : ↑Cunit Ω′′↾{MFstWt} = ∅

b : nat | Ω ⊢ Ckpt[aID, ρ, µ, ω](c); p′ : ↑Cunit
(T-P-Ckpt)

By inversion, we know that
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(1) Ω′ | Σ = InitWorldt(Ω; ρ; µ;ω)

(2) Sig = {aID(c) | b ≥ 0 : nat | Ω′;Σ ⊢ c : Cunit ⊣ Ω′′}

(3) aID(c) | b ≥ 0 : nat | Ω′; Σ ⊢Sig c : Cunit ⊣ Ω′′

(4) b : nat | Ω ⊢ p′ : ↑Cunit
(5) Ω′′↾{MFstWt} = ∅

By (1) and the definition of InitWorldt, we have that Ω′ = Ω′1,Σck. Observe that the induc-
tive hypothesis asserts that b : nat |Ω ⊢ p′ : ↑Cunit implies b : nat |Ω ⊩ p′ : ↑Cunit. By
applying the inductive hypothesis to (4), we learn that

b : nat |Ω ⊩ p′ : ↑Cunit.

To complete the proof, we need to establish

aID(c) | b≥ 0 : nat |Ω′;Σ ⊩ c≤ c : Cunit.

By definition of logical relation, this is equivalent to showing that c is related to itself in
the term interpretation for arbitrary n0, m0, γ0, N0, and V0 where ⊢aID(c)

γ0 N0 | V0 : Ω′ | Σ,
and hence, N0 = N′0,V0ck and range(γ0) = dom(N0). By assumption, p does not contain
any worlds W, so it follows that c does not contain any worlds W. Therefore, it follows
by definition 26 that γ0 | aID(c) | n0 | N0 | V0 | c and γ0 | aID(c) | ∞ | N0 | V0 | c are
well-formed.
Additionally, by (1), we know that Ω′ = Σ and hence aID(c) | b ≥ 0 : nat | Ω′; Σ ⊢Sig c :
Cunit ⊣ Ω

′′ has the subset property (by definition 17). It then follows by ⊢aID(c)
γ0 N0 | V0 :

Ω′ | Σ that N0
0 ⊆ V0 where N0 = N0

0 ck,N
1
0.

We need to show that ∀n0:

(γ0 | aID(c) | n0 | N0 | V0 | c, γ0 | aID(c) | ∞ | N0 | V0 | c) ∈ EJCunitKm0

Observe that N0 \ {MFstWt} = N0 \ {MFstWt} vacuously. Additionally, observe that N0 =

N0 \ {Wtn} by the definition of InitWorldt which states that Ω′ contains no Wtn variables,
and ⊢aID(c)

γ0 N0 | V0 : Ω′ | Σ establishes that N0 contains no Wtn variables due to well-
formedness.
To this end, we instead show a generalized version holds. That is, ∀n0:

(γ0 | aID(c) | n0 | N1 | V0 | c, γ0 | aID(c) | ∞ | N2 | V0 | c) ∈ EJCunitKm0

where N1 \ {MFstWt} = N2 \ {MFstWt}, range(γ0) = N1, and N1 = N1 \ {Wtn}.
The proof proceeds by induction on m0:

Base case (m0 = 0). When m0 = 0, the proof is trivial and the desired result follows
immediately by the value interpretation at type Cunit:

(γ0 | aID(c) | n0 | N1 | V0 | c, γ0 | aID(c) | ∞ | N2 | V0 | c) ∈ EJCunitK0
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Inductive case (m0 = k + 1 (∃k)). If m0 = k + 1, we need to show that

(γ0 | aID(c) | n0 | N1 | V0 | c, γ0 | aID(c) | ∞ | N2 | V0 | c) ∈ EJCunitKk+1

such that

(i) ∃.(γ1 | aID(c) | n1 | N′1 | V1 | c1) such that γ0 | aID(c) | n0 | N1 | V0 | c →∗ γ1 |

aID(c) | n1 | N′1 | V1 | c1 AND

(ii) ∃.(γ2 | aID(c) | ∞ | N′2 | V2 | c2) such that γ0 | aID(c) | ∞ | N2 | V0 | c →∗ γ2 |

aID(c) | ∞ | N′2 | V2 | c2 AND

(iii) (γ1 | aID(c) | n1 | N′1 | V1 | c1, γ2 | aID(c) | ∞ | N′2 | V2 | c2) ∈ VJCunitKk+1,

By the progress and preservation for commands applied to (2) and (3), we know that
the first configuration

γ0 | aID(c) | n0 | N1 | V0 | c

can take multiple steps until it becomes a value configuration that continues to be
well-typed. Observe that in the mode aID(c), N1\{MFstWt, Wtn} = N′1\{MFstWt, Wtn}.
By application of Lemma 13 to aID(c) | b ≥ 0 : nat | Ω′; Σ ⊢Sig c : Cunit ⊣ Ω′′ and
⊢

aID(c)
γ0 N1 | V0 : Ω′ | Σ, observe that (i) holds. Additionally, N1 \ {MFstWt, Wtn} =

N′1 \ {MFstWt, Wtn} and dom(N1) = dom(N′1).
The proof proceeds in two subcases, depending on the value of n′1:

Subcase n′1 = 0. To show (ii), we pick the post-step such that it holds vacuously,
i.e., γ0 | aID(c) | ∞ | N2 | V0 | c →∗ γ0 | aID(c) | ∞ | N2 | V0 | c in 0 steps. We
then show (iii) for the post step:

(γ′1 | aID(c) | n′1 | N
′
1 | V

′
1 | c

′
1, γ0 | aID(c) | ∞ | N2 | V0 | c) ∈ VJCunitKk+1

By the value interpretation at type Cunit, and because n′1 = 0, this is equivalent
to showing

(γ′1 | aID(c) | · | N′1 | V
′
1 | ↓ε#in(n′1 > 0, ↑ c′1), γ0 | aID(c) | ∞ | N2 | V0 | c)

∈ VJ↓ (nat⇝ ↑ Cunit)Kk

At this step we show the above relation holds by its definition:

(vi) PwOff(γ′1, aID(c),N′1,V
′
1) = γ′′1 | ∅ AND

(vii) (γ′′1 | aID(c) | · | N′1 | ε#in(n′1 > 0, ↑ c′1), γ0 | aID(c) | ∞ | N2 | V0 | c) ∈
VJnat⇝ ↑ CunitKk

To show (vi), we need to show that range(γ′′1 ) = dom(N′1) where γ′′1 is the largest
restriction of γ′1 such that this condition holds. Obsesrve that the desired result
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follows immediately by the assumptions γ0 ⊆ γ
′
1 and range(γ0) = dom(N1),

where γ′′1 = γ0, and also dom(N1) = dom(N′1) (from above).
Hence, we need to show

(γ0 | aID(c) | · | N′1 | ε#in(n′1 > 0, ↑ c′1), γ0 | aID(c) | ∞ | N2 | V0 | c)

∈ VJnat⇝ ↑ CunitKk

By definition of the value relation at the type nat ⇝ ↑ Cunit, this is equivalent
to showing the following:

∀n′1 > 0.(γ0 | aID(c) | n′1 | N
′
1 |↑ c′1, γ0 | aID(c) | ∞ | N2 | V0 | c)

∈ VJ↑ CunitKk

Fix an arbitrary n1. We need to show that

(γ0 | aID(c) | n1 | N′1 |↑ c′1, γ0 | aID(c) | ∞ | N2 | V0 | c) ∈ VJ↑ CunitKk

By the definition of value relation at the type ↑ Cunit, this is equivalent to showing

(viii) Restore(γ0 | aID(c) | N′1 | c
′
1) = N′1 | V

′
0 | c

′
0 (for some V′0, c

′
0) AND

(ix) (γ0 | aID(c) | n1 | N′1 | V
′
0 | c

′
0, γ0 | aID(c) | ∞ | N2 | V0 | c) ∈ EJCunitKk

To show (ix), note that by the definition of Restore, we have that Restore(γ0 |

aID(c) | N′1 | c
′
1) = N2

RD,MFstWt,V
′
0ck,N

3
MFstWt | V

′
0 | c where N′1 = N2

RD,MFstWt,V
′
0ck,N

3
Wtn.

In particular, we need to show that

(γ0 | aID(c) | n1 | N2
RD,MFstWt,V

′
0ck,N

3
MFstWt | V

′
0 | c, γ0 | aID(c) | ∞ | N2 | V0 | c) ∈ EJCunitKk.

Additionally, observe that the nonvolatile memory N2
RD,MFstWt,V

′
0ck,N

3
MFstWt con-

tains no Wtns (i.e. N2
RD,MFstWt,V

′
0ck,N

3
MFstWt = N2

RD,MFstWt,V
′
0ck,N

3
MFstWt \ {Wtn}).

Therefore, it follows that:

N2
RD,MFstWt,V

′
0ck,N

3
MFstWt \ {MFstWt}

= N2
RD,MFstWt,V

′
0ck,N

3
Wtn \ {MFstWt, Wtn}

= N′1 \ {MFstWt, Wtn}
= N1 \ {MFstWt, Wtn}

= N1 \ {MFstWt}

= N2 \ {MFstWt}
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Each step holds by an established identity, and the second to last step holds
by the assumption N1 = N1 \ {Wtn}, and the last step holds by the assump-
tion N1 \ {MFstWt} = N2 \ {MFstWt}. To set up the inductive step, note that
N2
RD,MFstWt,V

′
0ck,N

3
MFstWt contains no Wtns. Additionally, observe that

dom(N2
RD,MFstWt,V

′
0ck,N

3
MFstWt) = dom(N2

RD,MFstWt,V
′
0ck,N

3
Wtn)

= dom(N′1)
= dom(N1)
= range(γ0)

The desired result follows directly by the inductive hypothesis. Propagating up
the cascade, we learn that since n1 was arbitrary, the value relation holds for all
n1. In summary, we have just shown that

(γ0 | aID(c) | n0 | N1 | V0 | c, γ0 | aID(c) | ∞ | N2 | V0 | c) ∈ EJCunitKk+1

where N1 \ {MFstWt} = N2 \ {MFstWt}, range(γ0) = N1, and N1 = N1 \ {Wtn}.

Subcase n′1 > 0. Since n′1 > 0 and γ′1 | aID(c) | n′1 | N
′
1 | V

′
1 | c

′
1 is a value, observe

that c′1 = skip. It follows by Lemma 14 that

γ0 | aID(c) | ∞ | N2 | V0 | c→∗ γ′1 | aID(c) | ∞ | N′2 | V
′
1 | c

′
1

where N′1 \ {MFstWt} = N′2 \ {MFstWt}.
Now we want to show that

(γ′1 | aID(c) | n′1 | N
′
1 | V

′
1 | c

′
1, γ

′
1 | aID(c) | ∞ | N′2 | V

′
1 | c

′
1) ∈ VJ↓↑ CunitKk+1

By the value interpretation at type Cunit and n′1 > 0, we need to show that

(γ′1 | aID(c) | n′1 | N
′
1 | V

′
1 | c

′
1, γ

′
1 | aID(c) | ∞ | N′2 | V

′
1 | c

′
1) ∈ VJ↓↑ unitKk

By definition of the value interpretation at the type ↓↑ unit, this is equivalent to
showing

(x) Commit(γ′1, aID(c),N′1,V
′
1) = γ1 | N′′1 ck,V

′′
1 AND

(xi) Commit(γ′1, aID(c),N′2,V
′
1) = γ2 | N′′2 ck,V

′′
2 AND

(xii) (γ1 | aID(c) | n′1 | N
′′
1 ,V

′′
1 | skip, γ2 | aID(c) | ∞ | N′′2 ,V

′′
2 | skip)

∈ VJ↑ unitKk
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By (x) and (xi), we observe that γ1 = γ2. Additionally, it follows by N′1 \
{MFstWt} = N′2 \ {MFstWt} and the definition of Commit (which asserts that N′1 =
N′′1 RD,Wtn,MFstWt,N

3
ck

, N′2 = N′′2 RD,Wtn,MFstWt,N
4
ck, dom(N3

ck
) = dom(V′′1 ), dom(N4

ck) =
dom(V′′2 )) that

N′1 \ {MFstWt} = N′2 \ {MFstWt}

⇒ N′′1 RD,Wtn,MFstWt,N
3
ck \ {MFstWt} = N′′2 RD,Wtn,MFstWt,N

4
ck \ {MFstWt}

⇒ N′′1 RD,Wtn,MFstWt,V
′′
1 \ {MFstWt} = N′′2 RD,Wtn,MFstWt,V

′′
2 \ {MFstWt}

To complete the proof, we need to show that N′′1 ,V
′′
1 = N′′2 ,V

′′
2 . To this end, we

show that N′′1 RD,Wtn,MFstWt,V
′′
1 \{MFstWt} = N′′1 RD,Wtn,MFstWt,V

′′
1 and N′′2 RD,Wtn,MFstWt,V

′′
2 \

{MFstWt} = N′′2 RD,Wtn,MFstWt,V
′′
2 , i.e., that the final memories have no MFstWt.

It follows by lemma 5 (preservation for commands) applied to

• γ0 | aID(c) | n0 | N1 | V0 | c→∗ γ′1 | aID(c) | n′1 | N
′
1 | V

′
1 | c

′
1,

• aID(c) | b ≥ 0 : nat | Ω′; Σ ⊢Sig c : Cunit ⊣ Ω′′, and
• ⊢aID(c)

γ0 N1 | V0 : Ω′ | Σ

that

Md | b : nat | Ω′′;Σ1 ⊢ skip : ↓↑unit ⊣ Ω′′

where ⊢ N′1 | V′1 : Ω′′ | Σ1. Then, it follows by N′1 = N′′1 ,N
3
ck

, N′2 = N′′2 ,N
4
ck,

dom(N3
ck

) = dom(V′′1 ), dom(N4
ck) = dom(V′′2 ), and the unicity of typing that

⊢ N′′1 ,V
′′
1 | V

′
1 : Ω′′ | Σ1

Since Ω′′↾{MFstWt} = ∅ (i.e. Ω′′ has no MFstWts), it follows that

N′′1 RD,Wtn,MFstWt,V
′′
1 \ {MFstWt} = N′′1 RD,Wtn,MFstWt,V

′′
1 .

By similar reasoning, we can show that

N′′2 RD,Wtn,MFstWt,V
′′
2 \ {MFstWt} = N′′2 RD,Wtn,MFstWt,V

′′
2 .

Hence, N′′1 RD,Wtn,MFstWt,V
′′
1 = N′′2 RD,Wtn,MFstWt,V

′′
2 . Therefore, N′′1 ck,V

′′
1 = N′′2 ck,V

′′
2 .

Therefore, we can use the value interpretation at type ↑ unit to prove (xii):

(γ1 | aID(c) | n′1 | N
′′
1 ck,V

′′
1 | skip, γ2 | aID(c) | ∞ | N′′2 ck,V

′′
2 | skip) ∈ VJ↑ unitKk

which holds by definition of logical relation. This is the last piece we needed in
order to prove the desired result:
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(γ0 | aID(c) | n0 | N1 | V0 | c, γ0 | aID(c) | ∞ | N2 | V0 | c) ∈ EJCunitKk+1

In general, we have that (γ0 | aID(c) | n0 | N0 | V0 | c, γ0 | aID(c) | ∞ | N0 | V0 |

c) ∈ EJCunitKm0 where ⊢aID(c)
γ0 N0 | V0 : Ω′′,Σck | Σ. Since n0,m0 ≥ 0, γ0, N0, and V0

were arbitrarily chosen, this result holds for all n,m ≥ 0, γ,N,V. Therefore, it follows by
definition of logical relation that aID(c) | b≥ 0 : nat |Ω′;Σ ⊩ c≤ c : Cunit. Finally, the
desired result follows by application of P-Ckpt-semantic.

Ω′ |Σ= InitWorldt(Ω; ρ; µ;ω)
aID(c) | b≥ 0 : nat |Ω′;Σ ⊩ c≤ c : Cunit b : nat |Ω ⊩ p′ : ↑Cunit

b : nat |Ω ⊩ Ckpt[aID, ρ, µ, ω](c); p′ : ↑Cunit
(P-Ckpt-semantic)

Case 2. Suppose that p = c; p′ where T-P-seq is the last step of the derivation.

jit | b ≥ 0 : nat | Ω; · ⊢∅ c : Cunit ⊣ Ω′ b : nat | Ω ⊢ p′ : ↑Cunit
b : nat | Ω ⊢ c; p′ : ↑Cunit

(T-P-seq)

By inversion, we know that

(1) jit | b ≥ 0 : nat | Ω; · ⊢∅ c : Cunit ⊣ Ω′

(2) b : nat | Ω ⊢ p′ : ↑Cunit

From (1), we know that c is well-typed for static context Ω and Σ = ·. By applying the
inductive hypothesis to (2), we learn that b : nat | Ω ⊩ p′ : ↑Cunit. To complete the proof,
we need to show that jit | b ≥ 0 : nat | Ω; · ⊩ c ≤ c : Cunit. By the definition of logical
relation, this is equivalent to establishing that c is related to itself in the term interpretation
for arbitrary n0, m0, γ0, N0, and V0 where ⊢jit

γ0 N0 | V0 : Ω | Σ. By assumption, the program
p, and by extension the command c, does not contain any worlds W, so it follows by
definition 26 that γ0 | jit | n0 | N0 | V0 | c and γ0 | jit | ∞ | N0 | V0 | c are well-formed
configurations. We need to show that ∀c. jit | b ≥ 0 : nat | Ω;Σ ⊢∅ c : Cunit ⊣ Ω′ and
∀N1,N2,V0, γ0, n0. ⊢

jit
γ0 N1 | V0 : Ω | Σ and ⊢jit

γ0 N2 | V0 : Ω | Σ where N1 \ {MFstWt} =

N2 \ {MFstWt}:

(γ0 | jit | n0 | N1 | V0 | c, γ0 | jit | ∞ | N2 | V0 | c) ∈ EJCunitKm0

The proof proceeds by induction on m0:

Base case (m0 = 0). When m0 = 0, the proof is trivial and the desired result follows im-
mediately by the definition of logical relation.

Inductive case (m0 = k + 1 (∃k)) Consider the case where m0 = k + 1.
We need to show that

(γ0 | jit | n0 | N1 | V0 | c, γ0 | jit | ∞ | N2 | V0 | c) ∈ EJCunitKk+1

By the term interpretation at type Cunit, this is equivalent to showing
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(i) ∃.γ1 | jit | n1 | N1 | V1 | c1 such that γ0 | jit | n0 | N1 | V0 | c →∗ γ1 | jit | n1 | N1 |

V1 | c1

(ii) ∃.γ2 | jit | ∞ | N2 | V2 | c2 such that γ0 | jit | ∞ | N2 | V0 | c →∗ γ2 | jit | ∞ | N2 |

V2 | c2

(iii) (γ1 | jit | n1 | N1 | V1 | c1, γ2 | jit | ∞ | N2 | V2 | c2) ∈ VJCunitKk+1

By the progress and preservation theorems, we know that the first configuration can
take multiple steps until it becomes a value configuration that continues to be well-
typed. We proceed by induction on n0:

Base case. If n0 = 0, then the configuration is a value.

Inductive case. Suppose that n0 = n′0 + 1 (∃n′0). Since ⊢jit
γ0 N1 | V0 : Ω | · and

jit | b ≥ 0 : nat | Ω; · ⊢∅ c : Cunit ⊣ Ω′, it follows by progress for commands that
either γ0 | jit | n0 | N1 | V0 | c is a value or γ0 | jit | n0 | N1 | V0 | c is not a value,
in which case ∃ γ′′1 | jit | n

′′
1 | N

′′
1 | V

′′
1 | c

′′
1 such that

γ0 | jit | n0 | N1 | V0 | c→ γ′′1 | jit | n
′′
1 | N

′′
1 | V

′′
1 | c

′′
1

where γ′′1 | jit | n′′1 | N′′1 | V′′1 | c′′1 is well-formed, ⊢jit
γ′′1

N′′1 | V′′1 : Ω′′ | Σ′′

and jit | b ≥ 0 : nat | Ω′′;Σ′′ ⊢∅ c′′1 : Cunit ⊣ Ω′ (by theorem 5 because
γ0 | jit | n0 | N1 | V0 | c is well-formed and ⊢jit

γ0 N1 | V0 : Ω | ·).
By the inductive hypothesis, γ′′1 | jit | n′′1 | N′′1 | V′′1 | c′′1 →

∗ γ′1 | jit | n′1 |
N′1 | V′1 | c′1 where γ′1 | jit | n′1 | N′1 | V′1 | c′1 is well-formed and a value,
⊢

jit
γ′1

N′1 | V
′
1 : Ω′′′ | Σ′′′, and jit | b ≥ 0 : nat | Ω′′′;Σ′′′ ⊢∅ c′1 : Cunit ⊣ Ω′. By head

expansion, we establish that

γ0 | jit | n0 | N1 | V0 | c→∗ γ′1 | jit | n
′
1 | N

′
1 | V

′
1 | c

′
1

Analogously, we step the second configuration until c′1 with the exact same steps as
in the first configuration by progress and preservation for commands:

γ0 | jit | ∞ | N1 | V0 | c→∗ γ′1 | jit | ∞ | N
′
1 | V

′
1 | c

′
1

We have just shown (i) and (ii). The proof of (iii) corresponds to step (2) in the
diagram. Proving that the configurations are in the value interpretation at type Cunit
is equivalent to showing

(iv) n′1 = 0 ∧ (γ′1 | jit | · | N
′
1 | V

′
1 |↓ ε#in(n′1 > 0, ↑ c′1), γ′1 | jit | ∞ | N

′
1 | V

′
1 | c

′
1)

∈ VJ↓ (nat⇝↑ Cunit)Kk OR

(v) n′1 > 0 ∧ (γ′1 | jit | n
′
1 | N

′
1 | V

′
1 | c

′
1, γ

′
1 | jit | ∞ | N

′
1 | V

′
1 | c

′
1) ∈ VJ↓↑ unitKk

The proof proceeds in two subcases depending on the value of n′0:
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Case n′1 = 0. If n′1 = 0, then we need to show that

(γ′1 | jit | · | N
′
1 | V

′
1 |↓ ε#in(n′1 > 0, ↑ c′1), γ′1 | jit | ∞ | N

′
1 | V

′
1 | c

′
1)

∈ VJ↓ (nat⇝↑ Cunit)Kk

This proof corresponds to point (3) in the diagram. To show that the two con-
figurations are in the value interpretation at type ↓ (nat ⇝ ↑ Cunit), we need to
show:

(vi) PwOff(γ′1, jit,N
′
1,V

′
1) = γ′1 | V

′
1 AND

(vii) (γ′1 | jit | · | V
′
1,N

′
1 | ε#in(n′1 > 0, ↑ c′1), γ′1 | jit | ∞ | N

′
1 | V

′
1 | c

′
1)

∈ VJnat⇝↑ CunitKk

To show (vii), we need to show that the configurations are in the value interpre-
tation of nat⇝↑ Cunit, which corresponds to step (4) in the diagram:

(γ′1 | jit | · | V
′
1,N

′
1 | ε#in(n′1 > 0, ↑ c′1), γ′1 | jit | ∞ | N

′
1 | V

′
1 | c

′
1) ∈ VJnat⇝↑ CunitKk

This is equivalent to proving that

∀n > 0.(γ′1 | jit | n | V
′
1,N

′
1 | ε#in(n′1 > 0, ↑ c′1), γ′1 | jit | ∞ | N

′
1 | V

′
1 | c

′
1) ∈ VJ↑ CunitKk

This step corresponds to point (5) in the diagram. Fix an arbitrary n′. We need
to show that

(γ′1 | jit | n
′ | V′1,N

′
1 | ε#in(n′1 > 0, ↑ c′1), γ′1 | jit | ∞ | N

′
1 | V

′
1 | c

′
1) ∈ VJ↑ CunitKk

According to the value interpretation at type ↑ Cunit, this is equivalent to show-
ing:

(viii) Restore(γ′1, jit, (V
′
1,N

′
1), c′1) = N′ | N′′ | c′1 where V′1,N

′
1 = N′,N′′ck AND

(ix) (γ′1 | jit | n
′ | N′ | N′′ck | c

′
1, γ

′
1 | jit | ∞ | N

′
1 | V

′
1 | c

′
1)

∈ EJCunitKk

From (viii), we have that V′1 = N′′ck and N′ = N′1. Recalling from above that
⊢

jit
γ′1

N′1 | V
′
1 : Ω′′′ | Σ′′′ and jit | b ≥ 0 : nat | Ω′′′;Σ′′′ ⊢∅ c′1 : Cunit ⊣ Ω′, we can

apply the inductive hypothesis to prove (ix). Therefore, we have established that

(γ0 | jit | n0 | N1 | V0 | c, γ0 | jit | ∞ | N2 | V0 | c) ∈ EJCunitKk+1

Case n′0 > 0. If n′0 > 0, then we need to show that

(γ′1 | jit | n
′
1 | N

′
1 | V

′
1 | c

′
1, γ

′
1 | jit | ∞ | N

′
2 | V

′
1 | c

′
1) ∈ VJ↓↑ unitKk

where N′1 \ {MFstWt} = N′2 \ {MFstWt}.
From the value interpretation at type ↓↑ unit, we have
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(x) Commit(γ′1, jit,N
′
1,V

′
1) = γ1 | N1

ck,N
2
ck where N′1 = N1

RD,N
2
ck

(xi) Commit(γ′1, jit,N
′
2,V

′
1) = γ2 | N3

ck
,N4
ck where N′2 = N3

RD,N
4
ck

(xii) (γ1 | jit | n′1 | N
1
ck,N

2
ck | skip, γ2 | jit | ∞ | N3

ck
,N4
ck | skip) ∈ VJ↓↑ unitKk

From (x) and (xi), we have that γ1 = γ2 and N1
ck,N

2
ck = N3

ck
,N4
ck. Therefore, the

desired result follows by the value interpretation at type ↓↑ unit:

(γ1 | jit | n′1 | N
1
ck,N

2
ck | skip, γ2 | jit | ∞ | N3

ck,N
4
ck | skip) ∈ VJ↓↑ unitKk

Therefore, we have shown that (γ0 | jit | n0 | N1 | V0 | c, γ0 | jit | ∞ | N2 | V0 |

c) ∈ EJCunitKm0 where ⊢jit
γ0 N1 | V0 : Ω′′,Σck | Σ and ⊢jit

γ0 N2 | V0 : Ω′′,Σck | Σ and
N1 \ {MFstWt} = N2 \ {MFstWt}. Since n0,m0 ≥ 0, γ0, N1, N2, V0 were arbitrary, this
result holds for all n,m ≥ 0, γ, N1, N2, V. Therefore, it follows by the definition of logical
relation that jit | b ≥ 0 : nat | Ω; · ⊩ c ≤ c : Cunit. Finally, the desired result follows by
application of P-seq-semantic.

jit | b ≥ 0 : nat | Ω; · ⊩ c ≤ c : Cunit b : nat | Ω ⊩ p′ : ↑Cunit
b : nat | Ω ⊩ c; p′ : ↑Cunit

(P-seq-semantic)

□

B.7 Adequacy
Definition 6.4 (Idempotency) A triple of a program p, nonvolatile memory N, and a mapping
γ is idempotent, if every intermittent execution of the program can be simulated by a continuous
execution of it: for all n, n′, χ1, χ

′
1,N

′, p′, if [χ1 ▷ ε] ⊗ γ | n | N | p ⇒ [χ′1 ▷ ε] ⊗ γ | n
′ | N′ | p′,

then [χ2 ▷ ε] ⊗ γ | ∞ | N | p⇒ [χ2 ▷ ε] ⊗ γ | ∞ | N′ | p′.

Theorem 6.5 (Adequacy) Consider b : nat | Ω ⊩ p : Cunit, a nonvolatile memory N, and a
map γ such that ⊢jit

γ N | · : Ω | ·. The triple of p, N, and γ is idempotent.

Proof: The proof is by cases according to the execution mode.
Stepping a JIT block. Consider a program of form [χ▷ ε]⊗ γ | n | N | c; p′ that can take a step
using the D-P-Seq rule to [χ′′ ▷ ε] ⊗ γ | n′ | N′ | p′. By inversion on the D-P-Seq rule,

n > 0
n′ > 0 [χ▷ ε] ⊗ γ | jit | n | N | · | c ⇒∗ [χ′ ▷ ε] ⊗ γ′1 | jit | n

′ | N′ | V′ | skip

[χ▷ ε] ⊗ γ | n | N | c; p′ ⇒p [χ′ ▷ ε] ⊗ γ | n′ | N′ | p′
(D-P-seq)

Suppose that the command c is successfully executed to completion with possibly m power
failures and m + 1 tries along the way:
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• n > 0
• n′ > 0
• [χ▷ ε] ⊗ γ | jit | n | N | · | c ⇒∗ [χ′ ▷ ε] ⊗ γ′1 | jit | n

′ | N′ | V′ | skip
Our goal is to show that we can run the configuration with∞, an infinite level of energy, as:

[χ▷ ε] ⊗ γ | jit | ∞ | N | · | c ⇒∗ [χ▷ ε] ⊗ γ′′2 | jit | ∞ | N
′ | V2 | skip.

Figure B.2 shows the main idea of the proof. Here we provide more details. We first need to
establish that the configuration with n level of energy is related to itself when provided with an
infinite energy level∞ for every index, including m + 1 (point (1) in Figure 3.23).

By inversion on T-P-seq-semantic and the assumption b : nat | Ω ⊩ c; p′ : ↑Cunit,

jit | b ≥ 0 : nat | Ω; · ⊩ c ≤ c : Cunit b : nat | Ω ⊩ p′ : ↑Cunit
b : nat | Ω ⊩ c; p′ : ↑Cunit

(P-seq-semantic)

we learn that
(i) jit | b ≥ 0 : nat | Ω; · ⊩ c ≤ c : Cunit

(ii) b : nat | Ω ⊩ p′ : ↑Cunit
By the definition of logical relation applied to (i), we have that ∀n0,m0 ≥ 0.∀γ0,N1

0,N
2
0 s.t.

⊢
jit
γ0 N1

0 | · : Ω | · and ⊢jit
γ0 N2

0 | · : Ω | · and N1
0 \ {MFstWt} = N2

0 \ {MFstWt}. (γ0 | jit | n0 | N1
0 | · |

c, γ0 | jit | ∞ | N2
0 | · | c) ∈ EJCunitKm0 .

Instantiating m0 to be the number of tries m + 1 (i.e. m0 = m + 1), we have that

(γ | jit | n | N1 | · | c, γ | jit | ∞ | N2 | · | c) ∈ EJCunitKm+1

To prove the desired result, we use induction to prove the following generalized statement:
• [χ ▷ ε] ⊗ γ1 | jit | n1 | N1 | V1 | c1 ⇒

∗ [χ′′ ▷ ε] ⊗ γ′ | jit | n′ | N′ | V′ | skip in m crashes
and

• (γ1 | jit | n1 | N1 | V1 | c1, γ2 | jit | ∞ | N2 | V2 | c2) ∈ EJCunitKm+1

then for any energy stream χ0, we have [χ0▷ε]⊗γ2 | jit | ∞ | N2 | V2 | c2 ⇒
∗ [χ0▷ε]⊗ γ′′2 |

jit | ∞ | N′′2 | V
′′
2 | skip and N′′2 = N′.

The proof proceeds by induction on the number of crashes (m):

Base case: m = 0 (# tries = 1). It follows by the term interpretation at type Cunit that

1. ∃(γ′′1 | jit | n
′ | N′1 | V

′
1 | c

′
1) s.t. γ1 | jit | n | N1 | V1 | c1 →

∗ γ′′1 | jit | n
′ | N′1 | V

′
1 | c

′
1

AND

2. ∃(γ′′2 | jit | ∞ | N′2 | V
′
2 | c

′
2) s.t. γ2 | jit | ∞ | N2 | V2 | c2 →

∗ γ′′2 | jit | ∞ | N′2 | V
′
2 | c

′
2

AND

3. (γ′′1 | jit | n
′ | N′1 | V

′
1 | c

′
1, γ

′′
2 | jit | ∞ | N′2 | V

′
2 | c

′
2) ∈ VJCunitK1

Since m = 0, there are no crashes in (1). So, n′ > 0 and the first configuration steps to
completion via D-step where N′1 = N′ and V′1 = V′ and γ′′1 = γ

′:

[χ▷ ε] ⊗ γ1 | jit | n | N1 | V1 | c1 ⇒
∗ [χ▷ ε] ⊗ γ′′1 | jit | n

′ | N′1 | V
′
1 | skip
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By (2) we know that:

[χ0 ▷ ε] ⊗ γ2 | jit | ∞ | N2 | V2 | c2 ⇒
∗ [χ0 ▷ ε] ⊗ γ′′2 | jit | ∞ | N′2 | V

′
2 | c

′
2

and by (3) and n′ > 0, we get that the post steps are related by the value interpretation at
type ↓↑ unit. This means that c′2 = skip and we have

[χ0 ▷ ε] ⊗ γ2 | jit | ∞ | N2 | V2 | c2 ⇒
∗ [χ0 ▷ ε] ⊗ γ′′2 | jit | ∞ | N′2 | V

′
2 | skip

and
(γ′′1 | jit | n

′ | N′1 | V
′
1 | skip, γ′′2 | jit | ∞ | N′2 | V

′
2 | skip) ∈ VJ↓↑ unitK0

It then follows by the value relation at type ↓↑ unit that

1. Commit(γ′′1 , jit,N
′
1,V

′
1) = γ1 | N1 where range(γ1) = dom(N1) and γ1 ⊆ γ′′1 and

N′1 = N3
RD,N

4
ck

2. Commit(γ′′2 , jit,N
′
2,V

′
2) = γ2 | N2 where range(γ2) = dom(N2) and γ2 ⊆ γ′′2 and

N′2 = N5
RD,N

6
ck

3. (γ1 | jit | n′ | N1 | skip, γ2 | jit | ∞ | N2 | skip) ∈ VJ↑ unitK0

By the definition of commit in the jit mode and (1) and (2), we have N1 = N3
ck
,N4
ck and

N2 = N5
ck
,N6
ck

. Thus, it follows by the value interpretation at type ↑ unit:

N′ = N′1 = N′2

Therefore, we have

[χ0 ▷ ε] ⊗ γ2 | jit | ∞ | N2 | V2 | c2 ⇒
∗ [χ0 ▷ ε] ⊗ γ′′2 | jit | ∞ | N′ | V′2 | skip

which completes the proof for this subcase.

Inductive case: m = k + 1(∃ k) (# tries = k + 2). It follows by the term interpretation at type
Cunit that

(iii) ∃(γ′1 | jit | n
′
1 | N

′
1 | V

′
1 | c

′
1) s.t. γ1 | jit | n | N1 | V1 | c1 →

∗ γ′1 | jit | n
′
1 | N

′
1 | V

′
1 | c

′
1

(iv) ∃(γ′2 | jit | ∞ | N
′
2 | V

′
2 | c

′
2) s.t. γ2 | jit | ∞ | N2 | V2 | c2 →

∗ γ′2 | jit | ∞ | N
′
2 | V

′
2 | c

′
2

(v) (γ′1 | jit | n
′
1 | N

′
1 | V

′
1 | c

′
1, γ

′
2 | jit | ∞ | N

′
2 | V

′
2 | c

′
2) ∈ VJCunitKk+2

From (iii), we step the first configuration until it becomes a value. It follows by the rule
D-step that

[χ▷ ε] ⊗ γ1 | jit | n | N1 | V1 | c1 ⇒
∗ [χ▷ ε] ⊗ γ′1 | jit | n

′
1 | N

′
1 | V

′
1 | c

′
1

We step the second configuration via D-step applied to (iv):

[χ0 ▷ ε] ⊗ γ2 | jit | ∞ | N2 | V2 | c2 ⇒
∗ [χ0 ▷ ε] ⊗ γ′2 | jit | ∞ | N

′
2 | V

′
2 | c

′
2

and by (v) we have:

(γ′1 | jit | n
′
1 | N

′
1 | V

′
1 | c

′
1, γ

′
2 | jit | ∞ | N

′
2 | V

′
2 | c

′
2) ∈ VJCunitKk+2
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Since there are m > 0 crashes, we know that n′1 = 0. By application of D-Crash, we have

[χ▷ ε] ⊗ γ′1 | jit | 0 | N
′
1 | V

′
1 | c

′
1 ⇒ [χ▷ ε] ⊗ γ′1 | jit | · | N

′
1 | V

′
1 |↓ ε#in(b > 0; ↑ c′1)

By the value interpretation at type Cunit, observe that the stepped configuration continues
to be related to the second configuration:

(γ′1 | jit | · | N
′
1 | V

′
1 |↓ ε#in(b > 0; ↑ c′1), γ′2 | jit | ∞ | N

′
2 | V

′
2 | c

′
2)

∈ VJ↓ (nat⇝↑ Cunit)Kk+1

By D-S-Jit, we have

[χ▷ ε] ⊗ γ′1 | jit | · | N
′
1 | V

′
1 |↓ ε#in(b > 0; ↑ c′1)⇒ [χ▷ ε] ⊗ γ′1 | jit | · | N

′
1,V

′
1Ck | ε#in(b > 0; ↑ c′1)

By the value interpretation at type ↓ (nat ⇝ Cunit), the post step configuration remains
related to the second configuration:

(γ′1 | jit | · | N
′
1,V

′
1Ck | ε#in(b > 0; ↑ c′1), γ′2 | jit | ∞ | N

′
2 | V

′
2 | c

′
2)

∈ VJnat⇝↑ CunitKk+1

as by definition of PwOff in the jit mode, we have PwOff(γ′1, jit,N
′
1,V

′
1) = γ′1 | V

′
1.

By D-charge, for some n′′ > 0, we have χ = n′′ :: χ′ :

[χ▷ ε] ⊗ γ′1 | jit | · | N
′
1,V

′
1Ck | ε#in(b > 0; ↑ c′1)

⇒ [χ′ ▷ ε] ⊗ γ′1 | jit | n
′′ | N′1,V

′
1Ck |↑ c′1

It follows by the value interpretation at type nat ⇝↑ Cunit that the stepped configuration
and the second configuration remain related for n′′ (by ∀ elimination):

(γ′1 | jit | n
′′ | N′1,V

′
1Ck |↑ c′1, γ

′
2 | jit | ∞ | N

′
2 | V

′
2 | c

′
2)

∈ VJ↑ CunitKk+1

By D-restore-Jit, we have

[χ′ ▷ ε] ⊗ γ′1 | jit | n
′′ | N′1,V

′
1Ck |↑ c′1

⇒ [χ′ ▷ ε] ⊗ γ′1 | jit | n
′′ | N′1 | V

′
1 | c

′
1
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From above, we get [χ▷ε]⊗γ1 | jit | n1 | N1 | V1 | c1 ⇒
∗ [χ′▷ε]⊗γ′1 | jit | n

′′ | N′1 | V
′
1 | c

′
1

and [χ0 ▷ ε] ⊗ γ2 | jit | ∞ | N2 | V2 | c2 ⇒
∗ [χ0 ▷ ε] ⊗ γ′2 | jit | ∞ | N

′
2 | V

′
2 | c

′
2. By the

value interpretation at type ↑ Cunit, these configurations continue to be related:

(γ′1 | jit | n
′′ | N′1 | V

′
1 | c

′
1, γ

′
2 | jit | ∞ | N

′
2 | V

′
2 | c

′
2)

∈ EJCunitKk+1

as Restore(γ′1, jit, (N
′
1,V

′
1Ck), c

′
1) = N′1 | V

′
1 | c

′
1.

Since [χ▷ε]⊗γ1 | jit | n1 | N1 | V1 | c1 ⇒
∗ [χ′′▷ε]⊗ γ′1 | jit | n

′ | N′ | V′ | skip in k crashes
we know that [χ▷ ε] ⊗ γ′1 | jit | n

′′ | N′1 | V
′
1 | c

′
1 ⇒

∗ [χ′′ ▷ ε] ⊗ γ′1 | jit | n
′ | N′ | V′ | skip

in k − 1 crashes.
By the application of the induction hypothesis we get: [χ0 ▷ ε] ⊗ γ′2 | jit | ∞ | N′2 | V′2 |
c′2 ⇒

∗ [χ0 ▷ ε] ⊗ γ′′2 | jit | ∞ | N | V
′′
2 | skip, which combined with [χ0 ▷ ε] ⊗ γ2 | jit |

∞ | N2 | V2 | c2 ⇒
∗ [χ0 ▷ ε] ⊗ γ′2 | jit | ∞ | N

′
2 | V

′
2 | c

′
2 gives us the desired result of this

subcase:

[χ0 ▷ ε] ⊗ γ2 | jit | ∞ | N2 | V2 | c2 ⇒
∗ [χ0 ▷ ε] ⊗ γ′′2 | jit | ∞ | N | V

′′
2 | skip

With that established, we can apply the generalized statement on assumptions

(γ | jit | n | N | · | c, γ | jit | ∞ | N | · | c) ∈ EJCunitKm+1

and [χ▷ ε] ⊗ γ | jit | n | N | · | c ⇒∗ [χ′ ▷ ε] ⊗ γ′1 | jit | n
′ | N′ | V′ | skip to get

[χ▷ ε] ⊗ γ | jit | ∞ | N | · | c ⇒∗ [χ▷ ε] ⊗ γ′′2 | jit | ∞ | N
′ | V2 | skip

and apply D-P-Seq rule to complete the proof of this case:

∞ > 0
∞ > 0 [χ▷ ε] ⊗ γ | jit | ∞ | N | · | c ⇒∗ [χ▷ ε] ⊗ γ′′2 | jit | ∞ | N

′ | V2 | skip

[χ▷ ε] ⊗ γ | ∞ | N | c; p′ ⇒p [χ▷ ε] ⊗ γ | ∞ | N′ | p′
(D-P-seq)

Stepping an atomic region. Consider a program of form [χ▷ ε]⊗γ | n | N | Ckpt[aID; ρ; µ;ω](c0); p′

that can take a step using the D-P-Seq rule to [χ′′ ▷ ε] ⊗ γ | n′ | N1 | p′. By inversion on the
D-P-Ckpt rule,

n > 0 InitWorldd(N; ρ; µ;ω; γ) = N0,V0

[χ▷ ε] ⊗ γ | aID(c0) | n | N0 | V0 | c0 ⇒
∗ [χ′′ ▷ ε] ⊗ γ′ | aID(c0) | n′ | N′ | V′ | skip

n′ > 0 N1 = FinWorldd(N′; V′)

[χ▷ ε] ⊗ γ | n | N | Ckpt[aID; ρ; µ;ω](c0); p′ ⇒p [χ′′ ▷ ε] ⊗ γ | n′ | N1 | p′
(D-P-CKpt)

we learn that

266



• n > 0
• InitWorldd(N; ρ; µ;ω; γ) = N0,V0

• [χ▷ ε] ⊗ γ | aID(c0) | n | N0 | V0 | c0 ⇒
∗ [χ′′ ▷ ε] ⊗ γ′ | aID(c0) | n′ | N′ | V′ | skip

• n′ > 0
• N1 = FinWorldd(N′; V′)

Our goal is to simulate this execution in a continuous setting. In particular, we need to find a
continuous execution such that [χ▷ ε]⊗ γ | aID(c0) | ∞ | N0 | V0 | c0 ⇒

∗ [χ ▷ ε]⊗ γ′ | aID(c0) |
∞ | N′2 | V′2 | skip, where N1 = FinWorldd(N′2; V′2). To this end, we invert the assumption
b : nat | Ω ⊩ Ckpt[aID; ρ; µ;ω](c0); p′ :↑ Cunit via P-Ckpt-semantic,

Ω′ |Σ= InitWorldt(Ω; ρ; µ;ω)
aID(c0) | b≥ 0 : nat |Ω′;Σ ⊩ c0 ≤ c0 : Cunit b : nat |Ω ⊩ p′ : ↑Cunit

b : nat |Ω ⊩ Ckpt[aID; ρ; µ;ω](c0); p′ : ↑Cunit
(P-Ckpt-semantic)

we learn that

(i) Ω′ |Σ= InitWorldt(Ω; ρ; µ;ω)

(ii) aID(c0) | b≥ 0 : nat |Ω′;Σ ⊩ c0 ≤ c0 : Cunit
(iii) b : nat |Ω ⊩ p′ : ↑Cunit

By definition of logical relation applied to (ii), we have that ∀n1,m1 ≥ 0.∀γ,N,V s.t. ⊢aID(c0)
γ

N | V : Ω | Σ and (γ | aID(c0) | n1 | N | V | c0, γ | aID(c0) | ∞ | N | V | c0) ∈ EJCunitKm1 .
By instantiating the memories accordingly, and the index m1 with the number of tries m + 1

(where m is the number of crashes), we have

(γ | aID(c0) | n | N0 | V0 | c0, γ | aID(c0) | ∞ | N0 | V0 | c0) ∈ EJCunitKm+1

To get our result, we first prove the following generalized statement: if

• [χ▷ ε] ⊗ γ1 | aID(c0) | n1 | N1 | V1 | c1 ⇒
∗ [χ′ ▷ ε] ⊗ γ′ | aID(c0) | n′1 | N

′ | V′ | skip in m
crashes and

• (γ1 | aID(c0) | n1 | N1 | V1 | c1, γ2 | aID(c0) | ∞ | N2 | V2 | c2) ∈ EJCunitKm+1

then for all energy streams χ0, we have [χ0 ▷ ε] ⊗ γ2 | aID(c0) | ∞ | N2 | V2 | c2 ⇒
∗

[χ0 ▷ ε] ⊗ γ′′2 | aID(c0) | ∞ | N′′2 | V
′′
2 | skip, where FinWorldd(N′; V′) = FinWorldd(N′′2 ; V′′2 )

The proof proceeds by induction on the number of crashes:

Base case: m = 0 (# tries = 1). If m = 0, then it follows by the term interpretation at type Cunit,

(1) ∃(γ′′1 | aID(c0) | n′ | N′1 | V
′
1 | c

′
1) s.t. γ1 | aID(c0) | n | N1 | V1 | c1 →

∗ γ′′1 | aID(c0) |
n′ | N′1 | V

′
1 | c

′
1 AND

(2) ∃(γ′′2 | aID(c0) | ∞ | N′2 | V
′
2 | c

′
2) s.t. γ2 | aID(c0) | ∞ | N2 | V2 | c2 →

∗ γ′′2 | aID(c0) |
∞ | N′2 | V

′
2 | c

′
2 AND

(3) (γ′′1 | aID(c0) | n′ | N′1 | V
′
1 | c

′
1, γ

′′
2 | aID(c0) | ∞ | N′2 | V

′
2 | c

′
2) ∈ VJCunitK1
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The number of crashes is 0, so n′ > 0 and the first configuration steps to completion via
D-step where N′1 = N′ and V′1 = V′ and γ′′1 = γ

′:

[χ▷ ε] ⊗ γ1 | aID(c0) | n | N1 | V1 | c1 ⇒
∗ [χ▷ ε] ⊗ γ′′1 | aID(c0) | n′ | N′1 | V

′
1 | skip

Applying D-Step to (2), we know that:

[χ0 ▷ ε] ⊗ γ2 | aID(c0) | ∞ | N2 | V2 | c2 ⇒
∗ [χ0 ▷ ε] ⊗ γ′′2 | aID(c0) | ∞ | N′2 | V

′
2 | c

′
2

and by (3) and n′ > 0, we get that the post steps are related by the value interpretation at
type ↓↑ unit. This means that c′2 = skip and we have

[χ0 ▷ ε] ⊗ γ2 | aID(c0) | ∞ | N2 | V2 | c2 ⇒
∗ [χ0 ▷ ε] ⊗ γ′′2 | aID(c0) | ∞ | N′2 | V

′
2 | skip

and

(γ′′1 | aID(c0) | n′ | N′1 | V
′
1 | skip, γ′′2 | aID(c0) | ∞ | N′2 | V

′
2 | skip) ∈ VJ↓↑ unitK0

It then follows that

(1) Commit(γ′′1 , aID(c0),N′1,V
′
1) = γ′ | N′ck,V

′ where γ′ ⊆ γ′′1 , N′1 = N′RD,Wtn,MFstWt,N
′
0ck,

V′1 = V′0,V
′, dom(V′) = dom(N′0), range(γ′) = dom(N′1) ∪ dom(V′).

(2) Commit(γ′′2 , aID(c0),N′2,V
′
2) = γ2 | N2

ck,V
2 where γ2 ⊆ γ′′2 , N′2 = N2

RD,Wtn,MFstWt,N
2
0ck,

V′2 = V2
0,V

2, dom(V2) = dom(N2
0), range(γ2) = dom(N′2) ∪ dom(V2).

(3) (γ′ | aID(c0) | n′ | N′ck,V
′ | skip, γ2 | aID(c0) | ∞ | N2

ck,V
2 | skip) ∈ VJ↑ unitK0

It follows by the value interpretation at type ↑ unit that N′,V′ = N2,V2. We observe
that the Commit function copies the values of the checkpointed volatile memory loca-
tions into the nonvolatile memory, removes the ck qualifier from these locations, and
changes the qualifiers of all other locations in the nonvolatile memory to ck. This cor-
responds to the semantics of the FinWorldd function, and hence it follows by definition
that FinWorldd(N′1; V′1) = N′,V′ and FinWorldd(N′2; V′2) = N2,V2.
Therefore, we have

[χ0 ▷ ε] ⊗ γ2 | aID(c0) | ∞ | N2 | V2 | c2 ⇒
∗ [χ0 ▷ ε] ⊗ γ′′2 | aID(c0) | ∞ | N′2 | V

′
2 | skip

where FinWorldd(N′1; V′1) = FinWorldd(N′2; V′2), and the proof of this subcase is complete.

Inductive case: m = k + 1(∃ k) (# tries = k + 2). By the term interpretation at type Cunit, we
have

(i) ∃ γ′1 | aID(c0) | n′1 | N
′
1 | V

′
1 | c

′
1 s.t. γ1 | aID(c0) | n | N1 | V1 | c1 →

∗ γ′1 | aID(c0) | n′1 |
N′1 | V

′
1 | c

′
1

(ii) ∃ γ′2 | aID(c0) | ∞ | N′2 | V
′
2 | c

′
2 s.t. γ2 | aID(c0) | ∞ | N2 | V2 | c2 →

∗ γ′2 | aID(c0) | ∞ |
N′2 | V

′
2 | c

′
2.

(iii) (γ′1 | aID(c0) | n′1 | N
′
1 | V

′
1 | c

′
1, γ

′
2 | aID(c0) | ∞ | N′2 | V

′
2 | c

′
2) ∈ VJCunitKk+2
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From (i), we step the first configuration until it becomes a value. It follows by the rule
D-step that

[χ ▷ ε] ⊗ γ | aID(c0) | n | N1 | V1 | c1 ⇒
∗ [χ ▷ ε] ⊗ γ′1 | aID(c0) | n′1 | N

′
1 | V

′
1 | c

′
1

Since there are m > 0 crashes, we know that n′1 = 0. By (ii), we step the second configura-
tion via D-step:

[χ0 ▷ ε] ⊗ γ2 | aID(c0) | ∞ | N2 | V2 | c2 ⇒
∗ [χ0 ▷ ε] ⊗ γ′2 | aID(c0) | ∞ | N′2 | V

′
2 | c

′
2

and by (iii), we have

(γ′1 | aID(c0) | n′1 | N
′
1 | V

′
1 | c

′
1, γ

′
2 | aID(c0) | ∞ | N′2 | V

′
2 | c

′
2) ∈ VJCunitKk+2

By application of D-Crash, we have

[χ ▷ ε] ⊗ γ′1 | aID(c0) | 0 | N′1 | V
′
1 | c

′
1

⇒ [χ ▷ ε] ⊗ γ′1 | aID(c0) | · | N′1 | V
′
1 |↓ ε#in(b > 0; ↑ c′1)

By the value interpretation at type Cunit, observe that the stepped configuration continues
to be related to the second configuration:

(γ′1 | aID(c0) | · | N′1 | V
′
1 |↓ ε#in(b > 0; ↑ c′1), γ′2 | aID(c0) | ∞ | N′2 | V

′
2 | c

′
2)

∈ VJ↓ (nat⇝ ↑ Cunit)Kk+1

By D-S-aID, for γ1 ⊆ γ′1 such that range(γ1) = dom(N′1), we have:

[χ ▷ ε] ⊗ γ′1 | aID(c0) | · | N′1 | V
′
1 |↓ ε#in(b > 0; ↑ c′1)

⇒ [χ ▷ ε] ⊗ γ1 | aID(c0) | · | N′1 | ε#in(b > 0; ↑ c′1)

Note that the semantics of D-S-aID match the semantics of the PwOff function as it drops
the volatile memory locations V′1 just as the PwOff function does not checkpoint any
volatile memory locations, i.e. PwOff(γ′1, aID(c0),N′1,V

′
1) = γ1 | ∅. By the value in-

terpretation at type ↓ (nat ⇝ ↑ Cunit), and the definition of PwOff in the atomic case, we
have PwOff(γ′1, aID(c0),N′1,V

′
1) = γ1 | ∅, and thus the stepped configuration continues to

be related to the second configuration:

(γ1 | aID(c0) | · | N′1 | ε#in(b > 0; ↑ c′1), γ′2 | aID(c0) | ∞ | N′2 | V
′
2 | c

′
2)

∈ VJnat⇝ ↑ CunitKk+1

By stepping the first configuration according to D-charge, we have for some n′′ > 0 such
that χ = n′′ :: χ′:

[χ ▷ ε] ⊗ γ1 | aID(c0) | · | N′1 | ε#in(b > 0; ↑ c′1)

⇒ [χ′ ▷ ε] ⊗ γ1 | aID(c0) | n′′ | N′1 |↑ c′1
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By the value interpretation at type nat ⇝↑ Cunit, observe that the stepped configuration
remains related to the second configuration for n′′ > 0:

(γ1 | aID(c0) | n′′ | N′1 |↑ c′1, γ
′
2 | aID(c0) | ∞ | N′2 | V

′
2 | c

′
2) ∈ VJ↑ CunitKk+1

Stepping the first configuration via D-restore-aID, we have

[χ▷ ε]⊗γ1 | aID(c0) | n′′ | N′1 |↑ c′1 ⇒ [χ▷ ε]⊗γ1 | aID(c0) | n′′ | N′RD,MFstWt,N
′′
ck,N

3
MFstWt | · | c0

where N′1 = N′RD,MFstWt,N
′′
ck,N

3
Wtn.

By the value interpretation at type ↑ Cunit, the first and second configurations remain
related:

(γ1 | aID(c0) | n′′ | N′RD,MFstWt,N
′′
ck,N

3
MFstWt | · | c0, γ

′
2 | aID(c0) | ∞ | N′2 | V

′
2 | c

′
2) ∈ EJCunitKk+1

since

• Restore(γ1, aID(c0),N′1, c
′
1) = N′RD,MFstWt,N

′′
ck,N

3
MFstWt | · | c0 and

• N′1 = N′RD,MFstWt,N
′′
ck,N

3
Wtn

By assumption,

[χ▷ ε] ⊗ γ1 | aID(c0) | n′′ | N′1 | · | c0 ⇒
∗ [χ′′ ▷ ε] ⊗ γ′ | aID(c0) | n′ | N′ | V′ | skip

in k crashes.
By induction hypothesis, we get

[χ0 ▷ ε] ⊗ γ′2 | aID(c0) | ∞ | N′2 | V
′
2 | c

′
2 ⇒

∗ [χ0 ▷ ε] ⊗ γ′′2 | aID(c0) | n′ | N′′2 | V
′′
2 | skip

such that FinWorldd(N′; V′) = FinWorldd(N′′2 ; V′′2 ). This combined with

[χ0 ▷ ε] ⊗ γ2 | aID(c0) | ∞ | N2 | V2 | c2 ⇒
∗ [χ0 ▷ ε] ⊗ γ′2 | aID(c0) | ∞ | N′2 | V

′
2 | c

′
2

gives us

[χ0 ▷ ε] ⊗ γ2 | aID(c0) | ∞ | N2 | V2 | c2 ⇒
∗ [χ0 ▷ ε] ⊗ γ′′2 | aID(c0) | n′ | N′′2 | V

′′
2 | skip

which completes the proof of this subcase.
With that established, we can apply the generalized statement on assumptions

(γ | aID(c0) | n | N0 | V0 | c0, γ | aID(c0) | ∞ | N0 | V0 | c0) ∈ EJCunitKm+1

and [χ ▷ ε] ⊗ γ | aID(c0) | n | N0 | V0 | c0 ⇒
∗ [χ′ ▷ ε] ⊗ γ′ | aID(c0) | n′ | N′ | V′ | skip to get

[χ ▷ ε] ⊗ γ | aID(c0) | ∞ | N0 | V0 | c0 ⇒
∗ [χ ▷ ε] ⊗ γ′′ | aID(c0) | ∞ | N′′ | V′′ | skip, where

FinWorldd(N′; V′) = FinWorldd(N′′; V′′). and apply D-P-Ckpt rule to complete the proof of this
case.

□
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([χ1 ▹ ϵ] γ1 ∣ 𝙼𝚍 ∣ n ∣ 𝖭𝖵1 ∣ 𝖵1 ∣ c1, [χ ▹ ϵ] γ1 ∣ 𝙼𝚍 ∣ ∞ ∣ 𝖭𝖵2 ∣ 𝖵2 ∣ c2)

([χ1 ▹ ϵ] γ′￼1 ∣ 𝙼𝚍 ∣ 0 ∣ 𝖭𝖵′￼1 ∣ 𝖵′￼1 ∣ c′￼1, [χ ▹ ϵ] γ′￼2 ∣ 𝙼𝚍 ∣ ∞ ∣ 𝖭𝖵′￼2 ∣ 𝖵′￼2 ∣ c′￼2)

∈ ℰ Cunit

∈ 𝒱 Cunit

([χ′￼1 ▹ ϵ] γ0 ∣ 𝙼𝚍 ∣ n0 ∣ 𝖭𝖵0 ∣ 𝖵0 ∣ c0, [χ ▹ ϵ] γ′￼2 ∣ 𝙼𝚍 ∣ ∞ ∣ 𝖭𝖵′￼2 ∣ 𝖵′￼2 ∣ c′￼2)

⟹

[χ1 ▹ ϵ] γ′￼1 ∣ 𝙼𝚍 ∣ ⋅ ∣ 𝖭𝖵′￼1 ∣ 𝖵′￼1 ∣ ↓ ϵ#in(b > 0, ↑ c′￼1)
([χ1 ▹ ϵ] γ′￼′￼1 ∣ 𝙼𝚍 ∣ ⋅ ∣ 𝖭𝖵′￼1, 𝖵′￼∣ ϵ#in(b > 0, ↑ c′￼1), [χ ▹ ϵ] γ′￼2 ∣ 𝙼𝚍 ∣ ∞ ∣ 𝖭𝖵′￼2 ∣ 𝖵′￼2 ∣ c′￼2)

[χ′￼1 ▹ ϵ] γ′￼′￼1 ∣ 𝙼𝚍 ∣ n0 ∣ 𝖭𝖵′￼1, 𝖵′￼∣ ↑ c′￼1

∈ 𝒱 nat ⇝ ↑

∈ ℰ Cunit

([χk ▹ ϵ] γk ∣ 𝙼𝚍 ∣ nk ∣ 𝖭𝖵k ∣ 𝖵k ∣ ck, [χ ▹ ϵ]γj ∣ 𝙼𝚍 ∣ ∞ ∣ 𝖭𝖵j ∣ 𝖵j ∣ cj)

([χk ▹ ϵ] γ′￼k ∣ 𝙼𝚍 ∣ n′￼k ∣ 𝖭𝖵′￼
k ∣ 𝖵′￼k ∣ skip, [χ ▹ ϵ] γ′￼j ∣ 𝙼𝚍 ∣ ∞ ∣ 𝖭𝖵′￼

j ∣ 𝖵′￼j ∣ skip)

(γ′￼k ∣ 𝙼𝚍 ∣ n′￼k ∣ 𝖭𝖵′￼
k, 𝖵′￼′￼k ∣ skip, γ′￼j ∣ 𝙼𝚍 ∣ ∞ ∣ 𝖭𝖵′￼

j, 𝖵′￼′￼j ∣ skip)
𝖭𝖵′￼

k, 𝖵′￼′￼k = 𝖭𝖵′￼
j, 𝖵′￼′￼j

(1)

(2)

(3)

(4)

(5)

(7)

(8)

(6)

⋯ ⋯
⟹ ⟹

0
⟹

0
⟹

*

⟹
*

⟹
*

⟹
*

⟹
*

⟹
*

⟹
⟹

*
⟹

⟹
*

χ1 = n0 :: χ′￼1where 

∈ 𝒱 ↑ unit

Cunit

∈ 𝒱 ↓↑ unit

m

m

∈ ℰ Cunit
1

m +1

m +1

Inductive Hypothesis

Base Case
By value 
relation

∴
where 

(9)

n′￼k > 0, γ′￼k = γ′￼jwhere 

Figure B.2: Illustrations of related configurations evaluate to the same store.
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Appendix C

Undo-Logging Appendix

C.1 Syntax and Operational Semantics

C.1.1 Syntax

We present a syntax for programs with atomic regions that assume an undo-logging formulation.
The key changes include modified crash types, where ↓↑ occur together during the power failure
steps to restore nonvolatile memory from its checkpoints. Configurations are extended with a
checkpoint context K containing nonvolatile and volatile checkpoints that are present in program
configurations and closed command configurations.

Commands and expressions
values v ::= n | tt | ff | x
exprs e ::= v | e ⊙ e
cmds c ::= skip | let x = e in c | if e then c1 else c2 | x := e | c1; c2 | c1;W c2

atom. reg. pols. aPol ::= (ρ, µ, ω)
progs p ::= skip | startatom(aID, aPol); c; endatom; p | c; p
Access qualifiers and memories
access qualifier q ::= CK | RD | MFstWt | Wtn
nonvolatile mem N ::= · | ℓ@ q ↪→ v,N | ℓun@ CK ↪→ v,N
volatile mem V ::= · | ℓ@ CK ↪→ v,V
var loc map γ ::= · | γ, x 7→ ℓ
Instructions, statements, and configurations
continuations κ ::= c | e
statements s ::= κ | i | p
crash instrs i ::= ε # in(b > 0, ↓↑κ) | ↓↑κ
energy level g ::= · | n
charge stream χ ::= n :: χ
checkpoint context K ::= (Nk; Vk)
open config Co ::= (γ | Md | g | N | V | K | s) | (γ | Md | g | N | K | s)

| (γ | Md | g | N | V | s)
closed config Cc ::= [χ▷ ε] ⊗ Co

exec. mode Md ::= aID(c) | jit
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C.1.2 Value Configurations

n > 0

Val(γ | Md | n | N | V | skip)
(V-skip)

n > 0

Val(γ | Md | n | N | V | n)
(V-Nat)

n > 0

Val(γ | Md | n | N | V | tt)
(V-Bool-t)

n > 0

Val(γ | Md | n | N | V | ff)
(V-Bool-f)

Val(γ | Md | 0 | N | V | κ)
(V-crash)

Val([χ▷ ε] ⊗ γ | Md | · | N | K | ε # in(b > 0, ↓↑κ))
(V-# in)

n > 0

Val([χ▷ ε] ⊗ γ | Md | n | N | K | ↓↑κ)
(V-↓↑)

n > 0

Val([χ▷ ε] ⊗ γ | n | N | K | skip)
(V-p-done)

n > 0

Val([χ▷ ε] ⊗ γ | n | N | V | K | skip)
(V-c-done)

C.1.3 Top-level Atomic Region Execution

n > 0 InitWorldd(N; aPol; γ) = N0 | K0 | γ0

[χ▷ ε] ⊗ γ0 | aID(c0) | n | N0 | · | K0 | c0 ⇒
∗ [χ′ ▷ ε] ⊗ γ′ | aID(c0) | n′ | N′ | V′ | K0 | skip

n′ > 0 FinWorldd(N′) = N′′

[χ▷ ε] ⊗ γ | n | N | K | startatom(aID, aPol); c0; endatom; p ⇒p [χ′ ▷ ε] ⊗ γ | n′ | N′′ | K | p
(D-P-Ckpt)

n > 0 n′ > 0 K0 = (∅; ∅)
[χ▷ ε] ⊗ γ | jit | n | N | · | K0 | c ⇒∗ [χ′ ▷ ε] ⊗ γ′ | jit | n′ | N′ | V′ | K′ | skip

[χ▷ ε] ⊗ γ | n | N | K | c; p ⇒p [χ′ ▷ ε] ⊗ γ | n′ | N′ | K′ | p
(D-P-seq)

Definition 18 InitWorldd(N; aPol; γ) = N0 | K0 | γ0 where aPol = (ρ, µ, ω) iff
• N = N1,N2,N3,
• dom(N1) = range(γ↾ρ), dom(N2) = range(γ↾ω), and dom(N3) = range(γ↾µ),
• Nk, γk = unzip({(ℓ∗@CK ↪→ v, x 7→ ℓ∗) | N2(ℓ) = v, ℓ∗ fresh, x ∈ ω s.t. γ(x) = ℓ}),
• N0 = {ℓ@RD ↪→ v | N1(ℓ) = v}∪{ℓun@CK ↪→ v | N2(ℓ) = v}∪{ℓ@MFstWt ↪→ v | N3(ℓ) = v},
• γ0 = {xun 7→ γ(x)un | x ∈ ω} ∪ {x 7→ γ(x) | x < ω} ∪ γk,
• K0 = (Nk; ∅)

Definition 19 FinWorldd(N) = N f iff
• N = N1 un,N2,
• N f = {ℓ@CK ↪→ v | ℓun@CK ↪→ v ∈ N1} ∪ {ℓ@CK ↪→ v | ℓ@q ↪→ v ∈ N2, q ∈ {RD, Wtn}}
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C.1.4 Command Execution (Closed Config)

γ | Md | n |N |V | c→ γ′ | Md | n′ |N′ |V′ | c′

[χ▷ ε] ⊗ γ | Md | n |N |V |K | c⇒ [χ▷ ε] ⊗ γ′ | Md | n′ |N′ |V′ |K | c′
(D-step)

[χ▷ ε] ⊗ γ | aID(c0) | 0 |N |V |K | κ ⇒ [χ▷ ε] ⊗ γ | aID(c0) | · |N | · |K | ε # in(b > 0; ↓↑c0)
(D-Crash-aID)

[n :: χ▷ ε] ⊗ γ | aID(c0) | · |N | · |K | ε # in(b > 0; ↓↑κ)
⇒ [χ▷ ε] ⊗ γ | aID(c0) | n | N | · | K | ↓↑κ

(D-charge-aID)

N = N′RD,MFstWt,N
′′
Wtn,N

′′′
CK K = (Nk; ∅)

[χ▷ ε] ⊗ γ | aID(c0) | n |N | · | K | ↓↑κ
⇒ [χ▷ ε] ⊗ γ | aID(c0) | n |N′RD,MFstWt,N

′′
MFstWt,Nk un | · | K | κ

(D-restore-aID)

[χ▷ ε] ⊗ γ | Md | 0 |N |V | K | κ ⇒ [χ▷ ε] ⊗ γ | Md | · |N |V | K | ↓ ε # in(b > 0; ↑κ)
(D-Crash-Jit)

K = (·; V)

[χ▷ ε] ⊗ γ | jit | · |N |V |K | ↓ε # in(b > 0; ↑κ)
⇒ [χ▷ ε] ⊗ γ | jit |N |K | ε # in(b > 0; ↑κ)

(D-S-Jit)

[n :: χ▷ ε] ⊗ γ | Md | · |N |K | ε # in(b > 0; ↑κ)⇒ [χ▷ ε] ⊗ γ | Md | n |N | K | ↑κ
(D-charge-Jit)

K = (·; Vk)

[χ▷ ε] ⊗ γ | jit | n |N |K |↑ κ ⇒ [χ▷ ε] ⊗ γ | jit | n |N |Vk | · | κ
(D-restore-Jit)
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C.1.5 Command Execution (Open Config)

n > 0 γ | Md | n | N | V | e→ γ | Md | n′ | N | V | e′

γ | Md | n | N | V | let x = e in c→ γ | Md | n′ | N | V | let x = e′ in c
(D-Let-step)

Val(γ | Md | n | N | V | e) γ′ = γ, [x 7→ ℓ] ℓ fresh n = n′ + 1

γ | Md | n | N | V | let x = e in c→ γ′ | Md | n′ | N | V, ℓ@CK ↪→ e | c
(D-Let-v)

n > 0 γ | Md | n | N | V | e → γ | Md | n′ | N | V | e′

γ | Md | n | N | V | x := e → γ | Md | n′ | N | V | x := e′
(D-Assign-step)

Val(γ | Md | n | N | V | e)
γ = γ′, [x→ ℓ] V = V′, ℓ@q ↪→ v′ n = n′ + 1

γ | Md | n | N | V | x := e → γ | Md | n′ | N | V′, ℓ@q ↪→ e | skip
(D-Assign-V)

Val(γ | Md | n | N | V | e)
γ = γ′, [x→ ℓ] N = N′, ℓ@q ↪→ v′ q′ = δ(q,Wt) , UN n = n′ + 1

γ | Md | n | N | V | x := e → γ | Md | n′ | N′, ℓ@q′ ↪→ e | V | skip
(D-Assign-N)

n > 0 γ | Md | n | N | V | e → γ | Md | n′ | N | V | e′

γ | Md | n | N | V | if e then c1 else c2 → γ | Md | n′ | N | V | if e′ then c1 else c2
(D-If)

n = n′ + 1 Val(γ | Md | n | N | V | tt)

γ | Md | n | N | V | if tt then c1 else c2 → γ | Md | n′ | N | V | c1
(D-If-tt)

n = n′ + 1 Val(γ | Md | n | N | V | ff)

γ | Md | n | N | V | if ff then c1 else c2 → γ | Md | n′ | N | V | c2
(D-If-ff)

γ | Md | n | N | V | c1; c2 → γ | Md | n | N | V | c1;γ|V c2
(D-seq)

γ | Md | n | N | V | c1 → γ
′ | Md | n′ | N′ | V′ | c′1

γ | Md | n | N | V | c1;W c2 → γ
′ | Md | n′ | N′ | V′ | c′1;W c2

(D-seq-step)

n = n′ + 1 W = γ′ | V′ V′′ = V ↾ dom(V′)

γ | Md | n | N | V | skip;W c2 → γ
′ | Md | n′ | N | V′′ | c2

(D-seq-v)
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C.1.6 Expression Execution

γ = γ′, [x 7→ ℓ] V = ℓ@q ↪→ v,V′ n = n′ + 1

γ | Md | n | N | V | x→ γ | Md | n′ | N | V | v
(D-V-Read)

γ = γ′, [x 7→ ℓ]
q′ = δ(q,Rd) N = ℓ@q ↪→ v,N′ N′′ = ℓ@q′ ↪→ v,N′ n = n′ + 1

γ | Md | n | N | V | x→ γ | Md | n′ | N′′ | V | v
(D-N-Read)

n > 0 γ | Md | n | N | V | e1 → γ | Md | n′ | N | V | e′1
γ | Md | n | N | V | e1 ⊙ e2 → γ | Md | n′ | N | V | e′1 ⊙ e2

(D-Binary-1)

n > 0
Val(γ | Md | n | N | V | e1) γ | Md | n | N | V | e2 → γ | Md | n′ | N | V | e′2

γ | Md | n | N | V | e1 ⊙ e2 → γ | Md | n′ | N | V | e1 ⊙ e′2
(D-Binary-2)

n = n′ + 1
Val(γ | Md | n | N | V | e1) Val(γ | Md | n | N | V | e2) v = e1 ⊙ e2

γ | Md | n | N | V | e1 ⊙ e2 → γ | Md | n′ | N | V | v
(D-Binary-v)

Definition 20 (Well-formedness for configurations) A configuration γ | Md | n | N | V | K | c is
well-formed iff when c = c1;W1 · · · ;Wn−1 cn;Wn cn+1 where n > 1, all of the following hold

• dom(V j) ⊆ dom(Vi) ⊆ dom(V)
• γ j ⊆ γi ⊆ γ

where 1 ≤ i < j ≤ n and Wk = γk | Vm for all m ∈ [1, n].

C.2 Type System

C.2.1 Types

store types A ::= int | bool
basic types T ::= unit | A
unstable types τu ::= T | ↓ τs | τu ∨ τu | nat⇝ τu | CMdT
stable types τs ::= ↑ τu

type variables CMdT ::= Cunit | CMdA
unstable store typing context Σ ::= · | x : ↓↑A@CK,Σ | xun : ↓↑A@CK,Σ
stable store typing context Ω ::= · | x : ↑A@q,Ω
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atomic command crash type Cunit = (nat⇝ ↓s
u↑

s
uCunit) ∨ ↓

s
u↑

s
uunit

atomic expression crash type CMdA = (nat⇝ ↓s
u↑

s
uCunit) ∨ ↓

s
u↑

s
uA

jit command crash type Cunit = ↓
s
u(nat⇝ ↑s

uCunit) ∨ ↓
s
u↑

s
uunit

jit expression crash type C
jit
A = ↓

s
u(nat⇝ ↑s

uC
jit
A) ∨ ↓s

u↑
s
uA

C.2.2 Expression Typing

Ω = x:↑A@q,Ω′2 q′ = δ(q,Wt) , UN

Md | b : nat | Ω ⊢WT x : ↑A ⊣ x:↑A@q′,Ω′2
(T-Loc-Write)

Σ =↓ Σ′ Ω = Ω′,Ω′′CK Md | b : nat | Ω′,Σ′ ⊢WT x : ↑A ⊣ Ω1

Md | b : nat | Ω;Σ ⊢WT x : ↓↑ A ⊣ Ω1↾dom(Ω′),Ω′′CK
(T-W-Shift)

Ω(x) = ↑A@q

Md | b : nat | Ω ⊢RD x : ↑A
(T-Loc-Read)

Md | b : nat | Ω ⊢RD tt :↑ bool
(T-Bool-t)

Md | b : nat | Ω ⊢RD ff : ↑bool
(T-Bool-f)

Md | b : nat | Ω ⊢RD n : ↑int
(T-Int)

Σ = ↓Σ′ Ω = Ω′,Ω′′un Md | b : nat | Ω′,Σ′ ⊢RD v : ↑A

Md | b : nat | Ω;Σ ⊢RD;Sig v : ↓↑A
(T-R-Shift)

Md | b : nat | Ω;Σ ⊢RD;Sig x : ↓↑A

Md | b > 0 : nat | Ω;Σ ⊢RD;Sig x : τ1 ∨ ↓↑A
(T-∨-Succ)

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e1 : CMdT
Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e2 : CMdT ′ ⊙ : ↑T × ↑T ′ → ↑T ′′

Md | b > 0 : nat | Ω;Σ ⊢RD;Sig e1 ⊙ e2 : CMdT ′′
(T-Binary)

Sig′ = {Md | b ≥ 0 : nat | Ω;Σ ⊢RD e : τ}
Sig′′ = if Md = jit, then Sig′, else Sig

Md | b = 0 : nat | Ω;Σ ⊢Sig′′ e : τ Md | b > 0 : nat | Ω;Σ ⊢RD;Sig e : τ

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e : τ
(T-enough?)
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C.2.3 Command Typing

Md | b : nat | Ω ⊢Sig skip : ↑unit ⊣ Ω
(T-Skip)

Σ = ↓Σ′ Ω = Ω′,Ω′′CK Md | b : nat | Ω′,Σ′ ⊢Sig skip : ↑unit ⊣ Ω1

Md | b : nat | Ω;Σ ⊢Sig skip : ↓↑unit ⊣ Ω1↾dom(Ω′),Ω′′CK
(T-C-Shift)

Md | b : nat | Ω;Σ ⊢Sig skip : ↓↑unit ⊣ Ω′

Md | b > 0 : nat | Ω;Σ ⊢Sig skip : τ ∨ ↓↑unit ⊣ Ω′
(T-∨-Succ)

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e1 : CMdA
Md | b ≥ 0 : nat | Ω;Σ, x:↓↑A@CK ⊢Sig c : τ ⊣ Ω′

Md | b > 0 : nat | Ω;Σ ⊢Sig let x = e1 in c : τ ⊣ Ω′
(T-Let)

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e : CMdA Md | b > 0 : nat | Ω;Σ ⊢WT x : ↓↑A ⊣ Ω′

Md | b > 0 : nat | Ω;Σ ⊢Sig x := e : CMdunit ⊣ Ω
′

(T-Assign)

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e : CMdbool
Md | b ≥ 0 : nat | Ω;Σ ⊢Sig c1 : τ ⊣ Ω′ Md | b ≥ 0 : nat | Ω;Σ ⊢Sig c2 : τ ⊣ Ω′

Md | b > 0 : nat | Ω;Σ ⊢Sig if e then c1 else c2 : τ ⊣ Ω′
(T-If)

Md | b ≥ 0 : nat | Ω;Σ ⊢Sig c1 : CMdunit ⊣ Ω
′ Md | b ≥ 0 : nat | Ω′;Σ ⊢Sig c2 : τ ⊣ Ω′′

Md | b > 0 : nat | Ω;Σ ⊢Sig c1; c2 : τ ⊣ Ω′′
(T-seq)

W = γ | V Md | b ≥ 0 : nat | Ω;Σ ⊢Sig c1 : CMdunit ⊣ Ω
′ Ω′ = Ω1

CK,Ω
2
RD,MFstWt,Wtn

Σ′ = trim(Σ,V, γ) ∪ ↓Ω1
un Md | b ≥ 0 : nat | Ω′;Σ′ ⊢Sig c2 : τ ⊣ Ω′′

Md | b > 0 : nat | Ω;Σ ⊢Sig c1;W c2 : τ ⊣ Ω′′
(T-seq-d)

Sig′ = {Md | b ≥ 0 : nat | Ω;Σ ⊢ c : τ ⊣ Ω′}
Sig′′ = if Md = jit, then Sig′, else Sig

Md | b = 0 : nat | Ω;Σ ⊢Sig′′ c : τ Md | b > 0 : nat | Ω;Σ ⊢Sig c : τ ⊣ Ω′

Md | b ≥ 0 : nat | Ω;Σ ⊢Sig c : τ ⊣ Ω′
(T-enough?)
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C.2.4 Statement Typing

Σ = Σ1,Σ2
un aID(c0) | · | Ω;Σ2

un ⊢Sig ε # in(b > 0, ↓↑c0) : nat⇝ ↓↑CaID
T′

aID(c0) | b = 0 : nat | Ω;Σ ⊢Sig κ : (nat⇝ ↓↑CaID
T′ ) ∨ ↓↑T

(T-aID-∨-Crash)

ε # in() : nat > 0 aID(c0) | b > 0 : nat | Ω;Σ ⊢Sig ↓↑κ : ↓↑CaID
T

aID(c0) | · | Ω;Σ ⊢Sig ε # in(b > 0, ↓↑κ) : nat⇝ ↓↑CaID
T

(T-aID-Charge)

aID(c0) | b > 0 : nat | Ω;Σ ⊢Sig c0 : CaID
T ∈ Sig

aID(c0) | b > 0 : nat | Ω;Σ ⊢Sig ↓↑κ : ↓↑CaID
T

(T-aID-Restore)

jit | · | Ω;Σ ⊢Sig ↓↑ε # in(b > 0, κ′) : ↓(nat⇝ ↑Cjit
T′)

jit | b = 0 : nat | Ω;Σ ⊢Sig κ′ : ↓↑(nat⇝ Cjit
T′) ∨ ↓↑T

(T-Jit-∨-Crash)

Σ = ↓Σ′ jit | · | Ω,Σ′un ⊢Sig ε # in(b > 0, ↑κ′) : (nat⇝ ↑CMdT )

jit | · | Ω;Σ ⊢Sig ↓ε # in(b > 0, ↑κ′) : ↓(nat⇝ ↑CMdT )
(T-Jit-stop)

ε # in() : nat > 0 Md | b > 0 : nat | Ω;Σ ⊢Sig ↑κ : CMdT ∈ Sig

Md | · | Ω;Σ ⊢Sig ε # in(b > 0, ↑κ) : nat⇝ CMdT
(T-Jit-Charge)

Ω = Ω′,Ω′′un jit | · | Ω′; ↓Ω′′ | pcSt ⊢ κ
′ : CMdT ∈ Sig

jit | · | Ω | · ⊢Sig ↑κ′ :↑ CMdT
(T-Jit-Restore)

C.2.5 Program Typing

InitWorldt(Ω; aPol) = Ω0 | Σ0

Sig = {aID(c0) | b ≥ 0 : nat | Ω0;Σ0 ⊢ c0 : Cunit ⊣ Ω′}
aID(c0) | b ≥ 0 : nat | Ω0;Σ0 ⊢Sig c0 : Cunit ⊣ Ω′

Ω′↾{MFstWt} = ∅ b : nat | Ω ⊢ p : ↑Cunit
b : nat | Ω ⊢ startatom(aID, aPol); c0; endatom; p : ↑Cunit

(T-P-Ckpt)

jit | b ≥ 0 : nat | Ω; · ⊢∅ c : Cunit ⊣ Ω′ b : nat | Ω ⊢ p : ↑Cunit
b : nat | Ω ⊢ c; p : ↑Cunit

(T-P-seq)

Definition 21 (InitWorldt for undo-logging) InitWorldt(Ω; aPol) = Ω0 | Σ0 iff
• dom(Ω) = ρ ∪ µ ∪ ω,
• ρ ∩ µ = ∅, µ ∩ ω = ∅, ρ ∩ ω = ∅,
• Σ0 = {xun : ↓↑A@CK | x : ↑A@CK ∈ Ωc}

• Ω0 = {x : ↑A@RD | x : ↑A@q ∈ Ωr} ∪ {x : ↑A@MFstWt | x : ↑A@q ∈ Ωm} ∪Ωc

where aPol = (ρ, µ, ω) and Ω = Ωr,Ωm,Ωc and Ωr = Ω↾ρ, Ωm = Ω↾µ, and Ωc = Ω↾ω.
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C.2.6 Store Typing

We present a modified store typing for undo-logging.

⊢aID
γ · | · : · | ·

(Empty)

⊢aID
γ N | V′ : Ω | Σ

γ = γ′, [x 7→ ℓ] V = V′, ℓ@q ↪→ v aID | b : nat | Ω ⊢RD v : ↑A

⊢aID
γ N | V : Ω | Σ, (x:↓↑A@q)

(V-loc)

N = N′, ℓ@q ↪→ v q , CK
⊢aID
γ′ N′ | V : Ω | Σ γ = γ′, [x 7→ ℓ] aID | b : nat | Ω ⊢RD v : ↑A

⊢aID
γ N | V : Ω, (x : ↑A@q) | Σ

(NV-loc-aid-1)

N = N′, ℓun@q ↪→ v q = CK
γ = γ′, [x 7→ ℓ] aID | b : nat | Ω ⊢RD v : ↑A ⊢aID

γ′ N′ | V : Ω | Σ

⊢aID
γ N | V : Ω, (x : ↑A@q) | Σ, (xun : ↓↑A@q)

(NV-loc-aid-2)

The rule V-loc checks a volatile location’s type with respect to Σ and γ. The rule NV-loc-aID-1
types non-checkpointed locations in nonvolatile memory by checking that the value stored in the
location ℓ allocated for x has the same type as x at the type level. Lastly, the rule NV-loc-aID-2
applies when x is checkpointed, meaning it has locations in both N and K. Though, since K does
not appear in the open configuration operational semantic rules, it is not needed for progress and
preservation and is therefore omitted from this definition. Therefore each checkpointed location
in N corresponds to both an unstable and stable typing. For reasoning about high-level correct-
ness, this rule would be extended with the checkpoint context where it is typed according to the
stable types. Since in this system, Vk will always be empty for atomic regions, the rules are
complete for the mode aID.

C.3 Progress and Preservation

Lemma 15 (Progress for shifted expressions) If

Md | b:nat | Ω ⊢Rd e : ↑A

then ∀ n : nat with n > 0 and ∀N,V, γ with ⊢Md
γ N | V : Ω, either

• Val(γ | Md | n | N | V | e) or
• ∃(γ | Md | n′ | N | V | e′) such that γ | Md | n | N | V | e → γ | Md | n′ | N | V | e′.

Proof: The proof proceeds by structural induction over Md | b : nat | Ω ⊢Rd e : ↑A.
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Case 1 [T-Loc-Read]. Suppose the last rule in the typing derivation is T-Loc-Read:

Ω = x : ↑A@q,Ω′

Md | b : nat | Ω ⊢RD x : ↑A
(T-Loc-Read)

Then by inversion, we have Ω = x : ↑A@q,Ω′. By assumption, ⊢Md
γ N | V : Ω. By

inversion of ⊢Md
γ N | V : Ω according to the well-formedness definition, one of the two

subcases hold:

Subcase 1. N = ℓ@q ↪→ v,N′ with γ = γ′, [x 7→ ℓ].
Since n > 0, it follows that ∃n′ such that n = n′ + 1, and hence the evaluation rule
D-loc-Read applies:

γ = γ′, [x 7→ ℓ]
N = ℓ@q ↪→ v,N′ δ(q, RD) , UN n = n′ + 1

γ | Md | n | N | V | x→ γ | Md | n′ | N | V | v
(D-loc-Read)

This yields the desired result.

Subcase 2. V = ℓ@q ↪→ v,V′ with γ = γ′, [x 7→ ℓ].
Since n > 0, it follows that ∃n′ such that n = n′ + 1, and hence the evaluation rule
D-loc-Read applies:

γ = γ′, [x 7→ ℓ]
V = ℓ@q ↪→ v,V′ δ(q, RD) , UN n = n′ + 1

γ | Md | n | N | V | x→ γ | Md | n′ | N | V | v
(D-var-Read)

This yields exactly the desired result.

Case 2 [T-Bool-t]. Suppose that the last rule in the typing derivation is T-Bool-t:

Md | b : nat | Ω ⊢RD tt :↑ bool
(T-Bool-t)

By the value rule V-Bool-t and the assumption n > 0 we get

n > 0

Val(γ | Md | n | N | V | tt)
(V-Bool-t)

Case 3 [T-Bool-f]. Suppose that the last rule in the typing derivation is T-Bool-f:
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Md | b : nat | Ω ⊢RD ff :↑ bool
(T-Bool-f)

By the value rule V-Bool-f and the assumption n > 0 we get

n > 0

Val(γ | Md | n | N | V | ff)
(V-Bool-f)

Case 4 [T-Int].
Suppose that the last rule in the typing derivation is T-Int:

Md | b : nat | Ω ⊢RD n : ↑int
(T-Int)

By the value rule V-Int and the assumption n > 0 we get:

n > 0

Val(γ | Md | n | N | V | n)
(V-Int)

□

Theorem 14 (Progress for expressions) If Md | b R m : nat | Ω;Σ ⊢Rd;Sig e : τ, then ∀ n : nat
with nRm and ∀ N,V, γ with ⊢Md

γ N | V : Ω | Σ, either
• Val(γ | Md | n | N | V | e) or
• ∃(γ | Md | n′ | N | V | e′) such that γ | Md | n | N | V | e → γ | Md | n′ | N | V | e′.

Proof: The proof is by structural induction over Md | b R m : nat | Ω;Σ ⊢Rd;Sig e : τ. We
consider a specific (co-)natural number nRm and contexts N,V, γ with ⊢Md

γ N | V : Ω | Σ. We
consider cases based on the last step in the derivation:
Case 1 [T-Enough?].

Md | b = 0 : nat | Ω;Σ ⊢Sig′′ e : τ Md | b > 0 : nat | Ω;Σ ⊢RD;Sig e : τ
Sig′ = {Md | b ≥ 0 : nat | Ω;Σ ⊢RD e : τ}
Sig′′ = i f Md = jit, then Sig′, else Sig

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e : τ
(T-enough?)

By assumption, we know that n ≥ 0. We consider two subcases based on the value of n
(i.e. n = 0 or n > 0):

Subcase 1 [n = 0]. By the value rule V-e-Crash, we have

Val(γ | Md | 0 | N | V | e),

which completes the proof of this subcase.
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Subcase 2 [n > 0].
By inversion on T-Enough?, we have

(1) Md | b = 0 : nat | Ω;Σ ⊢Sig′′ e : τ

(2) Md | b > 0 : nat | Ω;Σ ⊢RD;Sig e : τ

(3) Sig′ = {Md | b ≥ 0 : nat | Ω;Σ ⊢RD e : τ}

(4) Sig′′ = i f Md = jit, then Sig′, else Sig

We can apply the induction hypothesis to (2) to get for n > 0, and N,V, γ either
• Val(γ | Md | n | N | V | e) or
• ∃(γ | Md | n′ | N | V | e′) such that γ | Md | n | N | V | e → γ | Md | n′ | N | V | e′.

which completes the proof of this subcase.

Case 2 [T-Binary].
Suppose the last rule in the typing derivation is T-Binary and e = e1 ⊙ e2:

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e1 : CMdT
Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e2 : CMdT ′ ⊙ : ↑T × ↑T ′ → ↑T ′′

Md | b > 0 : nat | Ω;Σ ⊢RD;Sig e1 ⊙ e2 : CMdT ′′
(T-Binary)

By assumption, we know that n > 0. By inversion, we have

(1) Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e1 : CMdT
(2) Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e2 : CMdT ′
(3) ⊙ : ↑T × ↑T ′ → ↑T ′′

By the inductive hypothesis applied to (1), either

• Val(γ | Md | n | N | V | e1), or
• ∃(γ | Md | n′ | N | V | e′1) such that γ | Md | n | N | V | e1 → γ | Md | n′ | N | V | e′1.

From here, the proof proceeds in two subcases:

Subcase 1. Val(γ | Md | n | N | V | e1)
We apply the inductive hypothesis to (2) to get two sub-subcases.

Subcase 1a. Val(γ | Md | n | N | V | e2).
Since n > 0, we can apply the dynamic rule D-Binary-v to get

γ | Md | n | N | V | e1 ⊙ e2 → γ | Md | n′ | N | V | v,

where v = e1 ⊙ e2, and n = n′ + 1.

Subcase 1b. ∃(γ | Md | n′ | N | V | e′2) such that γ | Md | n | N | V | e2 → γ | Md | n′ |
N | V | e′2. By D-Binary-2,

γ | Md | n | N | V | e1 ⊙ e2 → γ | Md | n′ | N | V | e1 ⊙ e′2
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Subcase 2. Suppose that ∃(γ | Md | n′ | N | V | e′1) such that γ | Md | n | N | V | e1 → γ |
Md | n′ | N | V | e′1. Then, by D-Binary-1,

γ | Md | n | N | V | e1 ⊙ e2 → γ | Md | n′ | N | V | e′1 ⊙ e2

The desired result holds in all subcases.

Case 3 [T-∨-succ].
Suppose the last rule in the typing derivation is T-∨-succ:

Md | b : nat | Ω;Σ ⊢RD v : ↓↑A

Md | b > 0 : nat | Ω;Σ ⊢RD;Sig v : τ ∨ ↓↑A
(T-∨-succ)

By assumption, we get n > 0. By inversion, we have:

† Md | b : nat | Ω;Σ ⊢RD v : ↓↑A

We know that the last rule for deriving † is T-R-Shift:

Σ = ↓Σ′ Ω = Ω′,Ω′′un Md | b : nat | Ω,Σ′ ⊢RD v : ↑A

Md | b : nat | Ω;Σ ⊢RD v : ↓↑A
(T-R-Shift)

By inversion, we have:

(1) Md | b : nat | Ω,Σ′ ⊢RD v : ↑A

(2) Σ = ↓Σ′

(3) Ω = Ω′,Ω′′un

By assumption ⊢Md
γ N | V : Ω | Σ and (2), it follows from Lemma 27 that ⊢Md

γ N | V : Ω,Σ′.
Then the desired result follows directly by application of Lemma 26 to (1) (since n > 0).

□

Lemma 16 If ⊢Md
γ N | V : Ω | Σ and Σ = ↓Σ′, then ⊢Md

γ N | V : Ω,Σ′.

Proof: The proof is by induction on the structure of ⊢Md
γ N | V : Ω | Σ. For each step in the

derivation, we build the corresponding step of a derivation for ⊢Md
γ N | V : Ω,Σ′ according to the

well-formedness definition. □

Theorem 6.1 (Progress for Commands) If Md | b R m : nat | Ω;Σ ⊢Sig c : τ ⊣ Ω′, then ∀
n : nat with nRm and ∀ γ,N,V with ⊢Mdγ N | V : Ω | Σ, either
• Val(γ | Md | n | N | V | c) or
• ∃(γ′ | Md′ | n′ | N′ | V′ | c′) such that γ | Md | n | N | V | c → γ′ | Md′ | n′ | N′ | V′ | c′.
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Proof: The proof is by structural induction over Md | b R m : nat | Ω;Σ ⊢Sig c : τ ⊣ Ω′. We
consider a specific (co-)natural number nRm and contexts N,V, γ with ⊢Md

γ N | V : Ω | Σ. We
consider cases based on the last step in the derivation:

Case 1 [T-Enough?].

Md | b = 0 : nat | Ω;Σ ⊢Sig′′ c : τ
Md | b > 0 : nat | Ω;Σ ⊢Sig c : τ ⊣ Ω′

Sig′ = {Md | b ≥ 0 : nat | Ω;Σ ⊢ c : τ}
Sig′′ = i f Md = jit, then Sig′, else Sig

Md | b ≥ 0 : nat | Ω;Σ ⊢Sig c : τ ⊣ Ω′
(T-enough?)

By assumption, we know that n ≥ 0. We consider two subcases based on the value of n:

Subcase 1 [n = 0]. By the value rule V-c-Crash, we have

Val(γ | Md | 0 | N | V | c),

which completes the proof of this subcase.

Subcase 2 [n > 0].
By inversion on T-Enough?, and since n > 0, we have

(1) Md | b = 0 : nat | Ω;Σ ⊢Sig′′ c : τ

(2) Md | b > 0 : nat | Ω;Σ ⊢Sig c : τ ⊣ Ω′

(3) Sig′ = {Md | b ≥ 0 : nat | Ω;Σ ⊢ c : τ}

(4) Sig′′ = i f Md = jit, then Sig′, else Sig

We can apply the induction hypothesis on this judgment to get for n > 0, and N,V, γ
either
• Val(γ | Md | n | N | V | c) or
• ∃(γ′ | Md′ | n′ | N′ | V′ | c′) such that γ | Md | n | N | V | c → γ′ | Md′ | n′ | N′ |

V′ | c′.

which completes the proof of this subcase.

Case 2 [T-If].
Suppose the last rule in the typing derivation is T-if and c = if e then c1 else c2:

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e : CMdbool
Md | b ≥ 0 : nat | Ω;Σ ⊢Sig c1 : τ ⊣ Ω′

Md | b ≥ 0 : nat | Ω;Σ ⊢Sig c2 : τ ⊣ Ω′

Md | b > 0 : nat | Ω;Σ ⊢Sig if e then c1 else c2 : τ ⊣ Ω′
(T-If)

By assumption, we know that n > 0. By inversion, we have:
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(1) Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e : CMd
bool

(2) Md | b ≥ 0 : nat | Ω;Σ ⊢Sig c1 : τ ⊣ Ω′

(3) Md | b ≥ 0 : nat | Ω;Σ ⊢Sig c2 : τ ⊣ Ω′

By Theorem 16 applied to (1), either
• Val(γ | Md | n | N | V | e) or
• ∃(γ | Md | n′ | N | V | e′) such that γ | Md | n | N | V | e → γ | Md | n′ | N | V | e′.

From here, the proof proceeds in two subcases:

Subcase 1. Val(γ | Md | n | N | V | e).
Since Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e : CMdbool, we have by inversion on T-Enough?
followed by inversion on T-∨-succ that

Md | b : nat | Ω;Σ ⊢RD;Sig e : ↓↑bool

Again, by inversion on T-R-Shift, we have

(1) Md | b : nat | Ω;Σ ⊢RD;Sig e : ↑bool

(2) Ω = Ω′,Ω′′un
(3) Σ = ↓Σ′

By inversion on the rules T-bool-t and T-bool-f, we have that either e is tt or ff.

Subcase 1a. If e = tt, then since n > 0 the rule D-If-tt applies and yields the
desired result.

n = n′ + 1 Val(γ | Md | n | N | V | tt)

γ | Md | n | N | V | if tt then c1 else c2 → γ | Md | n′ | N | V | c1
(D-If-tt)

Subcase 1b. Similarly, if e = ff, then since n > 0, the rule D-If-ff applies and
yields the desired result.

n = n′ + 1 Val(γ | Md | n | N | V | ff)

γ | Md | n | N | V | if ff then c1 else c2 → γ | Md | n′ | N | V | c2
(D-If-ff)

Subcase 2. ∃(γ | Md | n′ | N | V | e′) such that γ | Md | n | N | V | e → γ | Md | n′ | N | V |
e′. Then the rule D-if applies and produces the desired result.

γ | Md | n | N | V | e → γ | Md | n′ | N | V | e′

γ | Md | n | N | V | if e then c1 else c2 →

γ | Md | n′ | N | V | if e′ then c1 else c2

(D-If)
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Case 3 [(T-Let)].
Suppose the last rule in the typing derivation is T-Let:

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e1 : CMdA
Md | b ≥ 0 : nat | Ω;Σ, x:↓↑A @ Ck ⊢Sig c : τ ⊣ Ω′

Md | b > 0 : nat | Ω;Σ ⊢Sig let x = e1 in c : τ ⊣ Ω′
(T-Let)

By assumption, we know n > 0. By inversion, we have a typing derivation for:

(1) Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e1 : CMdA
(2) Md | b ≥ 0 : nat | Ω;Σ, x:↓↑A @ Ck ⊢Sig c : τ ⊣ Ω′

By Theorem 16 applied to (1), either
• Val(γ | Md | n | N | V | e1) or
• ∃(γ | Md | n′ | N | V | e′1) such that γ | Md | n | N | V | e1 → γ | Md | n′ | N | V | e′1.

The proof proceeds in two subcases.

Subcase 1. Suppose that Val(γ | Md | n | N | V | e1). Then since n > 0, the rule
D-Let-step-v applies and yields the desired result. Note that here γ′ extends γ by
adding a new mapping from x to ℓ.

Val(γ | Md | n | N | V | e1)
γ′ = γ, [x 7→ ℓ] ℓ fresh n = n′ + 1

γ | Md | n | N | V | let x = e1 in c→ γ′ | Md | n′ | N | V, ℓ@Ck ↪→ e1 | c
(D-Let-step-v)

Subcase 2. Suppose that ∃(γ | Md | n′ | N | V | e′1) such that γ | Md | n | N | V | e1 →

γ | Md | n′ | N | V | e′1. Then since n > 0, the rule D-Let-step applies and yields the
desired result.

γ | Md | n | N | V | e→ γ | Md | n′ | N | V | e′

γ | Md | n | N | V | let x = e in c→ γ | Md | n′ | N | V | let x = e′ in c
(D-Let-step)

Case 4 [T-∨-Succ].
Suppose the last rule in the typing derivation is T-∨-Succ:

Md | b : nat | Ω;Σ ⊢Sig skip : ↓↑unit ⊣ Ω′

Md | b > 0 : nat | Ω;Σ ⊢Sig skip : τ ∨ ↓↑unit ⊣ Ω′
(T-∨-Succ)

Then since n > 0, the rule V-skip applies and yields the desired result.

n > 0

Val(γ | Md | n | N | V | skip)
(V-skip)
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Case 5 [T-Assign].
Suppose the last rule in the typing derivation is T-Assign:

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e : CMdA
Md | b > 0 : nat | Ω;Σ ⊢Wt p : ↓↑ A ⊣ Ω1

Md | b > 0 : nat | Ω;Σ ⊢Sig p := e : CMdunit ⊣ Ω1
(T-Assign)

By assumption, we know that n > 0. By inversion on T-Assign, we have

(i) Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e : CMdA
(ii) Md | b > 0 : nat | Ω;Σ ⊢Wt p : ↓↑ A ⊣ Ω1

By Theorem 16 applied to (i), either
• Val(γ | Md | n | N | V | e) or
• ∃(γ | Md | n′ | N | V | e′) such that γ | Md | n | N | V | e → γ | Md | n′ | N | V | e′.

The proof proceeds in two subcases.

Subcase 1. Val(γ | Md | n | N | V | e).
By inversion on T-w-Shift applied to (ii), we have:

Σ =↓ Σ′ Ω = Ω′,Ω′′CK Md | b : nat | Ω′,Σ′ ⊢WT p : ↑A ⊣ Ω2

Md | b : nat | Ω;Σ ⊢WT p : ↓↑ A ⊣ Ω2↾dom(Ω′),Ω′′CK
(T-W-Shift)

(1) Σ =↓ Σ′

(2) Md | b > 0 : nat | Ω′,Σ′ ⊢Wt p : ↑A ⊣ Ω2

(3) Ω1 = Ω2↾dom(Ω′),Ω′′CK
(4) Ω = Ω′,Ω′′CK

Now we proceed by inversion on T-Loc-Write applied to (2). From this inversion,

Ω,Σ′ = x:↑A@q,Ω′2 q′ = δ(q,Wt) , UN

κ | Md | b > 0 : nat | Ω,Σ′ ⊢Wt p : ↑A ⊣ Ω2
(T-Loc-Write)

we have:

(i) Ω,Σ′ = x:↑A@q,Ω′2 , and

(ii) q′ = δ(q,Wt) , UN

where Ω2 = x:↑A@q′,Ω′2
By assumption, we have ⊢Md

γ N | V : Ω | Σ. By Lemma 27, and Σ =↓ Σ′, we have
⊢Md
γ N | V : Ω′,Σ′. By the well-formedness definition, one of the two subcases hold:
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Subcase 1a. V = ℓ@q ↪→ v′,V′ with γ = γ′, [x 7→ ℓ].
Since n > 0, the D-Assign-V rule applies and yields the desired result.

Val(γ | Md | n | N | V | e) V = V′, ℓ@q ↪→ v′

q′ = δ(q, wt) , UN γ = γ′, [x→ ℓ] n = n′ + 1

γ | Md | n | N | V | x := e → γ | Md | n′ | N | V′, ℓ@q′ ↪→ e | skip
(D-Assign-V)

Subcase 1b. N = ℓ@q ↪→ v′,N′ with γ = γ′, [x 7→ ℓ].
Since n > 0, the D-Assign-N rule applies and yields the desired result. By
definition of δ, it follows that q , Rd, for we cannot have δ(Rd,Wt) , UN.

Val(γ | Md | n | N | V | e) N = N′, ℓ@q ↪→ v′

q′ = δ(q, wt) , UN q , RD γ = γ′, [x→ ℓ] n = n′ + 1

γ | Md | n | N | V | x := e → γ | Md | n′ | N′, ℓ@q′ ↪→ e | V | skip
(D-Assign-N)

Subcase 2. ∃(γ | Md | n′ | N | V | e′) such that γ | Md | n | N | V | e → γ | Md | n′ | N | V |
e′. The rule D-Assign-step applies and yields the desired result.

γ | Md | n | N | V | e → γ | Md | n′ | N | V | e′

γ | Md | n | N | V | p := e → γ | Md | n′ | N | V | p := e′
(D-Assign-step)

Case 6 [(T-seq)].
Suppose the last rule in the typing derivation is T-seq:

Md | b ≥ 0 : nat | Ω;Σ ⊢Sig c1 : Cunit ⊣ Ω′

Md | b ≥ 0 : nat | Ω′;Σ ⊢Sig c2 : τ ⊣ Ω′′

Md | b > 0 : nat | Ω;Σ ⊢Sig c1; c2 : τ ⊣ Ω′′
(T-seq)

Then the desired result follows by D-seq:

γ | Md | n | N | V | c1; c2 → γ | Md | n | N | V | c1;γ|V c2
D-seq

Case 7 [(T-seq-d)]. Suppose the last rule in the typing derivation is T-seq-d:

T-seq-d
W = γ | V Md | b ≥ 0 : nat | Ω;Σ ⊢Sig c1 : CMdunit ⊣ Ω

′ Ω′ = Ω1
CK,Ω

2

Σ′′ = trim(Σ,V, γ) ∪ ↓Ω1
un Md | b ≥ 0 : nat | Ω′;Σ′′ ⊢Sig c2 : τ ⊣ Ω′′

Md | b > 0 : nat | Ω;Σ ⊢Sig c1;W c2 : τ ⊣ Ω′′

By inversion we have
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(1) W = γ | V

(2) Md | b ≥ 0 : nat | Ω;Σ ⊢Sig c1 : CMd
unit
⊣ Ω′

(3) Σ′′ = trim(Σ,V, γ) ∪ ↓Ω1
un

(4) Md | b ≥ 0 : nat | Ω′;Σ′′ ⊢Sig c2 : τ ⊣ Ω′′

(5) Ω′ = Ω1
CK,Ω

2

By the inductive hypothesis applied to (1), we have that either

• Val(γ | Md | n | N | V | c1) or
• ∃(γ′ | Md′ | n′ | N′ | V′ | c′1) such that γ | Md | n | N | V | c1 → γ

′ | Md′ | n′ | N′ | V′ |
c′1.

The proof proceeds in two subcases.

Subcase 1. Val(γ | Md | n | N | V | c1).
By (2), Val(γ | Md | n | N | V | c1), and the assumption n > 0, it follows by inversion
on T-Enough? that

(a) Sig′ = {Md | b ≥ 0 : nat | Ω;Σ ⊢Sig c1 : Cunit}

(b) Sig′′ = if Md = jit, then Sig′, else Sig

(c) Md | b = 0 : nat | Ω;Σ ⊢Sig′′ c1 : Cunit
(d) Md | b > 0 : nat | Ω;Σ ⊢Sig c1 : Cunit ⊣ Ω′

By definition, Cunit = ↓(nat⇝ ↑Cunit) ∨ ↓↑unit. Additionally, observe that Val(γ |
Md | n | N | V | c1) implies that c1 = skip. Then by inversion of T-∨-Succ

Md | b : nat | Ω;Σ ⊢Sig skip : ↓↑unit ⊣ Ω′

Md | b > 0 : nat | Ω;Σ ⊢Sig skip : ↓(nat⇝ ↑Cunit) ∨ ↓↑unit ⊣ Ω′
(T-∨-Succ)

we learn that Md | b : nat | Ω;Σ ⊢Sig skip : ↓↑unit ⊣ Ω′.
The assumption n > 0 implies that n = n′ + 1. By this fact, (1), and V = V ↾ dom(V)
(which is trivially satisfied because V = V), the rule D-seq-v applies

D-seq-v
n = n′ + 1 W = γ | V V = V ↾ dom(V)

γ | Md | n | N | V | skip;W c2 → γ | Md | n′ | N | V | c2

Observe that γ | Md | n | N | V | skip;W c2 → γ | Md | n′ | N | V | c2 is the desired
result.

Subcase 2.∃(γ′ | Md′ | n′ | N′ | V′ | c′1) such that γ | Md | n | N | V | c1 → γ
′ | Md′ | n′ |

N′ | V′ | c′1.
Since n > 0, the rule D-cont applies and yields the desired result.
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γ | Md | n | N | V | c1 → γ
′ | Md′ | n′ | N′ | V′ | c′1

γ | Md | n | N | V | c1;W c2 → γ′ | Md′ | n′ | N′ | V′ | c′1;W c2
(D-seq-step)

□

Axiom 2 (positive input to generation channel) ε # iņ() : nat > 0.

Lemma 17 (well-typedness of expressions under crash in jit) jit | b = 0 : nat | Ω;Σ ⊢RD;Sig′
e : Cjit

A for Sig′ = {jit | b ≥ 0 : nat | Ω;Σ ⊢RD e : Cjit
A }.

Proof: Note that Cjit
A = ↓(nat ⇝ ↑ C

jit
A ) ∨ ↓↑A. Let Ω′ = Ω,Ω′′un where Σ = ↓Ω′′. By axiom

3, we have ε # iņ() : nat > 0. Then the typing derivation follows by the assumption that
jit | b ≥ 0 : nat | Ω;Σ ⊢RD e : Cjit

A ∈ Sig
′.

jit | b ≥ 0 : nat | Ω; ↓Ω′′ ⊢RD e : Cjit
A ∈ Sig

′

Ω′ = Ω,Ω′′un

jit | b > 0 : nat | Ω′ ⊢RD;Sig′↑ e : ↑Cjit
A

(T-Jit-Restore)

ε # iņ() : nat > 0

jit | · | Ω,Ω′′un ⊢RD;Sig′ ε # iņ(b > 0, ↑e) : (nat⇝ ↑Cjit
A )

(T-Charge)

Σ = ↓Ω′′

jit | · | Ω;Σ ⊢RD;Sig′ ↓ε # iņ(b > 0, ↑e) : ↓(nat⇝ ↑ Cjit
A )

(T-Jit-stop)

jit | b = 0 : nat | Ω;Σ ⊢RD;Sig′ e : ↓(nat⇝ ↑ Cjit
A ) ∨ ↓↑A

(T-∨-Crash)

The conclusion jit | b = 0 : nat | Ω;Σ ⊢RD;Sig′ e : ↓(nat ⇝ ↑ Cjit
A) ∨ ↓↑A yields the desired

result.
□

Lemma 18 (well-typedness of expressions under crash in aID) If aID(c0) | b = 0 : nat |
Ω;Σ′ ⊢RD;Sig e′ : τ s.t. dom(Σ′) ⊇ dom(Ω1

CK) where Ω = Ω1
CK,Ω

2, then aID(c0) | b = 0 : nat |
Ω;Σ ⊢RD;Sig e : τ s.t. dom(Σ) ⊇ dom(Ω1

CK).

Proof: Let the type τ = CaID
A and note that CaID

A = (nat⇝ ↓↑ CaID
unit

) ∨ ↓↑A. By inversion on the
assumed typing judgment

Σ′ = Σ1,Σ2
un

ε # in() : nat > 0
aID(c0) | b > 0 : nat | Ω;Σ2

un ⊢Sig c0 : CaID
T ∈ Sig

aID(c0) | b > 0 : nat | Ω;Σ2
un ⊢Sig ↓↑c0 : ↓↑CaID

T

(T-aID-Restore)

aID(c0) | · | Ω;Σ2
un ⊢Sig ε # in(b > 0, ↓↑c0) : nat⇝ ↓↑CaID

T ′
(T-aID-Charge)

aID(c0) | b = 0 : nat | Ω;Σ′ ⊢Sig e′ : (nat⇝ ↓↑CaID
T ′ ) ∨ ↓↑T

(T-aID-∨-Crash)

we learn the following:

(1) aID(c0) | b > 0 : nat | Ω;Σ2
un ⊢Sig c0 : CaID

T ∈ Sig
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(2) Σ′ = Σ1,Σ2
un

(3) ε # in() : nat > 0

Therefore, we have the following typing derivation where Σ ⊇ Σ2
un:

Σ′ = Σ1,Σ2
un

ε # in() : nat > 0
aID(c0) | b > 0 : nat | Ω;Σ2

un ⊢Sig c0 : CaID
T ∈ Sig

aID(c0) | b > 0 : nat | Ω;Σ2
un ⊢Sig ↓↑c0 : ↓↑CaID

T

(T-aID-Restore)

aID(c0) | · | Ω;Σ2
un ⊢Sig ε # in(b > 0, ↓↑c0) : nat⇝ ↓↑CaID

T ′
(T-aID-Charge)

aID(c0) | b = 0 : nat | Ω;Σ ⊢Sig e : (nat⇝ ↓↑CaID
T ′ ) ∨ ↓↑T

(T-aID-∨-Crash)

The conclusion aID(c0) | b = 0 : nat | Ω;Σ ⊢Sig e : (nat ⇝ ↓↑ CaID
unit

) ∨ ↓↑A yields the
desired result.

□

Lemma 19 (well-typedness of commands under crash in jit) jit | b = 0 : nat | Ω;Σ ⊢Sig′
c : Cjit

unit
for Sig′ = {jit | b ≥ 0 : nat | Ω;Σ ⊢ c : Cjit

unit
}.

Proof: Note that Cjit
unit
= ↓(nat ⇝ ↑ Cjit

unit
) ∨ ↓↑unit. Let Ω′ = Ω,Ω′′un where ↓Ω′′ = Σ. By

axiom 3, we have that ε # iņ() : nat > 0. Then the typing derivation follows by the assumptions
jit | b ≥ 0 : nat | Ω;Σ ⊢ c : Cjit

unit
∈ Sig′.

jit | b ≥ 0 : nat | Ω; ↓Ω′′ ⊢ c : Cjit
unit
∈ Sig′

Ω′ = Ω,Ω′′un

jit | b > 0 : nat | Ω′ ⊢Sig′↑ c : ↑Cjit
unit

(T-Jit-Restore)

ε # iņ() : nat > 0

jit | · | Ω′ ⊢Sig′ ε # iņ(b > 0, ↑c) : (nat⇝ ↑Cjit
unit

)
(T-Charge)

Σ = ↓Ω′′

jit | · | Ω;Σ ⊢Sig′ ↓ε # iņ(b > 0, ↑c) : ↓(nat⇝ ↑ Cjit
unit

)
(T-Jit-stop)

jit | b = 0 : nat | Ω;Σ ⊢Sig′ c : ↓(nat⇝ ↑ Cjit
unit

) ∨ ↓↑unit
(T-∨-Crash)

The conclusion jit | b = 0 : nat | Ω;Σ ⊢Sig′ c : ↓(nat⇝ ↑ Cjit
unit

)∨↓↑unit yields the desired
result. □

Lemma 20 (well-typedness of commands under crash in aID) If aID(c0) | b = 0 : nat |
Ω;Σ′ ⊢Sig c′ : τ s.t. dom(Σ′) ⊇ dom(Ω1

CK) where Ω = Ω1
CK,Ω

2 then aID(c0) | b = 0 : nat |
Ω;Σ ⊢Sig c : τ s.t. dom(Σ) ⊇ dom(Ω1

CK).

Proof: Let the type τ = CaID
unit

and note that CaID
unit
= (nat ⇝ ↓↑ CaID

unit
) ∨ ↓↑unit. By inversion

on the assumed typing judgment
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Σ = Σ1,Σ2
un

ε # in() : nat > 0
aID(c0) | b > 0 : nat | Ω;Σ2

un ⊢Sig c0 : CaID
T ∈ Sig

aID(c0) | b > 0 : nat | Ω;Σ2
un ⊢Sig ↓↑c0 : ↓↑CaID

T

(T-aID-Restore)

aID(c0) | · | Ω;Σ2
un ⊢Sig ε # in(b > 0, ↓↑c0) : nat⇝ ↓↑CaID

T ′
(T-aID-Charge)

aID(c0) | b = 0 : nat | Ω;Σ ⊢Sig c′ : (nat⇝ ↓↑CaID
T ′ ) ∨ ↓↑T

(T-aID-∨-Crash)

we learn the following:

(1) aID(c0) | b > 0 : nat | Ω;Σ2
un ⊢Sig c0 : CaID

T ∈ Sig

(2) Σ = Σ1,Σ2
un

(3) ε # in() : nat > 0

Therefore, we have the following typing derivation:

Σ = Σ1,Σ2
un

ε # in() : nat > 0
aID(c0) | b > 0 : nat | Ω;Σ2

un ⊢Sig c0 : CaID
T ∈ Sig

aID(c0) | b > 0 : nat | Ω;Σ2
un ⊢Sig ↓↑c0 : ↓↑CaID

T

(T-aID-Restore)

aID(c0) | · | Ω;Σ2
un ⊢Sig ε # in(b > 0, ↓↑c0) : nat⇝ ↓↑CaID

T ′
(T-aID-Charge)

aID(c0) | b = 0 : nat | Ω;Σ ⊢Sig c : (nat⇝ ↓↑CaID
T ′ ) ∨ ↓↑T

(T-aID-∨-Crash)

The conclusion aID(c0) | b = 0 : nat | Ω;Σ ⊢Sig c : (nat ⇝ ↓↑ CaID
unit

) ∨ ↓↑unit yields the
desired result.

□

Theorem 15 (preservation for expressions) If

(†) Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e : τ

and for some ⊢Mdγ N | V : Ω | Σ and natural number n ≥ 0, we have

γ | Md | n | N | V | e → γ | Md | n′ | N | V | e′

then
Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e′ : τ

with n′ ≥ 0.

Proof: The proof is by induction on the size of e. We proceed by considering possible cases
for γ | Md | n | N | V | e → γ | Md | n′ | N | V | e′.

Case 1. [D-Binary-1].

n > 0 γ | Md | n | N | V | e1 → γ | Md | n′ | N | V | e′1
γ | Md | n | N | V | e1 ⊙ e2 → γ | Md | n′ | N | V | e′1 ⊙ e2

(D-Binary-1)
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By the first premise of D-Binary-1, we have that n > 0. By inversion on the assumed
typing judgment (†) via T-Enough? rule, we have

(†1) Md | b > 0 : nat | Ω;Σ ⊢RD;Sig e1 ⊙ e2 : τ

and
(†2) Md | b = 0 : nat | Ω;Σ ⊢RD;Sig e1 ⊙ e2 : τ.

By inversion on (†1) via T-Binary

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e1 : τ
Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e2 : τ

Md | b > 0 : nat | Ω;Σ ⊢RD;Sig e1 ⊙ e2 : τs (T-Binary)

we learn that

(1) Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e1 : τs

(2) Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e2 : τs

By the inductive hypothesis applied to (1) and γ | Md | n | N | V | e1 → γ | Md | n′ | N | V |
e′1, it follows that

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e′1 : τs,

and n′ ≥ 0. By the following application of the T-Binary rule we get

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e′1 : τs

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e2 : τ

Md | b > 0 : nat | Ω;Σ ⊢RD;Sig e′1 ⊙ e2 : τs (T-Binary)

We consider two subcases based on Md.

Subcase 1. [Md = Jit]. By Md | b > 0 : nat | Ω;Σ ⊢RD;Sig e′1 ⊙ e2 : τs via lemma 28, we
get Md | b = 0 : nat | Ω;Σ ⊢RD;Sig e′1 ⊙ e2 : τs.

Subcase 2. [Md = aID(c0)]. By (†2) via lemma 29, we get Md | b = 0 : nat | Ω;Σ ⊢RD;Sig
e′1 ⊙ e2 : τs.

In both subcases, we have the typing judgments Md | b = 0 : nat | Ω;Σ ⊢RD;Sig e′1⊙ e2 : τs

and Md | b > 0 : nat | Ω;Σ ⊢RD;Sig e′1 ⊙ e2 : τs. Then the desired result follows by
T-Enough?:

Md | b = 0 : nat | Ω;Σ ⊢RD;Sig e′1 ⊙ e2 : τs

Md | b > 0 : nat | Ω;Σ ⊢RD;Sig e′1 ⊙ e2 : τ

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e′1 ⊙ e2 : τ
(T-enough?)

Case 2 [D-Binary-2].
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n > 0 γ | Val(Md | n | N | V | e1)
γ | Md | n | N | V | e2 → γ | Md | n′ | N′ | V′ | e′2

γ | Md | n | N | V | e1 ⊙ e2 → γ | Md | n′ | N′ | V′ | e1 ⊙ e′2
(D-Binary-2)

By the first premise n > 0. By inversion on (†) via T-Enough? rule, we have

(†1) Md | b > 0 : nat | Ω;Σ ⊢RD;Sig e1 ⊙ e2 : τs

and
(†2) Md | b = 0 : nat | Ω;Σ ⊢RD;Sig e1 ⊙ e2 : τs.

By inversion on (†1) via T-Binary

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e1 : τs

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e2 : τ

Md | b > 0 : nat | Ω;Σ ⊢RD;Sig e1 ⊙ e2 : τs (T-Binary)

we learn that

(1) Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e1 : τs

(2) Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e2 : τs

By the inductive hypothesis applied to Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e2 : τs and
γ | Md | n | N | V | e2 → γ | Md | n′ | N′ | V′ | e′2, it follows that

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e′2 : τs,

and n′ ≥ 0. By the following application of the T-Binary rule we get

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e1 : τs

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e′2 : τ

Md | b > 0 : nat | Ω;Σ ⊢RD;Sig e1 ⊙ e′2 : τs (T-Binary)

We consider two subcases based on Md.

Subcase 1. [Md = Jit]. By Md | b > 0 : nat | Ω;Σ ⊢RD;Sig e1 ⊙ e′2 : τs via lemma 28, we
get Md | b = 0 : nat | Ω;Σ ⊢RD;Sig e1 ⊙ e′2 : τs.

Subcase 2. [Md = aID(c0)]. By (†2) via lemma 29, we get Md | b = 0 : nat | Ω;Σ ⊢RD;Sig
e1 ⊙ e′2 : τs.

In both subcases, Then the desired result follows by T-Enough?:

Md | b = 0 : nat | Ω;Σ ⊢RD;Sig e1 ⊙ e′2 : τs

Md | b > 0 : nat | Ω;Σ ⊢RD;Sig e1 ⊙ e′2 : τ

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e1 ⊙ e′2 : τ
(T-enough?)
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Case 3. [D-Binary-v].

n = n′ + 1
Val(γ | Md | n | N | V | e1) Val(γ | Md | n | N | V | e2) v = e1 ⊙ e2

γ | Md | n | N | V | e1 ⊙ e2 → γ | Md | n′ | N | V | v
(D-Binary-v)

By the first premise n > 0 and n′ ≥ 0. By inversion on (†) via T-Enough? rule, we have

(†1) Md | b > 0 : nat | Ω;Σ ⊢RD;Sig e1 ⊙ e2 : τs

and
(†2) Md | b = 0 : nat | Ω;Σ ⊢RD;Sig e1 ⊙ e2 : τs.

By inversion on (†1) via T-Binary

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e1 : τs

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e2 : τ

Md | b > 0 : nat | Ω;Σ ⊢RD;Sig e1 ⊙ e2 : τs (T-Binary)

we learn that

(1) Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e1 : τs

(2) Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e2 : τs

From (1) and (2), we apply inversion on T-Enough?, T-∨-Succ, and T-R-Shift to get Md |
b : nat | Ω,Σ′ ⊢RD;Sig e1 : ↑As and Md | b : nat | Ω,Σ′ ⊢RD;Sig e2 : ↑As for Σ =↓ Σ′. By
definition of ⊙ operator, we have Md | b : nat | Ω,Σ′ ⊢RD;Sig v : ↑As for v = e1 ⊙ e2. By
application of T-∨-Succ and T-R-Shift we get

Md | b > 0 : nat | Ω;Σ ⊢RD;Sig v : τs

We consider two subcases based on Md.

Subcase 1. [Md = Jit]. By Md | b > 0 : nat | Ω;Σ ⊢RD;Sig v : τs via lemma 28, we get
Md | b = 0 : nat | Ω;Σ ⊢RD;Sig v : τs.

Subcase 2. [Md = aID(c0)]. By (†2) via lemma 29, we get Md | b = 0 : nat | Ω;Σ ⊢RD;Sig
v : τs.

In both subcases, Then the desired result follows by T-Enough?:

Md | b = 0 : nat | Ω;Σ ⊢RD;Sig v : τs

Md | b > 0 : nat | Ω;Σ ⊢RD;Sig v : τ

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig v : τ
(T-enough?)
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Case 4. [D-Var-Read].

γ = γ′, [x 7→ ℓ] V = ℓ@q ↪→ v,V′ δ(q, RD) , UN n = n′ + 1

γ | Md | n | N | V | x→ γ | Md | n′ | N | V | v
(D-var-Read)

By the last premise n > 0 and n′ ≥ 0. By inversion on (†) via T-Enough? rule, we have

(†1) Md | b > 0 : nat | Ω;Σ ⊢RD;Sig x : τs

and
(†2) Md | b = 0 : nat | Ω;Σ ⊢RD;Sig x : τs.

By inversion on (†1) via T-∨-Succ

Md | b : nat | Ω;Σ ⊢RD;Sig x : ↓↑Ai

Md | b > 0 : nat | Ω;Σ ⊢RD;Sig x : τ1 ∨ ↓↑Ai (T-∨-Succ)

we learn that Md | b : nat | Ω;Σ ⊢RD;Sig x : ↓↑Ai.
By inversion on Md | b : nat | Ω;Σ ⊢RD;Sig x : ↓↑Ai via T-R-Shift

Σ = ↓Σ′ Md | b : nat | Ω,Σ′ ⊢RD;Sig x : ↑Ai

Md | b : nat | Ω;Σ ⊢RD;Sig x : ↓↑Ai (T-R-Shift)

we learn that Md | b : nat | Ω,Σ′ ⊢RD;Sig x : ↑Ai and Σ = ↓Σ′.
By Lemma 27 applied to the assumption ⊢Mdγ N | V : Ω | Σ and premise Σ = ↓Σ′, we know
that ⊢Md

γ N | V : Ω,Σ′. By definition of well-formedness, we know that γ = γ′, [x 7→ ℓ] and
Md | b : nat | Ω,Σ′ ⊢RD;Sig x : ↑As

By application of T-∨-Succ and T-R-Shift we get

Md | b > 0 : nat | Ω;Σ ⊢RD;Sig x : τs

We consider two subcases based on Md.

Subcase 1. [Md = Jit]. By Md | b > 0 : nat | Ω;Σ ⊢RD;Sig x : τs via lemma 28, we get
Md | b = 0 : nat | Ω;Σ ⊢RD;Sig x : τs.

Subcase 2. [Md = aID(c0)]. By (†2) via lemma 29, we get Md | b = 0 : nat | Ω;Σ ⊢RD;Sig
x : τs.

In both subcases, we have Md | b = 0 : nat | Ω;Σ ⊢RD;Sig x : τs. Then the desired result
follows by T-Enough?:

Md | b = 0 : nat | Ω;Σ ⊢RD;Sig x : τs

Md | b > 0 : nat | Ω;Σ ⊢RD;Sig x : τ

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig x : τ
(T-enough?)
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Case 5. [D-N-Read].
The proof is analogous to the previous case.

□

Definition 22 We write Σ′ = trim(Σ,V, γ) where x:τ@q ∈ Σ′ iff γ = [x 7→ ℓ], γ′ and x:τ@q ∈ Σ
and ℓ ∈ dom(V).

Lemma 21 (equality of trimmed volatile contexts) If
(i) Σ′ = trim(Σ,V0, γ0)

(ii) ⊢Mdγ N | V : Ω | Σ,
(iii) ⊢Mdγ′′ N′ | V′ : Ω | Σ′′,
(iv) dom(V0) ⊆ dom(V) and dom(V0) ⊆ dom(V′)
(v) γ0 ⊆ γ and γ0 ⊆ γ

′′

then Σ′ = trim(Σ′′,V0, γ0).

Proof: We need to show that Σ′ = trim(Σ′′,V0, γ0). The proof proceeds by proving each direc-
tion separately:

Ad⇒. Let x : ↓↑A@q ∈ Σ′. Then by (i), we have

(1) x : ↓↑A@q ∈ Σ

(2) γ0 = [x 7→ l], γ′0
(3) l ∈ dom(V0)

We need to show that x : ↓↑A@q ∈ Σ′′. From (2) and γ0 ⊆ γ
′′, it follows that ∃γ′′0 ⊇ γ

′
0

such that γ′′ = [x 7→ l], γ′′0 (∗). By (iv) and (3), we have that l ∈ dom(V′). So, ∃V′0, v such
that V′ = V′0, l ↪→ v (∗∗) and · ⊢ v : ↑A (∗∗∗). Note that inverting (iii) via V-loc yields the
well-formedness judgment ⊢Md

γ′′0
N′ | V′0 : Ω | Σ′′0 (†) and q = Ck (‡). Then, it follows by

V-loc applied to (∗), (∗∗), (∗∗∗), (†), (‡) that x : ↓↑A@q ∈ Σ′′.

Ad⇐. Let

(1) x : ↓↑A@q ∈ Σ′′

(2) γ0 = [x 7→ l], γ′0
(3) l ∈ dom(V0)

We need to show that x : ↓↑A@q ∈ Σ′. To this end, it suffices to show that x : ↓↑A@q ∈ Σ.
By (3) and dom(V0) ⊆ dom(V), we have that l ∈ dom(V). Therefore, ∃V′0, v such that
V = V′0, l@q ↪→ v (∗), · ⊢ v : ↑A (∗∗), and q = Ck. From (2) and γ0 ⊆ γ, we have that
∃ γ′ ⊇ γ′0 such that γ = [x 7→ l], γ′. Note that inverting (ii) via V-loc yields the well-
formedness judgment ⊢Md

γ′ N | V′0 : Ω | Σ0 (∗∗∗). By V-Loc applied to (∗), (∗∗), (∗∗∗),
q = Ck, and γ = [x 7→ l], γ′, we have

x : ↓↑A@q ∈ Σ

Then it follows by definition 28 applied to (i) that
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x : ↓↑A@q ∈ Σ′.

We have shown that x : ↓↑A@q ∈ Σ′ iff x : ↓↑A@q ∈ Σ′′, γ = [x 7→ l], γ′, and l ∈ dom(V).
The desired result holds by definition 28. □

Lemma 22 (well-formedness of smaller memories) If
(i) ⊢Mdγ N | V : Ω | Σ,

(ii) V′′ = V ↾ dom(V′),
(iii) Σ′ = trim(Σ,V′, γ′), and
(iv) γ′ ⊆ γ

then ⊢Mdγ′ N | V′′ : Ω | Σ′.

Proof: By (2), observe that V ⊇ V′′. The proof proceeds by induction on the size of V − V′′.

Base case: |V − V′′| = 0. If |V − V′′| = 0, then V = V′′ and the desired result holds by assumption
(1).

Inductive case. Let |V − V′′| = k + 1 where |V0 − V′′| = k where V = V0, l@Ck ↪→ v and
· ⊢ v : ↑A. Let x:↓↑A@q ∈ Σ such that Σ = Σ0, (x:↓↑A@q). By inversion on V-loc applied
to the assumed judgment:

⊢Mdγ0
N | V0 : Ω | Σ0 γ = [x 7→ l], γ0 V = V0, l@Ck ↪→ v · ⊢ v : ↑A

⊢Mdγ N | V : Ω | Σ0, (x:↓↑A@q)
V-loc

we learn that

(1) ⊢Mdγ0
N | V0 : Ω | Σ0

(2) γ = [x 7→ l], γ0

(3) V = V0, l@Ck ↪→ v

(4) · ⊢ v:↑A

Now we need to show that V′′ = V0 ↾ dom(V′) and Σ′ = trim(Σ0,V′, γ′).

Ad V′′ = V0 ↾ dom(V′). To show that V′′ = V0 ↾ dom(V′), it suffices to show that l <
dom(V′):
By assumption, it follows that l ∈ V−V′′, or equivalently, l ∈ V and l < V′′. Now sup-
pose that l ∈ dom(V′). Then it follows by (ii) that l ∈ V′′, a contradiction. Therefore,
we have l < dom(V′).
Therefore, V′′ = V0 ↾ dom(V′) follows by l < dom(V′) and (ii).

Ad Σ′ = trim(Σ0,V′, γ′). To show Σ′ = trim(Σ0,V′, γ′), we first need to show that

(a) dom(V′) ⊆ dom(V0)

(b) dom(V′) ⊆ dom(V)

(c) γ ⊇ γ′
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(d) γ0 ⊇ γ
′

(a) follows by V′′ = V0 ↾ dom(V′). Towards (b), note that since V ⊇ V′′ by as-
sumption, we have dom(V) ⊇ dom(V′′). By V′′ = V0 ↾ dom(V′), it follows that
dom(V′′) = dom(V′). Therefore, dom(V′) ⊆ dom(V) (b) holds. (c) follows by as-
sumption (iv). By definition, γ = [x 7→ l], γ0, so γ0 is the smallest subset of γ not
containing x 7→ l. Observe that γ′ is a subset of γ that does not contain x 7→ l. So,
γ ⊇ γ0 ⊇ γ

′, which concludes the proof of (d).

Σ′ = trim(Σ0,V′, γ′) follows by lemma 36 applied to (iii), (a), (b), (c), and (d).

By the inductive hypothesis applied to (1), V′′ = V0 ↾ dom(V′), and Σ′ = trim(Σ0,V′, γ′),
we have ⊢Mdγ′ N | V′′ : Ω | Σ′. This is the desired result.

□

Lemma 23 (Monotonicity of volatile memories) If γ | Md | n | N | V | c → γ′ | Md | n′ | N′ |
V′ | c′ where c , c1;W c2, then dom(V) ⊆ dom(V′), γ ⊆ γ′.

Proof: The proof is straightforward, proceeding in cases on the dynamic rules. □

Definition 23 Ω > Ω′ iff ∀x:τ@q ∈ Ω, we have x:τ@q′ ∈ Ω′ where q′ , UN and either q = q′

or δ(q,Wt) = q′.

Lemma 24 If Md | b > 0 : nat | Ω;Σ ⊢Sig c : CMd
unit
⊣ Ω′, then dom(Ω) ⊆ dom(Ω′).

Proof: The proof is by induction on the size of c. We consider possible cases for Md | b > 0 :
nat | Ω;Σ ⊢Sig c : CMd

unit
⊣ Ω′.

Case [T-C-Shift].

Σ = ↓Σ′ Ω = Ω′,Ω′′CK Md | b : nat | Ω′,Σ′ ⊢Sig skip : ↑unit ⊣ Ω1

Md | b : nat | Ω;Σ ⊢Sig skip : ↓↑unit ⊣ Ω1↾dom(Ω′),Ω′′CK
(T-C-Shift)

By definition of ↾ andΩ = Ω′,Ω′′CK, we obtain the desired result dom(Ω) ⊆ dom(Ω1↾dom(Ω′),Ω′′CK).

Case [T-seq].

Md | b ≥ 0 : nat | Ω;Σ ⊢Sig c1 : CMdunit ⊣ Ω
′

Md | b ≥ 0 : nat | Ω′;Σ ⊢Sig c2 : τ ⊣ Ω′′

Md | b > 0 : nat | Ω;Σ ⊢Sig c1; c2 : τ ⊣ Ω′′
(T-seq)

By inversion of T-seq, we learn that
• Md | b ≥ 0 : nat | Ω;Σ ⊢Sig c1 : CMd

unit
⊣ Ω′

• Md | b ≥ 0 : nat | Ω′;Σ ⊢Sig c2 : τ ⊣ Ω′′
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By applying the inductive hypothesis to each of these judgments, we learn that dom(Ω) ⊆
dom(Ω′) and dom(Ω′) ⊆ dom(Ω′′). By transitivity, we establish the desired result dom(Ω) ⊆
dom(Ω′′).

Case [T-seq-d]. This case is similar to T-seq.

Case [T-∨-Succ,T-Let,T-Assign,T-If,T-enough?]. In each case, we apply the inductive hy-
pothesis to learn that dom(Ω) ⊆ dom(Ω′).

□

Theorem 6.2 (Preservation for Commands) If

(†) Md | b ≥ 0 : nat | Ω;Σ ⊢Sig c : τ ⊣ Ω′

and γ | Md | n | N | V | c is well-formed, ⊢Mdγ N | V : Ω | Σ, dom(Nun) ⊆ dom(V), and for some
(co-)natural number n ≥ 0, we have

γ | Md | n | N | V | c → γ′ | Md | n′ | N′ | V′ | c′

then for some Ω0

Md | b ≥ 0 : nat | Ω0;Σ ⊢Sig c′ : τ ⊣ Ω′

where ⊢Mdγ′ N′ | V′ : Ω0 | Σ, Ω > Ω0, and n′ ≥ 0. Moreover γ′ | Md | n′ | N′ | V′ | c′ is well-formed.
Moreover, dom(N) = dom(N′), and if Md = aID(c0), then N′\{MFstWt, Wtn} = N\{MFstWt, Wtn}.

Proof: The proof is by induction on the size of c. We proceed by considering possible cases
for γ | Md | n | N | V | c → γ′ | Md′ | n′ | N′ | V′ | c′.
Case 1 [D-Let-step].

n > 0 γ | Md | n | N | V | e→ γ | Md | n′ | N | V | e′

γ | Md | n | N | V | let x = e in c→ γ | Md | n′ | N | V | let x = e′ in c
(D-Let-step)

By the first premise n > 0. By inversion on (†) via T-Enough? rule, we have

(†1) Md | b > 0 : nat | Ω;Σ ⊢Sig let x = e in c : τ ⊣ Ω′

and
(†2) Md | b = 0 : nat | Ω;Σ ⊢Sig′′ let x = e in c : τ

where Sig′′ = i f Md = jit, then Sig′, else Sig and Sig′′ = {Md | b ≥ 0 : nat | Ω;Σ ⊢
let x = e in c : τ}.
By inversion on (†1) via T-Let

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e : CMdA
Md | b ≥ 0 : nat | Ω;Σ, x:↓↑A @ Ck ⊢Sig c : τ ⊣ Ω′

Md | b > 0 : nat | Ω;Σ ⊢Sig let x = e in c : τ ⊣ Ω′
(T-Let)

we learn that
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(1) Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e : CMdA
(2) Md | b ≥ 0 : nat | Ω;Σ, x:↓↑A @ Ck ⊢Sig c : τ ⊣ Ω′

By the application of Theorem 17 to (1) and the premise γ | Md | n | N | V | e → γ | Md |
n′ | N | V | e′, it follows that

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e′ : CMdA ,

and n′ ≥ 0. By the following application of the T-Let rule we get

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e′ : CMdA
Md | b ≥ 0 : nat | Ω;Σ, x:↓↑A @ Ck ⊢Sig c : τ ⊣ Ω′

Md | b > 0 : nat | Ω;Σ ⊢Sig let x = e′ in c : τ ⊣ Ω′
(T-Let)

We consider two subcases based on Md.

Subcase 1. [Md = Jit]. Let Sig1 = {Md | b ≥ 0 : nat | Ω;Σ ⊢ let x = e′ in c : τs}. It
follows via lemma 30, we get Md | b = 0 : nat | Ω;Σ ⊢Sig′′ let x = e′ in c : τs.

Subcase 2. [Md = aID(c0)]. By (†2) via lemma 31, we get Md | b = 0 : nat | Ω;Σ ⊢Sig′′
let x = e′ in c : τ.

In both subcases, the desired result follows by T-Enough?:

Sig1 = {Md | b ≥ 0 : nat | Ω;Σ ⊢ let x = e′ in c : τs}

Sig2 = i f Md = jit then Sig1, else Sig
Md | b = 0 : nat | Ω;Σ ⊢Sig2 let x = e′ in c : τ
Md | b > 0 : nat | Ω;Σ ⊢Sig let x = e′ in c : τ ⊣ Ω′

Md | b ≥ 0 : nat | Ω;Σ ⊢Sig let x = e′ in c : τ ⊣ Ω′
(T-enough?)

Observe that the well-formedness of γ | Md | n′ | N | V | let x = e′ in c follows by
definition and Ω > Ω follows by definition , both vacuously. Additionally, observe that
N \ {MFstWt, Wtn} = N \ {MFstWt, Wtn}, as desired.

Case 2. [D-Let-v].

Val(γ | Md | n | N | V | e) γ′ = γ, [x 7→ ℓ] ℓ fresh n = n′ + 1

γ | Md | n | N | V | let x = e in c→ γ′ | Md | n′ | N | V, ℓ@Ck ↪→ e | c
(D-Let-v)

By the last premise n > 0, and n′ ≥ 0. By inversion on (†) via T-Enough? rule, we have

(†1) Md | b > 0 : nat | Ω;Σ ⊢ let x = e in c : τ ⊣ Ω′

and
(†2) Md | b = 0 : nat | Ω;Σ ⊢ let x = e in c : τ.

By inversion of (†1) via T-Let
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Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e : CMdA
Md | b ≥ 0 : nat | Ω;Σ, x:↓↑A @ Ck ⊢ c : τ ⊣ Ω′

Md | b > 0 : nat | Ω;Σ ⊢ let x = e in c : τ ⊣ Ω′
(T-Let)

we learn that

(1) Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e : CMdA
(2) Md | b ≥ 0 : nat | Ω;Σ, x:↓↑A @ Ck ⊢ c : τ ⊣ Ω′

The typing judgment (2) completes the proof, if we can show that ⊢Mdγ′ N | V, ℓ@Ck ↪→ e :
Ω | Σ, x:↓↑A@Ck.
By Val(γ | Md | n | N | V | e), we can apply inversion on Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig
e : CMdA via T-Enough?, T-∨-Succ, and T-R-Shift to get

Md | b : nat | Ω,Σ′ ⊢RD;Sig e : ↑A,

where Σ = ↓Σ′.
This is enough to prove ⊢Mdγ′ N | V, ℓ@Ck ↪→ e : Ω | Σ, x:↓↑A@Ck.
Observe that the well-formedness of γ′ | Md | n′ | N | V, ℓ@Ck ↪→ e | c follows by
definition vacuously because c is not of the form c′;W c′′. Observe that Ω > Ω follows by
definition vacuously. Additionally, observe that N \ {MFstWt, Wtn} = N \ {MFstWt, Wtn},
as desired.

Case 3 [D-Assign-step].

n > 0 γ | Md | n | N | V | e → γ | Md | n′ | N | V | e′

γ | Md | n | N | V | x := e → γ | Md | n′ | N | V | x := e′
(D-Assign-step)

By the first premise n > 0. By inversion on (†) via T-Enough? rule, we have

(†1) Md | b > 0 : nat | Ω;Σ ⊢Sig x := e : τ ⊣ Ω′

and
(†2) Md | b = 0 : nat | Ω;Σ ⊢Sig′′ x := e : τ

where Sig′′ = i f Md = jit then Sig′ else Sig and Sig′ = {Md | b ≥ 0 : nat | Ω;Σ ⊢ x :=
e : τ}.
By inversion on (†1) via T-Assign

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e : CMdA
Md | b > 0 : nat | Ω;Σ ⊢WT x : ↓↑ A ⊣ Ω′

Md | b > 0 : nat | Ω;Σ ⊢Sig x := e : CMdunit ⊣ Ω
′

(T-Assign)

we have

304



• Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e : CMdA and
• Md | b > 0 : nat | Ω;Σ ⊢WT x : ↓↑ A ⊣ Ω′.

By the application of Theorem 17 on Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e : CMdA and the
premise γ | Md | n | N | V | e → γ | Md | n′ | N | V | e′, it follows that

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e′ : CMdA ,

and n′ ≥ 0. By the following application of the T-Assign rule we get

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e′ : CMdA
Md | b > 0 : nat | Ω;Σ ⊢WT x : ↓↑ A ⊣ Ω′

Md | b > 0 : nat | Ω;Σ ⊢Sig x := e′ : CMdunit ⊣ Ω
′

(T-Assign)

We consider two subcases based on Md.

Subcase 1. [Md = Jit]. Let Sig1 = {Md | b ≥ 0 : nat | Ω;Σ ⊢ x := e′ : τ}. It follows by
lemma 30 that Md | b = 0 : nat | Ω;Σ ⊢Sig1 x := e′ : τ.

Subcase 2. [Md = aID(c0)]. By (†2) via lemma 31, we get Md | b = 0 : nat | Ω;Σ ⊢Sig
x := e′ : τ.

In both subcases, the desired result follows by T-Enough?:

Sig1 = {Md | b ≥ 0 : nat | Ω;Σ ⊢ x := e′ : τ}
Sig2 = i f Md = jit then Sig1 else Sig
Md | b = 0 : nat | Ω;Σ ⊢Sig2 x := e′ : τ
Md | b > 0 : nat | Ω;Σ ⊢Sig x := e′ : τ ⊣ Ω′

Md | b ≥ 0 : nat | Ω;Σ ⊢Sig x := e′ : τ ⊣ Ω′
(T-enough?)

Observe that the well-formedness of γ | Md | n′ | N | V | x := e′ follows by definition
vacuously. The detail Ω > Ω follows by definition , vacuously. Additionally, observe that
N \ {MFstWt, Wtn} = N \ {MFstWt, Wtn}, as desired.

Case [D-Assign-V].

Val(γ | Md | n | N | V | e) V = V′, ℓ@q ↪→ v′

q′ = δ(q, wt) , UN γ = γ′, [x→ ℓ] n = n′ + 1

γ | Md | n | N | V | x := e → γ | Md | n′ | N | V′, ℓ@q′ ↪→ e | skip
(D-Assign-V)

By the last premise n > 0, and n′ ≥ 0. By inversion on (†) via T-Enough? rule, we have

(†1) Md | b > 0 : nat | Ω;Σ ⊢Sig x := e : τ ⊣ Ω′

and
(†2) Md | b = 0 : nat | Ω;Σ ⊢Sig′′ x := e : τ
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where Sig′′ = i f Md = jit then Sig′ else Sig and Sig′ = {Md | b ≥ 0 : nat | Ω;Σ ⊢ x :=
e : τ}.
By inversion on (†1) via T-Assign

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e : CMdA
Md | b > 0 : nat | Ω;Σ ⊢WT x : ↓↑ A ⊣ Ω′

Md | b > 0 : nat | Ω;Σ ⊢Sig x := e : CMdunit ⊣ Ω
′

(T-Assign)

we have

(1) Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e : CMdA
(2) Md | b > 0 : nat | Ω;Σ ⊢WT x : ↓↑ A ⊣ Ω′

By V-loc and the definition of V, we have that ⊢Mdγ N | V′, (ℓ@Ck ↪→ v′) : Ω | Σ0, (x :↓↑
A@Ck) where Σ = Σ0, (x :↓↑ A@CK). It follows by inversion on T-w-Shift and T-Loc-Write

Σ = ↓Σ′ Ω = Ω0,Ω1 CK

Ω0,Σ
′ = x : ↑A@CK,Ω′2 = Ω

′′ CK = δ(CK,Wt) , UN

Md | b > 0 : nat | Ω0,Σ
′ ⊢WT x : ↑ A ⊣ Ω′′

(T-Loc-Write)

Md | b > 0 : nat | Ω;Σ ⊢WT x : ↓↑ A ⊣ Ω′′↾dom(Ω0),Ω1 CK
(T-W-Shift)

that

• Ω′ = Ω′′↾dom(Ω0),Ω1 CK (∃Ω′′)
• Ω′′ = Ω0,Σ

′

• Σ = ↓Σ′

• Ω = Ω0,Ω1 CK

By definition of δ on CK, we know that Ω = Ω′.

By the premise Val(γ | Md | n | N | V | e), we can apply inversion on Md | b ≥ 0 : nat |
Ω;Σ ⊢RD;Sig e : CMdA via T-Enough?, T-∨-Succ, and T-R-Shift to get

Md | b : nat | Ω0,Σ
′ ⊢RD;Sig e : ↑A,

where Σ = ↓Σ′.
Appying V-loc, we can show that ⊢Mdγ N | V′, (ℓ@Ck ↪→ e) : Ω | Σ0, (x :↓↑ A@Ck) where
Σ′ = Σ0, (x :↓↑ A@Ck).
Furthermore, it follows by Ω = Ω′ that

Md | b > 0 : nat | Ω;Σ ⊢Sig skip : Cunit ⊣ Ω.

We consider two subcases based on Md.
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Subcase 1. [Md = Jit]. Let Sig1 = {Md | b ≥ 0 : nat | Ω;Σ ⊢ skip : Cunit}. From
lemma 30, we get Md | b = 0 : nat | Ω;Σ ⊢Sig skip : Cunit.

Subcase 2. [Md = aID(c0)]. By (†2) via lemma 31, we get Md | b = 0 : nat | Ω;Σ ⊢Sig
skip : Cunit.

In both subcases, the desired result follows by T-Enough?:

Sig1 = {Md | b ≥ 0 : nat | Ω;Σ ⊢ skip : τ}
Sig2 = i f Md = jit then Sig1, else Sig
Md | b = 0 : nat | Ω;Σ ⊢Sig2 skip : Cunit
Md | b > 0 : nat | Ω;Σ ⊢Sig skip : Cunit ⊣ Ω

Md | b ≥ 0 : nat | Ω;Σ ⊢Sig skip : Cunit ⊣ Ω
(T-enough?)

Observe that the well-formedness of γ | Md | n′ | N | V′, ℓ@q′ ↪→ e | skip follows
by definition vacuously, and Ω > Ω follows by definition , both vacuously. Additionally,
observe that N\{MFstWt, Wtn} = N\{MFstWt, Wtn}, as desired. Lastly, note that dom(V) =
dom(V′, ℓ@q′ ↪→ e).

Case [D-Assign-N].

Val(γ | Md | n | N | V | e) N = N′, ℓ@q ↪→ v′

q′ = δ(q,Wt) , UN γ = γ′, [x→ ℓ] n = n′ + 1

γ | Md | n | N | V | x := e → γ | Md | n′ | N′, ℓ@q′ ↪→ e | V | skip
(D-Assign-N)

By the last premise n > 0, and n′ ≥ 0. By inversion on (†) via T-Enough? rule, we have

(†1) Md | b > 0 : nat | Ω;Σ ⊢Sig x := e : τ ⊣ Ω′

and
(†2) Md | b = 0 : nat | Ω;Σ ⊢Sig′′ x := e : τ

where Sig′′ = i f Md = jit then Sig′ else Sig and Sig′ = {Md | b ≥ 0 : nat | Ω;Σ ⊢ x :=
e : τ}.
By inversion on (†1) via T-Assign

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e : CMdA
Md | b > 0 : nat | Ω;Σ ⊢WT x : ↓↑ A ⊣ Ω′

Md | b > 0 : nat | Ω;Σ ⊢Sig x := e : CMdunit ⊣ Ω
′

(T-Assign)

we learn that

(1) Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e : CMdA
(2) Md | b > 0 : nat | Ω;Σ ⊢WT x : ↓↑ A ⊣ Ω′
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By inversion on (2) via T-w-Shift and T-Loc-Write:

Σ = ↓Σ′ Ω = Ω0,Ω1 un

Ω0,Σ
′ = x : ↑A@q,Ω′2

Ω′′ = x : ↑A@q′,Ω′2 q′ = δ(q,Wt) , UN

Md | b > 0 : nat | Ω0,Σ
′ ⊢WT x : ↑ A ⊣ Ω′′

(T-Loc-Write)

Md | b > 0 : nat | Ω;Σ ⊢WT x : ↓↑ A ⊣ Ω′′↾dom(Ω)
(T-w-Shift)

we have

(i) Ω′ = Ω′′↾dom(Ω) (∃Ω′′)

(ii) Σ = ↓Σ′

(iii) Ω = Ω0,Ω1 un

(iv) Ω0,Σ
′ = x : ↑A@q,Ω′2

(v) Ω′′ = x : ↑A@q′,Ω′2
(vi) q′ = δ(q,Wt) , UN

By Val(γ | Md | n | N | V | e), we can apply inversion on Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig
e : CMdA via T-Enough?, T-∨-Succ, and T-R-Shift to get

Md | b : nat | Ω,Σ′ ⊢RD;Sig e : ↑A,

where Σ = ↓Σ′. This is enough to prove ⊢Mdγ (ℓ@Ck ↪→ e,N′′) | V : (x : ↑A@q′,Ω′2) | Σ.
From here, we note that since x : ↑A@q, we have x : ↑A@q ∈ Ω0. Therefore, Ω′′ = Ω0,Σ′

for some Ω0 < Ω0 (i.e., Ω0 = Ω′′0 , x : ↑A@q′ where Ω0 = Ω
′′
0 , x : ↑A@q).

We now need to show that:

Md | b > 0 : nat | Ω′;Σ ⊢Sig skip : Cunit ⊣ Ω′′↾dom(Ω).

LetΩ′ = Ω0,Ω1
un. By T-Skip, T-C-Shift, and T-∨-Succ, and recalling thatΩ′ = Ω′′↾dom(Ω)

(as defined above), we have

Σ = ↓Σ′ Ω′ = Ω0,Ω1
un

Md | b > 0 : nat | Ω0,Σ′ ⊢Sig skip : ↑unit ⊣ Ω′′
(T-Skip)

Md | b > 0 : nat | Ω′;Σ ⊢Sig skip : ↓↑unit ⊣ Ω′′↾dom(Ω′)
(T-C-Shift)

Md | b > 0 : nat | Ω′;Σ ⊢Sig skip : Cunit ⊣ Ω′′↾dom(Ω′)
(T-∨-Succ)

We now need to show that dom(Ω′) = dom(Ω). From (i), we have that dom(Ω′) ⊆ dom(Ω).
By Lemma 39, we have that dom(Ω) ⊆ dom(Ω′).
We consider two subcases based on Md.
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Subcase 1. [Md = Jit]. Let Sig1 = {Md | b ≥ 0 : nat | Ω′;Σ ⊢ skip : Cunit}. By lemma
30, we get Md | b = 0 : nat | Ω′;Σ ⊢ skip : Cunit.

Subcase 2. [Md = aID(c0)]. By (†2) via lemma 31, we get Md | b = 0 : nat | Ω′;Σ ⊢
skip : Cunit.

In both subcases, the desired result follows by T-Enough?:

Sig1 = {Md | b ≥ 0 : nat | Ω;Σ ⊢ skip : Cunit}
Sig2 = i f Md = jit then Sig1, else Sig
Md | b = 0 : nat | Ω′;Σ ⊢Sig2 skip : Cunit

Md | b > 0 : nat | Ω′;Σ ⊢Sig skip : Cunit ⊣ Ω′′↾dom(Ω′)

Md | b ≥ 0 : nat | Ω′;Σ ⊢Sig skip : Cunit ⊣ Ω′′↾dom(Ω′)
(T-enough?)

Observe that the well-formedness of γ | Md | n′ | N′, ℓ@q′ ↪→ e | V | skip follows
by definition vacuously. The detail Ω > Ω′ follows by definition , (iv) and (v) from
above, and the premise q′ = δ(q,Wt) , UN. If Md = aID(c0), we want to show that
N \ {MFstWt, Wtn} = (N′, ℓ@q′ ↪→ e) \ {MFstWt, Wtn}. By definition, N = N′, ℓ@q ↪→ v′.
Since ℓ is written to, q′ = Wtn, and either q = Wtn or q = MFstWt. Now we need to show
that N′, ℓ@q ↪→ v′ \ {MFstWt, Wtn} = N′, ℓ@q′ ↪→ e \ {MFstWt, Wtn}. From above, this
reduces to showing N′ \ {MFstWt, Wtn} = N′ \ {MFstWt, Wtn} which holds trivially. Lastly,
note that dom(N) = dom(N′, ℓ@q′ ↪→ e).

Case 6 [D-If].

γ | Md | n | N | V | e → γ | Md | n′ | N | V | e′

γ | Md | n | N | V | if e then c1 else c2 → γ | Md | n′ | N | V | if e′ then c1 else c2
(D-If)

By the first premise n > 0. By inversion on (†) via T-Enough? rule, we have

(†1) Md | b > 0 : nat | Ω;Σ ⊢Sig if e then c1 else c2 : τ ⊣ Ω′

and
(†2) Md | b = 0 : nat | Ω;Σ ⊢Sig′′ if e then c1 else c2 : τ

where Sig′′ = i f Md = jit then Sig′ else Sig and Sig′ = {Md | b ≥ 0 : nat | Ω;Σ ⊢
if e then c1 else c2 : τ}.
By inversion on (†1) via T-If

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e : CMdbool
Md | b ≥ 0 : nat | Ω;Σ ⊢Sig c1 : τ ⊣ Ω′

Md | b ≥ 0 : nat | Ω;Σ ⊢Sig c2 : τ ⊣ Ω′

Md | b > 0 : nat | Ω;Σ ⊢Sig if e then c1 else c2 : τ ⊣ Ω′
(T-If)

we learn that
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(1) Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e : CMdbool

(2) Md | b ≥ 0 : nat | Ω;Σ ⊢Sig c1 : τ ⊣ Ω′

(3) Md | b ≥ 0 : nat | Ω;Σ ⊢Sig c2 : τ ⊣ Ω′.

By the application of Theorem 17 on (1) and γ | Md | n | N | V | e → γ | Md | n′ | N | V | e′,
it follows that

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e′ : CMdbool,

and n′ ≥ 0. By the following application of the T-If rule we get

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig e′ : CMdbool
Md | b ≥ 0 : nat | Ω;Σ ⊢Sig c1 : τ ⊣ Ω′

Md | b ≥ 0 : nat | Ω;Σ ⊢Sig c2 : τ ⊣ Ω′

Md | b > 0 : nat | Ω;Σ ⊢Sig if e′ then c1 else c2 : τ ⊣ Ω′
(T-If)

We consider two subcases based on Md.

Subcase 1. [Md = Jit]. Let Sig1 = {Md | b ≥ 0 : nat | Ω;Σ ⊢ if e′ then c1 else c2 : τ}.
By lemma 30, we get Md | b = 0 : nat | Ω;Σ ⊢Sig1 if e′ then c1 else c2 : τ.

Subcase 2. [Md = aID(c0)]. By (†2) via lemma 31, we get Md | b = 0 : nat | Ω;Σ ⊢
if e′ then c1 else c2 : τs.

In both subcases, the desired result follows by T-Enough?:

Sig1 = {Md | b ≥ 0 : nat | Ω;Σ ⊢ if e′ then c1 else c2 : τ}
Sig2 = i f Md = jit then Sig1, else Sig

Md | b = 0 : nat | Ω;Σ ⊢Sig2 if e′ then c1 else c2 : τ
Md | b > 0 : nat | Ω;Σ ⊢Sig if e′ then c1 else c2 : τ ⊣ Ω′

Md | b ≥ 0 : nat | Ω;Σ ⊢Sig if e′ then c1 else c2 : τ ⊣ Ω′
(T-enough?)

Observe that the well-formedness of γ | Md | n′ | N | V | if e′ then c1 else c2 follows by
definition and Ω > Ω follows by definition , both vacuously. Additionally, observe that
N \ {MFstWt, Wtn} = N \ {MFstWt, Wtn}, as desired.

Case 7. [D-If-tt].

n = n′ + 1 Val(γ | Md | n | N | V | tt)

γ | Md | n | N | V | if tt then c1 else c2 → γ | Md | n′ | N | V | c1
(D-If-tt)

By the first premise n > 0, and n′ ≥ 0. By inversion on (†) via T-Enough? rule, we have

(†1) Md | b > 0 : nat | Ω;Σ ⊢Sig if tt then c1 else c2 : τ ⊣ Ω′

and
(†2) Md | b = 0 : nat | Ω;Σ ⊢Sig′′ if tt then c1 else c2 : τ
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where Sig′′ = i f Md = jit then Sig′ else Sig and Sig′ = {Md | b ≥ 0 : nat | Ω;Σ ⊢
if tt then c1 else c2 : τ}.
By inversion on (†1) via T-If

Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig tt : CMdbool
Md | b ≥ 0 : nat | Ω;Σ ⊢Sig c1 : τ ⊣ Ω′

Md | b ≥ 0 : nat | Ω;Σ ⊢Sig c2 : τ ⊣ Ω′

Md | b > 0 : nat | Ω;Σ ⊢Sig if tt then c1 else c2 : τ ⊣ Ω′
(T-If)

we learn that

(1) Md | b ≥ 0 : nat | Ω;Σ ⊢RD;Sig tt : CMdbool

(2) Md | b ≥ 0 : nat | Ω;Σ ⊢Sig c1 : τ ⊣ Ω′

(3) Md | b ≥ 0 : nat | Ω;Σ ⊢Sig c2 : τ ⊣ Ω′

Observe that the well-formedness of γ | Md | n′ | N | V | c1 follows by definition vacuously
because c1 is not of the form c′;W c′′. The detail Ω > Ω follows vacuously by definition .
The typing judgment (2) completes the proof, because ⊢Mdγ N | V : Ω | Σ holds by assump-
tion. Additionally, observe that N \ {MFstWt, Wtn} = N \ {MFstWt, Wtn}, as desired.

Case 8 [D-If-ff]. Similar to the previous case.

Case 9 [D-seq].

n > 0

γ | Md | n | N | V | c1; c2 → γ | Md | n | N | V | c1;γ|V c2
(D-seq)

By the premise n > 0. By inversion on (†) via T-Enough? rule, we have

(†1) Md | b > 0 : nat | Ω;Σ ⊢Sig c1; c2 : τ ⊣ Ω′′

and
(†2) Md | b = 0 : nat | Ω;Σ ⊢Sig′′ c1; c2 : τ

where Sig′′ = i f Md = jit then Sig′ else Sig and Sig′ = {Md | b ≥ 0 : nat | Ω;Σ ⊢ c1; c2 :
τ}.
By inversion on (†1) via T-Seq

Md | b ≥ 0 : nat | Ω;Σ ⊢Sig c1 : Cunit ⊣ Ω′

Md | b ≥ 0 : nat | Ω′;Σ ⊢Sig c2 : τ ⊣ Ω′′

Md | b > 0 : nat | Ω;Σ ⊢Sig c1; c2 : τ ⊣ Ω′′
(T-Seq)

we learn that
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(1) Md | b ≥ 0 : nat | Ω;Σ ⊢Sig c1 : Cunit ⊣ Ω′

(2) Md | b ≥ 0 : nat | Ω′;Σ ⊢Sig c2 : τ ⊣ Ω′′

Let W = γ | V. To finish the proof, it remains to be shown that

Md | b ≥ 0 : nat | Ω′;Σ′′ ⊢Sig c2 : τ ⊣ Ω′′

where Ω′ = Ω1
CK,Ω

2 and Σ′′′ = trim(Σ,V, γ) ∪ ↓Ω1
un.

By definition of trim and the world W, the desired result holds from (2).
Let x ∈ dom(Σ′) where [x 7→ ℓ] ∈ γ be arbitrary such that ℓ < dom(V).
By the following application of the T-seq-d rule

T-seq-d
W = γ | V Md | b ≥ 0 : nat | Ω;Σ ⊢Sig c1 : CMdunit ⊣ Ω

′ Ω′ = Ω1
CK,Ω

2

Σ′′′ = trim(Σ,V, γ) ∪ ↓Ω1
un Md | b ≥ 0 : nat | Ω′;Σ′′′ ⊢Sig c2 : τ ⊣ Ω′′

Md | b > 0 : nat | Ω;Σ ⊢Sig c1;W c2 : τ ⊣ Ω′′

we learn that Md | b > 0 : nat | Ω;Σ ⊢Sig c1;W c2 : τ ⊣ Ω′′

We consider two subcases based on Md.

Subcase 1. [Md = Jit]. Let Sig1 = {Md | b ≥ 0 : nat | Ω;Σ ⊢ c1;W c2 : τ}. By lemma
30, we get Md | b = 0 : nat | Ω;Σ ⊢ c1;W c2 : τ.

Subcase 2. [Md = aID(c0)]. By (†2) via lemma 31, we get Md | b = 0 : nat | Ω;Σ ⊢
c1;W c2 : τ.

In both subcases, the desired result follows by T-Enough?:

Sig1 = {Md | b ≥ 0 : nat | Ω;Σ ⊢ c1;W c2 : τ}
Sig2 = i f Md = jit then Sig1 else Sig
Md | b = 0 : nat | Ω;Σ ⊢Sig2 c1;W c2 : τ
Md | b > 0 : nat | Ω;Σ ⊢Sig c1;W c2 : τ ⊣ Ω′′

Md | b ≥ 0 : nat | Ω;Σ ⊢Sig c1;W c2 : τ ⊣ Ω′′
(T-enough?)

Observe that the well-formedness of γ | Md | n | N | V | c1;γ|V c2 follows by definition
vacuously.

Case [D-seq-step].

n > 0 γ | Md | n | N | V | c1 → γ
′ | Md | n′ | N′ | V′ | c′1

γ | Md | n | N | V | c1;W c2 → γ
′ | Md | n′ | N′ | V′ | c′1;W c2

(D-seq-step)

The premises yield

(a) n > 0
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(b) γ | Md | n | N | V | c1 → γ
′ | Md | n′ | N′ | V′ | c′1

By assumption, note that

• ⊢Mdγ N | V : Ω | Σ
• Md | b ≥ 0 : nat | Ω;Σ ⊢Sig c1;W c2 : τ ⊣ Ω′

• γ | Md | n | N | V | c1;W c2 is well-formed.

Put W = γ0 | V0. Then by definition we have dom(V0) ⊆ dom(V) and γ0 ⊆ γ. Observe that
γ | Md | n | N | V | c1 is well-formed, which vacuously follows by definition because c1

does not have the form c′;W′ c′′ and we always run the command c1 before c2.
By inversion of Md | b ≥ 0 : nat | Ω;Σ ⊢Sig c1;W c2 : τ ⊣ Ω′ via T-Enough? rule, we have

(†1) Md | b > 0 : nat | Ω;Σ ⊢Sig c1;W c2 : τ ⊣ Ω′

and
(†2) Md | b = 0 : nat | Ω;Σ ⊢Sig′′ c1;W c2 : τ

where Sig′′ = i f Md = jit, then Sig′, else Sig and Sig′′ = {Md | b ≥ 0 : nat | Ω;Σ ⊢
c1;W c2 : τ}.
By inversion of (†1) via T-seq-d

W = γ0 | V0 Md | b ≥ 0 : nat | Ω;Σ ⊢Sig c1 : Cunit ⊣ Ω′ Ω′ = Ω1
CK,Ω

2

Σ′′ = trim(Σ,V0, γ0) ∪ ↓Ω1
un Md | b ≥ 0 : nat | Ω′ ⊢Sig c2 : τ ⊣ Ω′′

Md | b > 0 : nat | Ω;Σ ⊢Sig c1;W c2 : τ ⊣ Ω′′
(T-seq-d)

we learn that

(1) Md | b ≥ 0 : nat | Ω;Σ ⊢Sig c1 : Cunit ⊣ Ω′

(2) Σ′′ = trim(Σ,V0, γ0)

(3) Md | b ≥ 0 : nat | Ω′;Σ′′ ⊢Sig c2 : τ ⊣ Ω′′

(4) Ω′ = Ω1
CK,Ω

2

By the inductive hypothesis applied to (1), (b), the well-formedness of γ | Md | n | N | V |
c1, ⊢Mdγ N | V : Ω | Σ, and n ≥ 0, we get Md | b ≥ 0 : nat | Ω0;Σ ⊢Sig c′1 : Cunit ⊣ Ω′, where

(i) ⊢Mdγ′ N′ | V′ : Ω0 | Σ,

(ii) n′ ≥ 0,

(iii) γ′ | Md | n′ | N′ | V′ | c′1 is well-formed,

We now need to show that dom(V0) ⊆ dom(V′) and γ0 ⊆ γ
′. Observe that c1 , c′;W c′′

because c1;W c2 and we always run c1 first. By lemma 38 and c1 , c′;W c′′, it follows that
dom(V) ⊆ dom(V′) and γ ⊆ γ′. Then it follows by dom(V0) ⊆ dom(V) and γ0 ⊆ γ (as
shown above), that dom(V0) ⊆ dom(V) ⊆ dom(V′) and γ0 ⊆ γ ⊆ γ

′.
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Using W = γ0 | V0, (2), (3), and Md | b ≥ 0 : nat | Ω0;Σ0 ⊢Sig c′1 : Cunit ⊣ Ω′;Σ′, we can
apply T-seq-d

W = γ0 | V0 Md | b ≥ 0 : nat | Ω0;Σ0 ⊢Sig c′1 : Cunit ⊣ Ω′

Σ′′ = trim(Σ0,V0, γ0) Md | b ≥ 0 : nat | Ω′;Σ′′ ⊢Sig c2 : τ ⊣ Ω′′

Md | b > 0 : nat | Ω0;Σ0 ⊢Sig c′1;W c2 : τ ⊣ Ω′′
(T-seq-d)

We now need to show that Md | b = 0 : nat | Ω0;Σ0 ⊢Sig c′1;W c2 : τ. The proof proceeds
in two subcases based on Md:

Case Md = jit. Let Sig1 = {Md | b ≥ 0 : nat | Ω0;Σ0 ⊢ c′1;W c2 : τ}. It follows by lemma
30 that Md | b = 0 : nat | Ω0;Σ0 ⊢ c′1;W c2 : τ.

Case Md = aID(c0). By (†2) via lemma 31, we can see that Md | b = 0 : nat | Ω0;Σ0 ⊢

c′1;W c2 : τ.

In both cases, Md | b = 0 : nat | Ω0;Σ0 ⊢ c′1;W c2 : τ.
The desired result follows by T-Enough?:

Sig1 = {Md | b ≥ 0 : nat | Ω0;Σ0 ⊢ c′1;W c2 : τ}
Sig2 = i f Md = jit, then Sig1, else Sig
Md | b = 0 : nat | Ω0;Σ0 ⊢ c′1;W c2 : τ

Md | b > 0 : nat | Ω0;Σ0 ⊢ c′1;W c2 : τ ⊣ Ω′′

Md | b ≥ 0 : nat | Ω0;Σ0 ⊢ c′1;W c2 : τ ⊣ Ω′′
(T-enough?)

Observe that by definition applied to dom(V0) ⊆ dom(V′) and γ0 ⊆ γ
′ (as shown above),

γ′ | Md | n′ | N′ | V′ | c′1;W c2 is well-formed, as desired.

Case 11 [D-seq-v].

n = n′ + 1 W = γ′ | V′ V′′ = V ↾ dom(V′)

γ | Md | n | N | V | skip;W c2 → γ
′ | Md | n′ | N | V′′ | c2

(D-seq-v)

Observe that n = n′ + 1 (from the premise of D-seq-v) implies n > 0, and hence b > 0.
By assumption, we have

Md | b > 0 : nat | Ω;Σ ⊢ skip;W c2 : τ ⊣ Ω′

where ⊢Mdγ N | V : Ω.
By inversion on T-seq-d, we have

(1) Md | b ≥ 0 : nat | Ω;Σ ⊢ skip : Cunit ⊣ Ω0

(2) Md | b ≥ 0 : nat | Ω0;Σ ⊢ c2 : τ ⊣ Ω′

(3) W = γ′ | V′ (from the premise of D-seq-v)
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(4) Σ′0 = trim(Σ,V′, γ′) ∪ ↓Ω1
un

(5) Ω0 = Ω
1
CK,Ω

2

We now need to show that ⊢Mdγ′ N | V′′ : Ω0 | Σ.
Since γ | Md | n | N | V | skip;W c2 is well-formed (by assumption), it follows by definition
that γ′ ⊆ γ.
By inversion of (1) on T-C-Shift and then on T-Skip, we know that Ω = Ω0. Hence, it
follows by assumption that ⊢Mdγ N | V : Ω0 | Σ(∗).
Therefore, the desired result follows by lemma 37 applied to (*), the premise V′′ = V ↾
dom(V′), (4), and γ′′′ ⊆ γ.
Observe that the well-formedness of γ′ | Md | n′ | N | V′′ | c2 follows by definition ,
vacuously because c2 is not of the form c′;W c′′.

Note that dom(N) = dom(N′) holds by observation, and by the inductive hypothesis in case
10 (D-seq-step). □

Lemma 25 If γ | Md | n | N1 | V | c→ γ | Md | n′ | N′1 | V
′ | c′ and N1\{MFstWt} = N2\{MFstWt},

then γ | Md | ∞ | N2 | V | c→ γ | Md | ∞ | N′2 | V
′ | c′ and N′1 \ {MFstWt} = N′2 \ {MFstWt}.

Proof: The proof is by induction on the size of c. We proceed by considering possible cases
for γ | Md | n | N1 | V | c→ γ | Md | n | N′1 | V

′ | c′.
Case 1 [D-Let-step].

n > 0 γ | Md | n | N | V | e→ γ | Md | n′ | N | V | e′

γ | Md | n | N | V | let x = e in c→ γ | Md | n′ | N | V | let x = e′ in c
(D-Let-step)

By inversion on D-Let-step, we have:

• n > 0
• γ | Md | n | N | V | e→ γ | Md | n′ | N | V | e′

Let N \ {MFstWt} = N2 \ {MFstWt}. By applying the inductive hypothesis, we have

• γ | Md | ∞ | N2 | V | e→ γ | Md | ∞ | N2 | V | e′

• N \ {MFstWt} = N2 \ {MFstWt}

Observing that∞ > 0, we apply D-Let-step to learn that

γ | Md | ∞ | N2 | V | let x = e in c→ γ | Md | ∞ | N2 | V | let x = e′ in c

Case 2. [D-Let-v].

Val(γ | Md | n | N | V | e) γ′ = γ, [x 7→ ℓ] ℓ fresh n = n′ + 1

γ | Md | n | N | V | let x = e in c→ γ′ | Md | n′ | N | V, ℓ@Ck ↪→ e | c
(D-Let-v)

Let N \ {MFstWt} = N2 \ {MFstWt}. By inversion on D-Let-v, we have
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(1) Val(γ | Md | n | N | V | e)

(2) γ′ = γ, [x 7→ ℓ]

(3) ℓ fresh

(4) n = n′ + 1

From n = n′ + 1, we know that n > 0. Thus, Val(γ | Md | n | N | V | e) is not a crash
value (i.e. n , 0). Therefore, Val(γ | Md | ∞ | N2 | V | e) since ∞ > 0. By application of
D-Let-v to Val(γ | Md | ∞ | N2 | V | e), (2), (3), and∞ > 0, we have

γ | Md | ∞ | N2 | V | let x = e in c→ γ′ | Md | ∞ | N2 | V, ℓ@Ck ↪→ e | c

Case 3 [D-Assign-step].

n > 0 γ | Md | n | N | V | e → γ | Md | n′ | N | V | e′

γ | Md | n | N | V | x := e → γ | Md | n′ | N | V | x := e′
(D-Assign-step)

By inversion on D-Assign-step, we have

• n > 0
• γ | Md | n | N | V | e → γ | Md | n′ | N | V | e′

Let N \ {MFstWt} = N2 \ {MFstWt}. By applying the inductive hypothesis, we have

γ | Md | ∞ | N2 | V | e → γ | Md | ∞ | N2 | V | e′

where N \ {MFstWt} = N2 \ {MFstWt}.
Observing that∞ > 0, we apply D-Assign-step to learn that

γ | Md | ∞ | N2 | V | x := e → γ | Md | ∞ | N2 | V | x := e′

Case 4 [D-Assign-V].

Val(γ | Md | n | N | V | e) V = V′, ℓ@q ↪→ v′

q′ = δ(q, wt) , UN γ = γ′, [x→ ℓ] n = n′ + 1

γ | Md | n | N | V | x := e → γ | Md | n′ | N | V′, ℓ@q′ ↪→ e | skip
(D-Assign-V)

The proof is analogous to the argument of Case 2 (D-Let-v).

Case 5 [D-Assign-N].

Val(γ | Md | n | N | V | e) N = N′, ℓ@q ↪→ v′

q′ = δ(q, wt) , UN γ = γ′, [x→ ℓ] n = n′ + 1

γ | Md | n | N | V | x := e → γ | Md | n′ | N′, ℓ@q′ ↪→ e | V | skip
(D-Assign-N)

By inversion of D-Assign-N, we learn that
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(1) Val(γ | Md | n | N | V | e)

(2) N = N′, ℓ@q ↪→ v′

(3) q′ = δ(q, wt) , UN

(4) γ = γ′, [x→ ℓ]

(5) n = n′ + 1

Let N \ {MFstWt} = N2 \ {MFstWt}. We want to show that γ | Md | ∞ | N2 | V | x :=
e → γ | Md | ∞ | N′2, ℓ@q′ ↪→ e | V | skip and N′, ℓ@q′ ↪→ e \ {MFstWt} = N′2, ℓ@q′ ↪→
e \ {MFstWt} where N2 = N′2, ℓ@q ↪→ v′.
From (5), we know that (1) is not a crash value (i.e. n > 0, and hence n , 0). Since
∞ > 0, we have Val(γ | Md | ∞ | N2 | V | e). By application of D-Assign-NV to
Val(γ | Md | ∞ | N2 | V | e), N2 = N′2, ℓ@q ↪→ v′, (3), (4), and∞ > 0, we have

γ | Md | ∞ | N2 | V | x := e → γ | Md | ∞ | N′2, ℓ@q′ ↪→ e | V | skip

Towards N′, ℓ@q′ ↪→ e \ {MFstWt} = N′2, ℓ@q′ ↪→ e \ {MFstWt}, observe that the assump-
tion N\{MFstWt} = N2 \{MFstWt} implies N′ \{MFstWt} = N′2 \{MFstWt}. Thus, it follows
that N′, ℓ@q′ ↪→ e \ {MFstWt} = N′2, ℓ@q′ ↪→ e \ {MFstWt}, as desired.

Case 6 [D-If].

γ | Md | n | N | V | e → γ | Md | n′ | N | V | e′

γ | Md | n | N | V | if e then c1 else c2 → γ | Md | n′ | N | V | if e′ then c1 else c2
(D-If)

The proof is similar to the proof of Case 3 (D-Assign-step).

Case 7. [D-If-tt].

n = n′ + 1 Val(γ | Md | n | N | V | tt)

γ | Md | n | N | V | if tt then c1 else c2 → γ | Md | n′ | N | V | c1
(D-If-tt)

By inversion on D-If-tt, we have

(1) n = n′ + 1

(2) Val(γ | Md | n | N | V | tt)

From (1), we know that n > 0, and hence (2) is not a crash value. Let N \ {MFstWt} =
N2 \ {MFstWt}. Observing that ∞ > 0, we have that Val(γ | Md | ∞ | N2 | V | tt). By
applying D-If-tt, we have that

γ | Md | ∞ | N2 | V | if tt then c1 else c2 → γ | Md | ∞ | N2 | V | c1
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Case 8. [D-If-ff].

n = n′ + 1 Val(γ | Md | n | N | V | ff)

γ | Md | n | N | V | if ff then c1 else c2 → γ | Md | n′ | N | V | c1
(D-If-ff)

The proof is similar to the previous case (D-If-tt).

Case 9 [D-seq].

n > 0

γ | Md | n | N | V | c1; c2 → γ | Md | n | N | V | c1;γ|V c2
(D-seq)

Let N \ {MFstWt} = N2 \ {MFstWt}. Observing that ∞ > 0, it follows by application of
D-seq that

γ | Md | ∞ | N2 | V | c1; c2 → γ | Md | ∞ | N2 | V | c1;γ|V c2

Case 10 [D-seq-step].

n > 0 γ | Md | n | N | V | c1 → γ
′ | Md | n′ | N′ | V′ | c′1

γ | Md | n | N | V | c1;W c2 → γ
′ | Md | n′ | N′ | V′ | c′1;W c2

(D-seq-step)

Let N \ {MFstWt} = N2 \ {MFstWt}. By inversion on D-seq-step, we have

• n > 0
• γ | Md | n | N | V | c1 → γ

′ | Md | n′ | N′ | V′ | c′1
By the inductive hypothesis, we have

(1) γ | Md | ∞ | N2 | V | c1 → γ
′ | Md | ∞ | N′2 | V

′ | c′1
(2) N′ \ {MFstWt} = N′2 \ {MFstWt}

From (1) and the observation∞ > 0, we apply D-seq-step to learn that

γ | Md | ∞ | N2 | V | c1;W c2 → γ
′ | Md | ∞ | N′2 | V

′ | c′1;W c2

Case 11 [D-seq-v].

n = n′ + 1 W = γ′ | V′ V′′ = V ↾ dom(V′)

γ | Md | n | N | V | skip;W c2 → γ
′ | Md | n′ | N | V′′ | c2

(D-seq-v)

Let N \ {MFstWt} = N2 \ {MFstWt}. By inversion on D-seq-v, we have
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• W = γ′ | V′

• V′′ = V ↾ dom(V′)

Observe that∞ > 0. By applying D-seq-v, we have

γ | Md | n | N2 | V | skip;W c2 → γ
′ | Md | n′ | N2 | V′′ | c2

□
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Appendix D

Inputs and Outputs Appendix

D.1 Syntax

We summarize our system syntax below. Values are standard, including integers, boolean primi-
tives, and variables. Expressions include values and binary operations.

To support outputs, we introduce an output identiifier ID which is a number uniquely assigned
to each output in an atomic region. If ID is in the set of user-declared idempotent outputs O, then
its output must be an idempotent value and its effect will be buffered to the end of the atomic
region.

Commands include skip instructions, conditional branching, assignments, sequences of com-
mands, outputs identified by an ID and taking a value v to output, let bindings of expressions,
and let bindings of sensor inputs. endif and all of the @q annotated commands are runtime com-
mands. As before, programs include JIT and atomic regions, identified by a unique identifier
aID and equipped with a variable policy aPol for the region and a set of output identifiers O. In
this system, the atomic region variable policy simply includes the sets of checkpointed ω and
nonidempotent nIds variables.

The reason that these variable sets are sufficient stems from the fact that this type system
combines checking with inference, where restrictions on variable accesses are learned through-
out the type checking. Therefore, access qualifiers for atomic regions describe how variables
have been accessed according to key memory access patterns: checkpointed (CK), not read yet
(NRD), first read on some path (mayFstRD), written in a tainted branch on all paths (MTntWt),
written on some path but not all (mayTntWt), and written on all paths (MFstWt). Idempotence
qualifiers indicate whether a variable is nonidempotent Nid or idempotent Id. Idempotent vari-
ables accessed within an atomic region are embellished with an access mode qualifier describing
why it is idempotent. Taintedness qualifiers indicate whether a variable could store an input-
dependent value at a given point of the type checking. We refer to input-dependent as “tainted”
(Tnt) and non input-dependent as “non-tainted” (Nt). Variables are annotated with a tuple of
idempotence qualifier and taintedness qualifier which evolve over the course of type checking a
program.

The definitions of instructions, statements, and configurations are similar to the undo-logging
interpretation with a few key differences: (1) configurations are extended a stream of sensor
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inputs, each of the form in(v) and a queue of delayed outputs that buffers idempotent outputs until
the end of an atomic region (they are evaluated from an expression to a value, and then buffered to
O); (2) certain value configurations are annotated with a qualifier, which will aid in formulating
input-dependent conditional branching; (3) the atomic region execution mode aID(c,O) must
now carry the set of idempotent output identifiers O, to be used when type checking the region;
(4) configurations include a stack of pc, each of the form ⟨qID, qIO⟩, representing both the taint
and idempotence level of the command or expression that is running (a stack is needed to enforce
proper scoping for conditionals); (5) the continuation in a crash instruction is annotated with pcS,
which must be remembered to resume execution for JIT regions.

Programs, commands, and expressions
values v ::= n | tt | ff | x
exprs e ::= v | e1 ⊙ e2 | e1 ⊙ e2@{q}
output id ID ::= n
cmds c ::= skip | let x = e in c | let x = e@q in c | let x = IN( ) in c

| if e then c1 else c2 | if e@q then c1 else c2 | x := e | x := e@q
| c1; c2 | c1;W c2 | output(ID, e) | output(ID, e@q) | endif

idempotent output ids O ::= · | ID,O
progs p ::= skip | startatom(aID, aPol,O); c; endatom; p | c; p
atomic region policy aPol ::= (ω, nIds)
Qualifiers
access qualifier qAcc ::= CK | NRD | mayFstRD | MTntWt | mayTntWt | MFstWt
idempotence qualifier qID ::= Id | Id(qAcc) | Nid
taintedness qualifier qIO ::= Tnt | Nt
qualifier q ::= ⟨qID, qIO⟩
Instructions, statements, and configurations
continuations κ ::= c | e
statements s ::= κ | i | p
crash instrs i ::= ε # in(b > 0, ↓↑κ@pcS) | ↓↑κ@pcS
energy level g ::= · | n
charge stream χ ::= n :: χ
nonvolatile mem N ::= · | ℓ@ q ↪→ v,N | ℓck@ ⟨Id(CK), qIO⟩ ↪→ v,N
volatile mem V ::= · | ℓ@ q ↪→ v,V | ℓ ↪→ v,V
checkpoint ctx K ::= (Nk; Vk)
var loc map γ ::= · | γ, x 7→ ℓ
output buffer O ::= · | O :: (out(ID, v))
input stream I ::= in(v) :: I
program counter pc ::= ⟨qID, qIO⟩
pc. stack pcS ::= · | pc▷ pcS
open config Co ::= (γ | Md | g | I | O | N | V | K | pcS | s)

| (γ | Md | g | I | O | N | K | pcS | s)
| (γ | Md | g | I | O | N | V | pcS | s)
| (γ | Md | g | I | N | K | p)

closed config Cc ::= [χ▷ ε] ⊗ Co

exec. mode Md ::= aID(c,O) | jit
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D.1.1 Qualifier structure and operations

Lattice structures. Since checking each branch of a conditional separately could result in
different qualifiers, we need to define a function to merge them at the end of a conditional. We
define the join of two typing contexts ⊔ as the pairwise join of taintedness and idempotence
qualifiers. The definitions for join over Ω and Σ are similar.

empty-s

· ⊔Ω = Ω

empty-u

· ⊔ Σ = Σ

join-s

(x : A@q1,Ω1) ⊔ (x : A@q2,Ω2) = x : A@q1 ⊔q q2, (Ω1 ⊔Ω2)

join-u

(x : A@q1,Σ1) ⊔ (x : A@q2,Σ2) = x : A@q1 ⊔q q2, (Σ1 ⊔ Σ2)

join-q
qID′ = qID1 ⊔id qID2 qIO′ = qIO1 ⊔t qIO2

⟨qID1, qIO1⟩ ⊔q ⟨qID2, qIO2⟩ = ⟨qID′, qIO′⟩

We will always have the invariants dom(Ω1) = dom(Ω2) and dom(Σ1) = dom(Σ2), because
all nonvolatile locations are pre-defined and any variables bound in one branch of a conditional
but not the other will reach the end of their scope before the end of the conditional, where the
join would occur.

We write Id = Id(qAcc) = Id and Nid = Nid to extract the idempotence level from an idempo-
tence qualifier, and note that Id( ) ⊑id Nid where join is denoted as ⊔id. We define Id(qAcc1) ⊔id

Id(qAcc2) = Id(qAcc1 ∨a qAcc2). Access qualifiers are ordered as follows: MFstWt ≤a NRD,
NRD ≤a mayFstRD, NRD ≤a mayTntWt and MTntWt ≤a mayTntWt, where join is denoted as ∨a.
CK is not included in this lattice since there will never be a case where a conditional ends with
an idempotent variable being marked as CK on one branch and a different access qualifier on the
other.

The taintedness qualifiers Nt and Tnt also form a lattice where Nt ⊑t Tnt. Join is denoted
⊔t.

We writeΩ1 ⊑ Ω2 to denote that for every variable inΩ1, the qualifier is less than the qualifier
in Ω2, with respect to idempotence and taint.

δ access transition function. To evolve an idempotence qualifier for a given sequential access
occurring under a pc context, we define the transition function: δ(pc, qID, a)=qID′. An access a
is either a read Rd or write Wt.

δ(pc, Id(NRD),Rd) = δ(pc, Id(mayFstRD),Rd) = Id(mayFstRD)
δ(Nt, Id(NRD),Wt) = δ(Nt, Id(mayTntWt),Wt) = δ(pc, Id(Wtn), a) = Id(Wtn)
δ(Tnt, Id(NRD),Wt) = δ(Tnt, Id(mayTntWt),Wt) = δ(Tnt, Id(MTntWt), a) = Id(MTntWt)
δ(pc, Id(mayFstRD),Wt) = δ(pc, Id(mayTntWt),Rd) = UN
δ(pc, Id(CK), a) = Id(CK) δ(pc, Id, a) = Id δ(pc,Nid, a) = Nid
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The two transitions that result in undefined UN would cause a program to fail type checking
due to ill-checkpointed variables in problematic code patterns: WAR (δ(pc, Id(mayFstRD),Wt))
and RIO (δ(pc, Id(mayTntWt),Rd)). Our interpretation of a RIO bug varies slightly from previous
systems. Here, it is a noncheckpointed variable that is written by some tainted branch, but not in
all, and is later read by the program.

Note that it is impossible to have a case where δ(Nt, Id(MTntWt), a) because in our system,
we will never have a MTntWt outside of a tainted conditional (lift would have already changed
the MTntWt qualifiers to MFstWt at the end of a tainted branch).

Lift function definition. Lift is applied at the end of merge, upon exiting a conditional. Upon
entering an Nt context, it translates MTntWt qualifiers into MFstWt. Otherwise, it leaves qualifiers
unchanged.

lift(Nt, Id(MTntWt)) = Id(MFstWt)
lift(pc, qID) = qID if pc = Tnt or qID , Id(MTntWt)
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D.2 Operational Semantic Rules

D.2.1 Value Configurations

Value configurations are listed below. Configurations of primitive values need to carry a qualifier
to help with the taint propagation.

V-skip
n > 0

Val(γ | Md | n | I | O | N | V | pcS | skip)

V-Nat
n > 0

Val(γ | Md | n | I | O | N | V | pcS | n@q)

V-Bool-t
n > 0

Val(γ | Md | n | I | O | N | V | pcS | tt@q)

V-Bool-f
n > 0

Val(γ | Md | n | I | O | N | V | pcS | ff@q)

V-crash

Val(γ | Md | 0 | I | O | N | V | pcS | κ)

V-↓

Val([χ▷ ε] ⊗ γ | Md | · | I | O | N | V | K | ↓↑ε # in(b > 0, κ@pcS))

V-↑
n > 0

Val([χ▷ ε] ⊗ γ | Md | n | I | O | N | K | ↑ε # in(b > 0, κ@pcS))

V-# in

Val([χ▷ ε] ⊗ γ | Md | · | I | O | N | K | ε # in(b > 0, κ@pcS))

V-p-done
n > 0

Val([χ▷ ε] ⊗ γ | n | I | O | N | K | pcS | skip)

V-c-done
n > 0

Val([χ▷ ε] ⊗ γ | n | I | O | N | V | K | pcS | skip)

D.2.2 Top-level Atomic Region Execution

The rules for executing atomic regions and JIT blocks are shown below. In D-P-Ckpt, the
premise send(O) is new, which plays the buffered idempotent outputs at the end of an atomic
region. We assume that there is enough energy at the end of a program to process the output
buffer.
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Kc ⇒p Kc

D-P-Ckpt
n > 0 InitWorldd(N; aPol; γ) = N0 | K0 | γ0

[χ▷ ε] ⊗ γ0 | aID(c0,O) | n | I | · | N0 | · | K0 | ⟨Id, Nt⟩ | c0

⇒∗ [χ′ ▷ ε] ⊗ γ′ | aID(c0,O) | n′ | I′ | O | N′ | · | K0 | ⟨Id, Nt⟩ | skip
send(O, n′) = n′′ n′, n′′ > 0 FinWorldd(N′) = N′′

[χ▷ ε] ⊗ γ | n | I | N | · | startatom(aID, aPol,O); c0; endatom; p
⇒p [χ′ ▷ ε] ⊗ γ | n′′ | I′ | N′′ | · | p

D-P-seq
n > 0 n′ > 0 [χ▷ ε] ⊗ γ | jit | n | I | · | N | · | · | ⟨Id, Nt⟩ | c

⇒∗ [χ′ ▷ ε] ⊗ γ′ | jit | n′ | I′ | · | N′ | V′ | · | pcS | skip

[χ▷ ε] ⊗ γ | n | I | N | · | c; p ⇒p [χ′ ▷ ε] ⊗ γ | n′ | I′ | N′ | · | p

Definition 24 InitWorldd(N; aPol; γ) = N0 | K0 | γ0 where aPol = (ω, nIds) iff

• N = N1,N2,N3,
• dom(N1) = range(γ↾nIds) and dom(N2) = range(γ↾ω),
• Nk, γk = unzip({(ℓ∗@CK ↪→ v, x 7→ ℓ∗) | N2(ℓ) = v, ℓ∗ fresh, x ∈ ω s.t. γ(x) = ℓ}),
• N0 = {ℓ@⟨Nid, Nt⟩↪→v | N1(ℓ) = v}∪{ℓun@⟨Id(CK), Nt⟩↪→v | N2(ℓ) = v}∪{ℓ@⟨Id(NRD), Nt⟩↪→v |

N3(ℓ) = v},
• γ0 = {xun 7→ γ(x)un | x ∈ ω} ∪ {x 7→ γ(x) | x < ω} ∪ γk,
• K0 = (Nk; ∅)

Definition 25 FinWorldd(N) = N f iff

• N = N1 un,N2,
• N f = {ℓ@⟨Id, Nt⟩ ↪→ v | ℓun@⟨Id(CK), qIO⟩ ↪→ v ∈ N1}∪{ℓ@⟨qID, Nt⟩ ↪→ v | ℓ@⟨qID, qIO⟩ ↪→

v ∈ N2, qID , Id(CK)}

D.2.3 Command Execution (Closed Config)

The execution rules for closed command configurations are shown below. When the device shuts
off, pcS is treated like volatile memory. For JIT mode, it is lumped into the continuation, and in
atomic mode it is lost. On restore in JIT mode, the stashed pcS will be brought back whereas in
atomic mode it is reset to ⟨Id, Nt⟩. Note that the output buffer disappears when the device shuts
off. This has the effect of resetting the buffer for atomic regions. Since outputs in JIT mode
are posted immediately, this has no effect for programs running in JIT mode, i.e., the buffer will
remain empty.

Kc ⇒ Kc
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γ | Md | n | I | O | N |V | c→ γ′ | Md | n′ | I′ | O′ | N′ |V′ | c′

[χ▷ ε] ⊗ γ | Md | n | I | O | N |V |K | c⇒ [χ▷ ε] ⊗ γ′ | Md | n′ | I′ | O′ | N′ |V′ |K | c′
(D-step)

[χ▷ ε] ⊗ γ | aID(c0,O) | 0 | I | O | N |V |K | κ
⇒ [χ▷ ε] ⊗ γ | aID(c0,O) | · | I | · | N | · |K | ε # in(b > 0; ↓↑c0)

(D-Crash-aID)

[n :: χ▷ ε] ⊗ γ | aID(c0,O) | · | I | · | N | · |K | ε # in(b > 0; ↓↑κ)
⇒ [χ▷ ε] ⊗ γ | aID(c0,O) | n | I | · | N | · | K | ↓↑κ

(D-charge-aID)

N = N′RD,MFstWt,N
′′
Wtn,N

′′′
CK K = (Nk; ∅)

[χ▷ ε] ⊗ γ | aID(c0,O) | n | I | · | N | · | K | ↓↑κ
⇒ [χ▷ ε] ⊗ γ | aID(c0,O) | n | I | · | N′RD,MFstWt,N

′′
MFstWt,Nk ck | · | K | κ

(D-restore-aID)

[χ▷ ε] ⊗ γ | Md | 0 | I | · | N |V | K | c
⇒ [χ▷ ε] ⊗ γ | Md | · | I | · | N |V | K | ↓ ε # in(b > 0; ↑c)

(D-Crash-Jit)

K = (·; V)

[χ▷ ε] ⊗ γ | jit | · | I | · | N |V |K | ↓ε # in(b > 0; ↑κ)
⇒ [χ▷ ε] ⊗ γ | jit | I | · | N |K | ε # in(b > 0; ↑κ)

(D-S-Jit)

[n :: χ▷ ε] ⊗ γ | Md | · | I | · | N |K | ε # in(b > 0; ↑κ)
⇒ [χ▷ ε] ⊗ γ | Md | n | I | · | N | K | ↑κ

(D-charge-Jit)

K = (·; Vk)

[χ▷ ε] ⊗ γ | jit | n | I | · | N |K |↑ κ ⇒ [χ▷ ε] ⊗ γ | jit | n | I | · | N |Vk | · | κ
(D-restore-Jit)

D.2.4 Command Execution (Open Config)

We present the operational semantics for commands below.
Notably, we include rules for propagating taint in assignments and processing inputs and

outputs. Outputs process instantaneously if nonidempotent or the command is running in JIT
mode. Otherwise, if the output is declared to be idempotent, it is buffered to the end of the
atomic region. To properly handle the scoping of pcS, the structure of the conditional branching
rules are altered to depend on a runtime command endif.

Additionally, expression configurations are annotated with a qualifier purely for proof pur-
poses. When an expression evaluation is triggered from the command level, this qualifier is
initialized to ⟨Id, Nt⟩ – primitive values used directly in a program (i.e., are not stored in a loca-
tion) are assumed to have this qualifier. This will only be replaced when a variable is read within
the expression, which will replace the qualifier with that of the read location. For an expression,
this approach will default to the qualifier ⟨Id, Nt⟩ for straight up primitive values, or the join of
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qualifiers of variables appearing in the expression.

Ko → Ko

D-If
n > 0

γ | Md | n | I | O | N | V | pcS | e@⟨Id, Nt⟩ → γ | Md | n′ | I | O | N′ | V | pcS | e′@q′

γ | Md | n | I | O | N | V | pcS | if e then c1 else c2

→ γ | Md | n′ | I | O | N′ | V | pcS | if e′@q′ then c1 else c2

D-If-step
n > 0 γ | Md | n | I | O | N | V | pcS | e@q → γ | Md | n′ | I | O | N′ | V | pcS | e′@q′

γ | Md | n | I | O | N | V | pcS | if e@q then c1 else c2

→ γ | Md | n′ | I | O | N′ | V | pcS | if e′@q′ then c1 else c2

D-If-tt
n = n′ + 1

Val(γ | Md | n | I | O | N | V | pcS | tt@qv) pc′ = pc ⊔q qv pcS = pc▷ pcS0

γ | Md | n | I | O | N | V | pcS | if tt@qv then c1 else c2

→ γ | Md | n′ | I | O | N | V | pc′ ▷ pcS | c1; endif

D-If-ff
n = n′ + 1

Val(γ | Md | n | I | O | N | V | pcS | ff@qv) pc′ = pc ⊔q qv pcS = pc▷ pcS0

γ | Md | n | I | O | N | V | pcS | if ff@qv then c1 else c2

→ γ | Md | n′ | I | O | N | V | pc′ ▷ pcS | c2; endif

D-If-end
n = n′ + 1

γ | Md | n | I | O | N | V | pc′ ▷ pcS | endif → γ | Md | n′ | I | O | N | V | pcS | skip

D-seq

γ | Md | n | I | O | N | V | pcS | c1; c2 → γ | Md | n | I | O | N | V | pcS | c1;γ|V c2

D-seq-step
γ | Md | n | I | O | N | V | pcS | c1 → γ

′ | Md | n′ | I | O | N′ | V′ | pcS | c′1
γ | Md | n | I | O | N | V | pcS | c1;W c2 → γ

′ | Md | n′ | I | O | N′ | V′ | pcS | c′1;W c2

D-seq-v
n = n′ + 1 W = γ′ | V′ V′′ = V ↾ dom(V′)

γ | Md | n | I | O | N | V | pcS | skip;W c2 → γ
′ | Md | n′ | I | O | N | V′′ | pcS | c2
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D-Let
n > 0 γ | Md | n | I | O | N | V | pcS | e@⟨Id, Nt⟩ → γ | Md | n′ | I | O | N′ | V | pcS | e′@q′

γ | Md | n | I | O | N | V | pcS | let x = e in c→ γ | Md | n′ | I | O | N′ | V | pcS | let x = e′@q′ in c

D-Let-step
n > 0 γ | Md | n | I | O | N | V | pcS | e@q→ γ | Md | n′ | I | O | N′ | V | pcS | e′@q′

γ | Md | n | I | O | N | V | pcS | let x = e@q in c→ γ | Md | n′ | I | O | N′ | V | pcS | let x = e′@q′ in c

D-Let-v
Val(γ | Md | n | I | O | N | V | pcS | e@q)

γ′ = γ, [x 7→ ℓ] ℓ fresh n = n′ + 1 pcS = pc▷ pcS′

γ | Md | n | I | O | N | V | pcS | let x = e in c→ γ′ | Md | n′ | I | O | N | V, ℓ@q ⊔ pc ↪→ e | pcS | c

D-Assign
n > 0 γ | Md | n | I | O | N | V | pcS | e@⟨Id, Nt⟩ → γ | Md | n′ | I | O | N′ | V | pcS | e′@q′

γ | Md | n | I | O | N | V | pcS | x := e → γ | Md | n′ | I | O | N′ | V | pcS | x := e′@q′

D-Assign-step
n > 0 γ | Md | n | I | O | N | V | pcS | e@q → γ | Md | n′ | I | O | N′ | V | pcS | e′@q′

γ | Md | n | I | O | N | V | pcS | x := e@q → γ | Md | n′ | I | O | N′ | V | pcS | x := e′@q′

D-Assign-V
Val(γ | Md | n | I | O | N | V | pcS | e@q)

γ = γ′, [x→ ℓ] V = V′, ℓ@⟨qID, qIO⟩ ↪→ v′ q = ⟨qIDe, qIOe⟩

pcS = pc▷ pcS′ pc = ⟨qIDpc, qIOpc⟩ q′ = ⟨qID, qIOe ⊔t qIOpc⟩ n = n′ + 1

γ | Md | n | I | O | N | V | pcS | x := e@q → γ | Md | n′ | I | O | N | V′, ℓ@q′ ↪→ e | pcS | skip

D-Assign-N
Val(γ | Md | n | I | O | N | V | pcS | e@q) q = ⟨qIDe, qIOe⟩ γ = γ′, [x→ ℓ]
N = N′, ℓ@⟨qID, qIO⟩ ↪→ v′ pcS = pc▷ pcS′ qID′ = δ(pc, qID,Wt) , UN

pc = ⟨qIDpc, qIOpc⟩ q′ = ⟨qID′, qIOe ⊔t qIOpc⟩ n = n′ + 1

γ | Md | n | I | O | N | V | pcS | x := e@q → γ | Md | n′ | I | O | N′, ℓ@q′ ↪→ e | V | pcS | skip

D-Input
γ′ = γ, [x 7→ ℓ]

ℓ fresh n = n′ + 1 I = in(v)::I′ pcS = pc▷ pcS′ q = ⟨Id, Tnt⟩ ⊔ pc

γ | Md | n | I | O | N | V | pcS | let x = IN( ) in c→ γ′ | Md | n′ | I′ | O | N | V, (ℓ@q ↪→ v) | pcS | c

D-Output
γ | Md | n | I | O | N | V | pcS | e@⟨Id, Nt⟩ → γ | Md | n′ | I | O | N′ | V | pcS | e′@q′

n = n′ + 1

γ | Md | n | I | O | N | V | pcS | output(ID, e)
→ γ | Md | n′ | I | O | N′ | V | pcS | output(ID, e′@q′)
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D-Output-step
γ | Md | n | I | O | N | V | pcS | e@q→ γ | Md | n′ | I | O | N′ | V | pcS | e′@q′ n = n′ + 1

γ | Md | n | I | O | N | V | pcS | output(ID, e@q)
→ γ | Md | n′ | I | O | N | V | pcS | output(ID, e′@q′)

D-Output-Nid-aid
Val(γ | Md | n | I | O | N | V | pcS | v@q) ID < O n = n′ + 1

γ | aID(c0,O) | n | I | O | N | V | pcS | output(ID, v@q)
o(ID,v)
−→ γ | aID(c0,O) | n′ | I | O | N | V | pcS | skip

D-Buffer-Id-aid
Val(γ | Md | n | I | O | N | V | pcS | v@q) ID ∈ O n = n′ + 1 O = O′::out(ID, v)

γ | aID(c0,O) | n | I | O | N | V | pcS | output(ID, v@q)→ γ | aID(c0,O) | n′ | I | O′ | N | V | pcS | skip

D-Output-jit
Val(γ | Md | n | I | O | N | V | pcS | v@q) n = n′ + 1

γ | jit | n | I | O | N | V | pcS | output(ID, v@q)
o(ID,v)
−→ γ | jit | n′ | I | O | N | V | pcS | skip
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D.2.5 Expression Execution
We present the expression execution rules. Since they are defined with a small-step operational
semantics, extra work is needed to evaluate the expression’s qualifier. To do this, each expression
is initially annotated with ⟨Id, Nt⟩ (as in D-V-Read, D-N-Read, and D-Binary-0). If the expres-
sion is a variable, then the qualifier is replaced with the variable’s qualifier from nonvolatile and
volatile memory, evolving the idempotence qualifier on read in the former case. Otherwise, if
it is a binary expression, ⟨Id, Nt⟩ is split into a set of two qualifiers corresponding to e1 and e2,
and the rules D-Binary-1 and D-Binary-2 solve for each qualifier one at a time. Lastly, they are
joined together in D-Binary-v. This approach also enforces that reading constants will always
return a qualifier ⟨Id, Nt⟩

Ko → Ko

D-V-Read
γ = γ′, [x 7→ ℓ] V = ℓ@q ↪→ v,V′ n = n′ + 1

γ | Md | n | I | O | N | V | pcS | x@⟨Id, Nt⟩ → γ | Md | n′ | I | O | N | V | pcS | v@q

D-N-Read
γ = γ′, [x 7→ ℓ] N = ℓ@⟨qID, qIO⟩ ↪→ v,N′ qID′ = δ(pc, qID, RD) = UN

q′ = ⟨qID′, qIO⟩ pcS = pc▷ pcS′ N′′ = ℓ@q′ ↪→ v,N′ n = n′ + 1

γ | Md | n | I | O | N | V | pcS | x@⟨Id, Nt⟩ → γ | Md | n′ | I | O | N′′ | V | pcS | v@q′

D-Binary-0
n > 0

γ | Md | n | I | O | N | V | pcS | e1 ⊙ e2@⟨Id, Nt⟩
→ γ | Md | n′ | I | O | N | V | pcS | e1 ⊙ e2@{⟨Id, Nt⟩, ⟨Id, Nt⟩}

D-Binary-1
n > 0

γ | Md | n | I | O | N | V | pcS | e1@{q1} → γ | Md | n′ | I | O | N′ | V | pcS | e′1@{q′1}

γ | Md | n | I | O | N | V | pcS | e1 ⊙ e2@{q1, ⟨Id, Nt⟩}
→ γ | Md | n′ | I | O | N′ | V | pcS | e′1 ⊙ e2@{q′1, ⟨Id, Nt⟩}

D-Binary-2
n > 0 Val(γ | Md | n | I | O | N | V | pcS | e1@q1)

γ | Md | n | I | O | N | V | pcS | e2@{q2} → γ | Md | n′ | I | O | N′ | V | pcS | e′2@{q′2}

γ | Md | n | I | O | N | V | pcS | e1 ⊙ e2@{q1, q2} → γ | Md | n′ | I | O | N′ | V | pcS | e1 ⊙ e′2@{q1, q′2}

D-Binary-v
n = n′ + 1 Val(γ | Md | n | I | O | N | V | pcS | e1@q1)

Val(γ | Md | n | I | O | N | V | pcS | e2@q2) v = e1 ⊙ e2 q′ = q1 ⊔q q2

γ | Md | n | I | O | N | V | pcS | e1 ⊙ e2@{q1, q2} → γ | Md | n′ | I | O | N | V | pcS | v@q′
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Definition 26 (Well-formedness for configurations) A configuration γ | Md | n | I | O | N | V |
pcS | c is well-formed iff when c = c1;W1 · · · ;Wn−1 cn;Wn cn+1 where n > 1, all of the following hold

• dom(V j) ⊆ dom(Vi) ⊆ dom(V)
• γ j ⊆ γi ⊆ γ

where 1 ≤ i < j ≤ n and Wk = γk | Vm for all m ∈ [1, n].

D.3 Type system

This section presents the type system for our calculus. Variables in nonvolatile and volatile
memory are typed under Ω and Σ, each mapping variables in their respective memories to a
base type and qualifier according to the undo-logging interpretation for crash types. Note that
unlike previous systems, volatile memory locations are annotated with a q which is meaningful,
reflecting the (non-)idempotence and taint level of a location.

store types A ::= int | bool
basic types T ::= unit | A
unstable types τu ::= T | ↓ τs | τu ∨ τu | nat⇝ τu | CMdT
stable types τs ::= ↑ τu

crash type variables CMdT ::= Cunit | CMdA
unstable store typing context Σ ::= · | x : ↓↑A@q,Σ | xck : ↓↑A@q,Ω
stable store typing context Ω ::= · | x : ↑A@q,Ω

Typing judgments. Command and expression typing judgments are extended with post-contexts
for taint tracking. Expression typing judgments are additionally extended with a qualifier q to
enable proper taint tracking throughout the type checking.

command (Ju) Md | bR 0 : nat | Ω;Σ | pcS ⊢Sig c : Cunit ⊣ Ω′;Σ′ c could crash
(Ju) Md | b : nat | Ω;Σ | pcS ⊢Sig skip : ↓↑unit ⊣ Ω′;Σ′ c will not crash
(Js) Md | b : nat | Ω | pcS ⊢Sig skip : ↑unit ⊣ Ω′ after commit

expression (Ju) Md | bR 0 : nat | Ω;Σ | pcS ⊢RD;Sig e : CMdA @q ⊣ Ω′ e read, could crash
(Ju) Md | b : nat | Ω;Σ | pcS ⊢RD;Sig v : ↓↑A@q ⊣ Ω′ e read no crash
(Js) Md | b : nat | Ω | pcS ⊢RD v : ↑A@q ⊣ Ω′ e read, commit
(Ju) Md | b : nat | Ω;Σ | pcS ⊢WT x : ↓↑A@q ⊣ Ω′ write on x, no crash
(Js) Md | b : nat | Ω | pcS ⊢WT x : ↑A@q ⊣ Ω′ write on x, commit

program (Js) Md | b : nat | Ω ⊢ p : ↑Cunit before execution
crash (Ju) Md | b = 0 : nat | Ω;Σ | pcS ⊢Sig κ : CMdT about to crash

(Ju) Md | · | Ω;Σ ⊢Sig ↓↑ε # in(b > 0, κ@pcS) : ↓↑(nat⇝ CMdT ) crash state
(Js) Md | · | Ω ⊢Sig ↑ε # in(b > 0, κ@pcS) : ↑(nat⇝ CMdT ) restore state
(Ju) Md | · | Ω;Σ ⊢Sig ε # in(b > 0, κ@pcS) : nat⇝ CMdT waiting for energy
(Ju) Md | b > 0 : nat | Ω;Σ | pcS ⊢Sig κ : CMdT before re-execution
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D.3.1 Expression typing rules

We present the expression typing rules. These rules are similar to before, except that since
access qualifiers can evolve on read, they are extended with a post-context. Expression types
are annotated with a qualifier that is looked up on read for variables (T-Loc-Read), ⟨Id, Nt⟩ for
constants (T-Bool-t, T-Bool-f, T-Int), or joined together for binary expressions(T-Binary).

T-Loc-Write
Ω = x : ↑A@q,Ω′2

q = ⟨qIDx, qIOx⟩ pcS = pc▷ pcS′ qID′ = δ(pc, qIDx,Wt) , UN q′ = ⟨qID′, qIOx⟩

Md | b : nat | Ω | pcS ⊢WT x : ↑A@q′ ⊣ x : ↑A@q′,Ω′2

T-W-Shift
Σ = ↓Σ′ Ω = Ω′,Ω′′CK Md | b : nat | Ω′,Σ′ | pcS ⊢WT x : ↑A@q ⊣ Ω1

Md | b : nat | Ω;Σ | pcS ⊢WT x : ↓↑A@q ⊣ Ω1↾dom(Ω′),Ω′′CK

(T-Loc-Read)
Ω = Ω′, x : ↑A@⟨qID, qIO⟩

pcS = pc▷ pcS′ qID′ = δ(pc, qID,Rd) , UN q′ = ⟨qID′, qIO⟩

Md | b : nat | Ω | pcS ⊢RD x : ↑A@q′ ⊣ Ω′, x : ↑A@q′

(T-Bool-t)

Md | b : nat | Ω | pcS ⊢RD tt :↑ bool@⟨Id, Nt⟩ ⊣ Ω

(T-Bool-f)

Md | b : nat | Ω | pcS ⊢RD ff : ↑bool@⟨Id, Nt⟩ ⊣ Ω

(T-Int)

Md | b : nat | Ω | pcS ⊢RD n : ↑int@⟨Id, Nt⟩ ⊣ Ω

(T-R-Shift)
Σ = ↓Σ′ Ω = Ω′,Ω′′ck Md | b : nat | Ω′,Σ′ | pcS ⊢RD v : ↑A@q ⊣ Ω1

Md | b : nat | Ω;Σ | pcS ⊢RD;Sig v : ↓↑A@q ⊣ Ω1↾dom(Ω′),Ω′′ck

(T-∨-Succ)
Md | b : nat | Ω;Σ | pcS ⊢RD;Sig x : ↓↑A@q ⊣ Ω′

Md | b > 0 : nat | Ω;Σ | pcS ⊢RD;Sig x : (τ1 ∨ ↓↑A)@q ⊣ Ω′
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(T-Binary)
Md | b ≥ 0 : nat | Ω;Σ | pcS ⊢RD;Sig e1 : CMdT1

@q1 ⊣ Ω1

Md | b ≥ 0 : nat | Ω;Σ | pcS ⊢RD;Sig e2 : CMdT2
@q2 ⊣ Ω2

⊙ : ↑T1 × ↑T2 → ↑T ′ Ω′ = Ω1 ⊔Ω2

Md | b > 0 : nat | Ω;Σ | pcS ⊢RD;Sig e1 ⊙ e2 : CMdT ′@q1 ⊔q q2 ⊣ Ω
′

(T-enough?)
Md | b = 0 : nat | Ω;Σ | pcS ⊢Sig′′ e : τ

Md | b > 0 : nat | Ω;Σ | pcS ⊢RD;Sig e : τ@q ⊣ Ω′

Sig′ = {Md | b ≥ 0 : nat | Ω;Σ | pcS ⊢RD e : τ} Sig′′ = i f Md = jit, then Sig′, else Sig

Md | b ≥ 0 : nat | Ω;Σ | pcS ⊢RD;Sig e : τ@q ⊣ Ω′

D.3.2 Command typing rules

The command typing rules are shown below. All interesting rules have been explained in the
main text. Outputs for JIT regions behave similarly to nonidempotent outputs since both are
posted immediately.

T-Skip

Md | b : nat | Ω | pcS ⊢Sig skip : ↑unit ⊣ Ω

T-C-Shift
Σ = ↓Σ′ Ω = Ω′,Ω′′CK Md | b : nat | Ω′,Σ′ | pcS ⊢Sig skip : ↑unit ⊣ Ω1

Md | b : nat | Ω;Σ | pcS ⊢Sig skip : ↓↑unit ⊣ Ω1↾dom(Ω′),Ω′′CK; ↓(Ω1↾dom(Σ))

T-∨-Succ
Md | b : nat | Ω;Σ | pcS ⊢Sig skip : ↓↑unit ⊣ Ω′;Σ′

Md | b > 0 : nat | Ω;Σ | pcS ⊢Sig skip : τ ∨ ↓↑unit ⊣ Ω′;Σ′

T-Let
pcS = pc▷ pcS′ Md | b ≥ 0 : nat | Ω;Σ | pcS ⊢RD;Sig e1 : CMdA @⟨qID, qIO⟩ ⊣ Ω0

Md | b ≥ 0 : nat | Ω0;Σ, x:↓↑A@⟨qID, qIO⟩ ⊔ pc | pcS ⊢Sig c : τ ⊣ Ω′;Σ′

Md | b > 0 : nat | Ω;Σ | pcS ⊢Sig let x = e1 in c : τ ⊣ Ω′;Σ′

T-If
Md | b ≥ 0 : nat | Ω;Σ | pcS ⊢RD;Sig e : CMdbool@⟨qIDe, qIOe⟩ ⊣ Ω0

pcS = pc▷ pcS′ pc = ⟨qID, qIO⟩
pc′ = ⟨qID ⊔id qIDe, qIO ⊔t qIOe⟩ Md | b ≥ 0 : nat | Ω0;Σ | pc′ ▷ pcS ⊢Sig c1 : τ ⊣ Ω1;Σ1

Md | b ≥ 0 : nat | Ω0;Σ | pc′ ▷ pcS ⊢Sig c2 : τ ⊣ Ω2;Σ2

Ω′ = lift(pc,Ω1 ⊔Ω2) Σ′ = Σ1 ⊔ Σ2

Md | b > 0 : nat | Ω;Σ | pcS ⊢Sig if e then c1 else c2 : τ ⊣ Ω′;Σ′
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T-Assign-s
Md | b ≥ 0 : nat | Ω;Σ | pcS ⊢RD;Sig e : CMdA @⟨qIDe, qIOe⟩ ⊣ Ω

1

Md | b > 0 : nat | Ω1;Σ | pcS ⊢WT x : ↓↑A@⟨qIDx, qIOx⟩ ⊣ Ω
′ pcS = pc▷ pcS′

pc = ⟨qIDpc, qIOpc⟩ qIDpc ⊔id qIDe ⊑id qIDx qIOpc ⊔t qIOe ⊑t qIOx
x ∈ dom(Ω) Ω′ = x : ↑A@⟨qIDx, qIOx⟩,Ω0 Ω′′ = x : ↑A@⟨qIDx, qIOpc ⊔t qIOe⟩,Ω0

Md | b > 0 : nat | Ω;Σ | pcS ⊢Sig x := e : τ ⊣ Ω′′;Σ

T-Assign-u
Md | b ≥ 0 : nat | Ω;Σ | pcS ⊢RD;Sig e : CMdA @⟨qIDe, qIOe⟩ ⊣ Ω0

Md | b > 0 : nat | Ω0;Σ | pcS ⊢WT x : ↓↑A@⟨qIDx, qIOx⟩ ⊣ Ω
′ pcS = pc▷ pcS′

pc = ⟨qIDpc, qIOpc⟩ qIDpc ⊔id qIDe ⊑id qIDx qIOpc ⊔t qIOe ⊑t qIOx
x ∈ dom(Σ) Σ = x : ↓↑A@⟨qIDx, qIOx⟩,Σ1 Σ′ = x : ↓↑A@⟨qIDx, qIOpc ⊔t qIOe⟩,Σ1

Md | b > 0 : nat | Ω;Σ | pcS ⊢Sig x := e : τ ⊣ Ω′;Σ′

T-seq
Md | b ≥ 0 : nat | Ω;Σ | pcS ⊢Sig c1 : CMdunit ⊣ Ω

′;Σ′

Md | b ≥ 0 : nat | Ω′;Σ′ | pcS ⊢Sig c2 : τ ⊣ Ω′′;Σ′′

Md | b > 0 : nat | Ω;Σ | pcS ⊢Sig c1; c2 : τ ⊣ Ω′′;Σ′′

T-seq-d
W = γ | V Md | b ≥ 0 : nat | Ω;Σ | pcS ⊢Sig c1 : CMdunit ⊣ Ω

′;Σ′ Ω′ = Ω1
CK,Ω

2

Σ′′ = trim(Σ′,V, γ) ∪ ↓Ω1
ck Md | b ≥ 0 : nat | Ω′;Σ′′ | pcS ⊢Sig c2 : τ ⊣ Ω′′;Σ′′′

Md | b > 0 : nat | Ω;Σ | pcS ⊢Sig c1;W c2 : τ ⊣ Ω′′;Σ′′′

T-enough?
Md | b = 0 : nat | Ω;Σ | pcS ⊢Sig′′ c : τ Md | b > 0 : nat | Ω;Σ | pcS ⊢Sig c : τ ⊣ Ω′;Σ′

Sig′ = {Md | b ≥ 0 : nat | Ω;Σ | pcS ⊢ c : τ} Sig′′ = i f Md = jit, then Sig′, else Sig

Md | b ≥ 0 : nat | Ω;Σ | pcS ⊢Sig c : τ ⊣ Ω′;Σ′

T-output-jit
jit | b ≥ 0 : nat | Ω;Σ | pcS ⊢RD;Sig e : ↓↑A@⟨qIDv, qIOv⟩ ⊣ Ω

′

jit | b > 0 : nat | Ω;Σ | pcS ⊢Sig output(ID, e) : τ ⊣ Ω′;Σ

T-output-nid
aID(c0,O) | b ≥ 0 : nat | Ω;Σ | pcS ⊢RD;Sig e : A@⟨qIDv, qIOv⟩ ⊣ Ω

′

ID < O qIDv ⊑id Nid

aID(c0,O) | b > 0 : nat | Ω;Σ | pcS ⊢Sig output(ID, e) : τ ⊣ Ω′;Σ

T-output-id
aID(c0,O) | b ≥ 0 : nat | Ω;Σ | pcS ⊢RD;Sig e : A@⟨qIDv, qIOv⟩ ⊣ Ω

′

ID ∈ O qIDv ⊑id Id

aID(c0,O) | b > 0 : nat | Ω;Σ | pcS ⊢Sig output(ID, e) : τ ⊣ Ω′;Σ

T-Let-in
pcS = pc▷ pcS′ Md | b ≥ 0 : nat | Ω;Σ, x:↓↑A@⟨Id, Tnt⟩ ⊔ pc | pcS ⊢Sig c : τ ⊣ Ω′;Σ′

Md | b > 0 : nat | Ω;Σ | pcS ⊢Sig let x = IN( ) in c : τ ⊣ Ω′;Σ′335



D.3.3 Statement Typing

The statement typing rules are similar to before, but additionally stash a pc stack in the crash
instruction. For JIT mode, we stash the current pc stack to help resume execution. For atomic
mode, we stash the default pc stack ⟨Id, Nt⟩ to help the program re-execute from the beginning.

Σ = Σ1,Σ2
ck

aID(c0) | · | Ω;Σ2 | · ⊢Sig ε # in(b > 0, ↓↑c0@⟨Id, Nt⟩) : (nat⇝ ↓↑CaID
T′ )

aID(c0) | b = 0 : nat | Ω;Σ | pcSt ⊢Sig κ : (nat⇝ ↓↑CaID
T′ ) ∨ ↓↑T

(T-aID-∨-Crash)

ε # in() : nat > 0 Md | b > 0 : nat | Ω;Σ | · ⊢Sig ↓↑κ@⟨Id, Nt⟩ : ↓↑CaID
T

Md | · | Ω;Σ | · ⊢Sig ε # in(b > 0, ↓↑κ@⟨Id, Nt⟩) : nat⇝ ↓↑CaID
T

(T-Charge)

aID(c0) | b > 0 : nat | Ω;Σ | ⟨Id, Nt⟩ ⊢Sig κ : CaID
T ∈ Sig

aID(c0) | b > 0 : nat | Ω;Σ | · ⊢Sig ↓↑κ@⟨Id, Nt⟩ : ↓↑CaID
T

(T-aID-Restore)

jit | · | Ω;Σ | · ⊢Sig ↓ε # in(b > 0, ↑κ′@pcSt) : ↓(nat⇝ ↑Cjit
T′)

jit | b = 0 : nat | Ω;Σ | pcSt ⊢Sig κ
′ : ↓(nat⇝ ↑Cjit

T′) ∨ ↓↑T
(T-Jit-∨-Crash)

Σ = ↓Σ′ jit | · | Ω,Σ′ck | · ⊢Sig ε # in(b > 0, ↑κ′@pcSt) : (nat⇝ ↑CMdT )

jit | · | Ω;Σ | · ⊢Sig ↓ε # in(b > 0, ↑κ′@pcSt) : ↓(nat⇝ ↑CMdT )
(T-Jit-stop)

ε # in() : nat > 0 Md | b > 0 : nat | Ω;Σ | · ⊢Sig ↑κ@pcSt : CMdT ∈ Sig

Md | · | Ω;Σ | · ⊢Sig ε # in(b > 0, ↑κ@pcSt) : nat⇝ CMdT
(T-Jit-Charge)

Ω = Ω′,Ω′′ck jit | · | Ω′; ↓Ω′′ | pcSt ⊢ κ
′ : CMdT ∈ Sig

jit | · | Ω | · ⊢Sig ↑κ′@pcSt :↑ CMdT
(T-Jit-Restore)

D.3.4 Program Typing

The rules for checking programs are defined below. Both rules initialize the pc to ⟨Id, Nt⟩, but
otherwise the rule for T-P-seq for checking JIT regions is similar to before. Notably, the rule
T-P-Ckpt changes to check for RIO bugs. The way to still detect RIO bugs while avoiding early
failing is to check that at the end of the atomic region, there are no variables that are written (but
not on all paths) in a tainted context. That is, the rule must check that there are no remaining
mayTntWts at the end of checking the atomic region. The InitWorldt function now only takes a set
of checkpointed variables ω and a set of non-idempotent variables nIds and sets these variables’
qualifiers to Id(CK) and Nid, respectively. All other variable qualifiers are initialized to Id(NRD)
(“idempotent because has not been read yet”).
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T-P-Ckpt
InitWorldt(Ω; aPol) = Ω0 | Σ0

Sig = {aID(c0,O) | b ≥ 0 : nat | Ω0;Σ0 | ⟨Id, Nt⟩ ⊢ c0 : Cunit ⊣ Ω′;Σ′}
aID(c0,O) | b ≥ 0 : nat | Ω0;Σ0 | ⟨Id, Nt⟩ ⊢Sig c0 : Cunit ⊣ Ω′;Σ′

Ω′↾{mayTntWt} = ∅ b : nat | Ω ⊢ p : ↑Cunit
b : nat | Ω ⊢ startatom(aID, aPol,O); c0; endatom; p : ↑Cunit

T-P-seq
jit | b ≥ 0 : nat | Ω; · | ⟨Id, Nt⟩ ⊢∅ c : Cunit ⊣ Ω′;Σ′ b : nat | Ω ⊢ p : ↑Cunit

b : nat | Ω ⊢ c; p : ↑Cunit

Definition 27 InitWorldt(Ω; aPol) = Ω0 | Σ0 iff
• dom(Ω) ⊇ ω ∪ nIds,
• ω ∩ nIds = ∅,
• Σ0={xck : ↓↑A@⟨Id(CK), Nt⟩ | x : ↑A@⟨Id, qIO⟩ ∈ Ωc}

• Ω0={x:↑A@⟨Nid, Nt⟩ | x:↑A@⟨Nid, qIO⟩ ∈ Ωn}

∪{x:↑A@⟨Id(NRD), Nt⟩ | x:↑A@⟨Id, qIO⟩ ∈ Ωnrd}∪Ωc

where aPol = (ω, nIds) and Ω = Ωc,Ωn,Ωnrd and Ωc = Ω↾ω and Ωn = Ω↾nIds.
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D.3.5 Store Typing
The rules for store typing are similar to the ones for undo-logging, but extended with a rule for
typing the operational pc stack wrt the type level pc stack. In particular, both pc stacks will be
the same.

(Empty)

⊢Mdγ · | · | · : · | · | ·

(V-loc)
⊢Mdγ N | V′ | pcSo : Ω | Σ | pcSt

γ = γ′, [x 7→ ℓ] V = V′, ℓ@q ↪→ v Md | b : nat ⊢RD v : ↑A@q

⊢Mdγ N | V | pcS0 : Ω | Σ, (x:↓↑A@q) | pcSt

(NV-loc-aid-1)
N = N′, ℓ@q ↪→ v q , ⟨Id(CK), qIO⟩

⊢aID
γ′ N′ | V | pcSo : Ω | Σ | pcSt γ = γ′, [x 7→ ℓ] aID | b : nat ⊢RD v : ↑A@q

⊢aID
γ N | V | pcSo : Ω, (x : ↑A@q) | Σ | pcSt

(NV-loc-aid-2)
N = N′, ℓ@q ↪→ v q = ⟨Id(CK), qIO⟩

⊢aID
γ′ N′ | V | pcSo : Ω | Σ | pcSt γ = γ′, [x 7→ ℓ] aID | b : nat ⊢RD v : ↓↑A@q

⊢aID
γ N | V | pcSo : Ω, (x : ↑A@q) | Σ, (xck : ↓↑A@q) | pcSt

(NV-loc-jit)
N = N′, ℓ@q ↪→ v

⊢
jit
γ′ N′ | V | pcSo : Ω | Σ | pcSt γ = γ′, [x 7→ ℓ] jit | b : nat ⊢RD v : ↑A@q

⊢jit
γ N | V | pcSo : Ω, (x : ↑A@q) | Σ | pcSt

(pc)
⊢Mdγ N | V | pcSo : Ω | Σ | pcSt

⊢Mdγ N | V | pc▷ pcSo : Ω | Σ | pc▷ pcSt
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D.4 Progress and Preservation
Lemma 26 (Progress for shifted expressions) If

Md | b:nat | Ω | pcSt ⊢RD e : ↑A@q ⊣ Ω′

then ∀ n : nat with n > 0 and ∀N,V, γ with ⊢Md
γ N | V | pcSo : Ω | pcSt, either

• Val(γ | Md | n | I | O | N | V | pcSo | e@q0) where q0 = q or
• ∃(γ | Md | n′ | I | O | N′ | V | pcSo | e′@q′) such that γ | Md | n | I | O | N | V | pcSo |

e@q0 → γ | Md | n′ | I | O | N′ | V | pcS′o | e
′@q′.

Proof: The proof proceeds by structural induction over Md | b : nat | Ω | pcSt ⊢RD e : ↑A@q ⊣
Ω′.
Case 1 [T-Loc-Read]. Suppose the last rule in the typing derivation is T-Loc-Read:

(T-Loc-Read)
Ω = Ω′, x : ↑A@⟨qID, qIO⟩

pcSt = pct ▷ pcS′t qID′ = δ(pct, qID,Rd) , UN q′ = ⟨qID′, qIO⟩

Md | b : nat | Ω | pcSt ⊢RD x : ↑A@q′ ⊣ Ω′, x : ↑A@q′

Then by inversion, we haveΩ = Ω′, x : ↑A@⟨qID, qIO⟩. By assumption, ⊢Md
γ N | V | pcSo :

Ω | pcSt. By inversion of ⊢Md
γ N | V | pcSo : Ω | pcSt according to the well-formedness

definition, we learn that pco = pct and ⊢Md
γ N | V | pcS′o : Ω | pcS′t , where pcSo = pco▷pcS′o.

Additionally, one of the two subcases hold:

Subcase 1. N = ℓ@⟨qID, qIO⟩ ↪→ v,N′ with γ = γ′, [x 7→ ℓ].
Since n > 0, it follows that ∃n′ such that n = n′ + 1, and hence the evaluation rule
D-N-Read applies:

D-N-Read
γ = γ′, [x 7→ ℓ] N = ℓ@⟨qID, qIO⟩ ↪→ v,N′

pcSo = pco ▷ pcS′o qID′ = δ(pco, qID,Rd) , UN
q′ = ⟨qID′, qIO⟩ N′′ = ℓ@q′ ↪→ v,N′ n = n′ + 1

γ | Md | n | I | O | N | V | pcSo | x@⟨qID, qIO⟩ → γ | Md | n′ | I | O | N′′ | V | pcSo | v@q′

This yields the desired result.

Subcase 2. V = ℓ@⟨qID, qIO⟩ ↪→ v,V′ with γ = γ′, [x 7→ ℓ].
Since n > 0, it follows that ∃n′ such that n = n′ + 1, and hence the evaluation rule
D-V-Read applies:

D-V-Read
γ = γ′, [x 7→ ℓ] V = ℓ@q ↪→ v,V′ n = n′ + 1

γ | Md | n | I | O | N | V | pcSo | x@q→ γ | Md | n′ | I | O | N | V | pcSo | v@q
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This yields exactly the desired result.

Case 2 [T-Bool-t]. Suppose that the last rule in the typing derivation is T-Bool-t:

(T-Bool-t)

Md | b : nat | Ω | pcSt ⊢RD tt :↑ bool@⟨Id, Nt⟩ ⊣ Ω

By the value rule V-Bool-t and the assumption n > 0 we get

V-Bool-t
n > 0

Val(γ | Md | n | I | O | N | V | pcSo | tt@⟨Id, Nt⟩)

Case 3 [T-Bool-f]. Suppose that the last rule in the typing derivation is T-Bool-f:

(T-Bool-f)

Md | b : nat | Ω | pcSt ⊢RD ff :↑ bool@⟨Id, Nt⟩ ⊣ Ω

By the value rule V-Bool-f and the assumption n > 0 we get

V-Bool-f
n > 0

Val(γ | Md | n | I | O | N | V | pcSo | ff@⟨Id, Nt⟩)

Case 4 [T-Int].
Suppose that the last rule in the typing derivation is T-Nat:

(T-Nat)

Md | b : nat | Ω | pcSt ⊢RD n : ↑int@⟨Id, Nt⟩ ⊣ Ω

By the value rule V-Nat and the assumption n > 0 we get:

V-Nat
n > 0

Val(γ | Md | n | I | O | N | V | pcSo | n@⟨Id, Nt⟩)

□

Theorem 16 (Progress for expressions) If Md | b R m : nat | Ω;Σ | pcSt ⊢RD;Sig e : τ@q ⊣ Ω′,
then ∀ n : nat with nRm and ∀ N,V, γ with ⊢Md

γ N | V | pcSo : Ω | Σ | pcSt, either
• Val(γ | Md | n | I | O | N | V | pcSo | e@q0) where q0 = q or
• ∃(γ | Md | n′ | I | O | N′ | V | pcSo | e′@{q′}) such that γ | Md | n | I | O | N | V | pcSo |

e@{q0} → γ | Md | n′ | I | O | N′ | V | pcSo | e
′@{q′}.
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Proof: The proof is by structural induction over Md | b R m : nat | Ω;Σ | pcSt ⊢RD;Sig

e : τ@q ⊣ Ω′. We consider a specific (co-)natural number nRm and contexts N,V, γ with
⊢Md
γ N | V | pcSo : Ω | Σ | pcSt. We consider cases based on the last step in the derivation:
Case 1 [T-Enough?].

(T-enough?)
Md | b = 0 : nat | Ω;Σ | pcSt ⊢Sig′′ e : τ

Md | b > 0 : nat | Ω;Σ | pcSt ⊢RD;Sig e : τ@q ⊣ Ω′

Sig′ = {Md | b ≥ 0 : nat | Ω;Σ | pcSt ⊢RD e : τ}
Sig′′ = i f Md = jit, then Sig′, else Sig

Md | b ≥ 0 : nat | Ω;Σ | pcSt ⊢RD;Sig e : τ@q ⊣ Ω′

By assumption, we know that n ≥ 0. We consider two subcases based on the value of n
(i.e. n = 0 or n > 0):

Subcase 1 [n = 0]. By the value rule V-e-Crash, we have

Val(γ | Md | 0 | I | O | N | V | pcSo | e),

which completes the proof of this subcase.

Subcase 2 [n > 0].
By inversion on T-Enough?, we have

(1) Md | b = 0 : nat | Ω;Σ | pcSt ⊢Sig′′ e : τ

(2) Md | b > 0 : nat | Ω;Σ | pcSt ⊢RD;Sig e : τ@q ⊣ Ω′

(3) Sig′ = {Md | b ≥ 0 : nat | Ω;Σ | pcSt ⊢RD e : τ}

(4) Sig′′ = i f Md = jit, then Sig′, else Sig

We can apply the induction hypothesis to (2) to get for n > 0, and N,V, γ either
• Val(γ | Md | n | I | O | N | V | pcSo | e@q) or
• ∃(γ | Md | n′ | I | O | N′ | V | pcSo | e

′@{q′}) such that γ | Md | n | I | O | N | V |
pcSo | e@{q0} → γ | Md | n′ | I | O | N′ | V | pcSo | e

′@{q′}.

which completes the proof of this subcase.

Case 2 [T-Binary].
Suppose the last rule in the typing derivation is T-Binary and e = e1 ⊙ e2:

(T-Binary)
Md | b ≥ 0 : nat | Ω;Σ | pcSt ⊢RD;Sig e1 : CMdT1

@q1 ⊣ Ω1

Md | b ≥ 0 : nat | Ω;Σ | pcSt ⊢RD;Sig e2 : CMdT2
@q2 ⊣ Ω2

⊙ : ↑T1 × ↑T2 → ↑T ′ Ω′ = Ω1 ⊔Ω2

Md | b > 0 : nat | Ω;Σ | pcSt ⊢RD;Sig e1 ⊙ e2 : CMdT ′@q1 ⊔q q2 ⊣ Ω
′

By assumption, we know that n > 0. By inversion, we have

(1) Md | b ≥ 0 : nat | Ω;Σ | pcSt ⊢RD;Sig e1 : CMdT1
@q1 ⊣ Ω1
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(2) Md | b ≥ 0 : nat | Ω;Σ | pcSt ⊢RD;Sig e2 : CMdT2
@q2 ⊣ Ω2

(3) ⊙ : ↑T1 × ↑T2 → ↑T ′

By the inductive hypothesis applied to (1), either

• Val(γ | Md | n | I | O | N | V | pcSo | e1@q1), or
• ∃(γ | Md | n′ | I | O | N′ | V | pcSo | e

′
1@{q′1}) such that γ | Md | n | I | O | N | V | pcSo |

e1@{q0
1} → γ | Md | n′ | I | O | N′ | V | pcSo | e

′
1@{q′1}.

From here, the proof proceeds in two subcases:

Subcase 1. Val(γ | Md | n | I | O | N | V | pcSo | e1@q1)
We apply the inductive hypothesis to (2) to get two sub-subcases.

Subcase 1a. Val(γ | Md | n | I | O | N | V | pcSo | e2@q2).
Since n > 0, we can apply the dynamic rule D-Binary-v to get

γ | Md | n | I | O | N | V | pcSo | e1 ⊙ e2@{q1, q2}

→ γ | Md | n′ | I | O | N | V | pcSo | v@q1 ⊔q q2,

where v = e1 ⊙ e2, and n = n′ + 1.

Subcase 1b. ∃(γ | Md | n′ | I | O | N′ | V | pcSo | e
′
2@{q′2}) such that γ | Md | n | I |

O | N | V | pcS | e2@{q0
2} → γ | Md | n′ | I | O | N′ | V | pcSo | e′2@{q′2}. By

D-Binary-2,

γ | Md | n | I | O | N | V | pcSo | e1 ⊙ e2@{q1, q0
2}

→ γ | Md | n′ | I | O | N′ | V | pcSo | e1 ⊙ e′2@{q1, q′2}

Subcase 2. Suppose that ∃(γ | Md | n′ | I | O | N′ | V | pcSo | e′1@q′1) such that
γ | Md | n | I | O | N | V | pcSo | e1@q0

1 → γ | Md | n′ | I | O | N′ | V | pcSo | e
′
1@q′1.

Then, by D-Binary-1,

γ | Md | n | I | O | N | V | pcSo | e1 ⊙ e2@{q0
1, q2}

→ γ | Md | n′ | I | O | N′ | V | pcSo | e
′
1 ⊙ e2@{q′1, q2}

The desired result holds in all subcases.

Case 3 [T-∨-succ].
Suppose the last rule in the typing derivation is T-∨-succ:

(T-∨-Succ)
Md | b : nat | Ω;Σ | pcSt ⊢RD;Sig x : ↓↑A@q ⊣ Ω′

Md | b > 0 : nat | Ω;Σ | pcSt ⊢RD;Sig x : (τ1 ∨ ↓↑A)@q ⊣ Ω′

By assumption, we get n > 0. By inversion, we have:
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† Md | b : nat | Ω;Σ | pcSt ⊢RD;Sig x : ↓↑A@q ⊣ Ω′

We know that the last rule for deriving † is T-R-Shift:

(T-R-Shift)
Σ = ↓Σ′ Ω = Ω′,Ω′′ck Md | b : nat | Ω′,Σ′ | pcSt ⊢RD v : ↑A@q ⊣ Ω1

Md | b : nat | Ω;Σ | pcSt ⊢RD;Sig v : ↓↑A@q ⊣ Ω1↾dom(Ω′),Ω′′ck

By inversion, we have:

(1) Md | b : nat | Ω′,Σ′ | pcSt ⊢RD v : ↑A@q ⊣ Ω1

(2) Σ = ↓Σ′

(3) Ω = Ω′,Ω′′ck

By assumption ⊢Md
γ N | V | pcSo : Ω | Σ | pcSt and (2), it follows from Lemma 27 that

⊢Md
γ N | V | pcSo : Ω′,Σ′ | pcSt. Then the desired result follows directly by application of

Lemma 26 to (1) (since n > 0).

□

Lemma 27 If ⊢Md
γ N | V | pcSo : Ω | Σ | pcSt and Σ = ↓Σ′, and Ω = Ω′,Ω′′ck, then ⊢Md

γ N | V |
pcSo : Ω′,Σ′ | pcSt.

Proof: The proof is by induction on the structure of ⊢Md
γ N | V | pcSo : Ω | Σ | pcSt. For each

step in the derivation, we build the corresponding step of a derivation for ⊢Md
γ N | V | pcSo :

Ω,Σ′ | pcSt according to the well-formedness definition. □

Theorem 6.1 (Progress for Commands) If Md | b R m : nat | Ω;Σ | pcSt ⊢Sig c : τ ⊣ Ω′, then
∀ n : nat with nRm and ∀ γ,N,V with ⊢Mdγ N | V | pcSo : Ω | Σ | pcSt, either
• Val(γ | Md | n | I | O | N | V | pcSo | c) or
• ∃(γ′ | Md′ | n′ | I′ | O′ | N′ | V′ | pcS′o | c

′) such that γ | Md | n | I | O | N | V | pcSo | c →
γ′ | Md′ | n′ | I′ | O′ | N′ | V′ | pcS′o | c

′.

Axiom 3 (positive input to generation channel) ε # iņ() : nat > 0.

Lemma 28 (well-typedness of expressions under crash in jit) jit | b = 0 : nat | Ω;Σ |
pcSt ⊢RD;Sig′ e : Cjit

A for Sig′ = {jit | b ≥ 0 : nat | Ω;Σ | pcSt ⊢RD e : Cjit
A }.

Proof: Note that Cjit
A = ↓(nat ⇝ ↑ C

jit
A ) ∨ ↓↑A. Let Ω′ = Ω,Ω′′ck where Σ = ↓Ω′′. By axiom

3, we have ε # iņ() : nat > 0. Then the typing derivation follows by the assumption that
jit | b ≥ 0 : nat | Ω;Σ ⊢RD e : Cjit

A ∈ Sig
′.
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jit | b ≥ 0 : nat | Ω; ↓Ω′′ ⊢RD e : Cjit
A ∈ Sig

′

Ω′ = Ω,Ω′′ck

jit | b > 0 : nat | Ω′ ⊢RD;Sig′↑ e : ↑Cjit
A

(T-Jit-Restore)

ε # iņ() : nat > 0

jit | · | Ω,Ω′′ck ⊢RD;Sig′ ε # iņ(b > 0, ↑e) : (nat⇝ ↑Cjit
A )

(T-Charge)

Σ = ↓Ω′′

jit | · | Ω;Σ ⊢RD;Sig′ ↓ε # iņ(b > 0, ↑e) : ↓(nat⇝ ↑ Cjit
A )

(T-Jit-stop)

jit | b = 0 : nat | Ω;Σ ⊢RD;Sig′ e : ↓(nat⇝ ↑ Cjit
A ) ∨ ↓↑A

(T-∨-Crash)

The conclusion jit | b = 0 : nat | Ω;Σ ⊢RD;Sig′ e : ↓(nat ⇝ ↑ Cjit
A) ∨ ↓↑A yields the desired

result.
□

Lemma 29 (well-typedness of expressions under crash in aID) If aID(c0,O) | b = 0 : nat |
Ω;Σ′ | pcSt ⊢RD;Sig e′ : τ s.t. dom(Σ′) ⊇ dom(Ω1

CK) where Ω = Ω1
CK,Ω

2, then aID(c0,O) | b = 0 :
nat | Ω;Σ | pcS′t ⊢RD;Sig e : τ s.t. dom(Σ) ⊇ dom(Ω1

CK).

Proof: Let the type τ = CaID
A and note that CaID

A = (nat⇝ ↓↑ CaID
unit

) ∨ ↓↑A. By inversion on the
assumed typing judgment

Σ′ = Σ1,Σ2
ck

ε # in() : nat > 0
aID(c0) | b > 0 : nat | Ω;Σ2

ck | ⟨Id, Nt⟩ ⊢Sig c0 : CaID
T ∈ Sig

aID(c0) | b > 0 : nat | Ω;Σ2
ck | · ⊢Sig ↓↑c0@⟨Id, Nt⟩ : ↓↑CaID

T

(T-aID-Restore)

aID(c0) | · | Ω;Σ2
ck | · ⊢Sig ε # in(b > 0, ↓↑c0@⟨Id, Nt⟩) : nat⇝ ↓↑CaID

T ′
(T-aID-Charge)

aID(c0) | b = 0 : nat | Ω;Σ′ | pcSt ⊢Sig e′ : (nat⇝ ↓↑CaID
T ′ ) ∨ ↓↑T

(T-aID-∨-Crash)

we learn the following:
(1) aID(c0) | b > 0 : nat | Ω;Σ2

ck | ⟨Id, Nt⟩ ⊢Sig c0 : CaID
T ∈ Sig

(2) Σ′ = Σ1,Σ2
ck

(3) ε # in() : nat > 0
Therefore, we have the following typing derivation where Σ ⊇ Σ2

ck:

Σ′ = Σ1,Σ2
ck

ε # in() : nat > 0
aID(c0) | b > 0 : nat | Ω;Σ2

ck | ⟨Id, Nt⟩ ⊢Sig c0 : CaID
T ∈ Sig

aID(c0) | b > 0 : nat | Ω;Σ2
ck | · ⊢Sig ↓↑c0@⟨Id, Nt⟩ : ↓↑CaID

T

(T-aID-Restore)

aID(c0) | · | Ω;Σ2
ck | · ⊢Sig ε # in(b > 0, ↓↑c0@⟨Id, Nt⟩) : nat⇝ ↓↑CaID

T ′
(T-aID-Charge)

aID(c0) | b = 0 : nat | Ω;Σ | pcS′t ⊢Sig e : (nat⇝ ↓↑CaID
T ′ ) ∨ ↓↑T

(T-aID-∨-Crash)

The conclusion aID(c0) | b = 0 : nat | Ω;Σ | pcS′t ⊢Sig e : (nat⇝ ↓↑ CaID
unit

)∨↓↑A yields the
desired result.

□
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Lemma 30 (well-typedness of commands under crash in jit) jit | b = 0 : nat | Ω;Σ |
pcSt ⊢Sig′ c : Cjit

unit
for Sig′ = {jit | b ≥ 0 : nat | Ω;Σ | pcSt ⊢ c : Cjit

unit
}.

Proof: Note that Cjit
unit
= ↓(nat ⇝ ↑ Cjit

unit
) ∨ ↓↑unit. Let Ω′ = Ω,Ω′′ck where ↓Ω′′ = Σ. By

axiom 3, we have that ε # iņ() : nat > 0. Then the typing derivation follows by the assumptions
jit | b ≥ 0 : nat | Ω;Σ ⊢ c : Cjit

unit
∈ Sig′.

jit | b ≥ 0 : nat | Ω; ↓Ω′′ ⊢ c : Cjit
unit
∈ Sig′

Ω′ = Ω,Ω′′ck

jit | b > 0 : nat | Ω′ ⊢Sig′↑ c : ↑Cjit
unit

(T-Jit-Restore)

ε # iņ() : nat > 0

jit | · | Ω′ ⊢Sig′ ε # iņ(b > 0, ↑c) : (nat⇝ ↑Cjit
unit

)
(T-Charge)

Σ = ↓Ω′′

jit | · | Ω;Σ ⊢Sig′ ↓ε # iņ(b > 0, ↑c) : ↓(nat⇝ ↑ Cjit
unit

)
(T-Jit-stop)

jit | b = 0 : nat | Ω;Σ ⊢Sig′ c : ↓(nat⇝ ↑ Cjit
unit

) ∨ ↓↑unit
(T-∨-Crash)

The conclusion jit | b = 0 : nat | Ω;Σ ⊢Sig′ c : ↓(nat⇝ ↑ Cjit
unit

)∨↓↑unit yields the desired
result. □

Lemma 31 (well-typedness of commands under crash in aID) If aID(c0,O) | b = 0 : nat |
Ω;Σ′ | pcS′t ⊢Sig c′ : τ s.t. dom(Σ′) ⊇ dom(Ω1

CK) where Ω = Ω1
CK,Ω

2 then aID(c0,O) | b = 0 :
nat | Ω;Σ | pcSt ⊢Sig c : τ s.t. dom(Σ) ⊇ dom(Ω1

CK).

Proof: Let the type τ = CaID
unit

and note that CaID
unit
= (nat ⇝ ↓↑ CaID

unit
) ∨ ↓↑unit. By inversion

on the assumed typing judgment

Σ = Σ1,Σ2
ck

ε # in() : nat > 0
aID(c0) | b > 0 : nat | Ω;Σ2

ck | ⟨Id, Nt⟩ ⊢Sig c0 : CaID
T ∈ Sig

aID(c0) | b > 0 : nat | Ω;Σ2
ck | · ⊢Sig ↓↑c0@⟨Id, Nt⟩ : ↓↑CaID

T

(T-aID-Restore)

aID(c0) | · | Ω;Σ2
ck | · ⊢Sig ε # in(b > 0, ↓↑c0@⟨Id, Nt⟩) : nat⇝ ↓↑CaID

T ′
(T-aID-Charge)

aID(c0) | b = 0 : nat | Ω;Σ | pcS′t ⊢Sig c′ : (nat⇝ ↓↑CaID
T ′ ) ∨ ↓↑T

(T-aID-∨-Crash)

we learn the following:

(1) aID(c0) | b > 0 : nat | Ω;Σ2
ck | ⟨Id, Nt⟩ ⊢Sig c0 : CaID

T ∈ Sig

(2) Σ = Σ1,Σ2
ck

(3) ε # in() : nat > 0

Therefore, we have the following typing derivation:
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Σ = Σ1,Σ2
ck

ε # in() : nat > 0
aID(c0) | b > 0 : nat | Ω;Σ2

ck | ⟨Id, Nt⟩ ⊢Sig c0 : CaID
T ∈ Sig

aID(c0) | b > 0 : nat | Ω;Σ2
ck | · ⊢Sig ↓↑c0 : ↓↑CaID

T

(T-aID-Restore)

aID(c0) | · | Ω;Σ2
ck | pcSt ⊢Sig ε # in(b > 0, ↓↑c0@⟨Id, Nt⟩) : nat⇝ ↓↑CaID

T ′
(T-aID-Charge)

aID(c0) | b = 0 : nat | Ω;Σ | pcSt ⊢Sig c : (nat⇝ ↓↑CaID
T ′ ) ∨ ↓↑T

(T-aID-∨-Crash)

The conclusion aID(c0) | b = 0 : nat | Ω;Σ | pcSt ⊢Sig c : (nat⇝ ↓↑ CaID
unit

)∨↓↑unit yields
the desired result.

□

Lemma 32 (Ω shift for in-progress binary expressions, e2) If
(1) Md | b ≥ 0 : nat | Ω0;Σ | pcSt ⊢RD;Sig e′1 : CMdT1

@q′1 ⊣ Ω1

(2) Md | b ≥ 0 : nat | Ω;Σ | pcSt ⊢RD;Sig e2 : CMdT2
@q2 ⊣ Ω2 and

(3) ⊙ : ↑T1 × ↑T2 → ↑T ′

(4) Ω′ = Ω1 ⊔Ω2

(5) Ω ≼Rd Ω0

then, Md | b > 0 : nat | Ω0;Σ | pcSt ⊢RD;Sig e′1 ⊙ e2 : CMdT @q′1 ⊔q q2 ⊣ Ω
′.

Proof: To prove the desired result, we must first show that for some Ω′2

Md | b ≥ 0 : nat | Ω0;Σ | pcSt ⊢RD;Sig e2 : CMdT2
@q2 ⊣ Ω

′
2

where Ω′ = Ω1 ⊔Ω
′
2.

By definition ofΩ ≼Rd Ω0, we know that ∀x:τ@⟨qID, qIO⟩ ∈ Ω, it is the case that x:τ@⟨qID′, qIO⟩ ∈
Ω0 and qID′ , UN, where either

(i) δ(pc, qID,Rd) = qID′ (∃pc) or

(ii) qID = qID′.

Let Ω = Ω1,Ω2 where Ω1 is the portion of Ω such that (i) applies, and Ω2 is the portion of
Ω such that (ii) applies. For Ω2, we know that Ω0↾dom(Ω2) = Ω2 follows by definition, and
therefore Ω′2↾dom(Ω2) = Ω2↾dom(Ω2) (∗).

It remains to reason about Ω1. Let x0:τ@⟨qID0, qIO0⟩ ∈ Ω
1 be arbitrary. Since (i) applies, we

know that δ(pc0, qID0,Rd) = qID′0 (∃pc0). There are two subcases to consider:

Subcase 1: x0 is read by e2. If x0 is read by e2, then it follows from (1) thatΩ2(x0) = τ@⟨qID′0, qIO0⟩

where δ(pc0, qID0,Rd) = qID′0 (∃pc0). We also know that on another read, the idempo-
tence qualifier of x0 does not evolve further and remains defined. Put formally, it follows
by definition of δ that δ(pc0, qID′0,Rd) = qID′0 where Ω′2(x0) = τ@⟨qID′0, qIO0⟩ = Ω2(x0).

Subcase 2: x0 is not read by e2. If x0 is not read by e2, then Ω0(x0) = Ω′2(x0). By Lemma 35
applied to (1), we know that Ω0 ≼Rd Ω1, and hence it follows by definition of ⊔ that
Ω1 ⊔Ω0 = Ω1. Therefore, Ω1 ⊔ x0:τ@⟨qID0, qIO0⟩ = Ω1.
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Put together, this is enough to show that Ω′ = Ω1 ⊔Ω
′
2.

Therefore, we have established that

Md | b ≥ 0 : nat | Ω0;Σ | pcSt ⊢RD;Sig e2 : CMdT2
@q ⊣ Ω′2 (∗∗)

By application of T-Binary to (∗∗), (1), (3), (4), (5), we establish the desired result:

Md | b ≥ 0 : nat | Ω0;Σ | pcSt ⊢RD;Sig e′1 ⊙ e2 : CMdT @q ⊣ Ω′

□
We provide a very similar lemma where instead the typing judgment of e1 must be shifted.

We choose to make it a separate lemma to avoid requiring that ⊙ is reflexive, e.g., subtraction or
division.
Lemma 33 (Ω shift for in-progress binary expressions, e1) If

(1) Md | b ≥ 0 : nat | Ω;Σ | pcSt ⊢RD;Sig e1 : CMdT1
@q1 ⊣ Ω1

(2) Md | b ≥ 0 : nat | Ω0;Σ | pcSt ⊢RD;Sig e′2 : CMdT2
@q′2 ⊣ Ω2 and

(3) ⊙ : ↑T1 × ↑T2 → ↑T ′

(4) Ω′ = Ω1 ⊔Ω2

(5) Ω ≼Rd Ω0

then, Md | b > 0 : nat | Ω0;Σ | pcSt ⊢RD;Sig e1 ⊙ e′2 : CMdT @q1 ⊔q q′2 ⊣ Ω
′.

Proof: The proof is very similar to Lemma 32. □

Lemma 34 (Post-Ω is more strict than pre-Ω under write) If Md | b > 0 : nat | Ω;Σ |
pcSt ⊢WT x : ↓↑A@q ⊣ Ω′, then Ω ≼Wt Ω

′.

Proof: By inversion of T-W-Shift on the assumed typing judgment:

T-W-Shift
Σ = ↓Σ1

Ω = Ω1,Ω2
CK Md | b : nat | Ω1,Σ1 | pcSt ⊢WT x : ↑A@q ⊣ Ω1 Ω′ = Ω1↾dom(Ω1),Ω2

CK

Md | b : nat | Ω;Σ | pcSt ⊢WT x : ↓↑A@q ⊣ Ω′

we learn that:
(1) Σ = ↓Σ1

(2) Ω = Ω1,Ω2
CK

(3) Md | b : nat | Ω1,Σ1 | pcS ⊢WT x : ↑A@q ⊣ Ω1

(4) Ω′ = Ω1↾dom(Ω1),Ω2
CK

By inversion of T-Loc-Write on (3):

T-Loc-Write
Ω1,Σ1 = x : ↑A@q0,Ω

′
2 q0 = ⟨qIDx, qIOx⟩ pcSt = pc▷ pcS′t

qID′ = δ(pc, qIDx,Wt) , UN q = ⟨qID′, qIOx⟩ Ω1 = x : ↑A@q,Ω′2
Md | b : nat | Ω1,Σ1 | pcSt ⊢WT x : ↑A@q ⊣ Ω1
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We observe that Ω1,Σ1 ≼Wt Ω1 by definition. Therefore, it follows by (1), (2), (4), and (5)
that dom(Ω) = dom(Ω′), and Ω ≼Wt Ω

′. □

Lemma 35 (Post-Ω is more strict than pre-Ω under read) If Md | b > 0 : nat | Ω;Σ |
pcSt ⊢RD;Sig e : CMdT @q ⊣ Ω′, then Ω ≼Rd Ω

′.

Proof: By induction on the structure of the assumption. In the case T-R-Shift, we invert on the
assumption and case on the structure of the learned typing judgment. In all cases, we observe
that Ω ≼Rd Ω

′. □

Theorem 17 (preservation for expressions) If

(†) Md | b ≥ 0 : nat | Ω;Σ | pcSt ⊢RD;Sig e : τ@⟨qID, qIO⟩ ⊣ Ω′

and for some ⊢Mdγ N | V | pcSo : Ω | Σ | pcSt and natural number n ≥ 0 and sets of qualifiers
{qe} and {q′e}, we have

γ | Md | n | I | O | N | V | pcSo | e@{qe} → γ | Md | n′ | I | O | N′ | V | pcSo | e
′@{q′e}

then there exists q′, Ω0 such that

Md | b ≥ 0 : nat | Ω0;Σ | pcSt ⊢RD;Sig e′ : τ@⟨qID′, qIO⟩ ⊣ Ω′

where ⊢Mdγ N′ | V | pcSo : Ω0 | Σ | pcSt and n′ ≥ 0, Ω ≼Rd Ω0, and qID ⊑id qID′.

Proof: The proof is by induction on the size of e. We proceed by considering possible cases
for γ | Md | n | I | O | N | V | pcSo | e@{qe} → γ | Md | n′ | I | O | N′ | V | pcSo | e

′@{q′e}.

Case 1. [D-Binary-1].

n > 0
γ | Md | n | I | O | N | V | pcSo | e1@{q} → γ | Md | n′ | I | O | N′ | V | pcSo | e

′
1@{q′}

γ | Md | n | I | O | N | V | pcSo | e1 ⊙ e2@{q, ⟨Id, Nt⟩}
→ γ | Md | n′ | I | O | N′ | V | pcSo | e

′
1 ⊙ e2@{q′, ⟨Id, Nt⟩}

(D-Binary-1)

By the first premise of D-Binary-1, we have that n > 0. By inversion on the assumed
typing judgment (†) via T-Enough? rule, we have

(†1) Md | b > 0 : nat | Ω;Σ | pcSt ⊢RD;Sig e1 ⊙ e2 : τ@q ⊣ Ω′

and
(†2) Md | b = 0 : nat | Ω;Σ | pcSt ⊢RD;Sig e1 ⊙ e2 : τ.

By inversion on (†1) via T-Binary
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(T-Binary)
Md | b ≥ 0 : nat | Ω;Σ | pcSt ⊢RD;Sig e1 : CMdT1

@q1 ⊣ Ω1

Md | b ≥ 0 : nat | Ω;Σ | pcSt ⊢RD;Sig e2 : CMdT2
@q2 ⊣ Ω2

⊙ : ↑T1 × ↑T2 → ↑T ′ Ω′ = Ω1 ⊔Ω2 q = q1 ⊔q q2

Md | b > 0 : nat | Ω;Σ | pcSt ⊢RD;Sig e1 ⊙ e2 : CMdT ′@q ⊣ Ω′

we learn that

(1) Md | b ≥ 0 : nat | Ω;Σ | pcSt ⊢RD;Sig e1 : CMdT1
@q1 ⊣ Ω1

(2) Md | b ≥ 0 : nat | Ω;Σ | pcSt ⊢RD;Sig e2 : CMdT2
@q2 ⊣ Ω2

(3) q = q1 ⊔q q2

(4) ⊙ : ↑T1 × ↑T2 → ↑T ′

(5) Ω′ = Ω1 ⊔Ω2

Note that trivially, q is a singleton set {q}. Then, by the inductive hypothesis applied to (1)
and γ | Md | n | I | O | N | V | pcSo | e1@{q} → γ | Md | n′ | I | O | N′ | V | pcSo | e

′
1@{q′}, it

follows that

Md | b ≥ 0 : nat | Ω0;Σ | pcSt ⊢RD;Sig e′1 : τ@q′1 ⊣ Ω1 (6)

where ⊢Mdγ N′ | V | pcSo : Ω0 | Σ | pcSt, n′ ≥ 0, Ω ≼Rd Ω0, and q1 = ⟨qID1, qIO1⟩,
q′1 = ⟨qID′1, qIO1⟩, and qID1 ⊑id qID′1.
By Lemma 32 applied to (2), (4), (5), (6), and Ω ≼Rd Ω0, we learn that

Md | b > 0 : nat | Ω0;Σ | pcSt ⊢RD;Sig e′1 ⊙ e2 : τ@q′1 ⊔q q2 ⊣ Ω
′

Where q2 = ⟨qID2, qIO2⟩, we learn that qID1⊔q qID2 ⊑id qID′1⊔q qID2 from qID1 ⊑id qID′1.
We consider two subcases based on Md.

Subcase 1. [Md = Jit]. By Md | b > 0 : nat | Ω0;Σ | pcSt ⊢RD;Sig e′1 ⊙ e2 : τ@q′1 ⊔q q2 ⊣

Ω′ via lemma 28, we get Md | b = 0 : nat | Ω0;Σ | pcSt ⊢RD;Sig e′1 ⊙ e2 : τ.

Subcase 2. [Md = aID(c0)]. By (†2) via lemma 29, we get Md | b = 0 : nat | Ω0;Σ |
pcSt ⊢RD;Sig e′1 ⊙ e2 : τ.

In both subcases, we have the typing judgments Md | b = 0 : nat | Ω0;Σ | pcSt ⊢RD;Sig

e′1 ⊙ e2 : τ and Md | b > 0 : nat | Ω0;Σ | pcSt ⊢RD;Sig e′1 ⊙ e2 : τ@q′1 ⊔q q2 ⊣ Ω
′. Then the

desired result follows by T-Enough?:

Md | b = 0 : nat | Ω0;Σ | pcSt ⊢RD;Sig e′1 ⊙ e2 : τ
Md | b > 0 : nat | Ω0;Σ | pcSt ⊢RD;Sig e′1 ⊙ e2 : τ@q′1 ⊔q q2 ⊣ Ω

′

Md | b ≥ 0 : nat | Ω0;Σ | pcSt ⊢RD;Sig e′1 ⊙ e2 : τ@q′1 ⊔q q2 ⊣ Ω
′

(T-enough?)

Case 2 [D-Binary-2].
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n > 0 Val(Md | n | I | O | N | V | pcSo | e1@q1)
γ | Md | n | I | O | N | V | pcSo | e2@{q} → γ | Md | n′ | I | O | N′ | V | pcSo | e

′
2@{q′}

γ | Md | n | I | O | N | V | pcSo | e1 ⊙ e2@{q1, q}
→ γ | Md | n′ | I | O | N′ | V | pcSo | e1 ⊙ e′2@{q1, q′}

(D-Binary-2)

By the first premise n > 0. By inversion on (†) via T-Enough? rule, we have

(†1) Md | b > 0 : nat | Ω;Σ | pcSt ⊢RD;Sig e1 ⊙ e2 : τ@q ⊣ Ω′

and

(†2) Md | b = 0 : nat | Ω;Σ | pcSt ⊢RD;Sig e1 ⊙ e2 : τ.

By inversion on (†1) via T-Binary

(T-Binary)
Md | b ≥ 0 : nat | Ω;Σ | pcSt ⊢RD;Sig e1 : CMdT1

@q1 ⊣ Ω1

Md | b ≥ 0 : nat | Ω;Σ | pcSt ⊢RD;Sig e2 : CMdT2
@q2 ⊣ Ω2

⊙ : ↑T1 × ↑T2 → ↑T ′ Ω′ = Ω1 ⊔Ω2 q = q1 ⊔q q2

Md | b > 0 : nat | Ω;Σ | pcSt ⊢RD;Sig e1 ⊙ e2 : CMdT ′@q ⊣ Ω′

we learn that

(1) Md | b ≥ 0 : nat | Ω;Σ | pcSt ⊢RD;Sig e1 : τ@q1 ⊣ Ω1

(2) Md | b ≥ 0 : nat | Ω;Σ | pcSt ⊢RD;Sig e2 : τ@q2 ⊣ Ω2

(3) ⊙ : ↑T1 × ↑T2 → ↑T ′

(4) Ω′ = Ω1 ⊔Ω2

(6) q = q1 ⊔q q2

By the inductive hypothesis applied to Md | b ≥ 0 : nat | Ω;Σ | pcSt ⊢RD;Sig e2 : τ@q2 ⊣

Ω2 and γ | Md | n | I | O | N | V | pcSo | e2@{q} → γ | Md | n′ | I | O | N′ | V | pcSo |

e′2@{q′}, it follows that

Md | b ≥ 0 : nat | Ω0;Σ | pcSt ⊢RD;Sig e′2 : τ@q2 ⊣ Ω2 (∗)

where ⊢Mdγ N′ | V | pcSo : Ω0 | Σ | pcSt and n′ ≥ 0 and Ω ≼Rd Ω0, and qID2 ⊑id qID′2 where
q2 = ⟨qID2, qIO2⟩, q′2 = ⟨qID′2, qIO2⟩.
By Lemma 33 applied to (1), (3)-(6), and (∗):

Md | b > 0 : nat | Ω0;Σ | pcSt ⊢RD;Sig e1 ⊙ e′2 : τ@q1 ⊔q q′2 ⊢ Ω
′;Σ

Where q2 = ⟨qID2, qIO2⟩, we learn that qID1⊔q qID2 ⊑id qID1⊔q qID′2 from qID2 ⊑id qID′2.
We consider two subcases based on Md.
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Subcase 1. [Md = Jit]. By Md | b > 0 : nat | Ω0;Σ | pcSt ⊢RD;Sig e1 ⊙ e′2 : τ@q1 ⊔q q′2 ⊣
Ω′ via lemma 28, we get Md | b = 0 : nat | Ω0;Σ | pcSt ⊢RD;Sig e1 ⊙ e′2 : τ.

Subcase 2. [Md = aID(c0)]. By (†2) via lemma 29, we get Md | b = 0 : nat | Ω0;Σ |
pcSt ⊢RD;Sig e1 ⊙ e′2 : τ.

In both subcases, Then the desired result follows by T-Enough?:

Md | b = 0 : nat | Ω0;Σ | pcSt ⊢RD;Sig e1 ⊙ e′2 : τ
Md | b > 0 : nat | Ω0;Σ | pcSt ⊢RD;Sig e1 ⊙ e′2 : τ@q1 ⊔q q′2 ⊣ Ω

′

Md | b ≥ 0 : nat | Ω0;Σ | pcSt ⊢RD;Sig e1 ⊙ e′2 : τ@q1 ⊔q q′2 ⊣ Ω
′

(T-enough?)

Case 3. [D-Binary-v].

n = n′ + 1 Val(γ | Md | n | I | O | N | V | pcSo | e1@q1)
Val(γ | Md | n | I | O | N | V | pcSo | e2@q2) v = e1 ⊙ e2 q = q1 ⊔q q2

γ | Md | n | I | O | N | V | pcSo | e1 ⊙ e2@{q1, q2} → γ | Md | n′ | I | O | N | V | pcSo | v@q
(D-Binary-v)

By the first premise, we know that n > 0 and n′ ≥ 0. By inversion on (†) via T-Enough?
rule, we have

(†1) Md | b > 0 : nat | Ω;Σ | pcSt ⊢RD;Sig e1 ⊙ e2 : τ@q ⊣ Ω′

and
(†2) Md | b = 0 : nat | Ω;Σ | pcSt ⊢RD;Sig e1 ⊙ e2 : τ.

By inversion on (†1) via T-Binary

Md | b ≥ 0 : nat | Ω;Σ | pcSt ⊢RD;Sig e1 : τ@q1 ⊣ Ω1

Md | b ≥ 0 : nat | Ω;Σ | pcSt ⊢RD;Sig e2 : τ@q2 ⊣ Ω2

Ω′ = Ω1 ⊔Ω2 q = q1 ⊔q q2

Md | b > 0 : nat | Ω;Σ | pcSt ⊢RD;Sig e1 ⊙ e2 : τ@q ⊣ Ω′
(T-Binary)

we learn that

(1) Md | b ≥ 0 : nat | Ω;Σ | pcSt ⊢RD;Sig e1 : τ@q1 ⊣ Ω1

(2) Md | b ≥ 0 : nat | Ω;Σ | pcSt ⊢RD;Sig e2 : τ@q2 ⊣ Ω2

From (1) and (2), we apply inversion on T-Enough?, T-∨-Succ, and T-R-Shift to get

Md | b : nat | Ω1,Σ1 | pcSt ⊢RD;Sig e1 : ↑A@q1 ⊣ Ω
′
1

and
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Md | b : nat | Ω1,Σ1 | pcSt ⊢RD;Sig e2 : ↑A@q2 ⊣ Ω
′
2

for (i) Σ =↓ Σ1 and (ii) Ω = Ω1,Ω2
CK. Additionally, (iii) Ω1 = Ω

′
1↾dom(Ω1),Ω2

CK and
(iv) Σ1 = ↓(Ω′1↾dom(Σ1)) and (v) Ω2 = Ω

′
2↾dom(Ω1),Ω′′CK and (vi) Σ2 = ↓(Ω′2↾dom(Σ1)).

By definition of ⊙ operator and q = q1 ⊔q q2, we have Md | b : nat | Ω1,Σ1 | pcSt ⊢RD;Sig v :
↑A@q ⊣ Ω1,Σ1 for v = e1 ⊙ e2.
Furthermore, by Lemma 27 applied to ⊢Mdγ N | V | pcSo : Ω | Σ | pcSt, (iii), and (iv), we
know that ⊢Mdγ N | V | pcSo : Ω1,Σ1 | pcSt.
By application of T-∨-Succ and T-R-Shift and (i) and (ii), we get

Md | b > 0 : nat | Ω′;Σ | pcSt ⊢RD;Sig v : τ@q ⊣ Ω′

By definition of Ω′ and Σ and ⊢Mdγ N | V | pcSo : Ω1,Σ1 | pcSt, we know that⊢Mdγ N | V |
pcSo : Ω′ | Σ | pcSt. We consider two subcases based on Md.

Subcase 1. [Md = Jit]. By Md | b > 0 : nat | Ω′;Σ | pcSt ⊢RD;Sig v : τ@q ⊣ Ω′ via
lemma 28, we get Md | b = 0 : nat | Ω′;Σ | pcSt ⊢RD;Sig v : τ.

Subcase 2. [Md = aID(c0)]. By (†2) via lemma 29, we get Md | b = 0 : nat | Ω′;Σ |
pcSt ⊢RD;Sig v : τ.

In both subcases, Then the desired result follows by T-Enough?:

Md | b = 0 : nat | Ω′;Σ | pcSt ⊢RD;Sig v : τ
Md | b > 0 : nat | Ω′;Σ | pcSt ⊢RD;Sig v : τ@q ⊣ Ω′

Md | b ≥ 0 : nat | Ω′;Σ | pcSt ⊢RD;Sig v : τ@q ⊣ Ω′
(T-enough?)

Case [D-Binary-0]. This case is straightforward, with the desired result following by assump-
tion. Since the stepped configuration is not a value, we do not need to show the equality
between its qualifiers and its qualifier in the typing.

Case 4. [D-V-Read].

D-V-Read
γ = γ′, [x 7→ ℓ] V = ℓ@q ↪→ v,V′ n = n′ + 1

γ | Md | n | I | O | N | V | pcSo | x@q→ γ | Md | n′ | I | O | N | V′′ | pcSo | v@q

By the last premise n > 0 and n′ ≥ 0. By inversion on (†) via T-Enough? rule, we have

(†1) Md | b > 0 : nat | Ω;Σ | pcSt ⊢RD;Sig x : τ@q ⊣ Ω′

and

(†2) Md | b = 0 : nat | Ω;Σ | pcSt ⊢RD;Sig x : τ.
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By inversion on (†1) via T-∨-Succ

Md | b : nat | Ω;Σ | pcSt ⊢RD;Sig x : ↓↑A@q ⊣ Ω′

Md | b > 0 : nat | Ω;Σ | pcSt ⊢RD;Sig x : (τ1 ∨ ↓↑A)@q ⊣ Ω′
(T-∨-Succ)

we learn that Md | b : nat | Ω;Σ | pcSt ⊢RD;Sig x : ↓↑A@q ⊣ Ω′.
By inversion on Md | b : nat | Ω;Σ | pcSt ⊢RD;Sig x : ↓↑A@q ⊣ Ω′ via T-R-Shift

Ω = Ω1,Ω2
CK

Σ = ↓Σ1 Md | b : nat | Ω1,Σ1 | pcSt ⊢RD;Sig x : ↑A@q ⊣ Ω1

Ω′ = Ω1↾dom(Ω1),Ω2
CK Σ = ↓(Ω1↾dom(Σ1))

Md | b : nat | Ω;Σ | pcSt ⊢RD;Sig x : ↓↑A@q ⊣ Ω′
(T-R-Shift)

we learn that Md | b : nat | Ω1,Σ1 | pcSt ⊢RD;Sig x : ↑A@q ⊣ Ω1 and Σ = ↓Σ1 and
Ω = Ω1,Ω2

CK.
By Lemma 27 applied to the assumption ⊢Mdγ N | V | pcSo : Ω | Σ | pcSt and premise
Σ = ↓Σ1, we know that ⊢Mdγ N | V | pcSo : Ω1,Σ1 | pcSt. By definition of well-formedness,
we know that γ = γ′, [x 7→ ℓ] and Md | b : nat | Ω1,Σ1 | pcSt ⊢RD;Sig v : ↑A@qv ⊣ Ω

1,Σ1.
By application of T-∨-Succ and T-R-Shift and Σ = ↓Σ1 and Ω = Ω1,Ω2

CK, and the defi-
nition of Σ which types variables with idempotence qualifier Id(CK) or flat Id/Nid that are
unaffected by δ, we get

Md | b > 0 : nat | Ω′;Σ | pcSt ⊢RD;Sig v : ↑A@qv ⊣ Ω
′

By definition of Ω′ and Σ and ⊢Mdγ N | V | pcSo : Ω1,Σ1 | pcSt, we know that⊢Mdγ N | V |
pcSo : Ω′ | Σ | pcSt.
By definition, Val(γ | Md | n′ | I | O | N | V′′ | pcSo | v@q), and hence it follows by
Theorem 16 that q = qv.
We consider two subcases based on Md.

Subcase 1. [Md = Jit]. By Md | b > 0 : nat | Ω′;Σ | pcSt ⊢RD;Sig v : τ@q ⊣ Ω′ via
lemma 28, we get Md | b = 0 : nat | Ω′;Σ | pcSt ⊢RD;Sig v : τ.

Subcase 2. [Md = aID(c0)]. By (†2) via lemma 29, we get Md | b = 0 : nat | Ω′;Σ |
pcSt ⊢RD;Sig v : τ.

In both subcases, we have Md | b = 0 : nat | Ω′;Σ | pcSt ⊢RD;Sig v : τ. Then the desired
result follows by T-Enough?:

Md | b = 0 : nat | Ω′;Σ | pcSt ⊢RD;Sig v : τ
Md | b > 0 : nat | Ω′;Σ | pcSt ⊢RD;Sig v : τ@q ⊣ Ω′

Md | b ≥ 0 : nat | Ω′;Σ | pcSt ⊢RD;Sig v : τ@q ⊣ Ω′
(T-enough?)

Case 5. [D-N-Read].
The proof is analogous to the previous case.
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□

Definition 28 We write Σ′ = trim(Σ,V, γ) where x:τ@q ∈ Σ′ iff γ = [x 7→ ℓ], γ′ and x:τ@q ∈ Σ
and ℓ ∈ dom(V).

Lemma 36 (equality of trimmed volatile contexts) If
(i) Σ′ = trim(Σ,V0, γ0)

(ii) ⊢Mdγ N | V | pcSo : Ω | Σ | pcSt,
(iii) ⊢Mdγ′′ N′ | V′ | pcSo : Ω | Σ′′ | pcSt,
(iv) dom(V0) ⊆ dom(V) and dom(V0) ⊆ dom(V′)
(v) γ0 ⊆ γ and γ0 ⊆ γ

′′

then Σ′ = trim(Σ′′,V0, γ0).

Proof: We need to show that Σ′ = trim(Σ′′,V0, γ0). The proof proceeds by proving each direc-
tion separately:

Ad⇒. Let x : ↓↑A@q ∈ Σ′. Then by (i), we have

(1) x : ↓↑A@q ∈ Σ

(2) γ0 = [x 7→ l], γ′0
(3) l ∈ dom(V0)

We need to show that x : ↓↑A@q ∈ Σ′′. From (2) and γ0 ⊆ γ
′′, it follows that ∃γ′′0 ⊇ γ

′
0

such that γ′′ = [x 7→ l], γ′′0 (∗). By (iv) and (3), we have that l ∈ dom(V′). So, ∃V′0, v such
that V′ = V′0, l ↪→ v (∗∗) and · ⊢ v : ↑A (∗∗∗). Note that inverting (iii) via V-loc yields the
well-formedness judgment ⊢Md

γ′′0
N′ | V′0 | pcSo : Ω | Σ′′0 | pcSt (†). Then, it follows by V-loc

applied to (∗), (∗∗), (∗∗∗), (†) that x : ↓↑A@q ∈ Σ′′.

Ad⇐. Let

(1) x : ↓↑A@q ∈ Σ′′

(2) γ0 = [x 7→ l], γ′0
(3) l ∈ dom(V0)

We need to show that x : ↓↑A@q ∈ Σ′. To this end, it suffices to show that x : ↓↑A@q ∈ Σ.
By (3) and dom(V0) ⊆ dom(V), we have that l ∈ dom(V). Therefore, ∃V′0, v such that
V = V′0, l@q ↪→ v (∗) and · ⊢ v : ↑A (∗∗). From (2) and γ0 ⊆ γ, we have that ∃ γ′ ⊇ γ′0
such that γ = [x 7→ l], γ′. Note that inverting (ii) via V-loc yields the well-formedness
judgment ⊢Md

γ′ N | V′0 | pcSo : Ω | Σ0 | pcSt (∗∗∗). By V-Loc applied to (∗), (∗∗), (∗∗∗), and
γ = [x 7→ l], γ′, we have

x : ↓↑A@q ∈ Σ

Then it follows by definition 28 applied to (i) that

x : ↓↑A@q ∈ Σ′.
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We have shown that x : ↓↑A@q ∈ Σ′ iff x : ↓↑A@q ∈ Σ′′, γ = [x 7→ l], γ′, and l ∈ dom(V).
The desired result holds by definition 28. □

Lemma 37 (well-formedness of smaller memories) If
(i) ⊢Mdγ N | V | pcSo : Ω | Σ | pcSt,

(ii) V′′ = V ↾ dom(V′),
(iii) Σ′ = trim(Σ,V′, γ′), and
(iv) γ′ ⊆ γ
(v) N = N1

CK,N
2

then ⊢Mdγ′ N2 | V′′ | pcSo : Ω | Σ′ | pcSt.

Proof: By (2), observe that V ⊇ V′′. The proof proceeds by induction on the size of V − V′′.
Base case: |V − V′′| = 0. If |V − V′′| = 0, then V = V′′ and the desired result holds by assumption

(1).

Inductive case. Let |V − V′′| = k + 1 where |V0 − V′′| = k where V = V0, l@Ck ↪→ v and
· ⊢ v : ↑A. Let x:↓↑A@q ∈ Σ such that Σ = Σ0, (x:↓↑A@q). By inversion on V-loc applied
to the assumed judgment:

⊢Mdγ0
N | V0 | pcSo : Ω | Σ0 | pcSt

γ = [x 7→ l], γ0 V = V0, ℓ@q ↪→ v · ⊢ v : ↑A@q

⊢Mdγ N | V : Ω | Σ0, (x:↓↑A@q)
V-loc

we learn that

(1) ⊢Mdγ0
N | V0 | pcSo : Ω | Σ0 | pcSt

(2) γ = [x 7→ l], γ0

(3) V = V0, l@q ↪→ v

(4) · ⊢ v:↑A@q

Now we need to show that V′′ = V0 ↾ dom(V′) and Σ′ = trim(Σ0,V′, γ′).

Ad V′′ = V0 ↾ dom(V′). To show that V′′ = V0 ↾ dom(V′), it suffices to show that l <
dom(V′):
By assumption, it follows that l ∈ V−V′′, or equivalently, l ∈ V and l < V′′. Now sup-
pose that l ∈ dom(V′). Then it follows by (ii) that l ∈ V′′, a contradiction. Therefore,
we have l < dom(V′).
Therefore, V′′ = V0 ↾ dom(V′) follows by l < dom(V′) and (ii).

Ad Σ′ = trim(Σ0,V′, γ′). To show Σ′ = trim(Σ0,V′, γ′), we first need to show that

(a) dom(V′) ⊆ dom(V0)

(b) dom(V′) ⊆ dom(V)

(c) γ ⊇ γ′

(d) γ0 ⊇ γ
′
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(a) follows by V′′ = V0 ↾ dom(V′). Towards (b), note that since V ⊇ V′′ by as-
sumption, we have dom(V) ⊇ dom(V′′). By V′′ = V0 ↾ dom(V′), it follows that
dom(V′′) = dom(V′). Therefore, dom(V′) ⊆ dom(V) (b) holds. (c) follows by as-
sumption (iv). By definition, γ = [x 7→ l], γ0, so γ0 is the smallest subset of γ not
containing x 7→ l. Observe that γ′ is a subset of γ that does not contain x 7→ l. So,
γ ⊇ γ0 ⊇ γ

′, which concludes the proof of (d).

Σ′ = trim(Σ0,V′, γ′) follows by lemma 36 applied to (iii), (a), (b), (c), and (d).

By the inductive hypothesis applied to (1), V′′ = V0 ↾ dom(V′), and Σ′ = trim(Σ0,V′, γ′),
we have ⊢Mdγ′ N | V′′ | pcSo : Ω | Σ′ | pcSt. This is the desired result.

□

Lemma 38 (Monotonicity of volatile memories) If γ | Md | n | I | O | N | V | pcSo | c → γ
′ |

Md | n′ | I′ | O′ | N′ | V′ | pcS′o | c
′ where c , c1;W c2, then dom(V) ⊆ dom(V′), γ ⊆ γ′.

Proof: The proof is straightforward, proceeding in cases on the dynamic rules. □

Definition 29 (Ω-reads) Ω ≼Rd Ω
′ iff ∀x:τ@⟨qID, qIO⟩ ∈ Ω, it is the case that x:τ@⟨qID′, qIO⟩ ∈

Ω′ and qID′ , UN, where either

• δ(pc, qID,Rd) = qID′ (∃pc) or
• qID = qID′.

Definition 30 (Ω-writes) Ω ≼Wt Ω
′ iff ∀x:τ@⟨qID, qIO⟩ ∈ Ω, it is the case that x:τ@⟨qID′, qIO⟩ ∈

Ω′ and qID′ , UN, where either

• δ(pc, qID,Wt) = qID′ (∃pc) or
• qID = qID′.

We say that a context Ω′ is reachable from Ω if there exists a series of delta or join operations
between them. The delta transitions are accounted for by (i) and (ii), and join is accounted for by
(iii). Since idempotence qualifiers in the unstable typing context do not change, reachability on
Σ is defined where the idempotence qualifiers are the same. Since taint qualifiers can be replaced
on assignment, they do not always relate from pre-context to post-context, so they are left out of
this definition.

Definition 31 (Context Reachability) Ω ≼ Ω′ iff there exists Ω0 s.t. Ω0 ≼ Ω′ and either

(i) Ω ≼Rd Ω0 or
(ii) Ω ≼Wt Ω0 or

(iii) Ω ⊑ Ω0

We write Σ ≼ Σ′ iff there exists Σ0 s.t. Σ ⊑ Σ0 and Σ0 ≼ Σ′.

Lemma 39 If Md | b > 0 : nat | Ω;Σ | pcSt ⊢Sig c : CMd
unit
⊣ Ω′, then dom(Ω) ⊆ dom(Ω′).
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Proof: The proof is by induction on the size of c. We consider possible cases for Md | b > 0 :
nat | Ω;Σ | pcSt ⊢Sig c : CMd

unit
⊣ Ω′;Σ′.

Case [T-C-Shift].
T-C-Shift
Σ = ↓Σ′ Ω = Ω′,Ω′′CK Md | b : nat | Ω′,Σ′ | pcSt ⊢Sig skip : ↑unit ⊣ Ω1

Md | b : nat | Ω;Σ | pcSt ⊢Sig skip : ↓↑unit ⊣ Ω1↾dom(Ω′),Ω′′CK; ↓(Ω1↾dom(Σ))

By definition of ↾, we obtain the desired result dom(Ω) ⊆ dom(Ω1↾dom(Ω′),Ω′′CK).

Case [T-seq].

Md | b ≥ 0 : nat | Ω;Σ | pcSt ⊢Sig c1 : CMdunit ⊣ Ω
′;Σ′

Md | b ≥ 0 : nat | Ω′;Σ′ | pcSt ⊢Sig c2 : τ ⊣ Ω′′;Σ′′

Md | b > 0 : nat | Ω;Σ | pcSt ⊢Sig c1; c2 : τ ⊣ Ω′′;Σ′′
(T-seq)

By inversion of T-seq, we learn that
• Md | b ≥ 0 : nat | Ω;Σ | pcSt ⊢Sig c1 : CMd

unit
⊣ Ω′;Σ′

• Md | b ≥ 0 : nat | Ω′;Σ′ | pcSt ⊢Sig c2 : τ ⊣ Ω′′;Σ′′

By applying the inductive hypothesis to each of these judgments, we learn that dom(Ω) ⊆
dom(Ω′) and dom(Ω′) ⊆ dom(Ω′′). By transitivity, we establish the desired result dom(Ω) ⊆
dom(Ω′′).

Case [T-seq-d]. This case is similar to T-seq.

Case [T-∨-Succ,T-Let,T-Assign,T-If,T-enough?]. In each case, we apply the inductive hy-
pothesis to learn that dom(Ω) ⊆ dom(Ω′).

□

Lemma 40 If Md | b ≥ 0 : nat | Ω;Σ | pcSt ⊢RD;Sig v : CMdA @q ⊣ Ω′ and Val(γ | Md | n | I | O |
N | V | pcSo | v@q) where n = n′ + 1, then Ω′ = Ω.

Proof: The proof is by cases on Val(γ | Md | n | I | O | N | V | pcSo | v@q). In each case, we
invert T-R-Shift on the assumed typing judgment and match the corresponding value typing rule
to learn that Ω = Ω′. Note that by definition and by n = n′ + 1, the values considered here are
not crash instructions or variables. □

Theorem 6.2 (Preservation for Commands) If

(†) Md | b ≥ 0 : nat | Ω;Σ | pcSt ⊢Sig c : τ ⊣ Ω′;Σ′

and γ | Md | n | I | O | N | V | pcSo | c is well-formed, ⊢Mdγ N | V | pcSo : Ω | Σ | pcSt, and for some
(co-)natural number n ≥ 0, we have

γ | Md | n | I | O | N | V | pcSo | c → γ′ | Md | n′ | I′ | O′ | N′ | V′ | pcS′o | c
′
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then for some Σ0 and Ω0

Md | b ≥ 0 : nat | Ω0;Σ0 | pcS′t ⊢Sig c′ : τ ⊣ Ω′;Σ′

where ⊢Mdγ′ N′ | V′ | pcS′o : Ω0 | Σ0 | pcS′t , Ω ≼ Ω0, Σ ≼ Σ0, and n′ ≥ 0. Moreover γ′ | Md | n′ | I′ |
O′ | N′ | V′ | pcS′o | c

′ is well-formed.

Proof: The proof is by induction on the size of c. We proceed by considering possible cases
for γ | Md | n | I | O | N | V | pcSo | c → γ′ | Md′ | n′ | I′ | O′ | N′ | V′ | pcS′o | c

′.
Case 1 [D-Let].

n > 0
γ | Md | n | I | O | N | V | pcSo | e@⟨Id, Nt⟩ → γ | Md | n′ | I | O | N′ | V | pcSo | e

′@q′

γ | Md | n | I | O | N | V | pcSo | let x = e in c
→ γ | Md | n′ | I | O | N′ | V | pcSo | let x = e′@q′ in c

(D-Let)

By the first premise n > 0. By inversion on (†) via T-Enough? rule, we have

(†1) Md | b > 0 : nat | Ω;Σ | pcSt ⊢Sig let x = e in c : τ ⊣ Ω′;Σ′

and
(†2) Md | b = 0 : nat | Ω;Σ | pcSt ⊢Sig′′ let x = e in c : τ

where Sig′′ = i f Md = jit, then Sig′, else Sig and Sig′′ = {Md | b ≥ 0 : nat | Ω;Σ |
pcSt ⊢ let x = e in c : τ}.
By inversion on (†1) via T-Let

T-Let
pcSt = pct ▷ pcS′t Md | b ≥ 0 : nat | Ω;Σ | pcSt ⊢RD;Sig e : CMdA @⟨qID, qIO⟩ ⊣ Ω0

Md | b ≥ 0 : nat | Ω0;Σ, x:↓↑A@⟨qID, qIO⟩ ⊔ pct | pcSt ⊢Sig c : τ ⊣ Ω′;Σ′

Md | b > 0 : nat | Ω;Σ | pcSt ⊢Sig let x = e in c : τ ⊣ Ω′;Σ′

we learn that

(1) Md | b ≥ 0 : nat | Ω;Σ | pcSt ⊢RD;Sig e : CMdA @⟨qID, qIO⟩ ⊣ Ω0

(2) Md | b ≥ 0 : nat | Ω0;Σ, x:↓↑A @⟨qID, qIO⟩ ⊔ pct | pcSt ⊢Sig c : τ ⊣ Ω′;Σ′

By application of Theorem 17 to (1) and the premise γ | Md | n | I | O | N | V |
pcSo | e@⟨Id, Nt⟩ → γ | Md | n′ | I | O | N′ | V′ | pcSo | e′@q′ and the assumption
⊢Mdγ N | V | pcSo : Ω | Σ | pcSt, it follows that ∃Ω1 such that

Md | b ≥ 0 : nat | Ω1;Σ | pcSt ⊢RD;Sig e′ : CMdA @⟨qID′, qIO′⟩ ⊣ Ω0

where n′ ≥ 0, Ω ≼Rd Ω1, and ⊢Mdγ N′ | V | pcSo : Ω1 | Σ | pcSt. Therefore, by definition we
know that Ω ≼ Ω1.
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By the following application of the T-Let rule we get

pcSt = pct ▷ pcS′t
Md | b ≥ 0 : nat | Ω1;Σ | pcSt ⊢RD;Sig e′ : CMdA @⟨qID′, qIO′⟩ ⊣ Ω0

Md | b ≥ 0 : nat | Ω0;Σ, x:↓↑A @ ⟨qID′, qIO′⟩ ⊔ pct | pcSt ⊢Sig c : τ ⊣ Ω′;Σ′

Md | b > 0 : nat | Ω1;Σ | pcSt ⊢Sig let x = e′ in c : τ ⊣ Ω′;Σ′
(T-Let)

We consider two subcases based on Md.

Subcase 1. [Md = Jit]. Let Sig1 = {Md | b ≥ 0 : nat | Ω1;Σ | pcSt ⊢ let x = e′ in c : τ}.
It follows via lemma 30, we get Md | b = 0 : nat | Ω1;Σ | pcSt ⊢Sig′′ let x = e′ in c :
τ.

Subcase 2. [Md = aID(c0)]. By (†2) via lemma 31, we get Md | b = 0 : nat | Ω1;Σ |
pcSt ⊢Sig′′ let x = e′ in c : τ.

In both subcases, the desired result follows by T-Enough?:

Sig1 = {Md | b ≥ 0 : nat | Ω1;Σ | pcSt ⊢ let x = e′ in c : τ}
Sig2 = i f Md = jit then Sig1, else Sig

Md | b = 0 : nat | Ω1;Σ | pcSt ⊢Sig2 let x = e′ in c : τ
Md | b > 0 : nat | Ω1;Σ | pcSt ⊢Sig let x = e′ in c : τ ⊣ Ω′;Σ′

Md | b ≥ 0 : nat | Ω1;Σ | pcSt ⊢Sig let x = e′ in c : τ ⊣ Ω′;Σ′
(T-enough?)

Observe that the well-formedness of γ | Md | n′ | I | O | N | V | pcSo | let x = e′ in c follows
by definition 26, and Ω ≼ Ω1 was shown earlier and Σ ≼ Σ follows vacuously.

Case 2. [D-Let-v].

pcSo = pco ▷ pcS′o Val(γ | Md | n | I | O | N | V | pcSo | e@q)
γ′ = γ, [x 7→ ℓ] ℓ fresh n = n′ + 1

γ | Md | n | I | O | N | V | pcSo | let x = e@q in c
→ γ′ | Md | n′ | I | O | N | V, ℓ@q ⊔ pco ↪→ e | pcSo | c

(D-Let-v)

By the last premise n > 0, and n′ ≥ 0. By inversion on (†) via T-Enough? rule, we have

(†1) Md | b > 0 : nat | Ω;Σ | pcSt ⊢ let x = e in c : τ ⊣ Ω′;Σ′

and
(†2) Md | b = 0 : nat | Ω;Σ | pcSt ⊢ let x = e in c : τ.

By inversion of (†1) via T-Let

T-Let
pcSt = pct ▷ pcS′t Md | b ≥ 0 : nat | Ω;Σ | pcSt ⊢RD;Sig e : CMdA @⟨qID, qIO⟩ ⊣ Ω0

Md | b ≥ 0 : nat | Ω0;Σ, x:↓↑A@⟨qID, qIO⟩ ⊔ pct | pcSt ⊢Sig c : τ ⊣ Ω′;Σ′

Md | b > 0 : nat | Ω;Σ | pcSt ⊢Sig let x = e in c : τ ⊣ Ω′;Σ′
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we learn that

(1) Md | b ≥ 0 : nat | Ω;Σ | pcSt ⊢RD;Sig e : CMdA @⟨qID, qIO⟩ ⊣ Ω0

(2) Md | b ≥ 0 : nat | Ω0;Σ, x:↓↑A@⟨qID, qIO⟩ ⊔ pct | pcSt ⊢Sig c : τ ⊣ Ω′;Σ′

where pcSt = pct ▷ pcS′t .
By Theorem 16, since Val(γ | Md | n | I | O | N | V | pcSo | e@q) and Md | b ≥ 0 :
nat | Ω;Σ | pcSt ⊢RD;Sig e : CMdA @⟨qID, qIO⟩ ⊣ Ω0, and also due to the well-formedness of
volatile memory, we know that q = ⟨qID, qIO⟩.
Since q = ⟨qID, qIO⟩, the typing judgment (2) completes the proof, if we can show that
⊢Mdγ′ N | V, ℓ@q ↪→ e : Ω | Σ, x:↓↑A@⟨qID, qIO⟩.
By Val(γ | Md | n | I | O | N | V | pcSo | e@q), we can apply inversion on Md | b ≥ 0 :
nat | Ω;Σ | pcSt ⊢RD;Sig e : CMdA @q ⊣ Ω0 via T-Enough?, T-∨-Succ, and T-R-Shift to get

Md | b : nat | Ω0 | pcSt ⊢RD;Sig e : ↑A@q ⊣ Ω1

where Σ = ↓Σ2 and Ω = Ω2
CK,Ω

3 and Ω0 = Σ2,Ω3 and Ω0 = Ω
2
CK,Ω

1↾dom(Ω).
This is enough to prove ⊢Mdγ′ N | V, ℓ@q ↪→ e : Ω | Σ, x:↓↑A@q.
Furthermore, since Val(γ | Md | n | I | O | N | V | pcSo | e@q), it follows by Lemma 40
that Ω0 = Ω

1, and hence, Ω = Ω0. Additionally, observe that by the well-formedness
definition, we know that pct = pco. Therefore, it follows by V-loc that

⊢Mdγ′ N | V, ℓ@q ⊔ pco ↪→ e : Ω0 | Σ, x:↓↑A@q ⊔ pct

Observe that the well-formedness of γ′ | Md | n′ | I | O | N | V, ℓ@q ↪→ e | pcSo | c follows
by definition 26, vacuously because c is not of the form c′;W c′′.

Case 3 [D-Assign].

n > 0
γ | Md | n | I | O | N | V | pcSo | e@⟨Id, Nt⟩ → γ | Md | n′ | I | O | N′ | V | pcSo | e

′@q′

γ | Md | n | I | O | N | V | pcSo | x := e → γ | Md | n′ | I | O | N′ | V | pcSo | x := e′@q′
(D-Assign)

By the first premise n > 0. By inversion on (†) via T-Enough? rule, we have

(†1) Md | b > 0 : nat | Ω;Σ | pcSt ⊢Sig x := e : τ ⊣ Ω′;Σ′

and

(†2) Md | b = 0 : nat | Ω;Σ | pcSt ⊢Sig′′ x := e : τ

where Sig′′ = i f Md = jit then Sig′ else Sig and Sig′ = {Md | b ≥ 0 : nat | Ω;Σ | pcSt ⊢

x := e : τ}.
There are two cases to consider: ℓ ∈ dom(N2) (persistent) and ℓ ∈ dom(V,N1) (temporary),
where N = N1

ck,N
2 and x 7→ ℓ ∈ γ.
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Subcase ℓ ∈ dom(N2). By the definition of well-formedness, we know that x ∈ dom(Ω).
By inversion on (†1) via T-Assign-s

T-Assign-s
Md | b ≥ 0 : nat | Ω;Σ | pcSt ⊢RD;Sig e : CMdA @⟨qIDe, qIOe⟩ ⊣ Ω1

Md | b > 0 : nat | Ω1 | pcSt ⊢WT x : ↓↑A@⟨qIDx, qIOx⟩ ⊣ Ω
′

pcSt = pc▷ pcS′t pc = ⟨qIDpc, qIOpc⟩

qIDpc ⊔id qIDe ⊑id qIDx qIOpc ⊔t qIOe ⊑t qIOx x ∈ dom(Ω)
Ω′ = x : ↑A@⟨qIDx, qIOx⟩,Ω0 Ω′′ = x : ↑A@⟨qIDx, qIOpc ⊔t qIOe⟩,Ω0

Md | b > 0 : nat | Ω;Σ | pcSt ⊢Sig x := e : τ ⊣ Ω′′;Σ

we have

• Md | b ≥ 0 : nat | Ω;Σ | pcSt ⊢RD;Sig e : CMdA @⟨qIDe, qIOe⟩ ⊣ Ω1

• Md | b > 0 : nat | Ω1;Σ | pcSt ⊢WT x : ↓↑A@⟨qIDx, qIOx⟩ ⊣ Ω
′ (†)

• pcSt = pc▷ pcS′t
• pc = ⟨qIDpc, qIOpc⟩

• qIDpc ⊔id qIDe ⊑id qIDx

• qIOpc ⊔t qIOe ⊑t qIOx

• x ∈ dom(Ω)
• Ω′ = x : ↑A@⟨qIDx, qIOx⟩,Ω0

• Ω′′ = x : ↑A@⟨qIDx, qIOpc ⊔t qIOe⟩,Ω0

By the application of Theorem 17 to Md | b ≥ 0 : nat | Ω;Σ | pcSt ⊢RD;Sig e :
CMdA @⟨qIDe, qIOe⟩ ⊣ Ω1 and the premise γ | Md | n | I | O | N | V | pcSo |

e@⟨Id, Nt⟩ → γ | Md | n′ | I | O | N′ | V | pcSo | e′@q′ and assumption
⊢Mdγ N | V : Ω | Σ, it follows that

Md | b ≥ 0 : nat | Ω2;Σ | pcSt ⊢RD;Sig e′ : CMdA @⟨qIDe, qIOe⟩ ⊣ Ω1

where n′ ≥ 0, Ω ≼Rd Ω2, and ⊢Mdγ N′ | V : Ω2 | Σ. By definition, we know that
Ω ≼ Ω2.
By the following application of the T-Assign-s rule we get

T-Assign-s
Md | b ≥ 0 : nat | Ω2;Σ | pcSt ⊢RD;Sig e′ : CMdA @⟨qIDe, qIOe⟩ ⊣ Ω1

Md | b > 0 : nat | Ω1;Σ | pcSt ⊢WT x : ↓↑A@⟨qIDx, qIOx⟩ ⊣ Ω
′

pcSt = pc▷ pcS′t pc = ⟨qIDpc, qIOpc⟩

qIDpc ⊔id qIDe ⊑id qIDx qIOpc ⊔t qIOe ⊑t qIOx x ∈ dom(Ω)
Ω′ = x : ↑A@⟨qIDx, qIOx⟩,Ω0 Ω′′ = x : ↑A@⟨qIDx, qIOpc ⊔t qIOe⟩,Ω0

Md | b > 0 : nat | Ω2;Σ | pcSt ⊢Sig x := e′ : τ ⊣ Ω′′
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Subcase ℓ ∈ dom(V,N1). This case follows similar reasoning, instead using the rule T-Assign-u
to establish that Md | b > 0 : nat | Ω2;Σ | pcSt ⊢Sig x := e′ : τ ⊣ Ω′′.

We consider two subcases based on Md.

Subcase 1. [Md = Jit]. Let Sig1 = {Md | b ≥ 0 : nat | Ω2;Σ | pcSt ⊢ x := e′ : τ}. It
follows by lemma 30 that Md | b = 0 : nat | Ω2;Σ | pcSt ⊢Sig1 x := e′ : τ.

Subcase 2. [Md = aID(c0)]. By (†2) via lemma 31, we get Md | b = 0 : nat | Ω2;Σ |
pcSt ⊢Sig x := e′ : τ.

In both subcases, the desired result follows by T-Enough?:

Sig1 = {Md | b ≥ 0 : nat | Ω2;Σ | pcSt ⊢ x := e′ : τ}
Sig2 = i f Md = jit then Sig1 else Sig

Md | b = 0 : nat | Ω2;Σ | pcSt ⊢Sig2 x := e′ : τ
Md | b > 0 : nat | Ω2;Σ | pcSt ⊢Sig x := e′ : τ ⊣ Ω′′;Σ

Md | b ≥ 0 : nat | Ω2;Σ | pcSt ⊢Sig x := e′ : τ ⊣ Ω′′;Σ
(T-enough?)

Observe that the well-formedness of γ | Md | n′ | I | O | N | V | pcSo | x := e′@q′ follows
by definition 26, vacuously.
Note that Ω ≼ Ω2 and ⊢Mdγ N | V : Ω2 | Σ were established above.

Case [D-Assign-step]. This case follows similar reasoning to the previous case.

Case [D-Assign-V].

D-Assign-V
Val(γ | Md | n | I | O | N | V | pcSo | e@q)

γ = γ′, [x→ ℓ] V = V′, ℓ@⟨qID, qIO⟩ ↪→ v′ q = ⟨qIDe, qIOe⟩

pcSo = pc▷ pcS′o pc = ⟨qIDpc, qIOpc⟩ q′ = ⟨qID, qIOe ⊔t qIOpc⟩ n = n′ + 1

γ | Md | n | I | O | N | V | pcSo | x := e@q → γ | Md | n′ | I | O | N | V′, ℓ@q′ ↪→ e | pcSo | skip

By the last premise n > 0, and n′ ≥ 0. By inversion on (†) via T-Enough? rule, we have

(†1) Md | b > 0 : nat | Ω;Σ | pcSt ⊢Sig x := e : τ ⊣ Ω′;Σ′′

and

(†2) Md | b = 0 : nat | Ω;Σ | pcSt ⊢Sig′′ x := e : τ

where Sig′′ = i f Md = jit then Sig′ else Sig and Sig′ = {Md | b ≥ 0 : nat | Ω;Σ | pcSt ⊢

x := e : τ}.
By T-Skip, we know that

Md | b ≥ 0 : nat | Ω′;Σ′′ | pcSt ⊢Sig skip : τ ⊣ Ω′;Σ′′ (∗)
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Since skip is not of the form c1;W c2, trivially the configuration γ | Md | n′ | I | O | N |
V′, ℓ@q′ ↪→ e | pcSo | skip is well-formed.
All that remains to be shown is that ⊢Mdγ N | V′, ℓ@q′ ↪→ e | pcSo : Ω′ | Σ′′ | pcSt.
Since ℓ ∈ dom(V), it follows by the definition of well-formedness that x ∈ dom(Σ).
By inversion on (†1) via T-Assign

T-Assign-u
Md | b ≥ 0 : nat | Ω;Σ | pcSt ⊢RD;Sig e : CMdA @⟨qIDe, qIOe⟩ ⊣ Ω

1

Md | b > 0 : nat | Ω1;Σ | pcSt ⊢WT x : ↓↑A@⟨qIDx, qIOx⟩ ⊣ Ω
′

pcSt = pc▷ pcS′t pc = ⟨qIDpc, qIOpc⟩

qIDpc ⊔id qIDe ⊑id qIDx qIOpc ⊔t qIOe ⊑t qIOx x ∈ dom(Σ)
Σ = x : ↓↑A@⟨qIDx, qIOx⟩,Σ0 Σ′′ = x : ↓↑A@⟨qIDx, qIOpc ⊔t qIOe⟩,Σ0

Md | b > 0 : nat | Ω;Σ | pcSt ⊢Sig x := e : τ ⊣ Ω′;Σ′′

we have

(1) Md | b ≥ 0 : nat | Ω;Σ | pcSt ⊢RD;Sig e : CMdA @⟨qIDe, qIOe⟩ ⊣ Ω
1

(2) Md | b > 0 : nat | Ω1;Σ | pcSt ⊢WT x : ↓↑ A@⟨qIDx, qIOx⟩ ⊣ Ω
′

(3) pcSt = pc▷ pcS′t
(4) pc = ⟨qIDpc, qIOpc⟩

(5) qIDpc ⊔id qIDe ⊑id qIDx

(6) qIOpc ⊔t qIOe ⊑t qIOx

(7) x ∈ dom(Σ)

(8) Σ′ = x : ↓↑A@⟨qIDx, qIOx⟩,Σ0

(9) Σ′′ = x : ↓↑A@⟨qIDx, qIOpc ⊔t qIOe⟩,Σ0

By Lemma 40 applied to (1), and since Val(γ | Md | n | I | O | N | V | pcSo | e@q), we
know that Ω = Ω1 and hence ⊢Mdγ N | V | pcSo : Ω1 | Σ | pcSt.
By Lemma 34 applied to (2), we know that Ω1 ≼Wt Ω

′ and Σ1 ≼Wt Σ
′, and hence it follows

by the well-formedness definitions that

⊢Mdγ N | V | pcSo : Ω′ | Σ′ | pcSt

By inversion of V-loc and by (8), we know that:

⊢Mdγ N | V′ | pcSo : Ω′ | Σ0 | pcSt

Then, by V-loc, (9), definition of q′, and that qID = qIDx (by definition, δ(pc, qID,Wt) =
qID where qID ∈ {Id,Nid}) it follows that

⊢Mdγ N | V′, ℓ@q′ ↪→ e | pcSo : Ω′ | Σ′′ | pcSt

We consider two subcases based on Md.
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Subcase 1. [Md = Jit]. Let Sig1 = {Md | b ≥ 0 : nat | Ω′;Σ′′ ⊢ skip : Cunit}. From
lemma 30, we get Md | b = 0 : nat | Ω′;Σ′′ ⊢Sig skip : Cunit.

Subcase 2. [Md = aID(c0)]. By (†2) via lemma 31, we get Md | b = 0 : nat | Ω′;Σ′′ ⊢Sig
skip : Cunit.

In both subcases, the desired result follows by T-Enough?:

Sig1 = {Md | b ≥ 0 : nat | Ω′;Σ′′ ⊢ skip : τ}
Sig2 = i f Md = jit then Sig1, else Sig

Md | b = 0 : nat | Ω′;Σ′′ ⊢Sig2 skip : Cunit
Md | b > 0 : nat | Ω′;Σ′′ ⊢Sig skip : Cunit ⊣ Ω′;Σ′′

Md | b ≥ 0 : nat | Ω′;Σ′′ ⊢Sig skip : Cunit ⊣ Ω′;Σ′′
(T-enough?)

Observe that the well-formedness of γ | Md | n′ | N | V′, ℓ@q′ ↪→ e | skip follows by
definition 26, vacuously.
It remains to establish Ω ≼ Ω′ and Σ ≼ Σ′′. By Lemma 35 applied to (1), we know that
Ω ≼Rd Ω

1, and hence by definition that Ω ≼ Ω1. By Lemma 34 applied to (2), we know
that Ω1 ≼Wt Ω

′ and Σ ≼Wt Σ
′, and hence by definition that Ω1 ≼ Ω′ (†) and Σ ≼ Σ′ (‡).

The desired result follows by (†) and ‡ and (9).

Case [D-Assign-N].

D-Assign-N
Val(γ | Md | n | I | O | N | V | pcSo | e@q) q = ⟨qIDe, qIOe⟩ γ = γ′, [x→ ℓ]

N = N′, ℓ@⟨qID, qIO⟩ ↪→ v′ pcSo = pc▷ pcS′o qID′ = δ(pc, qID,Wt) , UN
pc = ⟨qIDpc, qIOpc⟩ q′ = ⟨qID′, qIOe ⊔t qIOpc⟩ n = n′ + 1

γ | Md | n | I | O | N | V | pcSo | x := e@q → γ | Md | n′ | I | O | N′, ℓ@q′ ↪→ e | V | pcSo | skip

By the last premise n > 0, and n′ ≥ 0. By inversion on (†) via T-Enough? rule, we have

(†1) Md | b > 0 : nat | Ω;Σ | pcSt ⊢Sig x := e : τ ⊣ Ωn;Σn

and

(†2) Md | b = 0 : nat | Ω;Σ | pcSt ⊢Sig′′ x := e : τ

where Sig′′ = i f Md = jit then Sig′ else Sig and Sig′ = {Md | b ≥ 0 : nat | Ω;Σ | pcSt ⊢

x := e : τ}.
By T-Skip, we know that

Md | b ≥ 0 : nat | Ωn;Σn | pcSt ⊢Sig skip : τ ⊣ Ωn;Σn (∗)

Since skip is not of the form c1;W c2, trivially the configuration γ | Md | n′ | I | O |
N′, ℓ@q′ ↪→ e | V | pcSo | skip is well-formed.
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All that remains to be shown is that ⊢Mdγ N′, ℓ@q′ ↪→ e | V | pcSo : Ωn | Σn | pcSt.
Since ℓ ∈ dom(N), it follows by the definition of well-formedness that either x ∈ dom(Σ)
or x ∈ dom(Ω).

Subcase x ∈ dom(Σ). If x ∈ dom(Σ), we let Ωn = Ω′ and Σn = Σ′′ and invert (†1) on
T-Assign-u

T-Assign-u
Md | b ≥ 0 : nat | Ω;Σ | pcSt ⊢RD;Sig e : CMdA @⟨qIDe, qIOe⟩ ⊣ Ω

1

Md | b > 0 : nat | Ω1;Σ | pcSt ⊢WT x : ↓↑A@⟨qIDx, qIOx⟩ ⊣ Ω
′

pcSt = pc▷ pcS′t pc = ⟨qIDpc, qIOpc⟩

qIDpc ⊔id qIDe ⊑id qIDx qIOpc ⊔t qIOe ⊑t qIOx x ∈ dom(Σ)
Σ′ = x : ↓↑A@⟨qIDx, qIOx⟩,Σ0 Σ′′ = x : ↓↑A@⟨qIDx, qIOpc ⊔t qIOe⟩,Σ0

Md | b > 0 : nat | Ω;Σ | pcSt ⊢Sig x := e : τ ⊣ Ω′;Σ′′

to learn

(1) Md | b ≥ 0 : nat | Ω;Σ | pcSt ⊢RD;Sig e : CMdA @⟨qIDe, qIOe⟩ ⊣ Ω
1

(2) Md | b > 0 : nat | Ω1;Σ | pcSt ⊢WT x : ↓↑ A@⟨qIDx, qIOx⟩ ⊣ Ω
′

(3) pcSt = pc▷ pcS′t
(4) pc = ⟨qIDpc, qIOpc⟩

(5) qIDpc ⊔id qIDe ⊑id qIDx

(6) qIOpc ⊔t qIOe ⊑t qIOx

(7) x ∈ dom(Σ)

(8) Σ′ = x : ↓↑A@⟨qIDx, qIOx⟩,Σ0

(9) Σ′′ = x : ↓↑A@⟨qIDx, qIOpc ⊔t qIOe⟩,Σ0

By Lemma 40 applied to (1), and since Val(γ | Md | n | I | O | N | V | pcSo | e@q), we
know that Ω = Ω1 and hence it follows by assumption that ⊢Mdγ N | V | pcSo : Ω1 | Σ |

pcSt.
By Lemma 34 applied to (2), we know that Ω1 ≼Wt Ω

′, and hence it follows by the
well-formedness definitions that

⊢Mdγ N | V | pcSo : Ω′ | Σ′ | pcSt

If x ∈ dom(Σ), then it must be that qIDx = Id(CK). By inversion of NV-loc-aid-2 and
by (8), we know that:

⊢Mdγ N′ | V | pcSo : Ω′ | Σ0 | pcSt

By inversion of T-W-Shift and T-Loc-Write, we learn that qIDx = δ(pc, qID0,Wt) ,
UN. By the well-formedness of nonvolatile memory, we know that qID0 = qID.
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Hence, qID = qIDx. Then, by NV-loc-aid-2, (9), definition of q′ and qID′, it follows
that

⊢Mdγ N′, ℓ@q′ ↪→ e | V | pcSo : Ω′ | Σ′′ | pcSt

It remains to establish Ω ≼ Ω′ and Σ ≼ Σ′′. By Lemma 35 applied to (1), we know
that Ω ≼Rd Ω

1, and hence by definition that Ω ≼ Ω1. By Lemma 34 applied to (2),
we know that Ω1 ≼Wt Ω

′ and Σ ≼Wt Σ
′, and hence by definition that Ω1 ≼ Ω′ (†) and

Σ ≼ Σ′ (‡). The desired result follows by (†) and ‡ and (9).

Subcase x ∈ dom(Ω). If x ∈ dom(Ω), we let Ωn = Ω′′ and Σn = Σ′ and invert (†1) on
T-Assign-s

T-Assign-s
Md | b ≥ 0 : nat | Ω;Σ | pcSt ⊢RD;Sig e : CMdA @⟨qIDe, qIOe⟩ ⊣ Ω

1

Md | b > 0 : nat | Ω1;Σ | pcSt ⊢WT x : ↓↑A@⟨qIDx, qIOx⟩ ⊣ Ω
′

pcSt = pc▷ pcS′t pc = ⟨qIDpc, qIOpc⟩

qIDpc ⊔id qIDe ⊑id qIDx qIOpc ⊔t qIOe ⊑t qIOx x ∈ dom(Ω)
Ω′ = x : ↑A@⟨qIDx, qIOx⟩,Ω0 Ω′′ = x : ↑A@⟨qIDx, qIOpc ⊔t qIOe⟩,Ω0

Md | b > 0 : nat | Ω;Σ | pcSt ⊢Sig x := e : τ ⊣ Ω′′;Σ

to learn

(1) Md | b ≥ 0 : nat | Ω;Σ | pcSt ⊢RD;Sig e : CMdA @⟨qIDe, qIOe⟩ ⊣ Ω
1

(2) Md | b > 0 : nat | Ω1;Σ | pcSt ⊢WT x : ↓↑ A@⟨qIDx, qIOx⟩ ⊣ Ω
′

(3) pcSt = pc▷ pcS′t
(4) pc = ⟨qIDpc, qIOpc⟩

(5) qIDpc ⊔id qIDe ⊑id qIDx

(6) qIOpc ⊔t qIOe ⊑t qIOx

(7) x ∈ dom(Ω)

(8) Ω′ = x : ↑A@⟨qIDx, qIOx⟩,Ω0

(9) Ω′′ = x : ↑A@⟨qIDx, qIOpc ⊔t qIOe⟩,Ω0

By Lemma 40 applied to (1), and since Val(γ | Md | n | I | O | N | V | pcSo | e@q), we
know that Ω = Ω1, and hence ⊢Mdγ N | V | pcSo : Ω1 | Σ | pcSt.
By Lemma 34 applied to (2), we know that Ω1 ≼Wt Ω

′, and hence it follows by the
well-formedness definitions that

⊢Mdγ N | V | pcSo : Ω′ | Σ | pcSt

Since x ∈ dom(Ω), it follows by inversion of the rule NV-loc-aid-1 on (8):

⊢Mdγ N′ | V | pcSo : Ω0 | Σ | pcSt
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By inversion of T-W-Shift and T-Loc-Write, we learn that qIDx = δ(pc, qID0,Wt) ,
UN and Ω1 ≼ Ω′ (∗) by definition. By the well-formedness of nonvolatile mem-
ory, we know that qID0 = qID. Hence, qID = qIDx. Then, by NV-loc-aid-1, (9),
definition of q′ and qID′, it follows that

⊢Mdγ N′, ℓ@q′ ↪→ e | V | pcSo : Ω′′ | Σ | pcSt

By Lemma 35 applied to (1), we know that Ω ≼Rd Ω
1, and hence by definition that

Ω ≼ Ω1. Therefore, by (∗) it follows that Ω ≼ Ω′′.

In both cases ∃Ωn,Σn s.t. Ω ≼ Ωn and Σ ≼ Σn and:

⊢Mdγ N′, ℓ@q′ ↪→ e | V | pcSo : Ωn | Σn | pcSt

We consider two subcases based on Md.

Subcase 1. [Md = Jit]. Let Sig1 = {Md | b ≥ 0 : nat | Ωn;Σn ⊢ skip : Cunit}. From
lemma 30, we get Md | b = 0 : nat | Ωn;Σn ⊢Sig skip : Cunit.

Subcase 2. [Md = aID(c0)]. By (†2) via lemma 31, we get Md | b = 0 : nat | Ωn;Σn ⊢Sig

skip : Cunit.

In both subcases, the desired result follows by T-Enough?:

Sig1 = {Md | b ≥ 0 : nat | Ωn;Σn ⊢ skip : τ}
Sig2 = i f Md = jit then Sig1, else Sig

Md | b = 0 : nat | Ωn;Σn ⊢Sig2 skip : Cunit
Md | b > 0 : nat | Ωn;Σn ⊢Sig skip : Cunit ⊣ Ωn;Σn

Md | b ≥ 0 : nat | Ωn;Σn ⊢Sig skip : Cunit ⊣ Ωn;Σn (T-enough?)

Observe that the well-formedness of γ | Md | n′ | N′, ℓ@q′ ↪→ e | V | skip follows by
definition 26, vacuously.

Case 6 [D-If].

γ | Md | n | I | O | N | V | pcSo | e@⟨Id, Nt⟩ → γ | Md | n′ | I | O | N | V | pcSo | e
′@q′

γ | Md | n | I | O | N | V | pcSo | if e then c1 else c2

→ γ | Md | n′ | I | O | N | V | pcSo | if e′@q′ then c1 else c2

(D-If)

By the first premise n > 0. By inversion on (†) via T-Enough? rule, we have

(†1) Md | b > 0 : nat | Ω;Σ | pcSt ⊢Sig if e then c1 else c2 : τ ⊣ Ω′;Σ′

and

(†2) Md | b = 0 : nat | Ω;Σ | pcSt ⊢Sig′′ if e then c1 else c2 : τ
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where Sig′′ = i f Md = jit then Sig′ else Sig and Sig′ = {Md | b ≥ 0 : nat | Ω;Σ ⊢
if e then c1 else c2 : τ}.
By inversion on (†1) via T-If

T-If
Md | b ≥ 0 : nat | Ω;Σ | pcSt ⊢RD;Sig e : CMdbool@⟨qIDe, qIOe⟩ ⊣ Ω0

pcSt = pc▷ pcS′t pc = ⟨qID, qIO⟩ pc′ = ⟨qID ⊔id qIDe, qIO ⊔t qIOe⟩

Md | b ≥ 0 : nat | Ω0;Σ | pc′ ▷ pcSt ⊢Sig c1 : τ ⊣ Ω1;Σ1

Md | b ≥ 0 : nat | Ω0;Σ | pc′ ▷ pcSt ⊢Sig c2 : τ ⊣ Ω2;Σ2

Ω′ = lift(pc,Ω1 ⊔Ω2) Σ′ = Σ1 ⊔ Σ2

Md | b > 0 : nat | Ω;Σ | pcSt ⊢Sig if e then c1 else c2 : τ ⊣ Ω′;Σ′

we learn that

(1) Md | b ≥ 0 : nat | Ω;Σ | pcSt ⊢RD;Sig e : CMd
bool

@⟨qIDe, qIOe⟩ ⊣ Ω0

(2) Md | b ≥ 0 : nat | Ω0;Σ | pc′ ▷ pcSt ⊢Sig c1 : τ ⊣ Ω1;Σ1

(3) Md | b ≥ 0 : nat | Ω0;Σ | pc′ ▷ pcSt ⊢Sig c2 : τ ⊣ Ω2;Σ2

(4) pcSt = pc▷ pcS′t
(5) pc = ⟨qID, qIO⟩

(6) pc′ = ⟨qID ⊔id qIDe, qIO ⊔t qIOe⟩

(7) Ω′ = lift(pc,Ω1 ⊔Ω2)

(8) Σ′ = Σ1 ⊔ Σ2

By the application of Theorem 17 on (1) and γ | Md | n | I | O | N | V | pcSo | e → γ | Md |
n′ | I | O | N′ | V | pcSo | e

′, it follows that for some ⟨qID′e, qIO′e⟩, Ω
′
0

Md | b ≥ 0 : nat | Ω′0;Σ | pcSt ⊢RD;Sig e′ : CMdbool@⟨qID′e, qIO′e⟩ ⊣ Ω0

where n′ ≥ 0 and Ω ≼ Ω′0.
By the following application of the T-If rule we get

Md | b ≥ 0 : nat | Ω′0;Σ | pcSt ⊢RD;Sig e′ : CMdbool@⟨qID′e, qIO′e⟩ ⊣ Ω0

pcSt = pc▷ pcS′t pc = ⟨qID, qIO⟩ pc′′ = ⟨qID ⊔id qID′e, qIO ⊔t qIO′e⟩
Md | b ≥ 0 : nat | Ω0;Σ | pc′′ ▷ pcSt ⊢Sig c1 : τ ⊣ Ω′1;Σ′1
Md | b ≥ 0 : nat | Ω0;Σ | pc′′ ▷ pcSt ⊢Sig c2 : τ ⊣ Ω′2;Σ′2

Ω′′ = lift(pc,Ω′1 ⊔Ω
′
2) Σ′′ = Σ′1 ⊔ Σ

′
2

Md | b > 0 : nat | Ω′0;Σ | pcSt ⊢Sig if e′ then c1 else c2 : τ ⊣ Ω′′;Σ′′
(T-If)

We consider two subcases based on Md.

Subcase 1. [Md = Jit]. Let Sig1 = {Md | b ≥ 0 : nat | Ω′0;Σ | pcSt ⊢ if e′ then c1 else c2 :
τ}. By lemma 30, we get Md | b = 0 : nat | Ω′0;Σ | pcSt ⊢Sig1 if e′ then c1 else c2 : τ.
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Subcase 2. [Md = aID(c0)]. By (†2) via lemma 31, we get Md | b = 0 : nat | Ω′0;Σ |
pcSt ⊢ if e′ then c1 else c2 : τ.

In both subcases, the desired result follows by T-Enough?:

Sig1 = {Md | b ≥ 0 : nat | Ω′0;Σ | pcSt ⊢ if e′ then c1 else c2 : τ}
Sig2 = i f Md = jit then Sig1, else Sig

Md | b = 0 : nat | Ω′0;Σ | pcSt ⊢Sig2 if e′ then c1 else c2 : τ
Md | b > 0 : nat | Ω′0;Σ | pcSt ⊢Sig if e′ then c1 else c2 : τ ⊣ Ω′′;Σ′′

Md | b ≥ 0 : nat | Ω′0;Σ | pcSt ⊢Sig if e′ then c1 else c2 : τ ⊣ Ω′′;Σ′′
(T-enough?)

Observe that the well-formedness of γ | Md | n′ | I | O | N | V | pcSt | if e′ then c1 else c2

follows by definition 26, and Ω ≼ Ω′0 and Σ ≼ Σ′0 follow by definition, both vacuously.

Case [D-If-step]. This case follows similar reaoning to the previous case.

Case 7. [D-If-tt].

D-If-tt
n = n′ + 1

Val(γ | Md | n | I | O | N | V | pcSo | tt@qv) pc′o = pco ⊔q qv pcSo = pco ▷ pcS0
o

γ | Md | n | I | O | N | V | pcSo | if tt@qv then c1 else c2

→ γ | Md | n′ | I | O | N | V | pc′o ▷ pcSo | c1; endif

By the first premise n > 0, and n′ ≥ 0. By inversion on (†) via T-Enough? rule, we have

(†1) Md | b > 0 : nat | Ω;Σ | pcSt ⊢Sig if tt then c1 else c2 : τ ⊣ Ω′;Σ′

and

(†2) Md | b = 0 : nat | Ω;Σ | pcSt ⊢Sig′′ if tt then c1 else c2 : τ

where Sig′′ = i f Md = jit then Sig′ else Sig and Sig′ = {Md | b ≥ 0 : nat | Ω;Σ | pcSt ⊢

if tt then c1 else c2 : τ}.
By inversion on (†1) via T-If

T-If
Md | b ≥ 0 : nat | Ω;Σ | pcSt ⊢RD;Sig tt : CMdbool@⟨qIDe, qIOe⟩ ⊣ Ω0

pcSt = pct ▷ pcS′t pct = ⟨qID, qIO⟩ pc′t = ⟨qID ⊔id qIDe, qIO ⊔t qIOe⟩

Md | b ≥ 0 : nat | Ω0;Σ | pc′t ▷ pcSt ⊢Sig c1 : τ ⊣ Ω1;Σ1

Md | b ≥ 0 : nat | Ω0;Σ | pc′t ▷ pcSt ⊢Sig c2 : τ ⊣ Ω2;Σ2

Ω′ = lift(pct,Ω1 ⊔Ω2) Σ′ = Σ1 ⊔ Σ2

Md | b > 0 : nat | Ω;Σ | pcSt ⊢Sig if tt then c1 else c2 : τ ⊣ Ω′;Σ′

we learn that
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(1) Md | b ≥ 0 : nat | Ω;Σ | pcSt ⊢RD;Sig tt : CMd
bool

@⟨qIDe, qIOe⟩ ⊣ Ω0

(2) pcSt = pct ▷ pcS′t
(3) pct = ⟨qID, qIO⟩

(4) pc′t = ⟨qID ⊔id qIDe, qIO ⊔t qIOe⟩

(5) Md | b ≥ 0 : nat | Ω0;Σ | pc′t ▷ pcSt ⊢Sig c1 : τ ⊣ Ω1;Σ1

(6) Md | b ≥ 0 : nat | Ω0;Σ | pc′t ▷ pcSt ⊢Sig c2 : τ ⊣ Ω2;Σ2

(7) Ω′ = lift(pct,Ω1 ⊔Ω2)

(8) Σ′ = Σ1 ⊔ Σ2

By Theorem 16 applied to Val(γ | Md | n | I | O | N | V | pcSo | tt@qv), we know that
Ω = Ω0. By the assumption ⊢Mdγ N | V | pcSo : Ω | Σ | pcSt, we know that qv = ⟨qIDe, qIOe⟩.
Observe that the well-formedness of γ | Md | n′ | I | O | N | V | pcSo | c1; endif follows by
definition 26, vacuously because c1 is not of the form c′;W c′′. The detail Ω ≼ Ω follows
vacuously by definition.
The typing judgment (2) completes the proof; note that ⊢Mdγ N | V | pcSo : Ω | Σ | pcSt
holds by assumption, which implies that pco = pct. Since qv = ⟨qIDe, qIOe⟩ and Ω = Ω0,
it follows that ⊢Mdγ N | V | pc′o ▷ pcSo : Ω0 | Σ | pc′t ▷ pcSt.

Case 8 [D-If-ff]. Similar to the previous case.

Case 9 [D-seq].

n > 0

γ | Md | n | I | O | N | V | pcSo | c1; c2 → γ | Md | n | I | O | N | V | pcSo | c1;γ|V c2
(D-seq)

By the premise n > 0. By inversion on (†) via T-Enough? rule, we have

(†1) Md | b > 0 : nat | Ω;Σ | pcSt ⊢Sig c1; c2 : τ ⊣ Ω′′;Σ′′

and
(†2) Md | b = 0 : nat | Ω;Σ | pcSt ⊢Sig′′ c1; c2 : τ

where Sig′′ = i f Md = jit then Sig′ else Sig and Sig′ = {Md | b ≥ 0 : nat | Ω;Σ | pcSt ⊢

c1; c2 : τ}.
By inversion on (†1) via T-Seq

Md | b ≥ 0 : nat | Ω;Σ | pcSt ⊢Sig c1 : Cunit ⊣ Ω′;Σ′

Md | b ≥ 0 : nat | Ω′;Σ′ | pcSt ⊢Sig c2 : τ ⊣ Ω′′;Σ′′

Md | b > 0 : nat | Ω;Σ | pcSt ⊢Sig c1; c2 : τ ⊣ Ω′′;Σ′′
(T-Seq)

we learn that

(1) Md | b ≥ 0 : nat | Ω;Σ | pcSt ⊢Sig c1 : Cunit ⊣ Ω′;Σ′

370



(2) Md | b ≥ 0 : nat | Ω′;Σ′ | pcSt ⊢Sig c2 : τ ⊣ Ω′′;Σ′′

Let W = γ | V. To finish the proof, it remains to be shown that

Md | b ≥ 0 : nat | Ω′;Σ′′′ | pcSt ⊢Sig c2 : τ ⊣ Ω′′;Σ′′

where Ω′ = Ω1
CK,Ω

2 and Σ′′′ = trim(Σ′,V, γ) ∪ ↓Ω1
ck.

By definition of trim and the world W, the desired result holds from (2).
Let x ∈ dom(Σ′) where [x 7→ ℓ] ∈ γ be arbitrary such that ℓ < dom(V).
By the following application of the T-seq-d rule

T-seq-d
W = γ | V Md | b ≥ 0 : nat | Ω;Σ | pcSt ⊢Sig c1 : CMdunit ⊣ Ω

′;Σ′

Ω′ = Ω1
CK,Ω

2 Σ′′′ = trim(Σ′,V, γ) ∪ ↓Ω1
ck

Md | b ≥ 0 : nat | Ω′;Σ′′′ | pcSt ⊢Sig c2 : τ ⊣ Ω′′;Σ′′

Md | b > 0 : nat | Ω;Σ | pcSt ⊢Sig c1;W c2 : τ ⊣ Ω′′;Σ′′

we learn that Md | b > 0 : nat | Ω;Σ | pcSt ⊢Sig c1;W c2 : τ ⊣ Ω′′;Σ′′

We consider two subcases based on Md.

Subcase 1. [Md = Jit]. Let Sig1 = {Md | b ≥ 0 : nat | Ω;Σ | pcSt ⊢ c1;W c2 : τ}. By
lemma 30, we get Md | b = 0 : nat | Ω;Σ | pcSt ⊢ c1;W c2 : τ.

Subcase 2. [Md = aID(c0)]. By (†2) via lemma 31, we get Md | b = 0 : nat | Ω;Σ |
pcSt ⊢ c1;W c2 : τ.

In both subcases, the desired result follows by T-Enough?:

Sig1 = {Md | b ≥ 0 : nat | Ω;Σ | pcSt ⊢ c1;W c2 : τ}
Sig2 = i f Md = jit then Sig1 else Sig

Md | b = 0 : nat | Ω;Σ | pcSt ⊢Sig2 c1;W c2 : τ
Md | b > 0 : nat | Ω;Σ | pcSt ⊢Sig c1;W c2 : τ ⊣ Ω′′;Σ′′

Md | b ≥ 0 : nat | Ω;Σ | pcSt ⊢Sig c1;W c2 : τ ⊣ Ω′′;Σ′′
(T-enough?)

Observe that the well-formedness of γ | Md | n | I | O | N | V | pcSo | c1;γ|V c2 follows by
definition 26 since γ ⊆ γ and dom(V) ⊆ dom(V). The details Ω ≼ Ω and Σ ≼ Σ follow by
definition, vacuously.

Case [D-seq-step].

n > 0
γ | Md | n | I | O | N | V | pcSo | c1 → γ

′ | Md | n′ | I′ | O′ | N′ | V′ | pcS′o | c
′
1

γ | Md | n | I | O | N | V | pcSo | c1;W c2 → γ
′ | Md | n′ | I′ | O′ | N′ | V′ | pcS′o | c

′
1;W c2

(D-seq-step)

The premises yield
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(a) n > 0

(b) γ | Md | n | I | O | N | V | pcSo | c1 → γ
′ | Md | n′ | I′ | O′ | N′ | V′ | pcS′o | c

′
1

By assumption, note that

• ⊢Mdγ N | V | pcSo : Ω | Σ | pcSt

• Md | b ≥ 0 : nat | Ω;Σ | pcSt ⊢Sig c1;W c2 : τ ⊣ Ω′;Σ′

• γ | Md | n | I | O | N | V | pcSo | c1;W c2 is well-formed.

Put W = γ0 | V0. Then by definition 26, we have dom(V0) ⊆ dom(V) and γ0 ⊆ γ. Observe
that γ | Md | n | I | O | N | V | pcSo | c1 is well-formed, which vacuously follows by
definition 26 because c1 does not have the form c′;W′ c′′ and we always run the command
c1 before c2.
By inversion of Md | b ≥ 0 : nat | Ω;Σ | pcSt ⊢Sig c1;W c2 : τ ⊣ Ω′;Σ′ via T-Enough?
rule, we have

(†1) Md | b > 0 : nat | Ω;Σ | pcSt ⊢Sig c1;W c2 : τ ⊣ Ω′;Σ′

and
(†2) Md | b = 0 : nat | Ω;Σ | pcSt ⊢Sig′′ c1;W c2 : τ

where Sig′′ = i f Md = jit, then Sig′, else Sig and Sig′′ = {Md | b ≥ 0 : nat | Ω;Σ |
pcSt ⊢ c1;W c2 : τ}.
By inversion of (†1) via T-seq-d

W = γ0 | V0 Md | b ≥ 0 : nat | Ω;Σ | pcSt ⊢Sig c1 : Cunit ⊣ Ω′;Σ′

Ω′ = Ω1
CK,Ω

2 Σ′′ = trim(Σ′,V0, γ0) ∪ ↓Ω1
ck

Md | b ≥ 0 : nat | Ω′;Σ′′ | pcSt ⊢Sig c2 : τ ⊣ Ω′′;Σ′′′

Md | b > 0 : nat | Ω;Σ | pcSt ⊢Sig c1;W c2 : τ ⊣ Ω′′;Σ′′′
(T-seq-d)

we learn that

(1) Md | b ≥ 0 : nat | Ω;Σ | pcSt ⊢Sig c1 : Cunit ⊣ Ω′;Σ′

(2) Σ′′ = trim(Σ′,V0, γ0)

(3) Md | b ≥ 0 : nat | Ω′;Σ′′ | pcSt ⊢Sig c2 : τ ⊣ Ω′′;Σ′′′

(4) Ω′ = Ω1
CK,Ω

2

By the inductive hypothesis applied to (1), (b), the well-formedness of γ | Md | n |
I | O | N | V | pcSo | c1, ⊢Mdγ N | V | pcSo : Ω | Σ | pcS0

t , and n ≥ 0, we get
Md | b ≥ 0 : nat | Ω0;Σ0 | pcSt ⊢Sig c′1 : Cunit ⊣ Ω′;Σ′, where

(i) ⊢Mdγ′ N′ | V′ | pcS′o : Ω0 | Σ0 | pcS0
t ,

(ii) n′ ≥ 0,

(iii) γ′ | Md | n′ | I′ | O′ | N′ | V′ | pcS′o | c
′
1 is well-formed,
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(iv) Ω ≼ Ω0 and Σ ≼ Σ0

Since c1 is always executed before c2 until skip is reached, any conditional started during
the execution of c1 would also conclude during its execution. Therefore, pcS0

t = pcSt.
We now need to show that dom(V0) ⊆ dom(V′) and γ0 ⊆ γ

′. Observe that c1 , c′;W c′′

because c1;W c2 and we always run c1 first. By lemma 38 and c1 , c′;W c′′, it follows that
dom(V) ⊆ dom(V′) and γ ⊆ γ′. Then it follows by dom(V0) ⊆ dom(V) and γ0 ⊆ γ (as
shown above), that dom(V0) ⊆ dom(V) ⊆ dom(V′) and γ0 ⊆ γ ⊆ γ

′.
Using W = γ0 | V0, (2), (3), and Md | b ≥ 0 : nat | Ω0;Σ0 | pcSt ⊢Sig c′1 : Cunit ⊣ Ω′;Σ′,
we can apply T-seq-d

W = γ0 | V0 Md | b ≥ 0 : nat | Ω0;Σ0 | pcSt ⊢Sig c′1 : Cunit ⊣ Ω′;Σ′

Σ′′ = trim(Σ′,V0, γ0) Md | b ≥ 0 : nat | Ω′;Σ′′ | pcSt ⊢Sig c2 : τ ⊣ Ω′′;Σ′′′

Md | b > 0 : nat | Ω0;Σ0 | pcSt ⊢Sig c′1;W c2 : τ ⊣ Ω′′;Σ′′′
(T-seq-d)

We now need to show that Md | b = 0 : nat | Ω0;Σ0 | pcSt ⊢Sig c′1;W c2 : τ. The proof
proceeds in two subcases based on Md:

Case Md = jit. Let Sig1 = {Md | b ≥ 0 : nat | Ω0;Σ0 | pcSt ⊢ c′1;W c2 : τ}. It follows by
lemma 30 that Md | b = 0 : nat | Ω0;Σ0 | pcSt ⊢ c′1;W c2 : τ.

Case Md = aID(c0). By (†2) via lemma 31, we can see that Md | b = 0 : nat | Ω0;Σ0 |

pcSt ⊢ c′1;W c2 : τ.

In both cases, Md | b = 0 : nat | Ω0;Σ0 | pcSt ⊢ c′1;W c2 : τ.
The desired result follows by T-Enough?:

Sig1 = {Md | b ≥ 0 : nat | Ω0;Σ0 | pcSt ⊢ c′1;W c2 : τ}
Sig2 = i f Md = jit, then Sig1, else Sig

Md | b = 0 : nat | Ω0;Σ0 | pcSt ⊢ c′1;W c2 : τ
Md | b > 0 : nat | Ω0;Σ0 | pcSt ⊢ c′1;W c2 : τ ⊣ Ω′′;Σ′′′

Md | b ≥ 0 : nat | Ω0;Σ0 | pcSt ⊢ c′1;W c2 : τ ⊣ Ω′′;Σ′′′
(T-enough?)

Observe that by definition 26 applied to dom(V0) ⊆ dom(V′) and γ0 ⊆ γ
′ (as shown above),

γ′ | Md | n′ | I′ | O′ | N′ | V′ | pcS′o | c
′
1;W c2 is well-formed, as desired.

Case 11 [D-seq-v].

n = n′ + 1 W = γ′ | V′ V′′ = V ↾ dom(V′)

γ | Md | n | I | O | N | V | pcSo | skip;W c2 → γ
′ | Md | n′ | I | O | N | V′′ | pcSo | c2

(D-seq-v)

Observe that n = n′ + 1 (from the premise of D-seq-v) implies n > 0, and hence b > 0.
By assumption, we have
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Md | b > 0 : nat | Ω;Σ | pcSt ⊢ skip;W c2 : τ ⊣ Ω′;Σ′

where ⊢Mdγ N | V | pcSo : Ω | Σ | pcSt.
By inversion on T-seq-d, we have

(1) Md | b ≥ 0 : nat | Ω;Σ | pcSt ⊢ skip : Cunit ⊣ Ω0;Σ0

(2) Md | b ≥ 0 : nat | Ω0;Σ′0 | pcSt ⊢ c2 : τ ⊣ Ω′;Σ′

(3) W = γ′ | V′ (from the premise of D-seq-v)

(4) Σ′0 = trim(Σ0,V′, γ′) ∪ ↓Ω1
ck

(5) Ω0 = Ω
1
CK,Ω

2

We now need to show that ⊢Mdγ′ N | V′′ | pcSo : Ω0 | Σ
′
0 | pcSt.

Since γ | Md | n | I | O | N | V | pcSo | skip;W c2 is well-formed (by assumption), it follows
by definition 26 that γ′ ⊆ γ.
By inversion of (1) on T-C-Shift and then on T-Skip, we know that Ω = Ω0 and Σ = Σ0.
Hence, it follows by assumption that ⊢Mdγ N | V | pcSo : Ω0 | Σ0 | pcSt.
By inversion of NV-loc-aid-2, we have

⊢Mdγ′′′ N2 | V | pcSo : Ω0 | Σ0 | pcSt (∗)

where N = N1
CK,N

2 and γ′′′ ⊆ γ′ such that range(γ′′′) = dom(N2,V).
Therefore, by lemma 37 applied to (*), the premise V′′ = V ↾ dom(V′), (4), and γ′′′ ⊆ γ,
we obtain that ⊢Mdγ′′′ N2 | V′′ | pcSo : Ω | trim(Σ0,V′, γ′) | pcSt. Therefore, it follows by
NV-loc-aid-2, that ⊢Mdγ′ N | V′′ | pcSo : Ω | Σ′0 | pcSt, as desired.

Observe that (2) yields the desired result where ⊢Mdγ′ N | V′′ | pcSo : Ω | Σ′0 | pcSt. Observe
that the well-formedness of γ′ | Md | n′ | I | O | N | V′′ | pc | c2 follows by definition 26,
vacuously because c2 is not of the form c′;W c′′. We now need to show that Ω ≼ Ω0 and
Σ ≼ Σ′0. Since Ω = Ω0, Ω ≼ Ω0 holds vacuously. Note that Σ ≼ Σ′0 follows by definition
and Σ = Σ0.

Case D-Input.

D-Input
pcSo = pco ▷ pcS′o γ′ = γ, [x 7→ ℓ] ℓ fresh n = n′ + 1 I = in(v)::I′

γ | Md | n | I | O | N | V | pcSo | let x = IN( ) in c
→ γ′ | Md | n′ | I′ | O | N | V, (ℓ@⟨Id, Tnt⟩ ⊔ pco ↪→ v) | pcSo | c

Observe that n = n′ + 1 (from the premise of D-Input) implies n > 0, and hence b > 0.
By assumption, we have

Md | b > 0 : nat | Ω;Σ | pcSt ⊢ let x = IN( ) in c : τ ⊣ Ω′;Σ′

where ⊢Mdγ N | V | pcSo : Ω | Σ | pcSt (∗).
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By inversion on the rule T-Let-In:

T-Let-in
pcSt = pct ▷ pcS′t

Md | b ≥ 0 : nat | Ω;Σ, x:↓↑A@⟨Id, Tnt⟩ ⊔ pct | pcSt ⊢Sig c : τ ⊣ Ω′;Σ′

Md | b > 0 : nat | Ω;Σ | pcSt ⊢Sig let x = IN( ) in c : τ ⊣ Ω′;Σ′

we learn that:

Md | b ≥ 0 : nat | Ω;Σ, x:↓↑A@⟨Id, Tnt⟩ ⊔ pct | pcSt ⊢Sig c : τ ⊣ Ω′;Σ′

By the well-formedness definition, we learn that pct = pco. Therefore, by V-loc applied
to (∗) and γ′ = γ, [x 7→ ℓ], we establish ⊢Mdγ N | V, (ℓ@⟨Id, Tnt⟩ ⊔ pco ↪→ v) | pcSo : Ω |
Σ, (x:↓↑A@⟨Id, Tnt⟩ ⊔ pct) | pcSt, as desired.

Case D-Output.

D-Output
γ | Md | n | I | O | N | V | pcS | e@⟨Id, Nt⟩ → γ | Md | n′ | I | O | N′ | V | pcS | e′@q′

n = n′ + 1

γ | Md | n | I | O | N | V | pcS | output(ID, e)
→ γ | Md | n′ | I | O | N′ | V | pcS | output(ID, e′@q′)

Observe that n = n′ + 1 (from the premise of D-Output) implies n > 0, and hence b > 0.
Additionally, we know that

γ | Md | n | I | O | N | V | pcS | e@⟨Id, Nt⟩ → γ | Md | n′ | I | O | N′ | V | pcS | e′@q′

By assumption, we know that

Md | b > 0 : nat | Ω;Σ | pcSt ⊢Sig output(ID, e) : τ ⊣ Ω′;Σ

There are three cases to consider:

Subcase Md = aID(c0,O) and ID ∈ O. By inversion on T-output-id, we have

• aID(c0,O) | b ≥ 0 : nat | Ω;Σ | pcS ⊢RD;Sig e : A@⟨qIDv, qIOv⟩ ⊣ Ω
′

• qIDv ⊑id Id

By application of Theorem 17, we know that aID(c0,O) | b ≥ 0 : nat | Ω0;Σ |
pcS ⊢RD;Sig e′ : A@⟨qIDv, qIOv⟩ ⊣ Ω

′;Σ where Ω ≼RD Ω0 and ⊢Mdγ N′ | V | pcSo | Ω0 |

Σ | pcSt.
Therefore, the desired result holds by application of T-output-id:

Md | b > 0 : nat | Ω0;Σ | pcSt ⊢Sig output(ID, e′) : τ ⊣ Ω′;Σ
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Subcase Md = aID(c0,O) and ID < O. The reasoning for this case is similar, but instead
relies on T-output-id.

Subcase Md = jit. The reasoning for this case is similar, but instead relies on T-output-jit.

Case D-Output-step.

D-Output-step
γ | Md | n | I | O | N | V | pcS | e@q→ γ | Md | n′ | I | O | N′ | V | pcS | e′@q′

n = n′ + 1

γ | Md | n | I | O | N | V | pcS | output(ID, e@q)
→ γ | Md | n′ | I | O | N | V | pcS | output(ID, e′@q′)

This case is similar to the previous one for D-Output.

Case D-Output-Nid-aid.

D-Output-Nid-aid
Val(γ | Md | n | I | O | N | V | pcS | v@q) ID < O n = n′ + 1

γ | aID(c0,O) | n | I | O | N | V | pcS | output(ID, v@q)
o(ID,v)
−→ γ | aID(c0,O) | n′ | I | O | N | V | pcS | skip

Observe that n = n′ + 1 (from the premise of D-Output-Nid-aid) implies n > 0, and hence
b > 0.
By assumption, we know that

Md | b > 0 : nat | Ω;Σ | pcSt ⊢Sig output(ID, v) : τ ⊣ Ω′;Σ (∗)

where ⊢Mdγ N | V | pcSo : Ω | Σ | pcSt.
By Lemma 40 applied to (*) and Val(γ | Md | n | I | O | N | V | pcS | v@q), we learn that
Ω′ = Ω. Thus, ⊢Mdγ N | V | pcSo : Ω′ | Σ | pcSt.
Therefore, it follows by T-Skip and T-C-Shift that

Md | b > 0 : nat | Ω′;Σ | pcSt ⊢Sig output(ID, v) : τ ⊣ Ω′;Σ

as desired.

Case D-Buffer-Id-aid.

D-Buffer-Id-aid
Val(γ | Md | n | I | O | N | V | pcS | v@q)

ID ∈ O n = n′ + 1 O′ = O::out(ID, v)

γ | aID(c0,O) | n | I | O | N | V | pcS | output(ID, v@q)
→ γ | aID(c0,O) | n′ | I | O′ | N | V | pcS | skip

This case is similar to the one above for D-Output-Nid-aid.
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Case D-Output-jit.

D-Output-jit
Val(γ | Md | n | I | O | N | V | pcS | v@q) n = n′ + 1

γ | jit | n | I | O | N | V | pcS | output(ID, v@q)
o(ID,v)
−→ γ | jit | n′ | I | O | N | V | pcS | skip

This case is similar to the previous one.
Note that dom(N) = dom(N′) holds by observation in all cases, and by the inductive hypoth-

esis in case 10 (D-seq-step). □
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Appendix E

Glacier Appendix

E.1 Simplifications from Full System to the Main Text
To improve the main paper’s readability, we abstracted away from the following details which are
included in the full system definition. The excluded constructs are mostly needed for low-level
proof details or provide more expressive extensions, with neither being essential to understanding
the core system behavior.

The simplifications and omissions made to enhance readability are listed below:
• the tracked set of read variables Λ is removed from conditionals, which is needed by the

type checking.
• reID and inID, which identify an associated input, are removed from events and interrupts
• event and interrupt identifiers (eID and iID) are conflated as ID
• atomic region variable sets are abbreviated as aPol
• pcS is removed from frames, and pc is removed from the type system. These are needed

for checking conditionals that branch on idempotent or non-idempotent data.
• the tracked set of shared variables ShAcc in typing judgments is simplified from vPol,

whose other variable sets are needed for other parts of the type checking. In particular,
nIds is needed to set up atomic region typing contexts.

Additionally, variable intialization is supported by our full system but does not appear in the
main text to simplify the presentation. At the beginning of a task or atomic region, a programmer
could specify a set of variables Inits to initialize to 0, which could be used to overwrite unstable
and non-idempotent effects, and reset their local qualifier to Id.

E.2 Syntax
We summarize all the syntactic constructs here. Extending sequential, intermittent program syn-
tax, the commands additionally include critical regions for accessing shared variables. For atomic
regions, we spell out all the variable policies for the region to allow type checking and operational
semantics rules to use them directly. The result argument res at the end of atomic regions and
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tasks is a fully idempotent expression representing the result to be returned by these processes.
Some nestings of programs that are defined by the grammar are not supported by our system,
such as nested atomic regions, nested critical sections, and atomic regions occurring in branches.
At the highest level, each task’s code comprises a sequence of atomic regions, commands, and
critical sections. To allow critical sections to occur at the desired granularity, i.e., within the
scope of atomic regions as well as surrounding atomic regions, we opt for the given syntax for
commands.

We include a runtime command initN(Inits) to initialize a batch of variables in nonvolatile
memory to 0 for a given process. A task can be an interrupt service routine, or an event handler.
For each task, we allow flexible specification of re-execution policies rPol, indicating a task’s
behavior upon reboot: it could continue or discard. r is a re-execution state, such as reboot
count. d is a program, taking r as argument, and returns a policy pname: immediate, discard,
or alternative. Each event in the queue is also associated with a policy of whether it should be
discarded after a power failure. For example, events posted by tasks that will be discarded should
themselves be discarded. We use the mode Md field to indicate whether the frame is in JIT or
atomic mode, if the re-execution policy evaluates to immediate. If the re-execution policy for the
current frame evaluates to discard, the mode field is discard since its atomic regions are ignored
at runtime. The mode field is next(pID) if the re-execution policy evaluates to alternative and
pID is the process identifier for the frame of the alternative task to be executed. If a task is an
alterative for another task with process identifier pID, its mode field will be altOf(pID, rPol),
where rPol is the re-execution policy of this replacement task.

We also use modes to store information about variables for tasks that could be discarded if
power fails. The sets NVw and Vw are the shared non-volatile variables that the potentially to be
discarded tasks have written to in this power cycle. If this task succeeds, these variables will be
written through to the checkpointed memory.

The shared accesses ShAcc are combined nonvolatile and volatile. An Inits set of variables is
specified for each task and atomic region. It includes variables to be initialized to 0 and cleansed
of any non-idempotence at the beginning of each (re-)execution of the task or atomic region. For
atomic regions, variables in µ and Inits are both first written during an atomic region’s execution,
but the former are strictly idempotent whereas the latter could be, e.g., non-idempotent to be
cleansed and reset to idempotent on intialization. Both µ and Inits are nonvolatile and are not
checkpointed. We have only one nIds set for each task (i.e., atomic regions do not have one in
this system). The set nIds is disjoint from the Inits sets of the task, and also any enclosed atomic
regions.

A frame has three identifiers: the first one is the process identifier for this frame, it persists
across power failures, if the frame’s policy is not discard. The second one is a unique id for
the irq (event). When multiple irqs (events) with the same iID (eID) appear in the system, inID
(reID) distinguishes them. The third is the identifier of the irq or events that is being processed.
This identifier persists throughout alternate versions of the isr (event handler) that process this
irq (event).

We also assume that all variables have base type int, so Γ is defined accordingly. Lastly, we
assume that PDecl is a global variable, to be used freely by the operational semantics and typing
rules.
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Values v ::= n | true | false
Expressions e ::= x | v | e1 ⊙ e2 | uop e
Commands c ::= skip | x := e | if eΛ then c1 else c2 | c1; c2 |

| let x = e in c | let x = IN() in c
| startatom(aID, ω, µ, β, ρ, Inits); c; endatom

| post(ID, e) | startcr(pr, ShAcc); c; endcr

| endatom | endcr | endif | ret(res) | reboot | initN(Inits)
Atomic checkpoints ω ::= · |ω, x
Atomic must-first-writes µ ::= · | µ, x
Atomic (volatile) writes β ::= · | β, x
Atomic read-only ρ ::= · | ρ, x
Init. vars. Inits ::= · | Inits, x
Shared loc. ShAcc ::= · | ShAcc, (x, rd) | ShAcc, (x,wt)
Ids ID ::= eID | iID
Unique Ids rID ::= reID | inID
Priority pr ::= n
Program Decl PDecl ::= (post(eID, v)entry, IDecl,EDecl)
ISR Decls IDecl ::= · | IDecl, isr
Event Decls EDecl ::= · |EDecl, eh
Task tsk ::= eh | isr
Int. Service Routine isr ::= isr(iID, version, pr, vPol, rPol, λx.c)
Event Handler eh ::= eh(eID, version, pr, vPol, rPol, λx.c)
Interrupts irq ::= interrupt(inID, iID, v)
Events ev ::= event(reID, eID, v)
Variable Policies vPol ::= (ShAcc, ShCP, nIds, Inits)
Re-execution Policies rPol ::= discard | continue(r, λx.d)
Policy Name pname ::= discard | immediate | alternative(ID, version)
Atomic reboot count rb ::= n
Event Queue Q ::= · |Q :: ev |Q :: irq
Mode Md ::= jit | atom(aID, rb, ω, µ, β, ρ, Inits,NVw,Vw)

| discard(NVw,Vw) | next(pID,NVw,Vw) | altOf(pID, rPol)
Static Simple Mode sMd ::= jit | atom | discard
Priority Stack −→pr ::= · | pr▷ −→pr
Frame F ::= (pID, rID, ID, version,−→pr, pcS, vPol, υ, E, Md, c)
Runtime Config. Σ ::= (I, IRQ,K,N,V, S , F,Q) | (I, IRQ,K,N,V, S , reboot,Q)
Stack S ::= · | F ▷ S
Execution ctx E ::= · | ([ ]; c)▷ E | endif ▷ E | endcr ▷ E
Interrupt inputs IRQ ::= · | IRQ :: irq
Sensor inputs I ::= · | I :: in(inID, v)
access qualifier qAcc ::= RD | WT | CK
id qualifier q ::= Id(qAcc) | Id |Nid
type qualifier q ::= ⟨qID, qID, qID⟩
Typing context Γ ::= · |Γ, x : int@q
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E.3 Continuously-Powered Operational Semantics
In this section, we give the rules for executing concurrent programs continuously (without power
failures).

E.3.1 Expression Evaluation Rules
The rules for evaluating expressions use a big-step operational semantics to evaluate an expres-
sion to a value according to the current nonvolatile and volatile memories (N and V) and local
memory state (υ).

v ∈ {n, tt, ff}

N,V, υ ⊢ v ⇓ v
Value

N = x 7→ v,N′

N,V, υ ⊢ x ⇓ v
Read-N

V = x 7→ v,V′

N,V, υ ⊢ x ⇓ v
Read-V

υ = x 7→ v, υ′

N,V, υ ⊢ x ⇓ v
Read-υ

N,V, υ ⊢ e1 ⇓ v1 N,V, υ ⊢ e2 ⇓ v2 [[v1 ⊙ v2]] = v

N,V, υ ⊢ e1 ⊙ e2 ⇓ v
Binary

N,V, υ ⊢ e ⇓ v [[uop e]] = v

N,V, υ ⊢ uop e ⇓ v
Unary
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E.3.2 Event and Interrupt Handling
IRQ = interrupt(inID, iID, v) :: IRQ′

F = (pIDc, rIDc, IDc, versionc,
−→prc, vPolc, υc, Ec, Mdc, c)

pr > top(−→prc) isr(iID, version, pr, vPol, rPol, λx.ci) ∈ PDecl fresh(pID)
Fn = (pID, inID, iID, version, pr, vPol, x 7→ v, ·, jit, initN(vPol.Inits); ci; ret(res))

PDecl ⊢ I, IRQ,N,V, S , F,Q
trigger(inID,pID)
−→ I, IRQ′,N,V, F ▷ S , Fn,Q

TriggerInt-C

F = (pIDc, rIDc, IDc, versionc,
−→prc, vPolc, υc, Ec, Mdc, post(eID, e))

eh(eID, version, pr, vPol, rPol, λx.ce) ∈ PDecl
pr > top(−→prc) fresh(pID) fresh(reID) Nc,Vc, υc ⊢ e ⇓ v

Fn = (pID, reID, eID, version, pr, vPol, x 7→ v, ·, jit, initN(vPol.Inits); ce; ret(res))
F′ = (pIDc, rIDc, IDc, versionc,

−→prc, vPolc, υc, Ec, Mdc, skip)

PDecl ⊢ I, IRQ,N,V, S , F,Q
trigger(reID,pID)
−→ I, IRQ,N,V, F′ ▷ S , Fn,Q

PostEvent-C

F = (pIDc, rIDc, IDc, versionc,
−→prc, vPolc, υc, Ec, Mdc, c)

isr(iID, version, pr, vPol, rPol, λx.ci) ∈ PDecl
IRQ = irq :: IRQ′ irq = interrupt(inID, iID, v) pr ≤ top(−→prc)

PDecl ⊢ I, IRQ,N,V, S , F,Q
delay(inID)
−→ I, IRQ′,N,V, S , F, enqueue(Q, irq)

DelayInt-C

F = (pIDc, rIDc, IDc, versionc,
−→prc, vPolc, υc, Ec, Mdc, post(eID, e))

eh(eID, version, pr, vPol, rPol, λx.ce) ∈ PDecl pr ≤ top(−→prc) fresh(reID)
F′ = (pIDc, rIDc, IDc, versionc,

−→prc, vPolc, υc, Ec, Mdc, skip) Nc,Vc, υc ⊢ e ⇓ v

PDecl ⊢ I, IRQ,N,V, S , F,Q
delay(reID)
−→ I, IRQ,N,V, S , F′, enqueue(Q, event(reID, eID, v))

DelayEvent-C

F = (pIDc, rIDc, IDc, versionc,
−→prc, vPolc, υc, Ec, Mdc, c)

isr(iID, version, pr, vPol, rPol, λx.ci) ∈ PDecl
appPol(rPol) ∈ {discard, alternative} IRQ = irq :: IRQ′ irq = interrupt(inID, iID, v)

PDecl ⊢ I, IRQ,N,V, S , F,Q
delay(inID)
−→ I, IRQ′,N,V, S , F,Q

DropInt-C

F = (pIDc, rIDc, IDc, versionc,
−→prc, vPolc, υc, Ec, Mdc, post(eID, e))

isr(eID, version, pr, vPol, rPol, λx.ce) ∈ PDecl appPol(rPol) ∈ {discard, alternative}
F′ = (pIDc, rIDc, IDc, versionc,

−→prc, vPolc, υc, Ec, Mdc, skip)

PDecl ⊢ I, IRQ,N,V, S , F,Q
delay(reID)
−→ I, IRQ,N,V, S , F′,Q

DropEvent-C

The rules TriggerInt-C and PostEvent-C run an interrupt or event (respectively) if that task’s
priority pr is higher than that of the currently-running task top(−→prc). The rule TriggerInt-C trig-
gers an ISR that fires non-deterministically. The first premise picks the next ISR with identifier
iID that is declared in PDecl. The corresponding frame (with re-execution state instantiated) is
loaded into the evaluation context and the frame with the interrupted code and its state is pushed
to the stack. v is an input value on which that interrupt will run. pID is a fresh, unique identifier
that is generated for each process. This distinguishes events/interrupts that have the same id in
PDecl. In our system, when a task is triggered, a fresh pID consists of the task ID and version,
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and a unique bit. Similarly, PostEvent-C pushes a modified version of F, with the command
skip, to the stack to process the explicit event post.

The rules DelayInt-C and DelayEvent-C respectively delay an interrupt or event if that task’s
priority is not high enough to preempt the currently-running task (pr ≤ top(−→prc)). The DelayInt-
C rule continues executing the same frame and enqueues the task in Q along with its input from
IRQ. The DelayEvent-C continues executing the frame with command skip, pushing the delayed
task to the queue with the specified input from the post v.

We define the rules DropEvent-C and DropInt-C for correctness purposes; when building
the simulation for a failed discard task, the continuously-powered execution must drop the cor-
responding task.

Fc = (pIDc, rIDc, IDc, versionc,
−→prc, vPolc, υc, ·, Mdc, ret(res))

S = F ▷ S ′ Q = event(reID, eID, v) :: Q′

pre > prOf(F) eh(eID, version, pre, vPole, rPol, λx.ce) ∈ PDecl
fresh(pIDe) Fn = (pIDe, reID, eID, version, pre, vPole, x 7→ v, ·, jit, ce; ret(res))

N,V, υc ⊢ res ⇓ vr o1 = complete(pIDc, vr) o2 = trigger(reID, pIDe)

PDecl ⊢ I, IRQ,N,V, S , Fc,Q
o1,o2
−→ I, IRQ,N,V, S , Fn,Q′

Ret-QEv-C

Fc = (pIDc, rIDc, IDc, versionc,
−→prc, vPolc, υc, ·, Mdc, ret(res))

S = F ▷ S ′ Q = interrupt(inID, iID, v) :: Q′

pri > prOf(F) isr(iID, version, pri, vPol, rPol, λx.ci) ∈ PDecl
fresh(pIDi) Fn = (pIDi, inID, iID, version, pri, vPol, x 7→ v, ·, jit, ci; ret(res))

N,V, υc ⊢ res ⇓ vr o1 = complete(pIDc, vr) o2 = trigger(inID, pIDi)

PDecl ⊢ I, IRQ,N,V, S , Fc,Q
o1,o2
−→ I, IRQ,N,V, S , Fn,Q′

Ret-QInt-C

Fc = (pIDc, rIDc, IDc, versionc,
−→prc, vPolc, υc, ·, Mdc, ret(res))

S = F ▷ S ′ N,V, υc ⊢ res ⇓ vr o = complete(pIDc, vr)

PDecl ⊢ I, IRQ,N,V, S , Fc,Q
o
−→ I, IRQ,N,V, S ′, F,Q

Ret-S-C

Fc = (pIDc, rIDc, IDc, versionc,
−→prc, vPolc, υc, ·, Mdc, ret(res))

Fh = (·, ·, ·, ·, ·, ·, ·, ·, skip) N,V, υc ⊢ res ⇓ vr o = complete(pIDc, vr)

PDecl ⊢ I, IRQ,N,V, ·, Fc, ·
o
=⇒ I, IRQ,N,V, ·, Fh, ·

Ret-Halt-C

When a task finishes, Ret-QEv-C runs the next event in the queue, but only if the next event’s
priority is higher than the one on top of the stack. Ret-QInt-C does the same for interrupts.
Ret-S-C defaults to running the next task on the stack.
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E.3.3 Sequencing

F = (pID, rID, ID, version,−→pr, vPol, υ, E, Md, c1; c2)
F′ = (pID, rID, ID, version,−→pr, vPol, υ, ([ ]; c2)▷ E, Md, c1)

PDecl ⊢ I, IRQ,N,V, S , F,Q −→ I, IRQ,N,V, S , F′,Q
Seq1-C

F = (pID, rID, ID, version,−→pr, vPol, υ, ([ ]; c)▷ E, Md, skip)
F′ = (pID, rID, ID, version,−→pr, vPol, υ, E, Md, c)

PDecl ⊢ I, IRQ,N,V, S , F,Q −→ I, IRQ,N,V, S , F′,Q
Seq2-C

The rules Seq1 and Seq2 are similar to the standard sequencing rules but for execution con-
texts. Seq1 evaluates a sequence c1; c2 by pushing c2 to the execution context and continuing to
evaluate c1. When c1 is finished executed (detected by skip), Seq2 pops c2 (here, c) from the
execution context and evaluates it.

E.3.4 Let bindings

F = (pID, rID, ID, version,−→pr, vPol, υ, E, Md, let x = e in c)
F′ = (pID, rID, ID, version,−→pr, vPol, (υ, x 7→ v), E, Md, c) N,V, υ ⊢ e ⇓ v x fresh

PDecl ⊢ I, IRQ,N,V, S , F,Q −→ I, IRQ,N,V, S , F′,Q
Let-C

F = (pID, rID, ID, version,−→pr, vPol, υ, E, Md, let x = in() in c)
F′ = (pID, rID, ID, version,−→pr, vPol, (υ, x 7→ v), E, Md, c) x fresh

PDecl ⊢ in(inID, v) :: I, IRQ,N,V, S , F,Q
in(inID)
−→ I, IRQ,N,V, S , F′,Q

Let-In-C

The rule Let-C-In reads input value from the sensor input.

E.3.5 Critical section
F = (pID, rID, ID, version,−→prc, vPol, υ, E, Md, startcr(pr, ShAcc); c; endcr)

F′ = (pID, rID, ID, version, pr▷ −→prc, vPol, υ, endcr ▷ E, Md, c)

PDecl ⊢ I, IRQ,N,V, S , F,Q −→ I, IRQ,N,V, S , F′,Q
StartCrit-C

F = (pID, rID, ID, version, pr▷ −→prc, vPol, υ, endcr ▷ E, Md, skip)
F′ = (pID, rID, ID, version,−→prc, vPol, υ, E, Md, skip)

PDecl ⊢ I, IRQ,N,V, S , F,Q −→ I, IRQ,N,V, S , F′,Q
EndCrit-C

The rule StartCrit evaluates a critical section. Critical sections are assigned a priority prior
to runtime that is the ceiling of all task priorities that have common shared accesses, which is
checked by our typing rules. Note that tasks that do not have shared accesses could still interrupt
the critical section if the priority of that task is high enough. In StartCrit-C, the priority of the
critical section pr is pushed to the priorities stack (so that no other process can interrupt it) and
endcr to E. The rule EndCrit-C pops the priority and endcr at the end of an atomic region.
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E.3.6 Branching
F = (pID, rID, ID, version,−→pr, vPol, υ, E, Md, if eΛ then c1 else c2)

N,V, υc ⊢ e ⇓ tt task(ID, v, pr, vPol, rPol, λx.c) ∈ PDecl
F′ = (pID, rID, ID, version,−→pr, vPol, υ, endif ▷ E, Md, c1)

PDecl ⊢ I, IRQ,N,V, S , F,Q −→ I, IRQ,N,V, S , F′,Q
If-true-C

F = (pID, rID, ID, version,−→pr, vPol, υ, E, Md, if eΛ then c1 else c2)
pcS = pc0 ▷ pcS0 N,V, υc ⊢ e ⇓ ff task(ID, v, pr, vPol, rPol, λx.c) ∈ PDecl

F′ = (pID, rID, ID, version,−→pr, pc▷ pcS, vPol, υ, endif ▷ E, Md, c2)

PDecl ⊢ I, IRQ,N,V, S , F,Q −→ I, IRQ,N,V, S , F′,Q
If-false-C

F = (pID, rID, ID, version,−→pr, vPol, υ, endif ▷ E, Md, skip)
F′ = (pID, rID, ID, version,−→pr, vPol, υ, E, Md, skip)

PDecl ⊢ I, IRQ,N,V, S , F,Q −→ I, IRQ,N,V, S , F′,Q
If-end-C

The rules If-true-C, If-false-C, and If-end-C execute branches, pushing endif to E and run-
ning either c1 or c2, as appropriate.

E.3.7 Assignments
F = (pIDc, rIDc, IDc, versionc,

−→prc, vPolc, υc, Ec, Mdc, x := e)
F′ = (pIDc, rIDc, IDc, versionc,

−→prc, vPolc, υc, Ec, Mdc, skip)
N,V, υc ⊢ e ⇓ v x ∈ dom(V)

PDecl ⊢ I, IRQ,N,V, S , F,Q −→ I, IRQ,N,V[x 7→ v], S , F′,Q
V-Assign-C

F = (pIDc, rIDc, IDc, versionc,
−→prc, vPolc, υc, Ec, Mdc, x := e)

F′ = (pIDc, rIDc, IDc, versionc,
−→prc, vPolc, υc, Ec, Mdc, skip)

N,V, υc ⊢ e ⇓ v x ∈ dom(N)

PDecl ⊢ I, IRQ,N,V, S , F,Q −→ I, IRQ,N[x 7→ v],V, S , F′,Q
N-Assign-C

The rules N-Assign-C and V-Assign-C evaluate assignments x := e, where x is a variable in
N and V respectively.

E.3.8 Atomic Regions
F = (pID, rID, ID, version,−→pr, vPol, υ, E, Md, startatom(· · · ); c; endatom)

F′ = (pID, rID, ID, version,−→pr, vPol, υ, E, Md, c)

PDecl ⊢ I, IRQ,N,V, S , F,Q −→ I, IRQ,N,V, S , F′,Q
StartAtom-C

F = (pID, rID, ID, version,−→pr, pcS, vPol, υ, E, Md, endatom)
F′ = (pID, rID, ID, version,−→pr, pcS, vPol, υ, E, Md, skip)

PDecl ⊢ I, IRQ,N,V, S , F,Q −→ I, IRQ,N,V, S , F′,Q
EndAtom-C
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The rules StartAtom-C and EndAtom-C execute atomic regions. Since there are no power
failues in the continuously-powered semantics, these rules simply evaluate the inner command c
and do nothing else.

E.4 Operational Semantics for Intermittent Execution

In this section, we give the operational semantic rules for executing programs intermittently and
concurrently.

E.4.1 Auxiliary Definitions

empty JIT frame FJ(pID) ::= (pID, jit)
recovery context K ::= (Nk,Vk, S k)
process instance ID ipID ::= pID | (pID, aID, rb)
aug. nonvolatile memory N ::= · |N, x 7→ (v, ipID)
aug. volatile memory V ::= · |V, x 7→ (v, ipID)
pc stack pcS ::= · | pc▷ pcS
id level pc ::= Id |Nid

We use a recovery context K, containing the memories and stack that should be reverted by
the intermittent execution upon reboot.

We extend the stack frame with an empty JIT placeholder frame FJ(pID), indexed by the
process pID. The idea is that when a low-power signal is received in any execution mode, the
system will then checkpoint the stack frames of all unfinished tasks that are in JIT mode. To keep
the order of the stack, we will insert into the checkpointed stack a placeholder for a task in JIT
mode the moment it enters JIT mode. The frame will be updated either when power is running
low, or when the task enters atomic mode.

We write ipID to denote the process instance identifier, used to document the last task that
writes to a memory location. Different from pID, when the process pID executes an atomic region
aID after rb previously failed attempts, the instance identifier will be the tuple (pID, aID, rb).
This will be used in our correctness proofs to identify writes from (re)-executions. We augment
nonvolatile and volatile memories with an ipID that represents the last writing process for a given
variable.

To track the idempotence level of a command (e.g., a conditional branching on an Nid ex-
pression), we include a pc and pc stack pcS.

Updating jit placeholders. The helper function updJitS recursively updates all jit placeholder
frames in a checkpointed stack S k with their live ones from S . If a frame in S does not have the
mode jit, in the context of power failure (rule to be shown later), it means that it is a failed discard
or atomic region process. Therefore, the definition of updJitS is written to forget such frames by
not including them in the checkpointed stack.
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updJitS(S k, S )

updJitS(·, ·) = ·

modeOf(F) , jit

updJitS(F ▷ S k, S ) = F ▷ updJitS(S k, S )

modeOf(F) , jit

updJitS(S k, F ▷ S ) = updJitS(S k, S )

S ′k = updJitS(S k, S ) modeOf(F) = jit pidOf(F) = pidOf(Fk)

updJitS(Fk ▷ S k, F ▷ S ) = F ▷ S ′k

iPidOf(F). We define ipidOf(F) as the ipID of frame F, unless the mode is atomic. In that case,
we return the ipID along with aID and rb.

F = (pID, rID, ID, version,−→pr, pcS, vPol, υ, E, Md, c) Md ∈ {jit, next(· · · ), altOf(. . . )}

ipidOf(F) = pID

F = (pID, rID, ID, version,−→pr, pcS, vPol, υ, E, Md, c)
Md = atom(aID, rb, ω, µ, ρ, Inits,NVw,Vw)

ipidOf(F) = (pID, aID, rb)

incRb(S ). We define a function incRb to increment the rb of all atomic regions on the stack
when there is a power failure.

incRb(·) = ·

F = (pID, rID, ID, version,−→pr, pcS, vPol, υ, E, Md, c)
Md = atom(aID, rb, ω, µ, ρ, Inits,NVw,Vw)

F′ = (pID, rID, ID, version,−→pr, pcS, vPol, υ, E, Md′, c)
Md′ = atom(aID, rb + 1, ω, µ, ρ, Inits,NVw,Vw)

incRb(F ▷ S ) = F′ ▷ incRb(S )

F = (pID, rID, ID, version,−→pr, pcS, vPol, υ, E, Md, c) Md ∈ {jit, next(. . . ), altOf(. . . )}

incRb(F ▷ S ) = F ▷ incRb(S )
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Scheduling a frame.

appPol(rPol) = immediate
K = (Nk,Vk, S k) S ′k = (pID, jit)▷ S k K′ = (Nk,Vk, S ′k)

schdFrame(PDecl, (pID, ID, v, rPol),K,N) = (jit,K′)
schdFrame-Immediate

appPol(rPol) = discard vPol = (ShAcc, ShCP, nIds, Inits)
K = (Nk,Vk, S k) K′ = (Nk f N↓ShCP,Vk, S k) Md = discard(·, ·)

schdFrame(PDecl, (pID, ID, v, rPol),K,N) = (Md,K′)
schdFrame-Discard

appPol(rPol) = alternative(ID, j)
task(ID, versiona, pra, vPola, rPola, λx.ca) ∈ PDecl

fresh(pIDa) fresh(rIDa)
Fa = (pIDa, rIDa, ID, versiona, pra, vPola, x 7→ v, ·, altOf(pID, rPola), ca; ret)

K = (Nk,Vk, S k) S ′k = Fa ▷ S k K′ = (Nk f N↓ShCP,Vk, S ′k)
vPol = (ShAcc, ShCP, nIds, Inits) Md = next(pIDa, ·, ·)

schdFrame(PDecl, (pID, ID, v, rPol),K,N) = (Md,K′)
schdFrame-Alt.

We define a function schdFrame that evaluates a frame’s re-execution policy and returns a
mode, an updated checkpointed context K′, and updated nonvolatile memory N′. The function is
triggered any time a task is about to begin executing in order to prepare for failure.

When the policy is immediate (schdFrame-Immediate), we place a jit placeholder frame on
the checkpointed stack.

When the policy is discard (schdFrame-Discard), we do not update the stack in the check-
pointed context, and instead update the checkpointed Nk with the most recent values in N. Our
type checking rules ensure that no unstable values could be checkpointed.

When the policy is alternative (schdFrame-Alternative), we set up the alternative frame Fa

in the checkpointed stack and update checkpointed Nk with the most recent values in N. We use
the execution mode field to remember pIDa is the alternative.

schdFrame will never produce the mode altOf( , rPol), which will only arise when a new
frame needs to be scheduled when a task completes, or at reboot time. This case is handled at
Reboot-IA and Ret-S-I.

Finalizing a task. We define a helper function finalizeK that takes a checkpointed context and
a task frame that is completed and update the checkpointed context to clean up the completed
frame and to update the memory in the context, as the writes by the tasks have not been effected.
We only update the nonvolatile locations that are already checkpointed. This will ensure all the
values stored in the checkpointed context are idempotent.

When a frame with an alternative policy finishes, we need to remove the alternative frame
from the checkpointed stack, because it is no longer needed.
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Fc = (pIDc, rIDc, IDc, versionc,
−→prc, pcSc, vPolc, υc, ·, jit, ret(res))

K = (Nk,Vk, Fk ▷ S k) K′ = (Nk↓ckVarOf(S k),Vk, S k)

finalizeK(K, Fc,N,V) = K′
fin-K-jit

Fc = (pIDc, rIDc, IDc, versionc,
−→prc, pcSc, vPolc, υc, ·, discard(NVw,Vw), ret(res))
K = (Nk,Vk, S k)

V ′k = Vk f V↓Vw N′k = Nk f N↓NVw∩dom(Nk) K′ = (N′k↓ckVarOf(S k),V ′k, S k)

finalizeK(K, Fc,N,V) = K′
fin-K-discard

Fc = (pIDc, rIDc, IDc, versionc,
−→prc, pcSc, vPolc, υc, ·, next(pIDa,NVw,Vw), ret(res))

K = (Nk,Vk, Fa ▷ S k)
fresh(rIDa) Fa = (pIDa, rIDa, IDc,

−→prc, pcSc, vPolc, , , altOf(pIDc, ), )
V ′k = Vk f V↓Vw N′k = Nk f N↓NVw∩dom(Nk) K′ = (N′k↓ckVarOf(S k),V ′k, S k)

finalizeK(K, Fc,N,V) = K′
fin-K-next

Updating memories. The following definitions are the same for volatile and nonvolatile mem-
ories. We write each rule for a fixed M ∈ {N,V}.

·f M = M
mem-to-K-empty

M(x) = (v′, ipID′)

(x 7→ (v, ipID),Mk)f M = x 7→ (v′, ipID′), (Mk f M)
mem-to-K-upd

x < dom(Mk)

(x 7→ (v, ipID),Mk)f M = x 7→ (v, ipID), (Mk f M)
mem-to-K-skip

We define a function M1 f M2 to update every variable’s value in M1 with a recent one from
M2 (we write M to represent either volatile or nonvolatile memory, for the rules are the same).
For example, we write through nonvolatile (or volatile) memory into checkpointed nonvolatile
memory in some assignment cases, and do the reverse in reboot. In the latter case, we may write
Mk ⇝ M, defined as follows:

Mk ⇝ · = Mk
K-to-mem-empty

Mk(x) = (v′, ipID′)

MipID′

k ⇝ (x 7→ (v, ipID),M) = x 7→ (v′, ipID′), (Mk ⇝ M)
K-to-mem-upd

x < dom(Mk)

MipID′

k ⇝ (x 7→ (v, ipID),M) = x 7→ (v, ipID), (Mk ⇝ M)
K-to-mem-skip
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The function⇝ performs the reverse, updating variables in M with their checkpointed values.
This definition is used by the reboot rules to revert values from prior executions in nonvolatile
memory. When doing so, the rules update the process identifier to that of the rebooted process.

Initialization. Lastly, we define a helper function to initialize variables when the command
initN(Inits) runs. We denote the helper function as initN∗(Inits, ipID,N) for intitializing the values
of Inits in N for a given process. Even though this definition is triggered in most of the same
places as schdFrame, we made it separate from schdFrame because it should not be triggered by
Ret-S-I which resumes a half-finished task.

initN∗(·, ipID,N) = N
Init-empty

Inits = x, Inits′ x ∈ dom(N) N′ = N[x 7→ (0, ipID)]

initN∗(Inits, ipID,N) = initN∗(Inits′, ipID,N′)
Init-upd

Inits = x, Inits′ x < dom(N)

initN∗(Inits, ipID, ·) = initN∗(Inits′, ipID,N)
Init-skip

E.4.2 Expression Evaluation Rules
The rules for evaluating expressions use a big-step operational semantics to evaluate an expres-
sion to a value according to the current nonvolatile and volatile memories (N and V) and local
memory state (υ).

v ∈ {n, tt, ff}

N,V, υ ⊢ v ⇓ v
Value

N = x 7→ (v, ipID),N′

N,V, υ ⊢ x ⇓ v
Read-N

V = x 7→ (v, ipID),V′

N,V, υ ⊢ x ⇓ v
Read-V

υ = x 7→ (v, ipID), υ′

N,V, υ ⊢ x ⇓ v
Read-υ

N,V, υ ⊢ e1 ⇓ v1 N,V, υ ⊢ e2 ⇓ v2 [[v1 ⊙ v2]] = v

N,V, υ ⊢ e1 ⊙ e2 ⇓ v
Binary

N,V, υ ⊢ e ⇓ v [[uop e]] = v

N,V, υ ⊢ uop e ⇓ v
Unary
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E.4.3 Assignments
In assignment, we write through to N and V and update the checkpointed context K in jit mode.

F = (pIDc, rIDc, IDc, versionc,
−→prc, pcSc, vPolc, υc, Ec, Mdc, x := e)

F′ = (pIDc, rIDc, IDc, versionc,
−→prc, pcSc, vPolc, υc, Ec, Md

′
c, skip)

N,V, υc ⊢ e ⇓ v x ∈ dom(V)
Md′c = Mdc[Vw← Vw ∪ {x}] K = (Nk,Vk, S k) K′ = (Nk,V ′k, S k)

V ′k =
{

Vk[x 7→ (v, ipID)] if Mdc = jit
Vk else ipID = iPidOf(pIDc, Mdc)

Ψ,PDecl ⊢ I, IRQ,K,N,V, S , F,Q =⇒ I, IRQ,K′,N,V[x 7→ (v, ipID)], S , F′,Q
V-Assign-I

V-Assign-I writes a value v to a x in volatile memory. It adds x to the set of written volatile
variables Vw, and stores x 7→ (v, ipID) in checkpointed volatile memory because JIT re-executes
from the line of failure, but the region aborts execution if the mode is anything else (in which
case we do not want to remember the update to x). We use ipID to identify the process that wrote
to x.

F = (pIDc, rIDc, IDc, versionc,
−→prc, pcSc, vPolc, υc, Ec, Mdc, x := e)

task(IDc, versionc, prc, vPolc, rPolc, λx.c0) ∈ PDecl
F′ = (pIDc, rIDc, IDc, versionc,

−→prc, pcSc, vPolc, υc, Ec, Md
′
c, skip)

N,V, υc ⊢ e ⇓ v x ∈ dom(N) K = (Nk,Vk, S k) Ψ(IDc, versionc, Mdc) = Γ

Md′c =

{
Mdc[NVw← NVw ∪ {x}] if Γ(x).1 = Id( )
Mdc otherwise K′ = (N′k,Vk, S k)

N′k =
{

Nk[x 7→ (v, ipID)] if Mdc = jit
Nk else ipID = iPidOf(pIDc, Mdc)

Ψ,PDecl ⊢ I, IRQ,K,N,V, S , F,Q =⇒ I, IRQ,K′,N[x 7→ (v, ipID)],V, S , F′,Q
N-Assign-I

N-Assign-I is similar, but assigns a value to a nonvolatile memory location. Here, we want
to add the variable x to the nonvolatile writes set if it is locally Id( ) (in atomic mode). This is
strictly for proof purposes to get the rules to match up. We also update the checkpointed context’s
nonvolatile memory if we are in jit mode.

E.4.4 Triggering Interrupts and Posting Events
IRQ = interrupt(inID, iID, v) :: IRQ′

F = (pIDc, rIDc, IDc, versionc,
−→prc, pcSc, vPolc, υc, Ec, Mdc, c)

isr(iID, 0, pr, vPol, rPol, λx.ci) ∈ PDecl pr > prOf(−→prc)
fresh(pID) (Mdn,K′) = schdFrame(PDecl, (pID, iID, v, rPol),K,N)

ipID = iPidOf(pID, Mdn)
Fn = (pID, inID, iID, 0, pr, Id, vPol, x 7→ v, ·, Mdn, initN(vPol.Inits); ci; ret)

Ψ,PDecl ⊢ I, IRQ,K,N,V, S , F,Q
trigger(inID,pID,Mdn)

=⇒ I, IRQ′,K′,N,V, F ▷ S , Fn,Q
TriggerInt-I
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The rule TriggerInt-I runs an interrupt isr() from PDecl if its priority is high enough to
preempt the currently-running task (pr > prOf(−→prc)). We bind the input v from IRQ to x to be
used in evaluating ci; ret. We also initialize all variables in Inits to 0 and evaluate the interrupt
on updated memory N′. We push the preempted task frame F to the stack F ▷ S to be resumed
later on. The schdFrame computes Mdn for the interrupt and updates the checkpointed context.

F = (pIDc, rIDc, IDc, versionc,
−→prc, pcSc, vPolc, υc, Ec, Mdc, post(eID, v))

eh(eID, 0, pr, vPol, rPol, λx.ce) ∈ PDecl pr > prOf(−→prc) fresh(pID)
fresh(reID) F′ = (pIDc, rIDc, IDc, versionc,

−→prc, pcSc, vPolc, υc, Ec, Mdc, skip)
(Mdn,K′) = schdFrame(PDecl, (pID, eID, v, rPol),K,N)

ipID = iPidOf(pID, Mdn)
Fn = (pID, reID, eID, 0, pr, Id, vPol, x 7→ v, ·, Mdn, initN(vPol.Inits); ce; ret)

Ψ,PDecl ⊢ I, IRQ,K,N,V, S , F,Q
trigger(reID,pID,Mdn)

=⇒ I, IRQ,K′,N,V, F′ ▷ S , Fn,Q
PostEvent-I

The rule PostEvent-I is similar to post interrupts rules, except that the events are posted by
an explicit command post(eID, v). The checking rules make sure that the mode for posting these
events is jit, which is necessary for correctness. We push frame F′ with command skip to the
stack so that after Fn finishes, execution can resume from the next line of code in the interrupted
task.

N′ = initN∗(Inits, ipID,N)
ipID = iPidOf(F) F = (pID, rID, ID, version,−→pr, pcS, vPol, υ, E, Md, initN(Inits))

F′ = (pID, rID, ID, version,−→pr, pcS, vPol, υ, E, Md[NVw← NVw ∪ Inits], skip)

Ψ,PDecl ⊢ I, IRQ,K,N,V, S , F,Q =⇒ I, IRQ,K,N′,V, S , F′,Q
Init-N-I

The rule Init-N-I initializes a batch of variables Inits to 0, and updates the NVw field of the
frame mode to include these variables. The runtime command initN is introduced with triggering
a task or beginning an atomic region to initialize the Inits variables of each.

E.4.5 Delaying Interrupts and Events
IRQ = irq :: IRQ′ irq = interrupt(inID, iID, v)

pr ≤ prOf(−→prc) isr(iID, 0, pr, vPol, rPol, λx.ci) ∈ PDecl
F = (pIDc, rIDc, IDc, versionc,

−→prc, pcSc, vPolc, υc, Ec, Mdc, c)

Ψ,PDecl ⊢ I, IRQ,K,N,V, S , F,Q
delay(inID)
=⇒ I, IRQ′,K,N,V, S , F, enqueue(Q, irq)

DelayInt-I

F = (pIDc, rIDc, IDc, versionc,
−→prc, pcSc, vPolc, υc, Ec, Mdc, post(eID, v))

eh(eID, 0, pr, vPol, rPol, λx.ce) ∈ PDecl pr ≤ prOf(−→prc)
fresh(reID) F′ = (pIDc, rIDc, IDc, versionc,

−→prc, pcSc, vPolc, υc, Ec, Mdc, skip)

Ψ,PDecl ⊢ I, IRQ,K,N,V, S , F,Q
delay(reID)
=⇒ I, IRQ,K,N,V, S , F′, enqueue(Q, event(reID, eID, v))

DelayEvent-I
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The rule DelayEvent-I and DelayInt-I enqueue events and interrupts to Q if its priority is not
high enough to preempt the currently-running task. In case of a power failure, the reboot rules
enforce that only tasks with policy continue will survive (i.e., discard tasks will be forgotten).

E.4.6 Return
At the point of return, we use finalizeK to update K with the current N and V (because the effects
of this current frame should be observable by other tasks now) and to remove its frame from the
checkpointed stack. We have two rules for return, Ret-S-I and Ret-S-IQ, the key difference being
whether to play a task from the stack or the queue respectively. When resuming a half-finished
task, we should not reinitialize the Inits variables, whereas when playing a task from the queue
we do need to because the task is running for the first time.

Fc = (pIDc, rIDc, IDc, versionc,
−→prc, pcSc, vPolc, υc, ·, Mdc, ret(res))

finalizeK(K, Fc,V,N) = K′

S = F ▷ S ′ F = (pIDn, rIDn, IDn, 0,−→prn, pcSn, vPoln, υn, En, Mdn, cn)
Q = tk(rIDn, IDn, v) :: Q′ prOf(−→prn) ≥ prq

(Md′n,K
′′) =

{
schdFrame(PDecl, (pIDn, IDn, v, rPol),K′,N) if Mdn = altOf(rPol)
(Mdn,K′) else

c′n =
{

initN(vPoln.Inits); cn; ret(res′) if Mdn = altOf(rPol)
cn else

ipID = iPidOf(pIDn, Md
′
n) F′ = (pIDn, rIDn, IDn, 0,−→prn, pcSn, vPoln, υn, En, Md

′
n, c
′
n)

N,V, υc ⊢ res ⇓ vr o1 = complete(pIDc, vr) o2 = trigger(rIDn, pIDn, Mdn)

Ψ,PDecl ⊢ I, IRQ,K,N,V, S , Fc,Q
o1,o2
=⇒ I, IRQ,K′′,N,V, S ′, F′,Q

Ret-S-I

The rule Ret-S-I plays a half-finished task from the stack. We use schdFrame to prepare the
checkpointed context and mode for this execution and run the frame F′ with the updated mode
under the updated K′′ and the popped stack S ′.

Fc = (pIDc, rIDc, IDc, versionc,
−→prc, pcSc, vPolc, υc, ·, Mdc, ret(res))

finalizeK(K, Fc,V,N) = K′ S = F ▷ S ′

F = (pIDn, rIDn, IDn,
−→prn, pcSn, vPoln, υn, En, Mdn, cn) Q = tk(rIDq, IDq, v) :: Q′

task(IDq, 0, prq, pcSq, vPolq, rPolq, λx.cq) ∈ PDecl prq > prOf(−→prn) fresh(pIDq)
fresh(rIDq) schdFrame(PDecl, (pIDq, IDq, v, rPolq),K′,N) = (Mdq,K′′)

ipID = iPidOf(pIDq, Mdq)
F′ = (pIDq, rIDq, IDq, 0, prq, pcSq, vPolq, x 7→ v, ·, Mdq, initN(vPolq.Inits); cq; ret)

N,V, υc ⊢ res ⇓ vr

Ψ,PDecl ⊢ I, IRQ,K,N,V, S , Fc,Q

complete(pIDc,vr)
trigger(rIDn,pIDn,Mdn)

=⇒ I, IRQ,K′′,N,V, S , F′,Q′

Ret-Q-I

When the enqueued task has higher priority than the frame on the stack, we run the next task
from the queue (Ret-S-IQ). The rest of the rule is similar to Ret-S-I, except that here we initialize
the variables in Inits and run the task on the updated memory N′.
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Fc = (pIDc, rIDc, IDc, versionc,
−→prc, pcSc, vPolc, υc, ·, Mdc, ret(res))

finalizeK(K, Fc,V,N) = K′ Fh = (·, ·, ·, ·, ·, ·, ·, ·, ·, ·, skip) N,V, υc ⊢ res ⇓ vr

Ψ,PDecl ⊢ I, IRQ,K,N,V, ·, Fc, ·
complete(pIDc,vr)
=⇒ I, IRQ,K′,N,V, ·, Fh, ·

Ret-Halt-I

The rule Ret-Halt-I halts execution when there are no tasks in the stack or the task queue. If
there are no more interrupts to be triggered from IRQ, this rule would halt the overall execution.
Otherwise, this rule simply pauses the execution for when the next interrupt from IRQ fires.

E.4.7 Atomic Regions

F = (pID, rID, ID, version,−→pr, pcS, vPol, υ, E, jit,
startatom(aID, ω, µ, β, ρ, Inits); c; endatom)

K = (Nk,Vk, Fk ▷ S k) K′ = (Nk f N↓ω,Vk, F0 ▷ S k) ipidOf(F) = ipID
vPol = (ShAcc, nIds, Inits) F0 = (pID, rID, ID, version,−→pr, pcS, vPol, υ, E,

atom(aID, 0, ω, µ, ρ, Inits, ·, ·), initN(Inits); c; endatom)

Ψ,PDecl ⊢ I, IRQ,K,N,V, S , F,Q =⇒ I, IRQ,K′,N,V, S , F0,Q
StartAtom-I

The rule StartAtom-I runs an atomic region in jit. Nk f N↓ω updates Nk with the current
checkpointed values in N. When we start an atomic region, we replace the jit placeholder frame
Fk with the current frame F′ so that in case of a power failure, the system re-executes the region
from the beginning. There is always a jit frame, even if we just finished another atomic region,
because EndAtom-I will place a jit frame there. The set of nonvolatile writes is set to Inits
because the initialization doesn’t trigger the assignment rules and we need to track that they have
been written (we will see later that in atomic regions, Inits are Id( )). The volatile writes set is
initialized to ∅.

F = (pID, rID, ID, version,−→pr, pcS, vPol, υ, E,
atom(aID, rb, ω, µ, ρ, Inits,NVw,Vw), endatom)

F′ = (pID, rID, ID, version,−→pr, pcS, vPol, υ, E, jit, skip)
K = (Nk,Vk, Fk ▷ S k) Fk = (pID, rID, ID, version,−→pr, pcS, vPol, υ, E,

atom(aID, rb, ω, µ, ρ, Inits,NVw,Vw), c) V ′k = Vk f V↓Vw

N′k = Nk f N↓NVw K′ = (N′k↓ckVarOf(S k),V ′k, FJ(pID)▷ S k) N,V, υ ⊢ res ⇓ vr

Ψ,PDecl ⊢ I, IRQ,K,N,V, S , F,Q
endAtom(pID,aID,rb,vr)

=⇒ I, IRQ,K′,N,V, S , F′,Q
EndAtom-I

The rule EndAtom-I closes off an atomic region, detected by the command endatom. K is
updated to replace the atomic region recovery frame Fk with a jit placeholder to prepare for
executing the upcoming jit region, and with updated volatile and nonvolatile memories. V′k is
updated with the most recent writes in V, restricted to the ones written by the atomic region (β).
N′k is updated with the most recent nonvolatile writes NVw, restricted to the variables that are
already checkpointed and ckVarOf(S k) which is the set of ωs in the checkpointed stack. We will
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lose a frame if jit low power fails to checkpoint the state. We would have to assume this is not
the case. Lastly, the rule evaluates the result argument res to a value v.

F = (pID, rID, ID, version,−→pr, pcS, vPol, υ, E, Md,
startatom(aID, ω, µ, β, ρ, Inits); c; endatom)
Md ∈ {discard(. . . ), next(pIDa, . . . )}

F′ = (pID, rID, ID, version,−→pr, pcS, vPol, υ, E, Md, initN(Inits); c)
ipidOf(F) = ipID vPol = (ShAcc, nIds, Inits)

Ψ,PDecl ⊢ I, IRQ,K,N,V, S , F,Q =⇒ I, IRQ,K,N,V, S , F′,Q
StartAtom-DA

The rule StartAtom-DA starts atomic regions in a to-be-discarded task, meaning it will not
re-execute. For this reason, we only initialize the Inits variables but do not need to update K. We
remove the end atomic command, because we do not need it. In discard mode, we will never
execute an end atomic command, meaning that the stack does not update with jit placeholder
frames after running an atomic region.

E.4.8 Power Failure
Power failures are nondeterministic, meaning they could happen at any point during a program’s
execution.

F = (pID, rID, ID, version,−→pr, pcS, vPol, υ, E, Md, c)
K = (Nk,Vk, S k) S ′k = updJitS(S k, F ▷ S ) K′ = (Nk,Vk, S ′k)

Ψ,PDecl ⊢ I, IRQ,K,N,V, S , F,Q =⇒ I, IRQ,K′,N, ·, ·, reboot,Q
PowerFail-I

When power is about to fail (regardless of the mode), the rule PowerFail-I updates the check-
pointed stack with the current frame F, to be resumed when power is restored. The function
updJitS(S k, S ) updates every jit frame in S k with the corresponding frame in S . The memory in-
side of the checkpointed context does not need to be updated here as it has already been updated
if variables were written (taken care of the assignment rules).

E.4.9 Reboot
When power is restored, we can re-execute the interrupted task (as in Reboot-I) or run an alter-
native if applicable (as in Reboot-IA.) Both rules pull out the checkpointed stack and memories
from K. They clear all discard tasks from Q, meaning that, e.g. interrupts marked as discard,
do not persist across power failures, and increment all the reboot counters of atomic regions on
the stack by 1. The recovery context K′ is updated with the incremented stack frames. We write
N ipID′

k ⇝ N and V ipID′ as shorthand for the respective memories, with pID updated to the current
rebooted process ipID′. For example, N ipID′

k ⇝ N means the locations of N with checkpointed
locations in Nk are updated with those values and a pID of ipID′. This is a subtle detail needed
for our correctness proof.
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K = (Nk,V, S ) (F ▷ S k) = incRb(S )
K′ = (Nk,V, F ▷ S k) F = (pID, rID, ID, version,−→pr, pcS, vPol, υ, E, Md, c)

polOf(F) , altOf( ) Q = Qd,Qk ∀tk ∈ Qd, polOf(tk) = discard
∀tk ∈ Qk, polOf(tk) = continue ipidOf(F′) = ipID′

Ψ,PDecl ⊢ I, IRQ,K,N, ·, ·, reboot,Q
rb
=⇒ I, IRQ,K′,N ipID′

k ⇝ N,V ipID′ , S k, F,Qk

Reboot-I

K = (Nk,V, F ▷ S ) S k = incRb(S ) K′ = (Nk,V, S k)
F = (pIDn, rIDn, IDn, versionn,

−→prn, pcSn, vPoln, x 7→ v, ·, altOf( , rPoln), cn; ret(res))
Q = Qd,Qk ∀tk ∈ Qd, polOf(tk) = discard ∀tk ∈ Qk, polOf(tk) = continue

(Mdn,K′′) = schdFrame(PDecl, (pIDn, IDn, v, rPoln),K′,N)
N′ = NpIDn

k ⇝ N ipID = iPidOf(pIDn, Mdn)
F′ = (pIDn, rIDn, IDn, versionn,

−→prn, pcSn, vPoln, x 7→ v, ·, Mdn, initN(vPoln.Inits); cn; ret(res))

Ψ,PDecl ⊢ I, IRQ,K,N, ·, ·, reboot,Q
rb
=⇒ I, IRQ,K′′,N′,VpIDn , S k, F′,Qk

Reboot-IA

If the mode is altOf( , rPol) (as in Reboot-IA), we appeal to the schdFrame and initN functions
to prepare for running a new (alternative) task. We use the re-execution policy of the alternate
task rPoln to decide how to update the stack in schdFrame, inserting a jit placeholder if the mode
is jit, or another alternate task if the mode is next (there can be nestings of alternatives).

E.4.10 Branching

F = (pID, rID, ID, version,−→pr, pcS, vPol, υ, E, Md, if eΛ then c1 else c2)
pcS = pc0 ▷ pcS0

N,V, υc ⊢ e ⇓ true task(ID, version, pr, pcS, vPol, rPol, λx.c) ∈ PDecl
Ψ(ID, version, sMd) = Γ sMd = smodeOf(Md) pc = (⊔x∈ΛΓ(x)↓q) ⊔ pc0

F′ = (pID, rID, ID, version,−→pr, pc▷ pcS, vPol, υ, endif ▷ E, Md, c1)

Ψ,PDecl ⊢ I, IRQ,K,N,V, S , F,Q =⇒ I, IRQ,K,N,V, S , F′,Q
If-true-I

F = (pID, rID, ID, version,−→pr, pcS, vPol, υ, E, Md, if eΛ then c1 else c2)
pcS = pc0 ▷ pcS0

N,V, υc ⊢ e ⇓ false task(ID, version, pr, pcS, vPol, rPol, λx.c) ∈ PDecl
Ψ(ID, version, sMd) = Γ sMd = smodeOf(Md) pc = (⊔x∈ΛΓ(x)↓q) ⊔ pc0

F′ = (pID, rID, ID, version,−→pr, pc▷ pcS, vPol, υ, endif ▷ E, Md, c2)

Ψ,PDecl ⊢ I, IRQ,K,N,V, S , F,Q =⇒ I, IRQ,K,N,V, S , F′,Q
If-false-I

F = (pID, rID, ID, version,−→pr, pc▷ pcS, vPol, υ, endif ▷ E, Md, skip)
F′ = (pID, rID, ID, version,−→pr, pcS, vPol, υ, E, Md, skip)

Ψ,PDecl ⊢ I, IRQ,K,N,V, S , F,Q =⇒ I, IRQ,K,N,V, S , F′,Q
If-end-I

397



When starting a branch (rules If-true-I and If-false-I), we raise the pc to the join of the
current pc0 and the q (triple) of all the variables the branching condition e depends on. We write
it as pc = (⊔x∈ΛΓ(x)↓q)⊔ pc0. Our frames come with a stack of pc to handle nested branches. We
also the instruction endif to E to pop the pc at the end of a branch (rule If-end-I).

E.4.11 Let
F = (pID, rID, ID, version,−→pr, pcS, vPol, υ, E, Md, let x = e in c)

F′ = (pID, rID, ID, version,−→pr, pcS, vPol, υ[x 7→ v], E, Md, c)
N,V, υ ⊢ e ⇓ v x fresh

Ψ,PDecl ⊢ I, IRQ,K,N,V, S , F,Q =⇒ I, IRQ,K,N,V, S , F′,Q
Let-I

F = (pID, rID, ID, version,−→pr, vPol, υ, E, Md, let x = in() in cV)
F′ = (pID, rID, ID, version,−→pr, vPol, υ[x 7→ v], E, Md, c) x fresh

Ψ,PDecl ⊢ in(inID, v) :: I, IRQ,K,N,V, S , F,Q
in(inID)
=⇒ I, IRQ,K,N,V, S , F′,Q

Let-In-I

All the variables written to by let are local volatile variables. To help with unscoping variables
at the end of a let, we only add the bindings to υ. In case of a power failure, jit checkpointing
would save the entire frame, including υ, to the recovery stack at the low power signal.

E.4.12 Sequencing

F = (pID, rID, ID, version,−→pr, pcS, vPol, υ, E, Md, c1; c2)
F′ = (pID, rID, ID, version,−→pr, pcS, vPol, υ, ([ ]; c2)▷ E, Md, c1)

Ψ,PDecl ⊢ I, IRQ,K,N,V, S , F,Q =⇒ I, IRQ,K,N,V, S , F′,Q
Seq1-I

F = (pID, rID, ID, version,−→pr, pcS, vPol, υ, ([ ]; c)▷ E, Md, skip)
F′ = (pID, rID, ID, version,−→pr, pcS, vPol, υ, E, Md, c)

Ψ,PDecl ⊢ I, IRQ,K,N,V, S , F,Q =⇒ I, IRQ,K,N,V, S , F′,Q
Seq2-I

The rules Seq1-I and Seq2-I execute sequences of commands c1; c2 by first running c1 and
pushing c2 to E (Seq1-I). When c1 is finished running, Seq2-I pulls c2 from E and runs it.

E.4.13 Critical Sections
F = (pID, rID, ID, version,−→prc, pcS, vPol, υ, E, Md, startcr(pr, ShAcc); c; endcr)

F′ = (pID, rID, ID, version, pr▷ −→prc, pcS, vPol, υ, endcr ▷ E, Md, c)

Ψ,PDecl ⊢ I, IRQ,K,N,V, S , F,Q =⇒ I, IRQ,K,N,V, S , F′,Q
StartCrit-I

F = (pID, rID, ID, version, pr▷ −→prc, pcS, vPol, υ, endcr ▷ E, Md, skip)
F′ = (pID, rID, ID, version,−→prc, pcS, vPol, υ, E, Md, skip)

Ψ,PDecl ⊢ I, IRQ,K,N,V, S , F,Q =⇒ I, IRQ,K,N,V, S , F′,Q
EndCrit-I
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Critical sections are analogous in their treatment of priorities to branches and their treatment
of pc. To run a critical section (StartCrit-I) pushes endcr to E and the section priority pr to the
priority stack −→prc. At the end of a critical section, EndCrit-I pops both, returning to the normal
task priority.
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E.5 Fully-Annotated Running Example

event(ID:entry, pr:1, vPole, rPol:immediate,

startatom(aIDe, aPole); startcr(pr:2, ShAcc:{x, d, log}); d := diff(prev, x); prev := x; read(log); endcr; endatom)
isr(ID:ISR IN, pr:2, vPoli, rPol:discard, let y := in(); startcr(pr:2, ShAcc:{x, d, log}); x := y; log := d; endcr)

where aPole = (ω:{prev}, µ:{d}, β:·, ρ:{x, log})
vPole = (ShAcc:{x, d, log}, ShCP:·, nIds:·) vPoli = (ShAcc:{x, d, log}, ShCP:{x}, nIds:{log})

We show the full running example execution. Changes from the previous line are highlighted,
while those remaining the same are abbreviated as “. . . ”. We write i for interrupt.

I:in(11), IRQ:(i)(ISR IN, vi),K:·,N:(x 7→ 3, d 7→ 0, prev 7→ 5),V:·, S :·, Fen1,Q:·
trigger(p0)
=⇒ I:in(11), IRQ:(i)(ISR IN, vi),K:(·, ·, FJ(p0)),N:(x 7→ 3, d 7→ 0, prev 7→ 5),V:·, S :·, Fen2,Q:· PostEvent-I
=⇒ I:in(11), IRQ:(i)(ISR IN, vi),K:(·, ·, FJ(p0)),N:(x 7→ 3, d 7→ 0, prev 7→ 5),V:·, S :·, Fen4,Q:· Seq1-I

=⇒ I:in(11), IRQ:(i)(ISR IN, vi),K:(prevck 7→ 5, ·, Fen4),N:(x 7→ 3, d 7→ 0, prev 7→ 5),V:·, S :·, Fen4,Q:· StartAtom-I

=⇒ I:in(11), IRQ:(i)(ISR IN, vi),K:(prevck 7→ 5, ·, Fen4),N:(x 7→ 3, d 7→ 0, prev 7→ 5),V:·, S :·, Fen5,Q:· Seq1-I

=⇒ I:in(11), IRQ:(i)(ISR IN, vi),K:(prevck 7→ 5, ·, Fen4),N:(x 7→ 3, d 7→ 0, prev 7→ 5),V:·, S :·, Fen6,Q:· StartCrit-I

=⇒ I:in(11), IRQ:(i)(ISR IN, vi),K:(prevck 7→ 5, ·, Fen4),N:(x 7→ 3, d 7→ 0, prev 7→ 5),V:·, S :·, Fen7,Q:· Seq1-I

=⇒ I:in(11), IRQ:(i)(ISR IN, vi),K:(prevck 7→ 5, ·, Fen4),N:(x 7→ 3, d 7→ 2, prev 7→ 5),V:·, S :·, Fen8,Q:· N-Assign-I

=⇒ I:in(11), IRQ:(i)(ISR IN, vi),K:(prevck 7→ 5, ·, Fen4),N:(x 7→ 3, d 7→ 2, prev 7→ 5),V:·, S :·, Fen9,Q:· Seq2-I

=⇒ I:in(11), IRQ:(i)(ISR IN, vi),K:(prevck 7→ 5, ·, Fen4),N:(x 7→ 3, d 7→ 2, prev 7→ 2),V:·, S :·, Fen10,Q:· N-Assign-I

=⇒ I:in(11), IRQ:(i)(ISR IN, vi),K:(prevck 7→ 5, ·, Fen4),N:(x 7→ 3, d 7→ 2, prev 7→ 2),V:·, S :·, Fen11,Q:· EndCrit-I

=⇒ I:in(11), IRQ:(i)(ISR IN, vi),K:(prevck 7→ 5, ·, Fen4),N:(x 7→ 3, d 7→ 2, prev 7→ 2),V:·, S :·, Fen12,Q:· Seq2-I
trigger(p1)
=⇒ I:in(11), IRQ:·,K:((xck 7→ 3, prevck 7→ 5), ·, Fen4),N:(x 7→ 3, d 7→ 2, prev 7→ 3),V:·, S :Fen12, Fin1,Q:· TriggerInt-I

=⇒ I:in(11), IRQ:·,K:((xck 7→ 3, prevck 7→ 5), ·, Fen4),N:(x 7→ 3, d 7→ 2, prev 7→ 3),V:·, S :Fen12, Fin2,Q:· Seq1-I
in(11)
=⇒ I:·, IRQ:·,K:((xck 7→ 3, prevck 7→ 5), ·, Fen4),N:(x 7→ 3, d 7→ 2, prev 7→ 3),V:·, S :Fen12, Fin3,Q:· Let-In-I

=⇒ I:·, IRQ:·,K:((xck 7→ 3, prevck 7→ 5), ·, Fen4),N:(x 7→ 3, d 7→ 2, prev 7→ 3),V:·, S :Fen12, Fin4,Q:· StartCrit-I

=⇒ I:·, IRQ:·,K:((xck 7→ 3, prevck 7→ 5), ·, Fen4),N:(x 7→ 3, d 7→ 2, prev 7→ 3),V:·, S :Fen12, Fin5,Q:· Seq1-I

=⇒ I:·, IRQ:·,K:((xck 7→ 3, prevck 7→ 5), ·, Fen4),N:(x 7→ 11, d 7→ 2, prev 7→ 3),V:·, S :Fen12, Fin6,Q:· N-Assign-I

=⇒ I:·, IRQ:·,K:((xck 7→ 3, prevck 7→ 5), ·, Fen4),N:(x 7→ 11, d 7→ 2, prev 7→ 3),V:·, S :·, reboot,Q:· PowerFail-I
rb
=⇒ I:·, IRQ:·,K:((xck 7→ 3, prevck 7→ 5), ·, Fen4),N:(x 7→ 3, d 7→ 2, prev 7→ 5),V:·, S :·, F′en4,Q:· Reboot-I
...

=⇒ I:·, IRQ:·,K:(·, ·, FJ(p0)),N:(x 7→ 3, d 7→ 2, prev 7→ 3),V:·, S :·, F′en12,Q:· EndCrit-I
endAtom(p0,aIDe,1)

=⇒ I:·, IRQ:·,K:(·, ·, FJ(p0)),N:(x 7→ 3, d 7→ 2, prev 7→ 3),V:·, S :·, Fen13,Q:· EndAtom-I
=⇒ I:·, IRQ:·,K:(·, ·, FJ(p0)),N:(x 7→ 3, d 7→ 2, prev 7→ 3),V:·, S :·, Fen14,Q:· Seq2-I
complete(p0)
=⇒ I:·, IRQ:·,K:·,N:(x 7→ 3, d 7→ 2, prev 7→ 3),V:·, S :·, Ffin,Q:· Ret-Halt-I
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Frames for entry

Fen1 = (·, ·, ·, ·, ·, ·, post(entry, ve))

Fen2 = (pID:p0, ID:entry,−→pr:1, vPole, υ:inp 7→ ve, E:·, Md:jit,
startatom(aIDe, aPole); (startcr(pr:2, ShAcc:{x, d}); d := diff(prev, x); prev := x; read(log); endcr); endatom; ret)

Fen3 = (. . . , E:[]; ret, Md:jit,
startatom(aIDe, aPole); (startcr(pr:2, ShAcc:{x, d}); d := diff(prev, x); prev := x; read(log); endcr); endatom)

Fen4 = (. . . , E:[]; ret, Md:atom(aIDe, aPole,NVw:·,Vw:·, rb:0),
(startcr(pr:2, ShAcc:{x, d}); d := diff(prev, x); prev := x; ; read(log); endcr); endatom)

Fen5 = (. . . , E:endatom ▷ ([]; ret), . . . ,
(startcr(pr:2, ShAcc:{x, d}); d := diff(prev, x); prev := x; read(log); endcr))

Fen6 = (. . . ,−→pr:2▷1, . . . , E:endcr ▷ (endatom; ([]; ret)), . . . ,
d := diff(prev, x); prev := x; read(log))

Fen7 = (. . . , E:prev := x; read(log)▷ (endcr ▷ (endatom; ([]; ret))), . . . , d := diff(prev, x))
Fen8 = (. . . , E:prev := x; read(log)▷ (endcr ▷ (endatom; ([]; ret))), Md:atom(aIDe, aPole,NVw:{d},Vw:·, rb:0), skip)
Fen9 = (. . . , E:endcr ▷ (endatom; ([]; ret)), . . . , prev := x; read(log))
Fen10 = (. . . , E:endcr ▷ (endatom; ([]; ret)), Md:atom(aIDe, aPole,NVw:{d, prev},Vw:·, rb:0), skip)

Fen11 = (. . . ,−→pr:1, E:endatom; ([]; ret), . . . , skip)
Fen12 = (. . . , E:([]; ret), . . . , endatom)
F′en4 = (. . . , E:([]; ret), Md:atom(aIDe, aPole,NVw:·,Vw:·, rb:1),

(startcr(pr:2, ShAcc:{x, d}); d := diff(prev, x); prev := x; read(log); endcr); endatom)
F′en12 = (. . . , endatom)
Fen13 = (. . . , Md:jit, skip)
Fen14 = (. . . , E:·, Md:jit, ret)
Ffin = (·, ·, ·, ·, ·, skip)

Frames for ISR IN

Fin1 = (pID:p1, ID:ISR IN,−→pr:2, vPoli, υ:inp 7→ vi, E:([]; ret), Md:discard(·, ·),
let y = in() in (startcr(pr:2, ShAcc:{x, d}); x := y; log := d; endcr); ret)
Fin2 = (. . . , E:([]; ret), Md:discard(·, ·), let y = in() in (startcr(pr:2, ShAcc:{x, d}); x := y; log := d; endcr))
Fin3 = (. . . , υ:(inp 7→ vi, y 7→ 11), E:([]; ret), . . . , startcr(pr:2, ShAcc:{x, d}); x := y; log := d; endcr)

Fin4 = (. . . ,−→pr:2▷2, . . . , E:endcr ▷ ([]; ret), . . . , x := y; log := d)
Fin5 = (. . . , E:([]; log := d)▷ (endcr ▷ ([]; ret)), . . . , x := y)
Fin6 = (. . . , skip)
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E.6 Type System
In this section, we define the types and type checking rules of our system.

E.6.1 Types
access qualifier qAcc ::= RD | WT | CK
id qualifier qID ::= Id(qAcc) | Id |Nid
type qualifier q ::= ⟨qID, qID, qID⟩
Typing context Γ ::= · |Γ, x : int@q
pc pc ::= Id |Nid
writes MFWts ::= · | x,MFWts
dependent variables Λ ::= · | x,Λ

Our system uses typing contexts Γ to check each task separately. Each entry in Γ has the form
x : int@q where variable x is always of type int and is annotated with a type qualifier q indicating
whether a variable’s idempotence (Id) or nonidempotence (Nid).

Because tasks can be preempted nondeterministically at any point while running a given
task, it is important to reason about variable idempotence with respect to local usage within a
task and also global usage by other tasks in the system. To capture this, type qualifiers are a
triple of idempotence qualifiers ⟨qID, qID, qID⟩, where the first component represents the local
(non-)idempotence of x, and the second and third components represent how x is used by tasks of
lower and higher priority, respectively. When checking atomic regions, local variable qualifiers
that are Id come with an interior access qualifier which indicates whether a variable is read-only
(ρ), written (WT), or checkpointed (CK) in that region.

In the checking rules, we use the write set MFWts to statically track variables that could have
been written by an atomic region, and Λ to track the set of variables an expression depends on
which is needed for checking branches. Expressions have simple type t of int or bool.

Intermediate definitions. We define the order of accesses as Id( ) ⊑ Nid. We define the join
(⊔) over qualifiers q below:

qID′c = qID1
c ⊔ qID2

c qID′l = qID1
l ⊔ qID2

l qID′h = qID1
h ⊔ qID2

h

⟨qID1
c , qID1

l , qID1
h⟩ ⊔ ⟨qID2

c , qID2
l , qID2

h⟩ = ⟨qID′c, qID′l , qID′h⟩
q-join

qID′c = pc ⊔ qIDc ⊔ qIDl ⊔ qIDh

⟨qIDc, qIDl, qIDh⟩ ⊔ pc = qID′c
pc-join

In q-join, we define the join over qualifiers ⟨qIDc, qIDl, qIDh⟩ as the join over their respective
components. We say that Id(a1) ⊔ Id(a2) is undefined if a1 , a2. When checking branches, we
need to compute the join of a q triple and a pc (either Id or Nid), which is just the join of all
components of q and pc (as in pc-join).

In the next sections, we give fine-grained typing rules for our system, beginning with expres-
sions, then commands, and lastly tasks.
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E.6.2 Expression Typing Rules

We define the typing rules for expressions below:

Γ ⊢jit e : t@q,Λ Γ ⊢discard e : t@q,Λ Γ,MFWts ⊢atom e : t@q,Λ

Γ(x) = t@⟨qIDc, qIDl, qIDh⟩ sMd ∈ {jit, discard}

Γ ⊢sMd x : t@⟨qIDc, qIDl, qIDh⟩, {x}
T-Var-Read1

Γ(x) = t@⟨Id(WT), qIDl, qIDh⟩ x ∈ MFWts

Γ,MFWts ⊢atom x : t@⟨Id, qIDl, qIDh⟩, {x}
T-Var-Read2

Γ(x) = t@⟨qIDc, qIDl, qIDh⟩ qIDc , Id(WT)

Γ,MFWts ⊢atom x : t@⟨qIDc, qIDl, qIDh⟩, {x}
T-Var-Read3

Γ ⊢sMd e1 : t@q1,Λ1 Γ ⊢sMd e2 : t@q2,Λ2 sMd ∈ {jit, discard}

Γ ⊢sMd e1 ⊙ e2 : t@(q1 ⊔ q2),Λ1 ∪ Λ2
T-Binop-Read-DJ

Γ,MFWts ⊢atom e1 : t@q1,Λ1 Γ,MFWts ⊢atom e2 : t@q2,Λ2

Γ,MFWts ⊢atom e1 ⊙ e2 : t@(q1 ⊔ q2),Λ1 ∪ Λ2
T-Binop-Read-A

Our typing judgments are indexed by simple mode sMd, where checking an expression under
the mode atom depends on the writes set MFWts and context Γ and modes jit and discard only
depend on Γ. We check that x has simple type t with qualifier q, but where each component is
restricted to just Id or Nid.

If the simple mode is either jit or discard, the rule T-Var-Read1 checks a variable x by looking
up its type in Γ. The set {x} is returned, indicating that x was read.

The rules T-Var-Read2 and T-Var-Read3 check a variable x under the mode atom. The rule
T-Var-Read2 says that if the local qualifier of x in Γ is Id(WT), then x should type check only if
x is already in MFWts, meaning that it is a must-first-write that has already been written to and
hence is safe to read here. The resulting type of x is the same but where the local qualifier is
flattened to Id. Otherwise, if x does not have local qualifier Id(WT), the rule T-Var-Read3 looks
up the type of x in Γ and checks x according to that type with flattened local qualifier qIDc,
defined as Id( ) = Id, Id = Id, and Nid = Nid.

The rules T-Binop-Read-DJ and T-Binop-Read-A check binary operation e1 ⊙ e2. If the mode
is jit or discard, the rule T-Binop-Read-J checks e1 and e2 separately, respectively computing
qualifiers q1 and q2 and variable sets Λ1 and Λ2. The resulting type of e1 ⊙ e2 is the join of
qualifiers q1 ⊔ q2, and the resulting variable set is Λ1 ∪ Λ2. The rule T-Binop-Read-A is similar,
checking e1 ⊙ e2 under mode atom.
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E.6.3 Command Typing Rules (in mode atom).
Our command typing judgments are also indexed by a simple mode and also the current task pri-
ority prt which is needed for critical sections. In this section, we give the command typing rules
for the mode atom. Note that we do not allow nested atomic regions and posting events from
atomic regions, so checking rules for starting an atomic region and posting events are excluded
from this set of rules.

Γ,MFWts, pc ⊢atom
vPol c⇒ MFWts′

Γ0,MFWts ⊢atom e : bool@qe,Λe Γ0,MFWts,Nid ⊢atom
vPol c1 ⇒ MFWts′

Γ0,MFWts,Nid ⊢atom
vPol c2 ⇒ MFWts′ Λ = Λe

Γ0,MFWts,Nid ⊢atom
vPol if eΛ then c1 else c2 ⇒ MFWts′

T-If-Nid-A

Γ0,MFWts ⊢atom e : bool@qe,Λe

Γ0,MFWts, Id ⊔ qe ⊢
atom
vPol c1 ⇒ MFWts1 Γ0,MFWts, Id ⊔ qe ⊢

atom
vPol c2 ⇒ MFWts2

W = (MFWts1 ∪MFWts2) \ (MFWts1 ∩MFWts2)
∀x ∈ W,Γ0(x) = Id(CK) MFWts′ = MFWts1 ∩MFWts2 Λ = Λe

Γ0,MFWts, Id ⊢atom
vPol if eΛ then c1 else c2 ⇒ MFWts′

T-If-Id-A

The rules T-If-Nid-A and T-If-Id-A check conditionals when the pc is Id or Nid. In a condi-
tional where the pc is Nid (T-If-Nid-A), we check each branch c1 and c2 separately as Nid. We
assume the resulting writes sets are the same across branches because in Nid branches, the only
variables that are allowed to be written are those that are also Nid and we do not update the writes
set for Nid assignments (see assignment rules). We check e with type bool@qe and read set Λe,
and check that Λe is the same as Λ.

When the pc is Id, the rule T-If-Id-A applies. We first check e under type bool@qe with read
variables Λe. Then, we check branches c1 and c2 separately under Id ⊔ qe, producing write sets
MFWts1 and MFWts2 respectively. The resulting writes set MFWts′ is the intersection of these
two sets. The exclusive-may-write variables W have to be checkpointed.
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Γ(x) = t@qx

qx = ⟨qIDc, qIDl, qIDh⟩ qIDc , Id(RD) Γ ⊢atom e : t@qe,Λe

qe ⊔ pc ⊑ qIDc MFWts′ =
{

MFWts if qc = Nid
MFWts, x if qc = Id( )

Γ,MFWts, pc ⊢atom
vPol x := e⇒ MFWts′

T-Assign-N-A

Γ(x) = t@qx qx = ⟨Id, qIDl, qIDh⟩ Γ ⊢atom e : t@qe,Λe qe ⊔ pc ⊑ Id

Γ,MFWts, pc ⊢atom
vPol x := e⇒ MFWts

T-Assign-V-A

Γ,MFWts, pc ⊢atom
vPol c1 ⇒ MFWts1 Γ,MFWts1, pc ⊢atom

vPol c2 ⇒ MFWts2

Γ,MFWts, pc ⊢atom
vPol c1; c2 ⇒ MFWts2

T-Sequence-1-A

Γ,MFWts, pc ⊢atom
vPol c⇒ MFWts′ Γ,MFWts′, pc ⊢atom

vPol endatom : ok

Γ,MFWts, pc ⊢atom
vPol c; endatom : ok

T-Sequence-2-A

dom(Γ↓Id(WT)) ⊆ MFWts

Γ,MFWts, Id ⊢atom
vPol endatom : ok

T-Atom-End-A

The T-Assign-N-A rule types an assignment of expression e to variable x in nonvolatile mem-
ory if it is not locally read-only. If x is locally Id( ), then we need to collect it into our writes set
MFWts′, and otherwise we do not. We check that it is okay to assign e of qe to x of qx by check-
ing that the join of qe and the current pc are bounded by qIDc. The rule T-Assign-V-A performs
the same check but does not update MFWts, as it is for tracking nonvolatile writes only. We also
assume that variables in volatile memory are always Id, because they are wiped on re-execution,
although this assumption may be too restrictive (see discussion section).

Together, the rules T-Sequence-1-A and T-Sequence-2-A type sequences of commands inside
of atomic regions. T-Sequence-2-A types the command inside of an atomic region c; endatom as
ok given an initial writes set MFWts if c is well-typed. If c is another sequence of commands
c1; c2, we need to appeal to T-Sequence-1-A which first checks c1 with Γ and MFWts, producing
updated write set MFWts1, and then it checks c2 with Γ and write set MFWts1, producing the
final writes set MFWts2.

T-Atom-End-A checks that all must-first-write variables (of type Id(WT)) have been written to
by the end of an atomic region and that the result argument is fully idempotent.

Γ′,MFWts, Id ⊢atom
vPol c⇒ MFWts′

prc = ceilingPrOf({pr′ | tk(ID, version, pr′, vPol, rPol, λx.c) ∈ PDecl
∧ (ShAcc ∩ vPol.ShAcc , ∅)}) pr ≥ prc ShAcc ⊆ vPol.ShAcc

ShAcc , ∅ Γ′ = {x : t@q | x ∈ dom(Γ) ∧ x < vPol.ShAcc \ ShAcc}

Γ,MFWts, Id ⊢atom
vPol startcr(pr, ShAcc); c; endcr ⇒ MFWts′

T-Critical-A

The rule T-Critical-A checks a critical section in atomic mode. It checks the command c,
and that the priority pr is high enough. We check that pr is at least as high as the task priority prt
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(which was inserted in the high-level check T-Task) and that pr is at least as high as the priority
of other tasks with common shared accesses prc, which ensures that c will not be preeempted by
these tasks. Additionally, the rule checks that the critical section’s ShAcc annotation is correct,
in that it can only be a subset of the task’s ShAcc set, and that the only shared variables its code
accesses are the ones in ShAcc. We enforce the former by checking that ShAcc ⊆ ShAcct, and the
latter by restricting the typing context Γ′ to exclude shared variables that appear in ShAcct but
not in ShAcc.

Γ,MFWts ⊢atom e : t@q,Λe (Γ, x : t@q),MFWts, pc ⊢atom
vPol c⇒ MFWts′

Γ,MFWts, pc ⊢atom
vPol let x = e in c⇒ MFWts′

T-let-e-A

(Γ, x : t@⟨Id, Id, Id⟩),MFWts, pc ⊢atom
vPol c⇒ MFWts′

Γ,MFWts, pc ⊢atom
vPol let x = IN() in c⇒ MFWts′

T-let-IN-A

Γ,MFWts, pc ⊢atom
vPol skip⇒ MFWts

T-Skip-A

The rule T-let-e-A for checking the binding of an expression to variable x is standard. We
first check e : t@q, and then c with x : t@q injected into the context, producing the final output
set MFWts′. The rule T-let-IN-A is similar, but we restrict the input to be Id, assuming that it
is the same every time. The rule T-Skip-A checks a skip command under atomic mode without
updating the writes set MFWts.
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E.6.4 Command typing rules (in mode jit and discard).
The following rules are the same for jit and discard, because commands do not re-execute in
these modes. They are similar to the ones for atomic mode, however id qualifiers do not track
access modes meaning that we do not need the written variable sets in this judgment.
Γ, pc ⊢sMdvPol c : ok

Γ ⊢sMd e : bool@qe,Λe Γ, pc0 ⊔ qe ⊢
sMd
vPol c1 : ok Γ, pc0 ⊔ qe ⊢

sMd
vPol c2 : ok

Γ1, pc0 ⊔ qe ⊢
sMd
vPol endif : ok Λ = Λe sMd ∈ {jit, discard}

Γ, pc0 ⊢
sMd
vPol if eΛ then c1 else c2 : ok

T-If-DJ

Γ(x) = t@qx Γ ⊢sMd e : t@qe,Λe

qe ⊔ pc ⊑ qIDc qx = ⟨qIDc, qIDl, qIDh⟩ sMd ∈ {jit, discard}

Γ, pc ⊢sMdvPol x := e : ok
T-Assign-DJ

Γ, pc ⊢sMdvPol c1 : ok Γ1, pc ⊢sMdvPol c2 : ok sMd ∈ {jit, discard}

Γ, pc ⊢sMdvPol c1; c2 : ok
T-Sequence-DJ

Γ ⊢sMd e : t@q,Λe (Γ, x : t@q), pc ⊢sMdvPol c : ok sMd ∈ {jit, discard}

Γ, pc ⊢sMdvPol let x = e in c : ok
T-let-e-DJ

(Γ, x : t@⟨Id, Id, Id⟩), pc ⊢sMdvPol c : ok sMd ∈ {jit, discard}

Γ, pc ⊢sMdvPol let x = IN() in c : ok
T-let-IN-DJ

Γ′, Id ⊢sMdvPol c : ok pr ≥ prt sMd ∈ {jit, discard}
prc = ceilingPrOf({pr′ | tk(ID, version, pr′, vPol, rPol, λx.c) ∈ PDecl

∧ (ShAcc ∩ vPol.ShAcc , ∅)}) pr ≥ prc
ShAcc ⊆ vPol.ShAcc Γ′ = {x : t@q | x ∈ dom(Γ) ∧ x < vPol.ShAcc \ ShAcc}

Γ, Id ⊢sMdvPol startcr(pr, ShAcc); c; endcr : ok
T-Critical-DJ

The rule T-If-DJ checks conditional branches by first checking e with qualifier qe, and then c1

and c2 separately by raising the initial pc0 to pc0 ⊔ qe. The rule T-Assign-DJ checks assignment
of e to x. Similar to T-Assign-V-A from above, we check that the join of qe and the initial pc is
bounded by the local qualifier of x (qIDc). The rule T-Sequence-DJ checks a sequenced command
c1; c2 by checking c1 and c2 separately. The rule T-let-e-DJ for checking a let binding is similar
to T-let-e-A from above.

The rule for checking critical sections T-Critical-DJ is similar to T-Critical-A, but defined
here for modes jit and discard.

sMd ∈ {jit, discard}

Γ, pc ⊢sMdvPol skip : ok
T-Skip-DJ
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Γ ⊢
jit
vPol v : t@qe qe ⊔ pc ⊑ Id

Γ, pc ⊢jit
vPol post(eID, v) : ok

T-Post-J

Γ, pc ⊢discard
vPol c : ok Γ ⊢sMd res : t@⟨Id, Id, Id⟩,Λe

Γ, pc ⊢discard
vPol startatom(aID, ω, µ, β, ρ, Inits); c; endatom : ok

T-Atom-Begin-D

The rule T-Skip-DJ checks skip commands. The rule T-Post-DJ checks post commands,
which we only allow in the mode jit for simulating a continuous execution of posted tasks. We
disallow posting events in discard mode because if this task fails, there is no matching continuous
execution.

We define a typing rule for the initialization command initN(Inits), which checks that each
variable in Inits has a typing in Γ. For atomic regions, these variables are then added to the writes
set.

∀x ∈ Inits Γ(x) = t@⟨qIDc, qIDl, qIDh⟩

Γ,MFWts, pc ⊢atom
vPol initN(Inits)⇒ MFWts ∪ {Inits}

T-Init-A

∀x ∈ Inits Γ(x) = t@⟨qIDc, qIDl, qIDh⟩ sMd ∈ {jit, discard}

Γ, pc ⊢sMdvPol initN(Inits) : ok
T-Init-DJ

ω ∩ ρ = ∅ ρ ∩ µ = ∅ ω ∩ µ = ∅ ω ∩ Inits = ∅
∀ xk ∈ ω s.t. Γ(xk) = tk@⟨qIDk

c, qIDk
l , qIDk

h⟩ . qIDk
l ⊔ qIDk

h , Nid
∀ xw ∈ µ ∪ Inits s.t. Γ(xw) = tw@⟨qw

c , q
w
l , q

w
h ⟩ . q

w
h , Nid

vPol = (ShAcct, ShCPt, nIdst, Initst)
Γ′ = mkCtxAtom(Γ, ω, µ, β, ρ, Inits, nIdst)
Γ′, ·, pc ⊢atom

vPol initN(Inits); c; endatom : ok
Γ′ ⊢atom res : t@⟨qIDc, Id, Id⟩,Λe qIDc = Id

Γ, pc ⊢jit
vPol startatom(aID, ω, µ, β, ρ, Inits); c; endatom : ok

T-Atom-Begin-J

The rule T-Atom-Begin-J checks atomic regions under jit where task re-execution makes
checkpointing variables necessary. The rule checks the inner command c under the mode atom.
We check that the sets of variables ω, ρ, and µ are disjoint. For every variable in ω, we check
that there are no non-idempotent writes from any other tasks, to ensure we do not checkpoint
any non-idempotent data. For every variable in µ, we check that there are no non-idempotent
writes from any higher-priority tasks, because these could preempt us and write a Nid value the
middle of running an atomic region, but variables in µ are expected to remain idempotent after
being initialized (see mkCtxAtom below). Given an initial context Γ, we compute a context Γ′

and check the inner command c; endatom under it.
Below, we define mkCtxAtom for computing a context for checking atomic regions according

to an intial Γ that is restricted to atomic region and task-level nIds variable sets. For every
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variable in ω that is Id in Γ, we update the qualifier to Id(CK), and similarly for ρ. The Inits
and µ variables low priority qualifiers are set to Id, and local qualifiers are set to Id(Wt). We
assume that the local qualifiers of both are already Id because the task-level Inits set would have
already reset any Nid qualifiers to Id, so it is just Id here. Γv types all variables in β, whose types
will all consist of singleton idempotence qualifiers. No access qualifiers are needed for these
variables since volatile memory does not persist through power failure. Γn types all variables in
the task-level set nIds, which could also be accessed in the atomic region.

Γk = {x : t@⟨Id(CK), qIDl, qIDh⟩ | Γ(x) = t@⟨Id, qIDl, qIDh⟩, x ∈ ω}
Γm = {x : t@⟨Id(WT), Id, qIDh⟩ | Γ(x) = t@⟨Id, qIDl, qIDh⟩, x ∈ µ}
Γr = {x : t@⟨Id(RD), qIDl, qIDh⟩ | Γ(x) = t@⟨Id, qIDl, qIDh⟩, x ∈ ρ}
Γi = {x : t@⟨Id(WT), Id, qIDh⟩ | Γ(x) = t@⟨Id, qIDl, qIDh⟩, x ∈ Inits}

Γv = Γ ↾ β Γn = Γ ↾ nIds

mkCtxAtom(Γ, ω, µ, β, ρ, Inits, nIds) = Γk ∪ Γm ∪ Γr ∪ Γi ∪ Γv ∪ Γn

E.6.5 High-level type checking rules

The high-level rules compute a context Ψ for checking PDecl.

Ψ ⊢ · : ok
T-task-emp

Ψ ⊢ tsk : ok

Ψ ⊢ tsk,TDecl : ok
T-task-ind

PDecl = (post(eID, v)entry, IDecl,EDecl) Ψ ⊢ IDecl : ok Ψ ⊢ EDecl : ok

Ψ ⊢ PDecl : ok
T-PDecl

extractEffect(PDecl) = ξ mkGlobCtx(PDecl, ξ) = Ψ Ψ ⊢ PDecl : ok

⊢ PDecl : ok
T-PDecl-top

In the rule T-PDecl-top, we use extractEffect to gather the sets of variables with unstable
or non-idempotent writes, which we call ξ. Using PDecl and ξ, mkGlobCtx computes a typing
context for each task (Ψ), including a type qualifier for each shared variable accessed by the task,
and accounting for the unstable/non-idempotent effects of all other tasks. The rules T-PDecl,
T-task-ind, and T-task-emp check the PDecl under Ψ.
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PDecl = (post(eID, v)entry, IDecl,EDecl)
mkCtx(IDecl, ξ) = Ψ1 mkCtx(EDecl, ξ) = Ψ2

mkGlobCtx(PDecl, ξ) = Ψ1,Ψ2
mkGCtx-Top

t = task(ID, version, pr, vPol, rPol, λx.c)
vPol = (ShAcc, ShCP, nIds, Inits) immediate ∈ range(rPol)

Nlow = ∪{vNid,hi | (ID0, version0, pr0) 7→ (vNid,leq, vNid,hi) ∈ ξ, pr0 < pr}
Nheq = ∪{vNid,leq | (ID0, version0, pr0) 7→ (vNid,leq, vNid,hi) ∈ ξ, pr0 ≥ pr}

Γi = {xi : int@⟨Id, Id, glob(xi,Nheq)⟩ | xi ∈ Inits}
Γs = {xs : int@⟨Id, glob(xs,Nlow), glob(xs,Nheq)⟩ | xs ∈ ShAcc \ (Inits ∪ nIds)}

Γn = {xn : int@⟨Nid, glob(xn,Nlow), glob(xn,Nheq)⟩ | xn ∈ nIds}

mkCtx((t,TDecl), ξ) = ((ID, version, jit) 7→ (Γs ∪ Γi ∪ Γn)),mkCtx(TDecl, ξ)
mkCtx-jit

t = task(ID, version, pr, vPol, rPol, λx.c)
vPol = (ShAcc, ShCP, nIds, Inits) {discard, next} ∩ range(rPol) , ∅

Nlow = ∪{vNid,hi | (ID0, version0, pr0) 7→ (vNid,leq, vNid,hi) ∈ ξ, pr0 < pr}
Nheq = ∪{vNid,leq | (ID0, version0, pr0) 7→ (vNid,leq, vNid,hi) ∈ ξ, pr0 ≥ pr}

∀ xc ∈ ShCP, glob(xc,Nlow) ⊔ glob(xc,Nheq) = Id
Γc = {xc : int@⟨Id, Id, Id⟩ | xc ∈ ShCP}

Γi = {xi : int@⟨Id, Id, glob(xi,Nheq)⟩ | xi ∈ Inits}
Γs = {xs : int@⟨Nid, glob(xs,Nlow), glob(xs,Nheq)⟩ | xs ∈ ShAcc \ (Inits ∪ ShCP ∪ nIds)}

Γn = {xn : int@⟨Nid, glob(xn,Nlow), glob(xn,Nheq)⟩ | xn ∈ nIds}

mkCtx((t,TDecl), ξ) = ((ID, version, discard) 7→ (Γs ∪ Γc ∪ Γn ∪ Γi)),mkCtx(TDecl, ξ)
mkCtx-d

mkCtx(·, ξ) = ·
mkCtx-empty

qID =
{

Nid if x ∈ N
Id otherwise

glob(x,N) = qID
q-global

The rules mkCtx-jit and mkCtx-discard compute contexts for immediate and discard tasks
(which execute under the modes jit and discard) given variable sets ShAcc, ShCP, Inits, and
nIds. We use the collective vNid,hi sets from tasks in ξ with strictly lower priority to construct
the second qualifier, and we use the collective vNid,leq sets from higher- or equal-priority tasks
to construct the third qualifier. (vNid,hi indicates unstable/non-idempotent writes affecting higher-
priority tasks, and vNid,leq indicates writes affecting lower- or equal-priority tasks; thus we collect
vNid,hi from all tasks with priority lower than t, and collect vNid,leq from all tasks with priority
higher or equal to t).

The key difference between mkCtx-jit and mkCtx-discard is that there is no need for task-
level checkpointing in immediate tasks (outside of atomic regions) because the default mode is
jit; if there were a power failure, execution would resume from the exact same place before the
interruption. So, these tasks do not need to checkpoint shared variables. See extractEffect below.
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T-Task
vPol = (ShAcc, ShCP, nIds, Inits) Inits ∩ ShCP = ∅ Inits ∩ nIds = ∅
if range(rPol) ∩ {discard, alternative} , ∅ then Γd = Ψ(ID, version, discard)
(Γd, x : int@⟨Id, Id, Id⟩), Id ⊢discard

vPol initN(Inits); c; ret(res) : ok
and Γd, x : int@⟨Id, Id, Id⟩ ⊢discard res : ⟨Id, Id, Id⟩

if immediate ∈ range(rPol) then Γ j = Ψ(ID, version, jit)
(Γ j, x : int@⟨Id, Id, Id⟩), Id ⊢jit

vPol initN(Inits); c; ret(res) : ok
and Γ j, x : int@⟨Id, Id, Id⟩ ⊢jit res : ⟨Id, Id, Id⟩

Ψ ⊢ task(ID, version, pr, vPol, rPol, λx.c) : ok

T-Task is the high-level type checking rule for tasks. Triggered by T-task-ind, it checks
a task in the PDecl according to the precomputed Ψ. We check the task command under a
different context depending on its re-execution behavior. If the re-execution policy is discard or
alternative, we type it under discard mode using the task’s discard context.

E.6.6 The algorithm for extractEffect

For each task in PDecl, we compute its effect on other tasks. The nidEffectToHigherPr(t) rules
compute the set of unstable and non-idempotent writes performed by task t that affect relatively
higher-priority tasks, and the nidEffectToLeqPr(t) rules compute the set of unstable and non-
idempotent writes affecting tasks with a priority lower than or equal to t.

extractEffect(∅) = ∅
Ext-Empty

t = task(IDc, versionc, prc, vPolc, rPolc, λx.cc)
vNid,leq = nidEffectToLeqPr(t) vNid,hi = nidEffectToHigherPr(t)

extractEffect(t,PDecl) =
(
(IDc, versionc, prc) 7→ (vNid,leq, vNid,hi)

)
∪ extractEffect(PDecl)

Ext-t

The rule Ext-Empty is the base case; if the input is empty, then there remain no more tasks
to analyze and we return the empty set. Otherwise, Ext-t analyzes the next task t in PDecl,
appealing to nidEffectToHigherPr and nidEffectToLeqPr to compute the sets of unstable and
non-idempotent variables (vNid,leq and vNid,hi).

411



t = task(ID, version, pr, vPol, rPol, λx.c)
range(rPol) ∈ {discard, next} vPol = (ShAcc, ShCP, nIds, Inits)

nidEffectToHigherPr(t) = nIds ∪ ShAcc↾wt
∪ ShCP

Compute-Higher-Discard

t = task(ID, version, pr, vPol, rPol, λx.c)
range(rPol) = jit vPol = (ShAcct, ShCPt, nIdst, Initst)

A = {aPol | startatom(aID, aPol) ∈ atoms(c)}
Wa =

⋃
aPol∈A

(aPol.ω) ∪ (aPol.µ) ∪ (aPol.β) ∪ (aPol.Inits)

nidEffectToHigherPr(t) = nIdst ∪Wa
Compute-Higher-Immed

The rules Compute-Higher-Discard and Compute-Higher-Immed define the
nidEffectToHigherPr algorithm, which takes a task and returns a set of variables with non-
idempotent and unstable writes affecting higher-priority tasks. If the policy is discard or alternative,
then the rule Compute-Higher-Discard applies.

The rule Compute-Higher-Discard computes the set of non-idempotent and unstable writes
in discard mode, which consists of (1) the task-level non-idempotent variables (nIds), and (2)
the shared writes (including the task-level checkpointed variables ShCP). We need (2) because
a higher-level task could checkpoint an unstable write from t which could be discarded after a
power failure. The rule Compute-Higher-Immed computes the set of non-idempotent and unstable
writes in jit mode, which consists of (1) task-level nIds and (2) the sets of mutable variables for
each atomic region, µ, Inits, and β. We need (2) because a task could interrupt an atomic region
and rely on the unstable writes from its partial execution (then after rebooting, the atomic region
will be re-executed, and a future interrupt could read a value written by an earlier statement in
the atomic region; this would violate consistency with any continuous execution).

t = task(ID, version, pr, vPol, rPol, λx.c)
range(rPol) ∈ {discard, next} vPol = (ShAcc, ShCP, nIds, Inits)

nidEffectToLeqPr(t) = nIds ∪ (ShAcc↾wt \ ShCP)
Compute-Leq-Discard

t = task(ID, version, pr, vPol, rPol, λx.c)
range(rPol) = jit vPol = (ShAcc, ShCP, nIds, Inits)

nidEffectToLeqPr(t) = nIds
Compute-Leq-Immed

The rules Compute-Leq-Discard and Compute-Leq-Immed provide a similar algorithm to
compute writes affecting tasks with lower or equal priority than t. For discard tasks (Compute-
Leq-Discard), the shared checkpoints are not considered Nid. Even if the system loses power
before the current task completes, any checkpointed variables will be restored upon reboot; thus
no other task can observe an unstable write except by preempting t, which would require a strictly
higher priority than t. In Compute-Leq-Immed, the resulting set is just the task-level nIds because
all other writes would stabilize by the time the task finishes.
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E.7 Runtime constructs typing rules
Ψ,PDecl ⊢ F : ok Ψ,PDecl ⊢ S : ok Ψ,PDecl ⊢ K : ok K = (Nk,Vk, S k)
F,K ⊢ N,V : ok if mdOf(F) = jit and pidOf(F) = pID, then S k = F j(pID)▷ S ′k

Ψ,PDecl ⊢ (I, IRQ,K,N,V, S , F,Q) : ok
T-Config

Ψ,PDecl ⊢ K : ok

Ψ,PDecl ⊢ (I, IRQ,K,N, ·, ·, reboot,Q) : ok
T-Config-reboot

In T-Config, the last two conditions establish that values are written through to the check-
pointed memories in jit mode in every applicable step, i.e., on every write. We prove this condi-
tion is upheld for each relevant configuration through our preservation proof, with the key cases
being assignment and ending an atomic region.

E.7.1 Frame typing

F = (pID, rID, ID, version,−→pr, pc▷ pcS, vPol, υ, E, Md, c)
Md = atom(aID, rb, ω, µ, ρ, Inits,NVw,Vw)

task(ID, version, pr, vPol, rPol, λx.c0) ∈ PDecl
Γ = Ψ(ID, version, jit) Γ0 = mkCtxAtom(Γ, ω, µ, ρ, Inits)

Γ0,NVw, pc ⊢atom
vPol c⇒ MFWts Γ0,MFWts, pc▷ pcS ⊢atom

vPol E : ok
∀NVw′ s.t. NVw′ ⊇ NVw then ∃MFWts′ ⊇ MFWts s.t. Γ0,NVw′, pc ⊢atom

vPol c⇒ MFWts′

Ψ,PDecl ⊢ F : ok
T-Frame-A2A

F = (pID, rID, ID, version,−→pr, pc▷ pcS, vPol, υ, E, Md, c)
Md = atom(aID, rb, ω, µ, ρ, Inits,NVw,Vw)

task(ID, version, pr, vPol, rPol, λx.c0) ∈ PDecl
Γ = Ψ(ID, version, jit) Γ0 = mkCtxAtom(Γ, ω, µ, ρ, Inits)
Γ0,NVw, pc ⊢atom

vPol c : ok Γ, pc▷ pcS ⊢jit
vPol E : ok

Ψ,PDecl ⊢ F : ok
T-Frame-A2J

F = (pID, rID, ID, version,−→pr, pcS, vPol, υ, E, Md, c) sMd = smodeOf(Md)
sMd ∈ {jit, discard} task(ID, version, pr, vPol, rPol, λx.c0) ∈ PDecl
Γ = Ψ(ID, version, sMd) Γ, pc ⊢sMdvPol c : ok Γ, pc▷ pcS ⊢sMdvPol E : ok

Ψ,PDecl ⊢ F : ok
T-Frame-Jit-D

Ψ,PDecl ⊢ FJ(pID) : ok
T-Frame-Jit-P

E.7.2 Execution context typing
We type check the execution contexts in a similar manner to typing sequenced commands We
check every command c on E under the current mode and the task vPol.
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Γ,MFWts, pcS ⊢atom
vPol E ⇒ MFWts′ Γ, pcS ⊢sMdvPol E : ok

sMd ∈ {jit, discard}

Γ, Id ⊢sMdvPol · : ok
T-E-md

Γ, pc ⊢sMdvPol c : ok Γ, pcS ⊢sMdvPol E : ok sMd ∈ {jit, discard} pcS = pc▷ pcS′

Γ, pcS ⊢sMdvPol ([ ]; c)▷ E : ok
T-E-seq-1

Γ,MFWts, pc ⊢atom
vPol c⇒ MFWts′

Γ′,MFWts′, pcS ⊢atom
vPol E : ok pcS = pc▷ pcS′

Γ,MFWts, pcS ⊢atom
vPol ([ ]; c)▷ E : ok

T-E-seq-2

Γ, pcS′ ⊢sMdvPol E : ok sMd ∈ {jit, discard} pcS = pc▷ pcS′

Γ, pcS ⊢sMdvPol endif ▷ E : ok
T-E-if-end-J

Γ,MFWts, pcS′ ⊢atom
vPol E : ok pcS = pc▷ pcS′

Γ,MFWts, pcS ⊢atom
vPol endif ▷ E : ok

T-E-if-end-A

Γ, pcS ⊢sMdvPol E : ok sMd ∈ {jit, discard}

Γ, pcS ⊢sMdvPol endcr ▷ E : ok
T-E-critical-end-J

Γ,MFWts, pcS ⊢atom
vPol E : ok

Γ,MFWts, pcS ⊢atom
vPol endcr ▷ E : ok

T-E-critical-end-A

E.7.3 Stack typing

Ψ,PDecl ⊢ · : ok
T-Stack-empty

Ψ,PDecl ⊢ F : ok Ψ,PDecl ⊢ S : ok

Ψ,PDecl ⊢ F ▷ S : ok
T-Stack-full

E.7.4 Recovery context typing

K = (Nk,Vk, S k) Ψ,PDecl ⊢ S k : ok

Ψ,PDecl ⊢ K : ok
T-K
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E.7.5 Memory typing
K = (Nk,Vk, S k)

if mdOf(F) = jit and iPidOf(F) = ipID, then ∀x ∈ dom(N) ∩ dom(Nk) s.t. N(x) = (v, ipID),
then Nk(x) = (v, ipID)

if mdOf(F) = jit and iPidOf(F) = ipID, then ∀x ∈ dom(V) ∩ dom(Vk) s.t. V(x) = (v, ipID),
then Vk(x) = (v, ipID)

F,K ⊢ N,V : ok
T-mem

E.8 Preservation Proofs
Theorem 18 (Preservation for intermittent execution) If Ψ ⊢ PDecl : ok, Ψ,PDecl ⊢ Σ : ok,
and Ψ,PDecl ⊢ Σ =⇒ Σ′ (∃Σ′), then Ψ,PDecl ⊢ Σ′ : ok.

Proof: The proof is by cases on Ψ,PDecl ⊢ Σ =⇒ Σ′.
Case StartAtom-I. Let Σ = (I, IRQ,K,N,V, S , F,Q) and suppose thatΨ ⊢ PDecl : ok,Ψ,PDecl ⊢

Σ : ok, and the last step is StartAtom-I.

F = (pID, rID, ID, version,−→pr, pcS, vPol, υ, E, jit, startatom(aID, aPol); c; endatom)
aPol = (ω, µ, β, ρ, Inits)

K = (Nk,Vk, Fk ▷ S k) K′ = (Nk f N↓ω,Vk, F0 ▷ S k, ∅)
ipidOf(F) = ipID F0 = (pID, rID, ID, version,−→pr, pcS, vPol, υ, E,

atom(aID, 0, aPol, ∅, ∅), initN(Inits); c; endatom)

Ψ,PDecl ⊢ I, IRQ,K,N,V, S , F,Q =⇒ I, IRQ,K′,N,V, S , F0,Q
StartAtom-I

We need to show that Ψ,PDecl ⊢ I, IRQ,K′,N′,V, S , F′,Q : ok.
By inversion of T-Config on Ψ,PDecl ⊢ I, IRQ,K,N,V, S , F,Q : ok

Ψ,PDecl ⊢ F : ok Ψ,PDecl ⊢ S : ok Ψ,PDecl ⊢ K : ok
∀x ∈ dom(N) ∩ dom(Nk).N(x) = Nk(x) and ∀x ∈ dom(V) ∩ dom(Vk).V(x) = Vk(x)

Ψ,PDecl ⊢ (I, IRQ,K,N,V, S , F,Q) : ok
T-Config

we learn that

(i) Ψ,PDecl ⊢ F : ok

(ii) Ψ,PDecl ⊢ S : ok

(iii) Ψ,PDecl ⊢ K : ok

(iv) ∀x ∈ dom(N) ∩ dom(Nk).N(x) = Nk(x) and ∀x ∈ dom(V) ∩ dom(Vk).V(x) = Vk(x)
(since mdOf(F) = jit)
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By inversion of T-Frame-Jit-D on (i),

F = (pID, rID, ID, version,−→pr, pcS, vPol, υ, E, jit,
startatom(aID, ω, µ, β, ρ, Inits); c; endatom) sMd = smodeOf(jit)

task(ID, version, pr, vPol, rPol, λx.c0) ∈ PDecl Γ = Ψ(ID, version, jit)
Γ, pc ⊢jit startatom(aID, ω, µ, β, ρ, Inits); c; endatom : ok Γ, pc▷ pcS ⊢jit E : ok

Ψ,PDecl ⊢ F : ok
T-Frame-Jit-D

we learn that

(v) F = (pID, rID, ID, version,−→pr, pcS, vPol, υ, E, jit, startatom(aID, ω, µ, β, ρ, Inits); c; endatom)

(vi) sMd = smodeOf(jit)

(vii) task(ID, version, pr, vPol, rPol, λx.c0) ∈ PDecl

(viii) Γ = Ψ(ID, version, jit)

(ix) Γ, pc ⊢jit startatom(aID, ω, µ, β, ρ, Inits); c; endatom : ok

(x) Γ, pc▷ pcS ⊢jit E : ok

By inversion of T-Atom-Begin-J on (ix),

ω ∩ ρ = ∅ ρ ∩ µ = ∅

ω ∩ µ = ∅ ∀ xk ∈ ω s.t. Γ(xk) = tk@⟨qk
c, q

k
l , q

k
h⟩ . q

k
l ⊔ qk

h , Nid
∀ xw ∈ µ s.t. Γ(xw) = tw@⟨qw

c , q
w
l , q

w
h ⟩ . q

w
h , Nid

Γ′ = mkCtxAtom(Γ, ω, µ, ρ, Inits) Γ′, ·, pc ⊢atom c; endatom : ok

Γ, pc ⊢jit startatom(aID, ω, µ, β, ρ, Inits); c; endatom : ok
T-Atom-Begin-J

we learn that

(xi) ω ∩ ρ = ∅

(xii) ρ ∩ µ = ∅

(xiii) ω ∩ µ = ∅

(xiv) ∀ xk ∈ ω s.t. Γ(xk) = tk@⟨qk
c, q

k
l , q

k
h⟩ . q

k
l ⊔ qk

h , Nid

(xv) ∀ xw ∈ µ s.t. Γ(xw) = tw@⟨qw
c , q

w
l , q

w
h ⟩ . q

w
h , Nid

(xvi) Γ′ = mkCtxAtom(Γ, ω, µ, ρ, Inits)

(xvii) Γ′, ·, pc ⊢atom c; endatom : ok

By application of T-Frame-A2J to the definition of F′, (vii), (viii), (xvi), (xvii), (viii), and
(x), we have
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F′ = (pID, rID, ID, version,−→pr, pcS, vPol, υ, E,
atom(aID, 0, ω, µ, ρ, Inits, ∅, ∅), initN(Inits); c; endatom)

Md = atom(aID, 0, ω, µ, ρ, Inits, ∅, ∅)
task(ID, version, pr, vPol, rPol, λx.c0) ∈ PDecl

Γ = Ψ(ID, version, jit) Γ′ = mkCtxAtom(Γ, ω, µ, ρ, Inits)
Γ′, ·, pc ⊢atom c; endatom : ok Γ, pc▷ pcS ⊢jit E : ok

Ψ,PDecl ⊢ F′ : ok
T-Frame-A2J

By inversion of T-K on (iii), we know that Ψ,PDecl ⊢ S k : ok (xviii). By application of
T-Stack-full to (xviii) and Ψ,PDecl ⊢ F′ : ok, we have that

Ψ,PDecl ⊢ K′ : ok (xix)

where K′ = F′ ▷ S k.
Then, by application of T-Config to Ψ,PDecl ⊢ F′ : ok, (ii), and (xix), we learn that

Ψ,PDecl ⊢ I, IRQ,K′,N,V, S , F′,Q : ok

as desired.

Case EndAtom-I. Let Σ = (I, IRQ,K,N,V, S , F,Q) and suppose thatΨ ⊢ PDecl : ok,Ψ,PDecl ⊢
Σ : ok, and the last step is EndAtom-I.

F = (pID, rID, ID, version,−→pr, pcS, vPol, υ, E,
atom(aID, rb, ω, µ, ρ, Inits,NVw,Vw), endatom)

F′ = (pID, rID, ID, version,−→pr, pcS, vPol, υ, E, jit, skip)
K = (Nk,Vk, Fk ▷ S k) Fk = (pID, rID, ID, version,−→pr, pcS, vPol, υ, E,

atom(aID, rb, ω, µ, ρ, Inits,NVw,Vw), c) V ′k = Vk f V↓Vw

N′k = Nk f N↓NVw K′ = (N′k↓ckVarOf(S k),V ′k, FJ(pID)▷ S k) N,V, υ ⊢ res ⇓ vr

Ψ,PDecl ⊢ I, IRQ,K,N,V, S , F,Q
endAtom(pID,aID,rb,vr)

=⇒ I, IRQ,K′,N,V, S , F′,Q
EndAtom-I

We need to show that Ψ,PDecl ⊢ I, IRQ,K′,N,V, S , F′,Q : ok.
By inversion of T-Config on Ψ,PDecl ⊢ I, IRQ,K,N,V, S , F,Q : ok,

Ψ,PDecl ⊢ F : ok Ψ,PDecl ⊢ S : ok Ψ,PDecl ⊢ K : ok

Ψ,PDecl ⊢ (I, IRQ,K,N,V, S , F,Q) : ok
T-Config

we learn that

(i) Ψ,PDecl ⊢ F : ok
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(ii) Ψ,PDecl ⊢ S : ok

(iii) Ψ,PDecl ⊢ K : ok

By inversion of T-K on (iii), and since K = (Nk,Vk, Fk ▷ S k),

K = (Nk,Vk, Fk ▷ S k) Ψ,PDecl ⊢ Fk ▷ S k : ok

Ψ,PDecl ⊢ K : ok
T-K

we learn that Ψ,PDecl ⊢ Fk ▷ S k : ok (iv). By inversion of T-Stack-full on (iv),

Ψ,PDecl ⊢ S k : ok Ψ,PDecl ⊢ Fk : ok

Ψ,PDecl ⊢ Fk ▷ S k : ok
T-Stack-full

we learn that

(v) Ψ,PDecl ⊢ S k : ok

(vi) Ψ,PDecl ⊢ Fk : ok

By application of T-Stack-full to (v) and by T-Frame-Jit-P, we learn that

Ψ,PDecl ⊢ FJ(pID)▷ S k : ok (vii).

By application of T-K to (vii) and K′ = (N′k↓ckVarOf(S k),V ′k, FJ(pID)▷ S k), we have that

Ψ,PDecl ⊢ K′ : ok (viii)

Now, we need to show that PDecl ⊢ F′ : ok. By inversion of T-Frame-A2J on (i),

F = (pID, rID, ID, version,−→pr, pcS, vPol, υ, E, Md, endatom)
Md = atom(aID, rb, ω, µ, ρ, Inits,NVw,Vw)

task(ID, version, pr, vPol, rPol, λx.c0) ∈ PDecl
Γ = Ψ(ID, version, jit) Γ0 = mkCtxAtom(Γ, ω, µ, ρ, Inits)
Γ0,NVw, pc ⊢atom endatom : ok Γ, pc▷ pcS ⊢jit E : ok

Ψ,PDecl ⊢ F : ok
T-Frame-A2J

we learn that

(ix) F = (pID, rID, ID, version,−→pr, pcS, vPol, υ, E, Md, endatom)

(x) Md = atom(aID, rb, ω, µ, ρ, Inits,NVw,Vw)

(xi) task(ID, version, pr, vPol, rPol, λx.c0) ∈ PDecl

(xii) Γ = Ψ(ID, version, jit)

(xiii) Γ0 = mkCtxAtom(Γ, ω, µ, ρ, Inits)

(xiv) Γ0,NVw, pc ⊢atom endatom : ok

(xv) Γ, pc▷ pcS ⊢jit E : ok
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By T-Skip, we have that Γ, pc ⊢jit skip⇒ Γ′ (xvi).
By application of T-Frame-Jit-D to the definition of F′, the definition of sMd (indicating
that sMd = jit), (xi), (xvi), and (xv)

F′ = (pID, rID, ID, version,−→pr, pcS, vPol, υ, E, jit, skip)
sMd = smodeOf(jit) task(ID, version, pr, vPol, rPol, λx.c0) ∈ PDecl
Γ = Ψ(ID, version, sMd) Γ, pc ⊢sMd skip : ok Γ, pc▷ pcS ⊢jit E : ok

Ψ,PDecl ⊢ F′ : ok
T-Frame-Jit-D

we learn that Ψ,PDecl ⊢ F′ : ok (xvii).
Now, we additionally must show that the invariants for jit hold for the stepped configuration
in order to show that it is well-formed. In particular, since mdOf(F′) = jit, we must show
that

(xviii) if pidOf(F) = pID, then S ′k = F j(pID)▷ S k (where K′ = (N′k↓ckVarOf(S k),V ′k, S
′
k))

(xix) if iPidOf(F) = ipID, then ∀x ∈ dom(N) ∩ dom(N′k) s.t. N(x) = (v, ipID), then
N′k↓ckVarOf(S k)(x) = (v, ipID)

(xx) if iPidOf(F) = ipID, then ∀x ∈ dom(V) ∩ dom(V′k) s.t. V(x) = (v, ipID), then
V′k(x) = (v, ipID)

Note that (xviii) holds trivially by the definition of K′ = (. . . , FJ(pID)▷S k) and pidOf(F) =
pID.
Now, we must prove that (xix) holds.
Let x ∈ dom(N) ∩ dom(Nk) be arbitrary.
If x was not written during the region’s execution, i.e., x < NVw, then the invariant for x
follows by the well-formedness of the inital configuration.
Otherwise, x was written during the region’s execution, and hence x ∈ dom(N) ∩ NVw.
Therefore, the desired result follows by definition of N′k = Nk f N↓NVw.
Proving (xx) follows analogous reasoning, relying on definition V ′k = Vk f V↓Vw.
Applying T-Config to (xviii), (xix), (xx), (xvii), (viii), and (ii), we obtain the desired result:

Ψ,PDecl ⊢ I, IRQ,K′,N,V, S , F′,Q : ok

Case N-Assign-I. Let Σ = (I, IRQ,K,N,V, S , F,Q) and suppose thatΨ ⊢ PDecl : ok,Ψ,PDecl ⊢
Σ : ok, and the last step is N-Assign-I.
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F = (pIDc, rIDc, IDc, versionc,
−→prc, pcSc, vPolc, υc, Ec, Mdc, x := e)

task(IDc, versionc, prc, vPolc, rPolc, λx.c0) ∈ PDecl
F′ = (pIDc, rIDc, IDc, versionc,

−→prc, pcSc, vPolc, υc, Ec, Md
′
c, skip)

[[e]]N,V,υc = v x ∈ dom(N) K = (Nk,Vk, S k) Ψ(IDc, versionc, Mdc) = Γ

Md′c =

{
Mdc[NVw← NVw ∪ {x}] if Γ(x).1 = Id( )
Mdc otherwise K′ = (N′k,Vk, S k)

N′k =
{

Nk[x 7→ (v, ipID)] if Mdc = jit
Nk else ipID = iPidOf(pIDc, Mdc)

Ψ,PDecl ⊢ I, IRQ,K,N,V, S , F,Q =⇒ I, IRQ,K′,N[x 7→ (v, ipID)],V, S , F′,Q
N-Assign-I

We need to show that Ψ,PDecl ⊢ I, IRQ,K′,N[x 7→ (v, ipIDc)],V, S , F′,Q : ok.
By inversion of T-Config on Ψ,PDecl ⊢ I, IRQ,K,N,V, S , F,Q : ok,

Ψ,PDecl ⊢ F : ok Ψ,PDecl ⊢ S : ok Ψ,PDecl ⊢ K : ok
if mdOf(F) = jit then ∀x0 ∈ dom(N) ∩ dom(Nk).N(x0) = Nk(x0)
if mdOf(F) = jit then ∀x0 ∈ dom(V) ∩ dom(Vk).V(x0) = Vk(x0)
if mdOf(F) = jit and pidOf(F) = pID, then S k = F j(pID)▷ S 0

k

Ψ,PDecl ⊢ (I, IRQ,K,N,V, S , F,Q) : ok
T-Config

we learn that

(i) Ψ,PDecl ⊢ F : ok

(ii) Ψ,PDecl ⊢ S : ok

(iii) Ψ,PDecl ⊢ K : ok

(iv) if mdOf(F) = jit then ∀x0 ∈ dom(N) ∩ dom(Nk).N(x0) = Nk(x0)

(v) if mdOf(F) = jit then ∀x0 ∈ dom(V) ∩ dom(Vk).V(x0) = Vk(x0)

(vi) if mdOf(F) = jit and pidOf(F) = pID, then S k = F j(pID)▷ S 0
k

By inversion of T-K on (iii), and given K = (Nk,Vk, S k),

K = (Nk,Vk, S k) Ψ,PDecl ⊢ S k : ok

Ψ,PDecl ⊢ K : ok
T-K

we learn that Ψ,PDecl ⊢ S k : ok.
By application of T-K on Ψ,PDecl ⊢ S k : ok, and given that K′ = (N′k,Vk, S k), we learn
that Ψ,PDecl ⊢ K′ : ok.
Now, we need to show thatΨ,PDecl ⊢ F′ : ok. We have two cases, each depending on Mdc:

Subcase 1: Mdc ∈ {jit, discard, next}. By inversion of T-Frame-Jit-D on (i),
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F = (pIDc, rIDc, IDc, versionc,
−→prc, pcSc, vPolc, υc, Ec, Mdc, x := e)

sMd = smodeOf(Md)
sMd ∈ {jit, discard} task(IDc, versionc, pr, vPolc, rPol, λx.c0) ∈ PDecl
Γ = Ψ(IDc, versionc, sMd) Γ, pc ⊢sMd x := e : ok Γ, pcS ⊢sMd Ec : ok

Ψ,PDecl ⊢ F : ok
T-Frame-Jit-D

we learn that

(vii) F = (pIDc, rIDc, IDc, versionc,
−→prc, pcSc, vPolc, υc, Ec, Mdc, x := e)

(viii) task(IDc, versionc, pr, vPolc, rPol, λx.c0) ∈ PDecl

(ix) Γ, pc ⊢sMd x := e : ok

(x) Γ, pcS ⊢sMd Ec : ok

By T-Skip-Jit-Discard, we have that Γ, pc ⊢sMd skip : ok (xi).
Then, by application of T-Frame-Jit-D to (viii), (xi), (x), and the definition of F′:

F′ = (pIDc, rIDc, IDc, versionc,
−→prc, pcSc, vPolc, υc, Ec, Md

′
c, skip)

sMd = smodeOf(Md)
sMd ∈ {jit, discard} task(IDc, versionc, pr, vPolc, rPol, λx.c0) ∈ PDecl
Γ = Ψ(IDc, versionc, sMd) Γ, pc ⊢sMd skip : ok Γ, pcS ⊢sMd Ec : ok

Ψ,PDecl ⊢ F′ : ok (xii)
T-Frame-Jit-D

In the case where Mdc = jit, we additionally must prove that ∀x ∈ dom(N[x 7→
(v, ipID)])∩dom(N′k).N[x 7→ (v, ipID)](x) = N′k(x) and ∀x ∈ dom(V)∩dom(Vk).V(x) =
Vk(x). The latter comes directly from (iv). The former is established by a combination
of (v) and the definition of N′k in jit mode: N′k = Nk[x 7→ (v, ipID)] (xiii).
Lastly, we must show that if pidOf(F) = pID, then S k = F j(pID)▷S 0

k . This condition
comes directly from (vi) and the fact that Md′c = jit.
Then it follows by application of T-Config to (xii), (xiii), (ii), andΨ,PDecl ⊢ K′ : ok,
we learn that

Ψ,PDecl ⊢ I, IRQ,K′,N[x 7→ (v, ipIDc)],V, S , F
′,Q : ok

as desired.

Subcase 2: Mdc = atom(...). By inversion of T-Frame-Atomic on (i),
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F = (pIDc, rIDc, IDc, versionc,
−→prc, pcSc, vPolc, υc, Ec, Mdc, x := e)

Mdc = atom(aID, rb, ω, µ, ρ, Inits,NVw,Vw)
task(IDc, versionc, pr, vPolc, rPol, λx.c0) ∈ PDecl Γ = Ψ(ID, version, jit)
Γ0 = mkCtxAtom(Γ, ω, µ, ρ) Γ0,NVw, pc ⊢atom x := e⇒ MFWts′

Γ0,MFWts′, pc▷ pcS ⊢atom Ec ⇒ MFWts′′

Ψ,PDecl ⊢ F : ok
T-Frame-Atomic

we learn that

(vii) F = (pIDc, rIDc, IDc, versionc,
−→prc, pcSc, vPolc, υc, Ec, Mdc, x := e)

(viii) task(IDc, versionc, pr, vPolc, rPol, λx.c0) ∈ PDecl

(ix) Γ = Ψ(ID, version, jit)

(x) Γ0 = mkCtxAtom(Γ, ω, µ, ρ)

(xi) Γ0,MFWts, pc ⊢atom x := e⇒ MFWts′

(xii) Γ0,MFWts′, pc▷ pcS ⊢atom Ec ⇒ MFWts′′

(xiii) Mdc = atom(aID, rb, ω, µ, ρ, Inits,NVw,Vw)

By inversion of T-Assign-N-A on (xi),

Γ0(x) = t@qx

qx = ⟨qIDc, qIDl, qIDh⟩ qIDc , Id(RD) Γ0 ⊢ e : t@qe,Λe

qe ⊔ pc ⊑ qIDc MFWts′ =
{

MFWts if qx = Nid
MFWts, x if qx = Id( )

Γ0,MFWts, pc ⊢atom x := e⇒ MFWts′
T-Assign-N-A

we learn that

(xiv) Γ0(x) = t@qx

(xv) qx = ⟨qIDc, qIDl, qIDh⟩

(xvi) qIDc , Id(RD)

(xvii) Γ0 ⊢ e : t@qe,Λe

(xviii) qe ⊔ pc ⊑ qIDc

(xix) MFWts′ =
{

MFWts if qx = Nid
MFWts, x if qx = Id( )

By T-Skip, we have that Γ, pc ⊢atom skip : ok (xx).
By application of T-Frame-Atomic to the definition of F′, (xx), (xiii), (xii), (x), (viii),
and (ix),
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F′ = (pIDc, rIDc, IDc, versionc,
−→prc, pcSc, vPolc, υc, Ec, Md

′
c, skip)

task(IDc, versionc, pr, vPolc, rPol, λx.c0) ∈ PDecl Γ = Ψ(ID, version, jit)
Γ0 = mkCtxAtom(Γ, ω, µ, ρ) Γ0,NVw, pc ⊢atom skip⇒ MFWts′

Γ0,MFWts′, pc▷ pcS ⊢atom Ec ⇒ MFWts′′

Md′c = atom(aID, rb, ω, µ, ρ, Inits,NVw ∪ {x},Vw)

Ψ,PDecl ⊢ F′ : ok
T-Frame-Atomic

Then by application of T-Config to Ψ,PDecl ⊢ F′ : ok, (ii), and (v), we learn that

Ψ,PDecl ⊢ I, IRQ,K′,N[x 7→ (v, ipIDc)],V, S , F
′,Q : ok

as desired.

Case V-Assign-I. This case is analogous to the one above, but uses the rule V-Assign-I.

Case TriggerInt-I. Let Σ = (I, IRQ,K,N,V, S , F,Q) and suppose thatΨ ⊢ PDecl : ok,Ψ,PDecl ⊢
Σ : ok, and the last step is TriggerInt-I.

IRQ = interrupt(inID, iID, v) :: IRQ′

F = (pIDc, rIDc, IDc, versionc,
−→prc, pcSc, vPolc, υc, Ec, Mdc, c)

isr(iID, 0, pr, vPol, rPol, λx.ci) ∈ PDecl pr > prOf(−→prc)
fresh(pID) (Mdn,K′) = schdFrame(PDecl, (pID, iID, v, rPol),K,N)

ipID = iPidOf(pID, Mdn)
Fn = (pID, inID, iID, 0, pr, Id, vPol, x 7→ v, ·, Mdn, initN(vPolc.Inits); ci; ret)

Ψ,PDecl ⊢ I, IRQ,K,N,V, S , F,Q
trigger(inID,pID,Mdn)

=⇒ I, IRQ′,K′,N,V, F ▷ S , Fn,Q
TriggerInt-I

We need to show that Ψ,PDecl ⊢ I, IRQ′,K′,N,V, F ▷ S , Fn,Q : ok.
By inversion of T-Config on Ψ,PDecl ⊢ I, IRQ,K,N,V, S , F,Q : ok,

Ψ,PDecl ⊢ F : ok Ψ,PDecl ⊢ S : ok Ψ,PDecl ⊢ K : ok

Ψ,PDecl ⊢ (I, IRQ,K,N,V, S , F,Q) : ok
T-Config

we learn that

(i) Ψ,PDecl ⊢ F : ok

(ii) Ψ,PDecl ⊢ S : ok

(iii) Ψ,PDecl ⊢ K : ok

By application of T-Stack-full on (i) and (ii), we have
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Ψ,PDecl ⊢ S : ok Ψ,PDecl ⊢ F : ok

Ψ,PDecl ⊢ F ▷ S : ok (iv)
T-Stack-full

We now need to show that Ψ,PDecl ⊢ Fn : ok.
By · ⊢ PDecl : ok, it follows by inversion of T-Task that Inits ∩ ShCP = ∅ and Γ, Id ⊢Mdn

ci : ok (iv) where Γ = Ψ(ID, version, Mdn).
By the rule T-E-md, we know that Γ, Id ⊢Mdn

vPol · : ok (v).
By definition of schdFrame, we know that Mdn , atom. Thus, the rule T-Frame-Jit-D
applies. By a combination of sequencing for commands and T-Frame-Jit-D applied to (iv)
and (v), we learn that:

Fn = (pID, inID, iID, 0, pr, vPol, x 7→ v, ·, Mdn, initN(vPolc.Inits); ci; ret)
sMd = smodeOf(Md)

sMd ∈ {jit, discard} isr(iID, 0, pr, vPol, rPol, λx.ci) ∈ PDecl
Γ, Id ⊢sMd initN(vPolc.Inits); ci; ret : ok Γ, Id ⊢sMd · : ok

Ψ,PDecl ⊢ Fn : ok (vi)
T-Frame-Jit-D

Lastly, we need to show that Ψ,PDecl ⊢ K′ : ok.
By Lemma 44 applied to Ψ,PDecl ⊢ K : ok, we have that

Ψ,PDecl ⊢ K′ : ok (vii)

In the case that Mdn = jit, we must further establish that

(viii) if mdOf(Fn) = jit and iPidOf(Fn) = ipID, then ∀x ∈ dom(N) ∩ dom(Nk) s.t. N(x) =
(v, ipID), then N′k(x) = (v, ipID)

(ix) if mdOf(Fn) = jit and iPidOf(Fn) = ipID, then ∀x ∈ dom(V) ∩ dom(Vk) s.t. V(x) =
(v, ipID), then V′k(x) = (v, ipID)

(x) if mdOf(Fn) = jit and pidOf(Fn) = pID, then S k = F j(pID)▷ S ′k
Note that (x) holds by definition of schdFrame. Next, (viii) and (ix) hold vacuously
since pID is fresh in this rule, and hence the process has not yet written any values to
checkpointed memory. The only nonvolatile variables written by this rule are Inits, but
Inits ∩ ShCP = ∅.
By application of T-Config to (vii), (vi), and (iv), we obtain

Ψ,PDecl ⊢ Fn : ok Ψ,PDecl ⊢ F ▷ S : ok Ψ,PDecl ⊢ K′ : ok

Ψ,PDecl ⊢ (I, IRQ,K′,N,V, F ▷ S , Fn,Q) : ok
T-Config

as desired.
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Case PostEvent-I. The proof of this case is similar to the one above, but instead considers
events.

F = (pIDc, rIDc, IDc, versionc,
−→prc, pcSc, vPolc, υc, Ec, Mdc, post(eID, v))

eh(eID, 0, pr, vPol, rPol, λx.ce) ∈ PDecl pr > prOf(−→prc) fresh(pID)
fresh(reID) F′ = (pIDc, rIDc, IDc, versionc,

−→prc, pcSc, vPolc, υc, Ec, Mdc, skip)
(Mdn,K′) = schdFrame(PDecl, (pID, eID, v, rPol),K,N)

ipID = iPidOf(pID, Mdn)
Fn = (pID, reID, eID, 0, pr, Id, vPol, x 7→ v, ·, Mdn, initN(vPol.Inits); ce; ret)

Ψ,PDecl ⊢ I, IRQ,K,N,V, S , F,Q
trigger(reID,pID,Mdn)

=⇒ I, IRQ,K′,N,V, F′ ▷ S , Fn,Q
PostEvent-I

Case DelayInt-I. Let Σ = (I, IRQ,K,N,V, S , F,Q) and suppose that Ψ ⊢ PDecl : ok, Ψ,PDecl ⊢
Σ : ok, and the last step is DelayInt-I.

IRQ = irq :: IRQ′ irq = interrupt(inID, iID, v)
pr ≤ prOf(−→prc) isr(iID, 0, pr, vPol, rPol, λx.ci) ∈ PDecl
F = (pIDc, rIDc, IDc, versionc,

−→prc, pcSc, vPolc, υc, Ec, Mdc, c)

Ψ,PDecl ⊢ I, IRQ,K,N,V, S , F,Q
delay(inID)
=⇒ I, IRQ′,K,N,V, S , F, enqueue(Q, irq)

DelayInt-I

We need to show that PDecl ⊢ I, IRQ′,K,N,V, S , F, enqueue(Q, irq) : ok.
By inversion of T-Config on PDecl ⊢ I, IRQ,K,N,V, S , F,Q : ok,

Ψ,PDecl ⊢ F : ok Ψ,PDecl ⊢ S : ok Ψ,PDecl ⊢ K : ok

Ψ,PDecl ⊢ (I, IRQ,K,N,V, S , F,Q) : ok
T-Config

we learn that

(i) Ψ,PDecl ⊢ F : ok

(ii) Ψ,PDecl ⊢ S : ok

(iii) Ψ,PDecl ⊢ K : ok

By application of T-Config to (i), (ii), and (iii), we learn that

Ψ,PDecl ⊢ I, IRQ′,K,N,V, S , F, enqueue(Q, irq) : ok

as desired.

Case DelayEvent-I. This case is similar to the one above, but instead uses DelayEvent-I.
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F = (pIDc, IDc, versionc,
−→prc, pcSc, vPolc, υc, Ec, Mdc, post(eID, v))

eh(eID, 0, pr, vPol, rPol, λx.ci) ∈ PDecl pr ≤ prOf(−→prc)
fresh(reID) F′ = (pIDc, IDc, versionc,

−→prc, pcSc, vPolc, υc, Ec, Mdc, skip)
Q′ = enqueue(Q, event(reID, eID, v))

Ψ,PDecl ⊢ I, IRQ,K,N,V, S , F,Q
delay(reID)
=⇒ I, IRQ,K,N,V, S , F′,Q′

DelayEvent-I

Case Ret-S-I. Let Σ = (I, IRQ,K,N,V, S , Fc,Q) and suppose that Ψ ⊢ PDecl : ok, Ψ,PDecl ⊢
Σ : ok, and the last step is Ret-S-I.

Fc = (pIDc, rIDc, IDc, versionc,
−→prc, pcSc, vPolc, υc, ·, Mdc, ret(res))

finalizeK(K, Fc,V,N) = K′

S = F ▷ S ′ F = (pIDn, rIDn, IDn, 0,−→prn, pcSn, vPoln, υn, En, Mdn, cn)
Q = tk(rIDn, IDn, v) :: Q′ prOf(−→prn) ≥ prq

(Md′n,K
′′) =

{
schdFrame(PDecl, (pIDn, IDn, v, rPol),K′,N) if Mdn = altOf(rPol)
(Mdn,K′) else

c′n =
{

initN(vPoln.Inits); cn; ret(res′) if Mdn = altOf(rPol)
cn else

ipID = iPidOf(pIDn, Md
′
n) F′ = (pIDn, rIDn, IDn, 0,−→prn, pcSn, vPoln, υn, En, Md

′
n, c
′
n)

N,V, υc ⊢ res ⇓ vr o1 = complete(pIDc, vr) o2 = trigger(rIDn, pIDn, Mdn)

Ψ,PDecl ⊢ I, IRQ,K,N,V, S , Fc,Q
o1,o2
=⇒ I, IRQ,K′′,N,V, S ′, F′,Q

Ret-S-I

We need to show that Ψ,PDecl ⊢ I, IRQ,K′′,N,V, S ′, F′,Q : ok.
By inversion of T-Config on PDecl ⊢ Σ : ok,

Ψ,PDecl ⊢ Fc : ok Ψ,PDecl ⊢ S : ok Ψ,PDecl ⊢ K : ok

Ψ,PDecl ⊢ (I, IRQ,K,N,V, S , Fc,Q) : ok
T-Config

we learn that

(i) Ψ,PDecl ⊢ Fc : ok

(ii) Ψ,PDecl ⊢ S : ok

(iii) Ψ,PDecl ⊢ K : ok

By inversion of T-Stack-Full on (ii), we have

(iv) Ψ,PDecl ⊢ S ′ : ok

(v) Ψ,PDecl ⊢ F : ok

We now need to show that Ψ,PDecl ⊢ K′′ : ok.
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By Lemma 45 applied to Ψ,PDecl ⊢ K : ok, we have that Ψ,PDecl ⊢ K′ : ok.
By Lemma 44 applied to Ψ,PDecl ⊢ K′ : ok, we have that

Ψ,PDecl ⊢ K′′ : ok (vi)

Lastly, we need to show that Ψ,PDecl ⊢ F′ : ok.
By definition of schdFrame, we know that Md′n ∈ {jit, discard, next}. In all cases, it follows
by inversion of T-Frame-Jit-D on (v)

F = (pIDn, rIDn, IDn,
−→prn, pcSn, vPoln, υn, En, Mdn, cn)

task(IDn, 0, prn, vPoln, rPoln, λx.c′n) ∈ PDecl
Γ, pc ⊢jit

prn
cn : ok Γ, pc▷ pcSn ⊢

jit
prn

En : ok

Ψ,PDecl ⊢ F : ok
T-Frame-Jit-D

that the following hold for Γ = Ψ(IDn, 0, Mdn):

(vii) Γ, pc ⊢jit
prn

cn : ok

(viii) Γ, pc▷ pcSn ⊢
jit
prn

En : ok

By application of T-Frame-Jit-D to the definition of F′, (vii), (viii), and sequencing for
commands, we have

Ψ,PDecl ⊢ F′ : ok (ix)

Note that in the case where Md′n = jit, the jit invariants are established due to similar
reasoning to the PostInt-I case.
Thus, by application of T-Config to (iv), (vi) and (ix), we have that

Ψ,PDecl ⊢ I, IRQ,K′′,N,V, S ′, F′,Q : ok

as desired.

Case Ret-Q-I. Let Σ = (I, IRQ,K,N,V, S , Fc,Q) and suppose that Ψ ⊢ PDecl : ok, Ψ,PDecl ⊢
Σ : ok, and the last step is Ret-Q-I.
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Fc = (pIDc, rIDc, IDc, versionc,
−→prc, pcSc, vPolc, υc, ·, Mdc, ret(res))

finalizeK(K, Fc,V,N) = K′ S = F ▷ S ′

F = (pIDn, rIDn, IDn,
−→prn, pcSn, vPoln, υn, En, Mdn, cn) Q = tk(rIDq, IDq, v) :: Q′

task(IDq, 0, prq, pcSq, vPolq, rPolq, λx.cq) ∈ PDecl prq > prOf(−→prn) fresh(pIDq)
fresh(rIDq) schdFrame(PDecl, (pIDq, IDq, v, rPolq),K′,N) = (Mdq,K′′)

ipID = iPidOf(pIDq, Mdq)
F′ = (pIDq, rIDq, IDq, 0, prq, pcSq, vPolq, x 7→ v, ·, Mdq, initN(vPolq.Inits); cq; ret)

N,V, υc ⊢ res ⇓ vr

Ψ,PDecl ⊢ I, IRQ,K,N,V, S , Fc,Q

complete(pIDc,vr)
trigger(rIDn,pIDn,Mdn)

=⇒ I, IRQ,K′′,N,V, S , F′,Q′

Ret-Q-I

We need to show that Ψ,PDecl ⊢ I, IRQ,K′′,N,V, S , F′,Q : ok.
By inversion of T-Config on Ψ,PDecl ⊢ Σ : ok,

Ψ,PDecl ⊢ Fc : ok Ψ,PDecl ⊢ S : ok Ψ,PDecl ⊢ K : ok

Ψ,PDecl ⊢ (I, IRQ,K,N,V, S , Fc,Q) : ok
T-Config

we learn that

(i) Ψ,PDecl ⊢ Fc : ok

(ii) Ψ,PDecl ⊢ S : ok

(iii) Ψ,PDecl ⊢ K : ok

We need to show that Ψ,PDecl ⊢ K′′ : ok.
By Lemma 45 applied to Ψ,PDecl ⊢ K : ok, we have that Ψ,PDecl ⊢ K′ : ok.
By Lemma 44 applied to Ψ,PDecl ⊢ K′ : ok, we have that

Ψ,PDecl ⊢ K′′ : ok (iv)

Lastly, we need to show that Ψ,PDecl ⊢ F′ : ok.
By definition of schdFrame, where sMd = smodeOf(Mdq), we know that

sMd ∈ {jit, discard} (v)

By · ⊢ PDecl : ok, we know that

Γ, Id ⊢sMdvPolq cq : ok (vi)

where Γ = Ψ(IDq, 0, sMd). By T-E-md, we know that

Γ, Id ⊢sMdvPolq · : ok (vii)
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By application of the rule T-Frame-Jit-D to (vi), (vii), and (v), we have

F′ = (pIDq, rIDq, IDq, prq, pcSq, vPolq, x 7→ v, ·, Mdq, initN(vPolq.Inits); cq; ret)
sMd = smodeOf(Mdq) sMd ∈ {jit, discard}

task(IDq, 0, prq, Id, vPolq, rPolq, λx.cq) ∈ PDecl Γ = Ψ(IDq, 0, sMd)
Γ, Id ⊢sMd initN(vPolq.Inits); cq; ret : ok Γ, Id ⊢sMd · : ok

Ψ,PDecl ⊢ F′ : ok (viii)
T-Frame-Jit-D

Note that in the case where Mdq = jit, the jit invariants are established as in the previous
case.
Thus, by application of T-Config to (ii), (iv) and (viii), we have that

Ψ,PDecl ⊢ I, IRQ,K′′,N,V, S ′, F′,Q : ok

as desired.

Case StartAtom-DA. Let Σ = (I, IRQ,K,N,V, S , F,Q) and suppose that Ψ ⊢ PDecl : ok,
Ψ,PDecl ⊢ Σ : ok, and the last step is StartAtom-DA.

F = (pID, rID, ID,−→pr, pcS, vPol, υ, E, Md, startatom(aID, ω, µ, β, ρ, Inits); c; endatom)
Md ∈ {discard, next(pIDa)} F′ = (pID, rID, ID,−→pr, pcS, vPol, υ, E, Md, c)

Ψ,PDecl ⊢ I, IRQ,K,N,V, S , F,Q =⇒ I, IRQ,K,N,V, S , F′,Q
StartAtom-DA

We want to show that Ψ,PDecl ⊢ I, IRQ,K,N,V, S , F′,Q : ok.
By inversion of T-Config on Ψ,PDecl ⊢ (I, IRQ,K,N,V, S , F,Q) : ok, we have that

(i) Ψ,PDecl ⊢ F : ok

(ii) Ψ,PDecl ⊢ S : ok

(iii) Ψ,PDecl ⊢ K : ok

By inversion of T-Frame-Jit-D on (i),

F = (pID, rID, ID,−→pr, pcS, vPol, υ, E, Md, startatom(aID, ω, µ, β, ρ, Inits); c; endatom)
task(ID, version, pr, vPol, rPol, λx.c0) ∈ PDecl
sMd = smodeOf(Md) Γ = Ψ(ID, version, sMd)

Γ, pc ⊢sMd startatom(aID, ω, µ, β, ρ, Inits); c; endatom : ok
Γ, pc▷ pcS ⊢sMd E : ok

PDecl ⊢ F : ok
T-Frame-Jit-D

we learn that
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(iv) Γ, pc ⊢sMd startatom(aID, ω, µ, β, ρ, Inits); c; endatom : ok

(v) Γ, pc▷ pcS ⊢sMd E : ok

By inversion of T-Start-Atomic on (iv)

Γ, pc ⊢sMd c : ok sMd = discard

Γ, pc ⊢sMd startatom(aID, ω, µ, β, ρ, Inits); c; endatom : ok
T-Atom-Begin-D

we have that Γ, pc ⊢sMd c : ok (vi).
By application of T-Frame-Jit-D to (vi) and (v), we learn that

Ψ,PDecl ⊢ F′ : ok (vii)

By application of T-Config to (vii), (ii), and (iii), we obtain the desired result:

Ψ,PDecl ⊢ I, IRQ,K,N,V, S , F′,Q : ok

Case If-true-I. Let Σ = (I, IRQ,K,N,V, S , F,Q) and suppose that · ⊢ PDecl : ok, Ψ,PDecl ⊢
Σ : ok, and the last step is If-true-I.

F = (pID, rID, ID, version,−→pr, pcS, vPol, υ, E, Md, if eΛ then c1 else c2)
pcS = pc0 ▷ pcS0

N,V, υc ⊢ e ⇓ true task(ID, version, pr, pcS, vPol, rPol, λx.c) ∈ PDecl
Ψ(ID, version, sMd) = Γ sMd = smodeOf(Md) pc = (⊔x∈ΛΓ(x)↓q) ⊔ pc0

F′ = (pID, rID, ID, version,−→pr, pc▷ pcS, vPol, υ, endif ▷ E, Md, c1)

Ψ,PDecl ⊢ I, IRQ,K,N,V, S , F,Q =⇒ I, IRQ,K,N,V, S , F′,Q
If-true-I

We want to show that Ψ,PDecl ⊢ I, IRQ,K,N,V, S , F′,Q : ok.
By inversion of T-Config on Ψ,PDecl ⊢ (I, IRQ,K,N,V, S , F,Q) : ok, we have that

(i) Ψ,PDecl ⊢ F : ok

(ii) Ψ,PDecl ⊢ S : ok

(iii) Ψ,PDecl ⊢ K : ok

(iv) if mdOf(Fn) = jit and iPidOf(Fn) = ipID, then ∀x ∈ dom(N) ∩ dom(Nk) s.t. N(x) =
(v, ipID), then N′k(x) = (v, ipID) and ∀x ∈ dom(V)∩dom(Vk) s.t. V(x) = (v, ipID), then V′k(x) =
(v, ipID)

(v) if mdOf(Fn) = jit and pidOf(Fn) = pID, then S k = F j(pID)▷ S ′k
We need to show that Ψ,PDecl ⊢ F′ : ok.
Let sMd = smodeOf(Md). The proof proceeds in cases on sMd:
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Case sMd ∈ {jit, discard}. The rule T-Frame-Jit-D applies. By inversion of T-Frame-Jit-D
on (i),

F = (pID, rID, ID,−→pr, pcS, vPol, υ, E, Md, if eΛ then c1 else c2)
pcS = pc0 ▷ pcS0 task(ID, v, pr, pcS, vPol, rPol, λx.c) ∈ PDecl

sMd = smodeOf(Md) sMd ∈ {jit, discard} Γ = Ψ(ID, version, sMd)
Γ, pc0 ⊢

sMd if eΛ then c1 else c2 : ok Γ, pcS ⊢sMd E : ok

Ψ,PDecl ⊢ F : ok
T-Frame-Jit-D

we learn that

(vi) Γ, pc0 ⊢
Md if eΛ then c1 else c2 : ok

(vii) Γ′, pcS ⊢Md E : ok

By inversion of T-If-DJ on (vi),

Γ ⊢Md e : bool@qe,Λe Γ, pc0 ⊔ qe ⊢
sMd c1 : ok Γ, pc0 ⊔ qe ⊢

sMd c2 : ok
Γ, pc0 ⊔ qe ⊢

sMd endif : ok Λ = Λe sMd ∈ {jit, discard}

Γ, pc0 ⊢
sMd if eΛ then c1 else c2 : ok

T-If-DJ

we learn that

(viii) Γ ⊢sMd e : bool@qe,Λe

(ix) Γ, pc0 ⊔ qe ⊢
sMd c1 : ok

(x) Γ, pc0 ⊔ qe ⊢
sMd c2 : ok

(xi) Γ, pc0 ⊔ qe ⊢
sMd endif : ok

By Lemma 42 applied to (vi), we learn that qe = (⊔x∈ΛeΓ(x)↓q), and hence, pc =
pc0 ⊔ qe.
By application of T-E-if-end-J on (vii) and (xi), we learn that

Γ, pc▷ pcS ⊢sMd ([ ]; endif) :: E : ok (xii)

By application of T-Frame-Jit-D to the definition of F′, (ix), and (xii), we learn the
following:

F′ = (pID, rID, ID, version,−→pr, pc▷ pcS, vPol, υ, ([ ]; endif) :: E, Md, c1)
task(ID, version, pr, vPol, rPol, λx.c0) ∈ PDecl

sMd = smodeOf(Md) Γ = Ψ(ID, version, sMd) Γ, pc ⊢sMd c1 ⇒ Γ1

Γ1, pc▷ pcS ⊢Md ([ ]; endif) :: E ⇒ Γ′′ Md ∈ {jit, discard, next( ), altOf( , )}

PDecl ⊢ F′ : ok
T-Frame-Jit-D
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Additionally, note that if sMd = jit, the jit invariants hold directly from (vi) and (vii).

Case sMd = atom The rule T-Frame-Atomic applies, and by inversion on (i),

F = (pID, rID, ID,−→pr, pcS, vPol, υ, E, Md, if eΛ then c1 else c2)
task(ID, v, pr, pcS, vPol, rPol, λx.c) ∈ PDecl
Γ = Ψ(ID, v, jit) Γ0 = mkCtxAtom(Γ, ω, µ, ρ)

pcS = pc0 ▷ pcS0 Γ0,NVw, pc0 ⊢
atom if eΛ then c1 else c2 ⇒ MFWts

Γ0,MFWts, pcS ⊢atom E : ok Md = atom(aID, rb, ω, µ, ρ, Inits,NVw,Vw)

Ψ,PDecl ⊢ F : ok
T-Frame-Atomic

we learn that

(vi) Γ0 = mkCtxAtom(Γ, ω, µ, ρ)

(vii) Γ0,MFWts, pc0 ⊢
atom if eΛ then c1 else c2 ⇒ MFWts′

(viii) Γ0,MFWts′, pcS ⊢atom E : ok

The proof proceeds by cases on pc:

Subcase pc0 = Nid. The rule T-If-Nid-A applies. By inversion on (vi),

Γ0,MFWts ⊢atom e : bool@qe,Λe Γ0,MFWts,Nid ⊢atom c1 ⇒ MFWts′

Γ0,MFWts,Nid ⊢atom c2 ⇒ MFWts′ Λ = Λe

Γ0,MFWts,Nid ⊢atom if eΛ then c1 else c2 ⇒ MFWts′
T-If-Nid-A

we have that

(ix) Γ0,MFWts ⊢atom e : bool@qe,Λe

(x) Γ0,MFWts,Nid ⊢atom
prceil

c1 ⇒ MFWts′

(xi) Γ0,MFWts,Nid ⊢atom
prceil

c2 ⇒ MFWts′

By application of T-E-if-end-A on (viii), and since Nid = pc0 ⊔ qe (from pc0 =

Nid)

Γ0,MFWts′, pcS0 ⊢
atom E : ok

Γ0,MFWts′,Nid▷ pcS0 ⊢
atom endif :: E : ok (xviii)

T-E-if-end-A

By application of the rule T-Frame-Atomic to (xvii), (iii), (vi), (xiii), and (viii),
we obtain that
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F′ = (pID, rID, ID, version,−→pr, pc▷ pcS, vPol, υ, endif :: E, Md, c1)
task(ID, v, pr, pcS, vPol, rPol, λx.c) ∈ PDecl

Γ = Ψ(ID, version, jit) Γ0 = mkCtxAtom(Γ, ω, µ, ρ)
pcS = pc0 ▷ pcS0 Γ0,NVw,Nid ⊢atom c1 ⇒ MFWts′

Γ0,MFWts′,Nid▷ pcS ⊢atom endif :: E : ok
Md = atom(aID, rb, ω, µ, ρ, Inits,NVw,Vw)

Ψ,PDecl ⊢ F′ : ok
T-Frame-Atomic

Subcase pc0 = Id. The rule T-If-Id-A applies. By inversion on (viii),

Γ0,MFWts ⊢atom e : bool@qe,Λe Γ0,MFWts, Id ⊔ qe ⊢
atom c1 ⇒ MFWts1

Γ0,MFWts, Id ⊔ qe ⊢
atom c2 ⇒ MFWts2

W = (MFWts1 ∪MFWts2) \ (MFWts1 ∩MFWts2)
∀x ∈ W,Γ0(x) = Id(CK) MFWts′ = MFWts1 ∩MFWts2 Λ = Λe

Γ0,MFWts, Id ⊢atom if eΛ then c1 else c2 ⇒ MFWts′
T-If-Id-A

we have that

(ix) Γ0,MFWts ⊢atom e : bool@qe,Λe

(x) Γ0,MFWts, Id ⊔ qe ⊢
atom c1 ⇒ MFWts1

(xi) Γ0,MFWts, Id ⊔ qe ⊢
atom c2 ⇒ MFWts2

(xii) W = (MFWts1 ∪MFWts2) \ (MFWts1 ∩MFWts2)

(xiii) ∀x ∈ W,Γ0(x) = Id(CK)

(xiv) MFWts′ = MFWts1 ∩MFWts2

By application of T-E-if-end-A on (viii), (xii) and Id = pc0 ⊔ qe

Γ0,MFWts′, pcS ⊢atom E ⇒ MFWts′′

Γ0,MFWts′, Id▷ pcS ⊢atom endif :: E ⇒ MFWts′′ (xv)
T-E-if-end-A

By application of the rule T-Frame-Atomic to (xv), (vi), (x), (viii), (xiv), and
(xv), we obtain that

F′ = (pID, rID, ID, version,−→pr, pc▷ pcS, vPol, υ, (endif :: E), Md, c1)
task(ID, version, pr, vPol, rPol, λx.c0) ∈ PDecl

Γ = Ψ(ID, version, jit) Γ0 = mkCtxAtom(Γ, ω, µ, ρ, Inits)
Γ0,NVw, Id ⊢atom c1 ⇒ MFWts′ MFWts′ = MFWts1 ∩MFWts2

Γ0,MFWts′, Id▷ pcS ⊢atom endif :: E ⇒ MFWts′′

Ψ,PDecl ⊢ F′ : ok
T-Frame-Atomic
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In all cases, we have that Ψ,PDecl ⊢ F′ : ok (∗). By application of T-Config on (*), (ii),
and (iii), we obtain the desired result:

Ψ,PDecl ⊢ I, IRQ,K,N,V, S , F′,Q : ok

Case If-false-I. This case is symmetric to the one above. It follows the same structure, but where
the typing judgments for c2 are used.

F = (pID, rID, ID, version,−→pr, pcS, vPol, υ, E, Md, if eΛ then c1 else c2)
pcS = pc0 ▷ pcS0

N,V, υc ⊢ e ⇓ false task(ID, version, pr, pcS, vPol, rPol, λx.c) ∈ PDecl
Ψ(ID, version, sMd) = Γ sMd = smodeOf(Md) pc = (⊔x∈ΛΓ(x)↓q) ⊔ pc0

F′ = (pID, rID, ID, version,−→pr, pc▷ pcS, vPol, υ, endif ▷ E, Md, c2)

Ψ,PDecl ⊢ I, IRQ,K,N,V, S , F,Q =⇒ I, IRQ,K,N,V, S , F′,Q
If-false-I

Case If-end-I. Let Σ = (I, IRQ,K,N,V, S , F,Q) and suppose that · ⊢ PDecl : ok, Ψ,PDecl ⊢ Σ :
ok, and the last step is If-end-I.

F = (pID, rID, ID, version,−→pr, pc▷ pcS, vPol, υ, endif :: E, Md, skip)
F′ = (pID, rID, ID, version,−→pr, pcS, vPol, υ, E, Md, skip)

Ψ,PDecl ⊢ I, IRQ,K,N,V, S , F,Q =⇒ I, IRQ,K,N,V, S , F′,Q
If-end-I

We need to show that Ψ,PDecl ⊢ I, IRQ,K,N,V, S , F′,Q : ok.
By inversion of T-Config on Ψ,PDecl ⊢ Σ : ok, we learn that

(i) Ψ,PDecl ⊢ F : ok

(ii) Ψ,PDecl ⊢ S : ok

(iii) Ψ,PDecl ⊢ K : ok

We need to show that Ψ,PDecl ⊢ F′ : ok.
The proof proceeds in two cases based on Md:

Case Md = atom. Suppose that Md = atom(aID, rb, ω, µ, ρ, Inits,NVw,Vw) for some aID,
rb, ω, µ, ρ, Inits, NVw, Vw. By inversion of T-Frame-Atomic on (i),

F = (pID, rID, ID, version,−→pr, pc▷ pcS, vPol, υ, endif :: E, Md, skip)
task(ID, version, pr, vPol, rPol, λx.c0) ∈ PDecl

Md = atom(aID, rb, ω, µ, ρ, Inits,NVw,Vw) Γ = Ψ(ID, version, jit)
Γ0 = mkCtxAtom(Γ, ω, µ, ρ, Inits) Γ0,NVw, pc ⊢atom skip⇒ MFWts′

Γ0,MFWts′, pc▷ pcS ⊢atom endif :: E : ok

Ψ,PDecl ⊢ F : ok
T-Frame-Atomic

we have
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(iv) F = (pID, rID, ID, version,−→pr, pc▷ pcS, vPol, υ, endif :: E, Md, skip)

(v) task(ID, version, pr, vPol, rPol, λx.c0) ∈ PDecl

(vi) Γ0 = mkCtxAtom(Γ, ω, µ, ρ, Inits)

(vii) Γ0,NVw, pc ⊢atom skip⇒ MFWts′

(viii) Γ0,MFWts′, pc▷ pcS ⊢atom endif :: E : ok

By the rule T-Skip-A, we learn that

Γ0,NVw, pc0 ⊢
atom skip⇒ MFWts′ (ix)

where pcS = pc0 ▷ pcS0.
By inversion of T-E-if-end-A on (viii),

Γ0,MFWts′, pcS ⊢atom E : ok

Γ0,MFWts′, pc▷ pcS ⊢atom endif :: E : ok
T-E-if-end-A

we learn that

Γ0,MFWts′, pcS ⊢atom E : ok (xiii)

By application of T-Frame-Atomic on the definition of F′, (v), (vi), (ix), (viii), we
obtain

F′ = (pID, rID, ID, version,−→pr, pcS, vPol, υ, E, Md, skip)
task(ID, version, pr, vPol, rPol, λx.c0) ∈ PDecl Γ = Ψ(ID, version, jit)
Γ0 = mkCtxAtom(Γ, ω, µ, ρ, Inits) Γ0,NVw, pc0 ⊢

atom skip⇒ MFWts
Γ0,MFWts, pcS ⊢atom E : ok Md = atom(aID, rb, ω, µ, ρ, Inits,NVw,Vw)

Ψ,PDecl ⊢ F′ : ok
T-Frame-Atomic

as desired.

Case Md ∈ {jit, discard, alternative}. By inversion of T-Frame-Jit-D on (i),

F = (pID, rID, ID, version,−→pr, pc▷ pcS, vPol, υ, endif :: E, Md, skip)
sMd = smodeOf(Md) sMd ∈ {jit, discard}

task(ID, version, pr, vPol, rPol, λx.c0) ∈ PDecl Γ = Ψ(ID, version, sMd)
Γ, pc ⊢sMd skip : ok Γ′, pc▷ pcS ⊢sMd endif :: E : ok

Ψ,PDecl ⊢ F : ok
T-Frame-Jit-D

we learn that
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(iv) task(ID, version, pr, vPol, rPol, λx.c0) ∈ PDecl

(v) Γ, pc ⊢sMd skip : ok

(vi) Γ, pc▷ pcS ⊢sMd endif :: E : ok

By application of T-Skip-S, we have

Γ, pc0 ⊢
sMd skip : ok (vii)

where pcS = pc0 ▷ pcS0.
By inversion of T-E-if-end-J on (vi),

Γ, pcS ⊢sMd E : ok sMd ∈ {jit, discard}

Γ, pc▷ pcS ⊢sMd endif :: E : ok
T-E-if-end-J

we learn that

Γ, pcS ⊢sMd E : ok (viii)

By application of T-Frame-Jit-D on the definition of F′, (iv), (viii), (v), we obtain the
desired result:

F′ = (pID, rID, ID, version,−→pr, pcS, vPol, υ, E, Md, skip) sMd = smodeOf(Md)
sMd ∈ {jit, discard} task(ID, version, pr, vPol, rPol, λx.c0) ∈ PDecl
Γ = Ψ(ID, version, sMd) Γ, pc0 ⊢

sMd skip : ok Γ, pcS ⊢sMd E : ok

Ψ,PDecl ⊢ F′ : ok
T-Frame-Jit-D

In both cases, we have that Ψ,PDecl ⊢ F′ : ok (ix). By application of T-Config to (ix),
(ii), and (iii), we obtain the desired result:

Ψ,PDecl ⊢ I, IRQ,K,N,V, S , F′,Q : ok

Case Let-I. Let Σ = (I, IRQ,K,N,V, S , F,Q) and suppose that · ⊢ PDecl : ok,Ψ,PDecl ⊢ Σ : ok,
and the last step is Let-I.

F = (pID, rID, ID, version,−→pr, pcS, vPol, υ, E, Md, let x = e in c)
F′ = (pID, rID, ID, version,−→pr, pcS, vPol, υ[x 7→ v], E, Md, c)

N,V, υ ⊢ e ⇓ v x fresh

Ψ,PDecl ⊢ I, IRQ,K,N,V, S , F,Q =⇒ I, IRQ,K,N,V, S , F′,Q
Let-I

We need to show that Ψ,PDecl ⊢ I, IRQ,K′,N,V′, S , F′,Q : ok.
By inversion of T-Config, we have that

(i) Ψ,PDecl ⊢ F : ok
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(ii) Ψ,PDecl ⊢ S : ok

(iii) Ψ,PDecl ⊢ K : ok

By inversion of T-K on (iii), we learn that Ψ,PDecl ⊢ S k : ok (iv).
By application of T-K to (iv) and K′ = (Nk,V′k, S k), we have that

Ψ,PDecl ⊢ K′ : ok (v)

Now, we need to show that Ψ,PDecl ⊢ F′ : ok. For this, the proof proceeds in two cases
depending on Md:

Case Md = atom. Suppose that Md = atom(aID, rb, ω, µ, ρ, Inits,NVw,Vw) for some aID,
rb, ω, µ, ρ, Inits, NVw, and Vw. By inversion of T-Frame-Atomic on (i),

F = (pID, rID, ID,−→pr, pcS, vPol, υ, E, Md, let x = e in c)
task(ID, version, pr, vPol, rPol, λx.c0) ∈ PDecl Γ = Ψ(ID, version, jit)

sMd = smodeOf(Md) Γ0 = mkCtxAtom(Γ, ω, µ, ρ, Inits)
Γ0,NVw, pc ⊢sMd let x = e in c⇒ MFWts′

Γ0,MFWts′, pcS ⊢sMd E : ok Md = atom(aID, rb, ω, µ, ρ, Inits,NVw,Vw)

Ψ,PDecl ⊢ F : ok
T-Frame-Atomic

we learn that

(vi) task(ID, version, pr, vPol, rPol, λx.c0) ∈ PDecl

(vii) Γ0 = mkCtxAtom(Γ, ω, µ, ρ, Inits)

(viii) Γ0,NVw, pc ⊢sMd let x = e in c⇒ MFWts′

(ix) Γ0,MFWts′, pcS ⊢sMd E : ok

The proof proceeds in cases on e:

Subcase e , IN(). The rule T-let-e-A applies. By inversion on (viii),

Γ0,NVw ⊢atom e : t@q,Λe (Γ0, x : t@q),MFWts, pc ⊢atom c⇒ MFWts′

Γ0,NVw, pc ⊢atom let x = e in c⇒ MFWts′
T-let-e-A

we have that

(x) Γ0 ⊢
atom e : t@q,Λe

(xi) (Γ0, x : t@q),MFWts, pc ⊢atom c⇒ MFWts′
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By application of T-Frame-Atomic on the definition of F′, (vi), (vii), (xi), and
(ix), we have

Ψ,PDecl ⊢ F′ : ok

Subcase e = IN(). The rule T-let-IN-A applies. By inversion on (viii),

(Γ0, x : t@⟨Id, Id, Id⟩),NVw, pc ⊢atom c⇒ MFWts′

Γ0,NVw, pc ⊢atom let x = IN() in c⇒ MFWts′
T-let-IN-A

we learn that (Γ, x : t@⟨Id, Id, Id⟩),NVw, pc ⊢atom c⇒ MFWts′ (x).
By application of T-Frame-Atomic to (vi), (vii), (x), (ix), we have

Ψ,PDecl ⊢ F′ : ok

Case Md = jit or Md = discard or Md = next. This case is similar to the one above, but
instead uses the rules for nonatomic modes. We again obtain that Ψ,PDecl ⊢ F′ : ok.
The jit invariant for volatile memory is obtained by the observation that both V ′ and
V ′k are extended with x 7→ (v, pID) in the mode jit.

In all cases, we have that Ψ,PDecl ⊢ F′ : ok (vi). Thus, by application of T-Config to (vi),
(ii), and (iii), we obtain the desired result:

Ψ,PDecl ⊢ I, IRQ,K′,N,V′, S , F′,Q : ok

Case Seq1-I. Let Σ = (I, IRQ,K,N,V, S , F,Q) and suppose that · ⊢ PDecl : ok, Ψ,PDecl ⊢ Σ :
ok, and the last step is Seq1-I.

F = (pID, rID, ID,−→pr, pcS, vPol, υ, E, Md, c1; c2)
F′ = (pID, rID, ID,−→pr, pcS, vPol, υ, ([ ]; c2) :: E, Md, c1)

Ψ,PDecl ⊢ I, IRQ,K,N,V, S , F,Q =⇒ I, IRQ,K,N,V, S , F′,Q
Seq1-I

We want to show that Ψ,PDecl ⊢ I, IRQ,K,N,V, S , F′,Q : ok.
By inversion of T-Config on Ψ,PDecl ⊢ Σ : ok, we have

(i) Ψ,PDecl ⊢ F : ok

(ii) Ψ,PDecl ⊢ S : ok

(iii) Ψ,PDecl ⊢ K : ok

(iv) if mdOf(Fn) = jit and iPidOf(Fn) = ipID, then ∀x ∈ dom(N) ∩ dom(Nk) s.t. N(x) =
(v, ipID), then N′k(x) = (v, ipID) and ∀x ∈ dom(V)∩dom(Vk) s.t. V(x) = (v, ipID), then V′k(x) =
(v, ipID)

(v) if mdOf(Fn) = jit and pidOf(Fn) = pID, then S k = FJ(pID)▷ S 0
k
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We need to show that Ψ,PDecl ⊢ F′ : ok.
The proof proceeds by cases on Md:

Case Md = jit or Md = discard( ) or Md = next( ). By inversion of T-Frame-Jit-D on (i),

F = (pID, rID, ID, version,−→pr, pcS, vPol, υ, E, Md, c1; c2)
task(ID, version, pr, vPol, rPol, λx.c0) ∈ PDecl

pcS = pc0 ▷ pcS0 sMd = smodeOf(Md) sMd ∈ {jit, discard}
Γ = Ψ(ID, version, sMd) Γ, pc0 ⊢

Md c1; c2 : ok Γ, pcS ⊢Md E : ok

Ψ,PDecl ⊢ F : ok
T-Frame-Jit-D

we have that

(vi) task(ID, version, pr, vPol, rPol, λx.c0) ∈ PDecl

(vii) pcS = pc0 ▷ pcS0

(viii) Γ, pc0 ⊢
sMd c1; c2 : ok

(ix) Γ, pcS ⊢sMd E : ok

By inversion of T-Sequence-S on (viii),

sMd ∈ {jit, discard} Γ, pc0 ⊢
sMd c1 : ok Γ, pc0 ⊢

sMd c2 : ok

Γ, pc0 ⊢
sMd c1; c2 : ok

T-Sequence-S

we have that

(x) Γ, pc0 ⊢
sMd c1 : ok

(xi) Γ, pc0 ⊢
sMd c2 : ok

By T-E-seq-1 applied to (ix) and (xi), we have

Γ, pc0 ⊢
sMd c2 : ok Γ, pcS ⊢sMd E : ok pcS = pc0 ▷ pcS0

Γ, pcS ⊢sMd ([ ]; c2) :: E : ok (xii)
T-E-seq-1

By application of T-Frame-Jit-D on the definition of F′, (vi), (vii), (x), (xii), we have
that

Ψ,PDecl ⊢ F′ : ok

The jit invariants are obtained directly from (iv) and (v).

Case Md = atom. This case is similar to the one above, but uses the rules for atomic mode.
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In all cases we have Ψ,PDecl ⊢ F′ : ok (iv). By application of T-Config to (iv), (ii), and
(iii), we obtain the desired result:

Ψ,PDecl ⊢ I, IRQ,K,N,V, S , F′,Q : ok

Case Seq2-I. Let Σ = (I, IRQ,K,N,V, S , F,Q) and suppose that · ⊢ PDecl : ok, Ψ,PDecl ⊢ Σ :
ok, and the last step is Seq2-I.

F = (pID, rID, ID,−→pr, pcS, vPol, υ, ([ ]; c) :: E, Md, skip)
F′ = (pID, rID, ID,−→pr, pcS, vPol, υ, E, Md, c)

PDecl ⊢ I, IRQ,K,N,V, S , F,Q =⇒ I, IRQ,K,N,V, S , F′,Q
Seq2-I

We want to show that Ψ,PDecl ⊢ I, IRQ,K,N,V, S , F′,Q : ok.
By inversion of T-Config on Ψ,PDecl ⊢ Σ : ok, we have

(i) Ψ,PDecl ⊢ F : ok

(ii) Ψ,PDecl ⊢ S : ok

(iii) Ψ,PDecl ⊢ K : ok

We need to show that Ψ,PDecl ⊢ F′ : ok.
The proof proceeds in cases on Md:

Case Md = jit or Md = discard or Md = next( ). The rule T-Frame-Jit-D applies. By in-
version on (i),

F = (pID, rID, ID,−→pr, pcS, vPol, υ, ([ ]; c) :: E, Md, skip)
task(ID, version, pr, vPol, rPol, λx.c0) ∈ PDecl

pcS = pc0 ▷ pcS0 Γ, pc0 ⊢
sMd skip : ok Γ, pcS ⊢sMd ([ ]; c) :: E : ok

Ψ,PDecl ⊢ F : ok
T-Frame-Jit-D

we learn that

(iv) task(ID, version, pr, vPol, rPol, λx.c0) ∈ PDecl

(v) pcS = pc0 ▷ pcS0

(vi) Γ, pc0 ⊢
sMd skip : ok

(vii) Γ, pcS ⊢sMd ([ ]; c) :: E : ok

By inversion of T-E-seq-1

Γ, pc0 ⊢
sMd c : ok Γ, pcS ⊢sMd E : ok pcS = pc0 ▷ pcS0

Γ, pcS ⊢sMd ([ ]; c) :: E : ok
T-E-seq-1
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we learn that

(viii) Γ, pc0 ⊢
sMd c : ok

(ix) Γ, pcS ⊢sMd E : ok

By application of T-Frame-Jit-D on (viii), (ix), (iv), (v), and the definition of F′, we
have that

Ψ,PDecl ⊢ F′ : ok

The jit invariants hold by reasoning similar to the previous case.

Case Md = atom. Suppose Md = atom(aID, rb, ω, µ, ρ, Inits,NVw,Vw) for some aID, rb,
ω, µ, ρ, Inits,NVw,Vw. The rule T-Frame-Atomic applies. By inversion on (i),

F = (pID, rID, ID,−→pr, pcS, vPol, υ, ([ ]; c) :: E, Md, skip)
task(ID, version, pr, vPol, rPol, λx.c0) ∈ PDecl

Γ = Ψ(ID, version, jit) Γ0 = mkCtxAtom(Γ, ω, µ, ρ, Inits)
pcS = pc0 ▷ pcS0 Γ0,NVw, pc0 ⊢

atom skip⇒ MFWts1

Γ0,MFWts1, pcS ⊢atom ([ ]; c) :: E ⇒ MFWts′′

Md = atom(aID, rb, ω, µ, ρ, Inits,NVw,Vw)

PDecl ⊢ F : ok
T-Frame-Atomic

we have that

(iv) task(ID, version, pr, vPol, rPol, λx.c0) ∈ PDecl

(v) Γ0 = mkCtxAtom(Γ, ω, µ, ρ, Inits)

(vi) Γ0,NVw, pc0 ⊢
atom skip⇒ MFWts1

(vii) pcS = pc0 ▷ pcS0

(viii) Γ0,MFWts1, pcS ⊢atom ([ ]; c) :: E ⇒ MFWts′′

By inversion of T-E-seq-2 on (viii),

Γ0,NVw, pc0 ⊢
atom c⇒ MFWts′

Γ0,MFWts′, pcS ⊢atom E : ok pcS = pc0 ▷ pcS0

Γ0,NVw, pcS ⊢atom ([ ]; c) :: E : ok
T-E-seq-2

we know that

(ix) Γ0,NVw, pc ⊢atom c⇒ MFWts′

(x) Γ0,MFWts′, pcS ⊢atom E : ok

By application of T-Frame-Atomic on the definition of F′, (iv), (v), (vii), (ix), (x), we
have
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Ψ,PDecl ⊢ F′ : ok

In all cases, we have that Ψ,PDecl ⊢ F′ : ok (iv). By application of T-Config on (iv), (ii),
(iii), we obtain the desired result:

Ψ,PDecl ⊢ I, IRQ,K,N,V, S , F′,Q : ok

Case StartCrit-I. Let Σ = (I, IRQ,K,N,V, S , F,Q) and suppose that ⊢ PDecl : ok, Ψ,PDecl ⊢
Σ : ok, and the last step is StartCrit-I.

F = (pID, rID, ID, version,−→prc, pcS, vPol, υ, E, Md, startcr(pr, ShAcc); c; endcr)
F′ = (pID, rID, ID, version, pr▷ −→prc, pcS, vPol, υ, endcr :: E, Md, c)

Ψ,PDecl ⊢ I, IRQ,K,N,V, S , F,Q =⇒ I, IRQ,N,V, S , F′,Q
StartCrit-I

We need to show that Ψ,PDecl ⊢ I, IRQ,N,V, S , F′,Q : ok.
By inversion on Ψ,PDecl ⊢ Σ : ok, we have

(i) Ψ,PDecl ⊢ F : ok

(ii) Ψ,PDecl ⊢ S : ok

(iii) Ψ,PDecl ⊢ K : ok

We need to show that Ψ,PDecl ⊢ F′ : ok. To do so, we invert on (i). Since the command
in F is not an atomic region, either the rule T-Frame-A2A or T-Frame-Jit-D applies:

Case sMd(Md) = atom. The rule T-Frame-A2A applies:

F = (pID, rID, ID, version,−→prc, pcS, vPol, υ, E, Md, startcr(pr, ShAcc); c; endcr)
Md = atom(aID, rb, ω, µ, ρ, Inits,NVw,Vw)

task(ID, version, pr, vPol, rPol, λx.c0) ∈ PDecl
Γ = Ψ(ID, version, jit) Γ0 = mkCtxAtom(Γ, ω, µ, ρ, Inits)
Γ0,NVw, pc ⊢atom startcr(pr, ShAcc); c; endcr ⇒ MFWts

Γ0,MFWts, pc▷ pcS ⊢atom E : ok
∀NVw′ s.t. NVw′ ⊇ NVw,∃MFWts′ ⊇ MFWts s.t.

Γ0,NVw′, pc ⊢atom startcr(pr, ShAcc); c; endcr ⇒ MFWts′

Ψ,PDecl ⊢ F : ok
T-Frame-A2A

By inversion of (i), we learn that:

(iv) F = (pID, rID, ID, version,−→prc, pcS, vPol, υ, E, Md, startcr(pr, ShAcc); c; endcr)

(v) Md = atom(aID, rb, ω, µ, ρ, Inits,NVw,Vw)

(vi) task(ID, version, pr, vPol, rPol, λx.c0) ∈ PDecl

(vii) Γ = Ψ(ID, version, jit)
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(viii) Γ0 = mkCtxAtom(Γ, ω, µ, ρ, Inits)

(ix) Γ0,NVw, pc ⊢atom startcr(pr, ShAcc); c; endcr ⇒ MFWts

(x) Γ0,MFWts, pc▷ pcS ⊢atom E : ok

(xi) ∀NVw′ s.t. NVw′ ⊇ NVw,∃MFWts′ ⊇ MFWts s.t.
Γ0,NVw′, pc ⊢atom startcr(pr, ShAcc); c; endcr ⇒ MFWts′

By inversion of T-Critical-A on (ix):

Γ0,NVw, pc ⊢atom
vPol c⇒ MFWts

prc = ceilingPrOf({pr′ | tk(ID, version, pr′, vPol, rPol, λx.c) ∈ PDecl
∧ (ShAcc ∩ vPol.ShAcc , ∅)}) pr ≥ prc ShAcc ⊆ vPol.ShAcc

ShAcc , ∅ Γ0 = {x : t@q | x ∈ dom(Γ) ∧ x < vPol.ShAcc \ ShAcc}

Γ,NVw, Id ⊢atom
vPol startcr(pr, ShAcc); c; endcr ⇒ MFWts

T-Critical-A

we learn that

(xii) Γ0,NVw, pc ⊢atom c⇒ MFWts

(xiv) prc = ceilingPrOf({pr′ | tk(ID, version, pr′, vPol, rPol, λx.c) ∈ PDecl ∧ (ShAcc∩
vPol.ShAcc , ∅)})

(xv) pr ≥ prc

By application of T-E-critical-end-A to (x), we have:

Γ0,MFWts, pc▷ pcS ⊢atom E : ok

Γ0,MFWts, pc▷ pcS ⊢atom endcr :: E : ok
T-E-critical-end-A

(xvi)

Lastly, we prove the invariant ∀NVw′ s.t. NVw′ ⊇ NVw, ∃MFWts′ ⊇ MFWts s.t.
Γ0,NVw′, pc ⊢atom c ⇒ MFWts′ holds. Let NVw′ be arbitrary s.t. NVw′ ⊇ NVw.
Since a similar invariant holds in (xi), pick the same NVw′ and invert T-Critical-A
on (xi) to learn the desired result. Since NVw′ was arbitrary, the result holds for all
such NVw′.
By application of T-Frame-A2A to the definition of F′, (vi), (vii), (viii), (xii), and
(xvi), we have

F′ = (pID, rID, ID, version, pr▷ −→prc, pcS, vPol, υ, endcr :: E, Md, c)
Md = atom(aID, rb, ω, µ, ρ, Inits,NVw,Vw)

task(ID, version, pr, vPol, rPol, λx.c0) ∈ PDecl
Γ = Ψ(ID, version, jit) Γ0 = mkCtxAtom(Γ, ω, µ, ρ, Inits)

Γ0,NVw, pc ⊢atom c⇒ MFWts Γ0,MFWts, pc▷ pcS ⊢atom endcr :: E : ok
∀NVw′ s.t. NVw′ ⊇ NVw, ∃MFWts′ ⊇ MFWts s.t. Γ0,NVw′, pc ⊢atom c⇒ MFWts′

Ψ,PDecl ⊢ F′ : ok
T-Frame-A2A
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Case smodeOf(Md) ∈ {jit, discard}. This case is similar, instead using the rule T-Frame-
Jit-D.

The desired result follows by application of T-config to Ψ,PDecl ⊢ F′ : ok, (ii), and (iii).

Case EndCrit-I. Let Σ = (I, IRQ,K,N,V, S , F,Q) and suppose that ⊢ PDecl : ok, Ψ,PDecl ⊢
Σ : ok, and the last step is EndCrit-I.

F = (pID, rID, ID, version, pr▷ −→prc, pcS, vPol, υ, endcr :: E, Md, skip)
F′ = (pID, rID, ID, version,−→prc, pcS, vPol, υ, E, Md, skip)

Ψ,PDecl ⊢ I, IRQ,K,N,V, S , F,Q =⇒ I, IRQ,K,N,V, S , F′,Q
EndCrit-I

We need to show that Ψ,PDecl ⊢ I, IRQ,K,N,V, S , F′,Q : ok.
By inversion on Ψ,PDecl ⊢ Σ : ok, we have

(i) Ψ,PDecl ⊢ F : ok

(ii) Ψ,PDecl ⊢ S : ok

(iii) Ψ,PDecl ⊢ K : ok

We need to show that Ψ,PDecl ⊢ F′ : ok. To do so, we invert on (i). Since the command
in F is not an atomic region, either the rule T-Frame-A2A or T-Frame-Jit-D applies:

Case sMd(Md) = atom. The rule T-Frame-A2A applies:

E0 = endcr :: E
F = (pID, rID, ID, version, pr▷ −→prc, pcS, vPol, υ, E0, Md, skip)

Md = atom(aID, rb, ω, µ, ρ, Inits,NVw,Vw)
task(ID, version, pr, vPol, rPol, λx.c0) ∈ PDecl

Γ = Ψ(ID, version, jit) Γ0 = mkCtxAtom(Γ, ω, µ, ρ, Inits)
Γ0,NVw, pc ⊢atom skip⇒ MFWts Γ0,MFWts, pc▷ pcS ⊢atom E0 : ok

∀NVw′ s.t. NVw′ ⊇ NVw, ∃MFWts′ ⊇ MFWts s.t.
Γ0,NVw′, pc ⊢atom skip⇒ MFWts′

Ψ,PDecl ⊢ F : ok
T-Frame-A2A

By inversion of (i), we learn that:

(iv) F = (pID, rID, ID, version, pr▷ −→prc, pcS, vPol, υ, endcr :: E, Md, skip)

(v) Md = atom(aID, rb, ω, µ, ρ, Inits,NVw,Vw)

(vi) task(ID, version, pr, vPol, rPol, λx.c0) ∈ PDecl

(vii) Γ = Ψ(ID, version, jit)

(viii) Γ0 = mkCtxAtom(Γ, ω, µ, ρ, Inits)

(ix) Γ0,NVw, pc ⊢atom skip⇒ MFWts
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(x) Γ0,MFWts, pc▷ pcS ⊢atom endcr :: E : ok

(xi) ∀NVw′ s.t. NVw′ ⊇ NVw, ∃MFWts′ ⊇ MFWts s.t. Γ0,NVw′, pc ⊢atom skip ⇒
MFWts′

By inversion of T-E-critical-end-A on (x),

Γ0,MFWts, pc▷ pcS ⊢atom E : ok

Γ0,MFWts, pc▷ pcS ⊢atom endcr :: E : ok
T-E-critical-end-A

we learn that Γ0,MFWts, pc▷ pcS ⊢atom E : ok (xii).
By application of T-Frame-A2A to the definition of F′, (vi), (vii), (viii), (ix), (xi),
and (xii), we have

F′ = (pID, rID, ID, version,−→prc, pcS, vPol, υ, E, Md, skip)
Md = atom(aID, rb, ω, µ, ρ, Inits,NVw,Vw)

task(ID, version, pr, vPol, rPol, λx.c0) ∈ PDecl
Γ = Ψ(ID, version, jit) Γ0 = mkCtxAtom(Γ, ω, µ, ρ, Inits)

Γ0,NVw, pc ⊢atom skip⇒ MFWts Γ0,MFWts, pc▷ pcS ⊢atom E : ok
∀NVw′ s.t. NVw′ ⊇ NVw, ∃MFWts′ ⊇ MFWts s.t.

Γ0,NVw′, pc ⊢atom skip⇒ MFWts′

Ψ,PDecl ⊢ F′ : ok
T-Frame-A2A

Case sMd(Md) ∈ {jit, discard}. This case is similar, instead using the rule T-Frame-Jit-D.

The desired result follows by application of T-config to Ψ,PDecl ⊢ F′ : ok, (ii), and (iii).

Case Reboot-I. Let Σ = (I, IRQ,K,N, ·, ·, reboot,Q) and suppose thatΨ ⊢ PDecl : ok,Ψ,PDecl ⊢
Σ : ok, and the last step is Reboot-I.

K = (Nk,V, F ▷ S k) F = (pID, rID, ID,−→pr, pcS, vPol, υ, E, Md, c)
F′ = (pID, rID, ID,−→pr, pcS, vPol, υ, E, Md′, c) polOf(F) , altOf( )

Q = Qd,Qk ∀tk ∈ Qd, polOf(tk) = discard ∀tk ∈ Qk, polOf(tk) = continue

Md′ =

{
atom(aID, rb + 1, ω, µ, ρ, ∅, ∅) if Md = atom(aID, rb, ω, µ, ρ,NVw,Vw)
Md otherwise

Ψ,PDecl ⊢ I, IRQ,K,N, ·, ·, reboot,Q
rb
=⇒ I, IRQ,K,Nf Nk,V, S k, F′,Qk

Reboot-I

K = (Nk,V, S ) (F ▷ S k) = incRb(S )
K′ = (Nk,V, F ▷ S k) F = (pID, rID, ID, version,−→pr, pcS, vPol, υ, E, Md, c)

polOf(F) , altOf( ) Q = Qd,Qk ∀tk ∈ Qd, polOf(tk) = discard
∀tk ∈ Qk, polOf(tk) = continue ipidOf(F′) = ipID′

Ψ,PDecl ⊢ I, IRQ,K,N, ·, ·, reboot,Q
rb
=⇒ I, IRQ,K′,N ipID′

k ⇝ N,V ipID′ , S k, F,Qk

Reboot-I
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We need to show that Ψ,PDecl ⊢ I, IRQ,K′,N ipID′

k ⇝ N,V ipID′ , S k, F,Qk : ok.

By inversion of T-config on Ψ,PDecl ⊢ Σ : ok, we have

Ψ,PDecl ⊢ K : ok (i)

In particular, we need to show thatΨ,PDecl ⊢ F′ : ok andΨ,PDecl ⊢ S : ok. By definition
of incRb(S ), we know that Ψ,PDecl ⊢ F ▷ S k : ok.
By inversion of T-Stack-Full, we have that

(ii) Ψ,PDecl ⊢ F : ok

(iii) Ψ,PDecl ⊢ S k : ok

By application of T-Config on (i), (ii), and (iii), we obtain the desired result:

Ψ,PDecl ⊢ I, IRQ,K′,N ipID′

k ⇝ N,V ipID′ , S k, F,Qk : ok

Case Reboot-IA. Let Σ = (I, IRQ,K,N, ·, ·, reboot,Q) and suppose that Ψ,PDecl ⊢ PDecl : ok,
Ψ,PDecl ⊢ Σ : ok, and the last step is Reboot-IA.

K = (Nk,V, F ▷ S ) S k = incRb(S ) K′ = (Nk,V, S k)
F = (pIDn, rIDn, IDn, versionn,

−→prn, pcSn, vPoln, x 7→ v, ·, altOf( , rPoln), cn; ret(res))
Q = Qd,Qk ∀tk ∈ Qd, polOf(tk) = discard ∀tk ∈ Qk, polOf(tk) = continue

(Mdn,K′′) = schdFrame(PDecl, (pIDn, IDn, v, rPoln),K′,N)
N′ = NpIDn

k ⇝ N ipID = iPidOf(pIDn, Mdn)
F′ = (pIDn, rIDn, IDn, versionn,

−→prn, pcSn, vPoln, x 7→ v, ·, Mdn, initN(vPoln.Inits); cn; ret(res))

Ψ,PDecl ⊢ I, IRQ,K,N, ·, ·, reboot,Q
rb
=⇒ I, IRQ,K′′,N′,VpIDn , S k, F′,Qk

Reboot-IA

By inversion of T-config on Ψ,PDecl ⊢ Σ : ok, we have that

Ψ,PDecl ⊢ K : ok (i)

We need to show that Ψ,PDecl ⊢ I, IRQ,K′′,N′,VpIDn , S k, F′,Qk : ok.
We will first show that Ψ,PDecl ⊢ K′′ : ok.
By inversion of T-K on (i), we know that Ψ,PDecl ⊢ F ▷ S : ok (ii).
By inversion of T-Stack-full on (ii), we have

(iii) Ψ,PDecl ⊢ F : ok

(iv) Ψ,PDecl ⊢ S : ok

By application of T-K to (iv) and K′ = (Nk,V, S k), we have that

Ψ,PDecl ⊢ K′ : ok
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By Lemma 44 applied to PDecl ⊢ K′ : ok, we have

Ψ,PDecl ⊢ K′′ : ok (v)

We now need to show that Ψ,PDecl ⊢ F′ : ok.

Let sMd = smodeOf(Mdn). By Ψ ⊢ PDecl : ok and sequencing for commands, we know
that Γ, Id ⊢sMdprn

initN(vPoln.Inits); cn; ret(res) : ok (vi).

By T-E-md, we have Γ, Id ⊢sMdprn
· : ok (vii).

By definition of schdFrame, we know that sMd ∈ {jit, discard}. So the rule T-Frame-Jit-D
applies. By application of T-Frame-Jit-D on the definition of F′, (vi), (vii), we have

F′ = (pIDn, rIDn, IDn,
−→prn, Id, vPoln, x 7→ v, ·, Mdn, initN(vPoln.Inits); cn; ret(res))

task(IDn, versionn, prn, vPoln, rPoln, λx.cn) ∈ PDecl
sMd = smodeOf(Mdn) sMd ∈ {jit, discard} Γ = Ψ(IDn, versionn, sMd)

Γ, Id ⊢Mdn initN(vPoln.Inits); cn; ret(res) : ok Γ, Id ⊢Mdn · : ok

Ψ,PDecl ⊢ F′ : ok (viii)
T-Frame-Jit-D

By application of T-config on (viii), (iv), and (v), we obtain the final desired result:

Ψ,PDecl ⊢ I, IRQ,K′′,N′,VpIDn , S k, F′,Qk : ok

Case PowerFail-I. Let Σ = (I, IRQ,K,N,V, S , F,Q) and suppose thatΨ ⊢ PDecl : ok,Ψ,PDecl ⊢
Σ : ok, and the last step is PowerFail-I.

F = (pID, rID, ID, version,−→pr, pcS, vPol, υ, E, Md, c)
K = (Nk,Vk, S k) S ′k = updJitS(S k, F ▷ S ) K′ = (Nk,Vk, S ′k)

Ψ,PDecl ⊢ I, IRQ,K,N,V, S , F,Q =⇒ I, IRQ,K′,N, ·, ·, reboot,Q
PowerFail-I

We need to show that Ψ,PDecl ⊢ I, IRQ,K′,N, ·, ·, reboot,Q : ok. In particular, it suffices
to show that Ψ,PDecl ⊢ K′ : ok.
By inversion of T-Config on Ψ,PDecl ⊢ Σ : ok, we have that

(i) Ψ,PDecl ⊢ F : ok

(ii) Ψ,PDecl ⊢ S : ok

(iii) Ψ,PDecl ⊢ K : ok

By inversion of T-K on (iii), we know that Ψ,PDecl ⊢ S k : ok (iv).
By Lemma 41 applied to (iv) and (ii), we know that

Ψ,PDecl ⊢ S ′k : ok (v)
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By application of T-K on (v), we know that

Ψ,PDecl ⊢ K′ : ok (vi)

The desired result follows by application of T-Config-reboot on (vi):

Ψ,PDecl ⊢ I, IRQ,K′,N, ·, ·, reboot,Q : ok

□

Lemma 41 (updJitS produces well-formed S k) If Ψ,PDecl ⊢ S k : ok, Ψ,PDecl ⊢ S : ok, and
S ′k = updJitS(S k, S ), then Ψ,PDecl ⊢ S ′k : ok.

Proof: The proof is by nested induction on the size of S k and S .

Base case S k = ·. There are two subcases:

Subcase S = ·.

updJitS(·, ·) = ·

In this case, we apply T-Stack-Empty to obtain the desired result:

PDecl ⊢ · : ok

Subcase S = F ▷ S ′ (∃F).

modeOf(F) , jit

updJitS(S k, F ▷ S ′) = updJitS(S k, S ′)

By inversion of T-Stack-full on PDecl ⊢ S : ok (and since S = F ▷ S ′),

S = F ▷ S ′ PDecl ⊢ S ′ : ok PDecl ⊢ F : ok

PDecl ⊢ S : ok
T-Stack-full

we have

(iii) PDecl ⊢ S ′ : ok

(iv) PDecl ⊢ F : ok

Since S ′ is one frame smaller than S , we can apply the inductive hypothesis to (iii)
and PDecl ⊢ S k : ok, to establish

PDecl ⊢ updJitS(S k, S ′) : ok

as desired.
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Inductive case S k = F ▷ S ′′k (∃F). There are two subcases to consider:

Subcase S = ·.

modeOf(F) , jit

updJitS(F ▷ S ′′k , S ) = F ▷ updJitS(S ′′k , S )

By inversion of T-Stack-full on PDecl ⊢ S k : ok (and since S k = F ▷ S ′′k ),

S k = F ▷ S ′′k PDecl ⊢ S ′′k : ok PDecl ⊢ F : ok

PDecl ⊢ S k : ok
T-Stack-full

we have

(iii) PDecl ⊢ S ′′k : ok

(iv) PDecl ⊢ F : ok

We can apply the inductive hypothesis on (iii) and PDecl ⊢ S : ok to learn that

PDecl ⊢ updJitS(S ′′k , S ) : ok (v)

By application of T-Stack-full to (v) and (iv), we learn that

PDecl ⊢ F ▷ updJitS(S ′′k , S ) : ok

Subcase S = F ▷ S ′ (∃F).

S ′′′k = updJitS(S ′′k , S
′) modeOf(F) = jit pidOf(F) = pidOf(Fk)

updJitS(Fk ▷ S ′′k , F ▷ S ′) = F ▷ S ′′′k

By inversion of T-Stack-full on PDecl ⊢ S : ok (and since S = F ▷ S ′),

S = F ▷ S ′ PDecl ⊢ S ′ : ok PDecl ⊢ F : ok

PDecl ⊢ S : ok
T-Stack-full

we have

(iii) PDecl ⊢ S ′ : ok

(iv) PDecl ⊢ F : ok

By inversion of T-Stack-full on PDecl ⊢ S k : ok (and since S k = Fk ▷ S ′′k ),

S k = Fk ▷ S ′′k PDecl ⊢ S ′′k : ok PDecl ⊢ Fk : ok

PDecl ⊢ S k : ok
T-Stack-full

we have
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(v) PDecl ⊢ S ′′k : ok

(vi) PDecl ⊢ Fk : ok

We can apply the inductive hypothesis on (iii) and (v) to learn that

PDecl ⊢ updJitS(S ′′k , S
′) : ok (vii)

Since S ′′′k = updJitS(S ′′k , S
′), it follows by application of T-Stack-full to (vii) and

(iv) that

PDecl ⊢ F ▷ S ′′′k

which is the desired result.

□

Lemma 42 (Expression qualifiers match Λ for nonatomic mode) If Γ ⊢Md e : t@qe,Λe and
Md ∈ {jit, discard, next}, then qe = (⊔x∈ΛeΓ(x)↓q).

Proof: The proof is by structural induction on e.

Case e = x. Then the last rule in the derivation must be T-Var-Read3. By inversion,

Γ(x) = t@⟨qIDc, qIDl, qIDh⟩ Md ∈ {jit, discard, next}

Γ ⊢Md x : t@⟨qIDc, qIDl, qIDh⟩, {x}
T-Var-Read3

we have that

Γ(x) = t@⟨qIDc, qIDl, qIDh⟩ (i)

Hence, Γ(x)↓q = ⟨qIDc, qIDl, qIDh⟩, as desired.

Case e = e1 ⊙ e2. Then the last rule in the derivation must be T-Binop-Read-J. By inversion,

Md ∈ {jit, discard, next} Γ ⊢Md e1 : t@q1,Λ1 Γ ⊢Md e2 : t@q2,Λ2

Γ ⊢Md e1 ⊙ e2 : t@(q1 ⊔ q2),Λ1 ∪ Λ2
T-Binop-Read-J

we have that

(i) Γ ⊢Md e1 : t@q1,Λ1

(ii) Γ ⊢Md e2 : t@q2,Λ2

By the inductive hypothesis applied to (i) and (ii), we learn that
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(iii) (⊔x∈Λ1Γ(x)↓q) = q1

(iv) (⊔x∈Λ2Γ(x)↓q) = q2

Combining (iii) and (iv), we have that

q1 ⊔ q2 = (⊔x∈Λ1Γ(x)↓q) ⊔ (⊔x∈Λ2Γ(x)↓q)
= (⊔x∈Λ1∪Λ2Γ(x)↓q) = q1 ⊔ q2

□

Lemma 43 (Expression qualifiers match Λ for atomic mode) If Γ,MFWts ⊢atom e : t@qe,Λe,
then qe = (⊔x∈ΛeΓ(x)↓q).

Proof: The proof is by structural induction on e.

Case e = x. There are two subcases, according to qIDc

Case qIDc , qIDId(WT). Then the last rule in the derivation must be T-Var-Read1. By
inversion,

Γ(x) = t@⟨qIDc, qIDl, qIDh⟩ qIDc , qIDId(WT)

Γ,MFWts ⊢atom x : t@⟨qIDc, qIDl, qIDh⟩, {x}
T-Var-Read1

we learn that Γ(x) = t@⟨qIDc, qIDl, qIDh⟩ (i).
Hence,
qidtripleqIDcqIDlqIDh = (Γ(x)↓q).

Case qIDc , qIDId(WT).

Γ(x) = t@⟨qIDc, qIDl, qIDh⟩ qIDc = Id(WT) x ∈ MFWts

Γ,MFWts ⊢atom x : t@⟨Id, qIDl, qIDh⟩, {x}
T-Var-Read2

Case e = e1 ⊙ e2. Then the last rule in the derivation must be T-Binop-Read-A. By inversion,

Γ,MFWts ⊢atom e1 : t@q1,Λ1 Γ,MFWts ⊢atom e2 : t@q2,Λ2

Γ,MFWts ⊢atom e1 ⊙ e2 : t@(q1 ⊔ q2),Λ1 ∪ Λ2
T-Binop-Read-A

we learn that

(i) Γ,MFWts ⊢atom e1 : t@q1,Λ1

(ii) Γ,MFWts ⊢atom e2 : t@q2,Λ2
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By the inductive hypothesis applied to (i) and (ii), we have

(iii) q1 = (⊔x∈Λ1Γ(x)↓q)

(iv) q2 = (⊔x∈Λ2Γ(x)↓q)

Combining (iii) and (iv), we obtain the desired result:

q1 ⊔ q2 = (⊔x∈Λ1Γ(x)↓q) ⊔ (⊔x∈Λ2Γ(x)↓q)
= (⊔x∈(Λ1∪Λ2)Γ(x)↓q)

□

Lemma 44 (schdFrame produces well-formed K) If
• PDecl ⊢ K : ok and
• (Mdn,K′) = schdFrame(PDecl, (pID, iID, v, rPol),K,N),

then PDecl ⊢ K′ : ok.

Proof: Let K = (Nk,Vk, S k). By inversion of T-K on PDecl ⊢ K : ok,

K = (Nk,Vk, S k) PDecl ⊢ S k : ok

PDecl ⊢ K : ok
T-K

we know that PDecl ⊢ S k : ok (i).
The proof proceeds in cases on appPol(rPol).

Case appPol(rPol) = immediate. The rule schdFrame-Immediate applies. By inversion,

appPol(rPol) = immediate
K = (Nk,Vk, S k) S ′k = (pID, jit)▷ S k K′ = (Nk,Vk, S ′k)

schdFrame(PDecl, (pID, iID, v, rPol),K,N) = (jit,K′)
schdFrame-Immediate

we learn that

(ii) S ′k = (pID, jit)▷ S k

(iii) K′ = (Nk,Vk, S ′k)

From T-Frame-Jit-P, we know that PDecl ⊢ (pID, jit) : ok (iv).
By application of T-Stack-Full to (iv), (i), and (ii), we have that

PDecl ⊢ S ′k : ok (v)

By application of T-K to (v) and (iii), we learn

PDecl ⊢ K′ : ok

452



Case appPol(rPol) = discard. The rule schdFrame-Discard applies. By inversion,

appPol(rPol) = discard isr(iID, 0, pr, prceil,Γ, vPol, rPol, λx.ci) ∈ PDecl
vPol = (ShAcc, ShCP, nIds, Inits)

K = (Nk,Vk, S k) K′ = (Nk f N↓ShCP),Vk, S k)

schdFrame(PDecl, (pID, iID, v, rPol),K,N) = (discard,K′)
schdFrame-Discard

we learn that K′ = (Nk f N↓ShCP,Vk, S k) (ii).
By application of T-K to (i) and (ii),

PDecl ⊢ K′ : ok

Case appPol(rPol) = alternative. The rule schdFrame-Alternative applies. By inversion,

appPol(rPol) = alternative(iID, 1)
task(ID, 1, pr, pra

ceil,Γa, vPola, rPola, λx.ca) ∈ PDecl
fresh(pIDa) fresh(rIDa)

Fa = (pIDa, rIDa, ID, 1, pr, vPola, x 7→ v, ·, altOf(pID, rPola), ca; ret)
K = (Nk,Vk, S k) S ′k = Fa ▷ S k

K′ = (Nk f N↓ShCP,Vk, S ′k) vPola = (ShAcc, ShCP, nIds, Inits)

schdFrame(PDecl, (pID, iID, v, rPol),K,N) = (next(pIDa),K′)
schdFrame-Alternative

we learn that

(ii) task(ID, 1, pr, pra
ceil,Γa, vPola, rPola, λx.ca) ∈ PDecl

(iii) Fa = (pIDa, rIDa, ID, 1, pr, vPola, x 7→ v, ·, altOf(pID, rPola), ca; ret)

(iv) S ′k = Fa ▷ S k

(v) K′ = (Nk f N↓ShCP,Vk, S ′k)

By (ii) and the assumption · ⊢ PDecl : ok, we have that

Γa, Id ⊢Md
a

pra
ceil

ca; ret⇒ Γ′a (∃Γ′a) (vi)

where Mda = jit if appPol(rPola) = immediate, and Mda = discard otherwise.
By T-E-md, we know that Γ′a, Id ⊢

Mda

pra
ceil
· ⇒ Γ′a (vii).

By application of T-Frame-Jit-Discard-Alternative to (ii), (iii), (vi), and (vii), we have:

Fa = (pIDa, rIDa, ID, 1, pr, vPola, x 7→ v, ·, altOf(pID, rPola), ca; ret)
task(ID, 1, pr, pra

ceil,Γa, vPola, rPola, λx.ca) ∈ PDecl
Γa, Id ⊢Md

a

pra
ceil

ca; ret⇒ Γ′a
Γ′a, Id ⊢

Mda

pra
ceil
· ⇒ Γ′a Md ∈ {jit, discard(. . . ), next(. . . )}

PDecl ⊢ Fa : ok (viii)
T-Frame-Jit-Discard-Alternative
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By application of T-Stack-full to (i), (iv), and (viii),

S ′k = Fa ▷ S k PDecl ⊢ S k : ok PDecl ⊢ Fa : ok

PDecl ⊢ S ′k : ok (xvi)
T-Stack-full

By application of T-K to (xvi) and (v), we have

K′ = (Nk f N↓ShCP,Vk, S ′k) PDecl ⊢ S ′k : ok

PDecl ⊢ K′ : ok
T-K

In all cases, we have that PDecl ⊢ K′ : ok.
□

Lemma 45 (finalizeK produces well-formed K) If PDecl ⊢ K : ok and finalizeK(K, F,N,V) =
K′, then PDecl ⊢ K′ : ok.

Proof: By inversion of T-K on PDecl ⊢ K : ok,

K = (Nk,Vk, S k) PDecl ⊢ S k : ok

PDecl ⊢ K : ok
T-K

we learn that

(i) K = (Nk,Vk, S k)

(ii) PDecl ⊢ S k : ok

The proof proceeds in cases on Mdc:

Case Mdc = jit. The rule fin-K-jit applies:

Fc = (pIDc, rIDc, IDc,
−→prc, pcSc, vPolc, υc, ·, jit, ret)

K = (Nk,Vk, S k) S k = Fk ▷ S ′k K′ = (N′k↓ckVarOf(S ′k),Vk, S ′k)

finalizeK(K, Fc,N,V) = K′
fin-K-jit

By inversion of T-Stack-Full on (ii), and since S k = Fk ▷ S ′k, we learn that PDecl ⊢ S ′k :
ok (iii).
Thus, by T-K applied to (iii) and K′ = (N′k↓ckVarOf(S ′k),Vk, S ′k), we have that

PDecl ⊢ K′ : ok

Case Mdc = discard. The rule fin-K-discard applies:

Fc = (pIDc, rIDc, IDc,
−→prc, pcSc, vPolc, υc, ·, discard(ShCP,NVw,Vw), ret)

K = (Nk,Vk, S k)
V ′k = Vk f V↓Vw N′k = Nk f N↓NVw K′ = (N′k↓ckVarOf(S k),V ′k, S k)

finalizeK(K, Fc,N,V) = K′
fin-K-discard
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From T-K applied to (ii) and K′ = (N′k↓ckVarOf(S k),V ′k, S k), we learn that

PDecl ⊢ K′ : ok

Case Mdc = next( ). The rule fin-K-next applies:

Fc = (pIDc, rIDc, IDc,
−→prc, pcSc, vPolc, υc, ·, next(pIDa, ShCP,NVw,Vw), ret)

K = (Nk,Vk, Fa ▷ S k)
fresh(rIDa) Fa = (pIDa, rIDa, IDc,

−→prc, pcSc, vPolc, , , altOf(pIDc, ), )
V ′k = Vk f V↓Vw N′k = Nk f N↓NVw K′ = (N′k↓ckVarOf(S k),V ′k, S k)

finalizeK(K, Fc,N,V) = K′
fin-K-next

From T-K applied to (ii) and K′ = (N′k↓ckVarOf(S k),V ′k, S k), we learn that

PDecl ⊢ K′ : ok

In all cases, we have

PDecl ⊢ K′ : ok

□

Theorem 19 (Preservation for continuously-powered execution) If · ⊢ PDecl : ok, PDecl ⊢
σ : ok, and PDecl ⊢ σ −→ σ′, then PDecl ⊢ σ′ : ok.

Proof: The proof is analogous to Theorem 18 but uses the rules for continuous execution. □
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E.9 Equivalences

E.9.1 Helper functions

Definition of ePidOf(T ). We define ePidOf(T ) to be the set of effective instance process iden-
tifiers in a trace T . They include successfully completed atomic region executions, completed
discard and alternative tasks, and jit processes (because these re-execute until successful). We
use (pID, aID, rb) versus pID to distinguish between atomic versus jit regions in immediate tasks.
The endatom is okay here because when running an atomic region in a discard task, we throw away
endatom so it does not appear in the execution trace.

ePidOf(TI) = {pID | trigger(pID, Md), complete(pID, vr) ∈ TI , appPol(rPol) ∈ {discard, next}}
∪{pID | trigger(pID, jit) ∈ TI}

∪{(pID, aID, rb) | endAtom(pID, aID, rb, vr) ∈ TI}

Definition of context lookup. If the mode is atomic, we need to look up the jit context in Ψ
and pass it to mkCtxAtom, otherwise it is just a normal Ψ lookup.

Md ∈ {jit, discard( ), next( )}

Ψ(ID, version, Md) = Γ
TypeCtx-DJN

Ψ(ID, version, jit) = Γ Γ′ = mkCtxAtom(Γ, ω, µ, β, ρ, Inits, nIdst)
task(ID, version, pr, vPol, rPol, λx.c0) ∈ PDecl

vPol = (ShAcct, ShCPt, nIdst, Initst)

Ψ(ID, version, atom(aID, rb, ω, µ, β, ρ, Inits,NVw,Vw)) = Γ′
TypeCtx-A

Md =

{
jit if range(rPol) = immediate
discard if range(rPol) ∈ {discard, alternative}

Ψ(ID, version, altOf(rPol)) = Ψ(ID, version, Md)
TypeCtx-altOf

Definition of NVWtsOf(Md).

NVWtsOf(jit) = ·

Md ∈ {atom(aID, rb, ω, µ, β, ρ, Inits,NVw,Vw), discard(NVw,Vw), next(pID,NVw,Vw)}

NVWtsOf(Md) = NVw
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Definition of VWtsOf(Md).

VWtsOf(jit) = ·

Md ∈ {atom(aID, rb, ω, µ, β, ρ, Inits,NVw,Vw), discard(NVw,Vw), next(pID,NVw,Vw)}

VWtsOf(Md) = Vw

Definition of getID(pIDw).

pIDw = (IDw, versionw, uw)

getID(pIDw) = IDw, versionw

Definition of shCPof(PDecl, pID) (task-level shared checkpoints only). shCPof(PDecl, pID)
returns the checkpointed shared variables for the task pID as specified in PDecl. In the definition
below, we omit PDecl for simplicity.

getID(pID) = ID, version
tsk(ID, version, pr, vPol, rPol, λx.c) ∈ PDecl vPol = (ShAcc, ShCP, nIds, Inits)

shCPof(PDecl, pID) = ShCP

Definition of localTyOf(Ψ,PDecl, pIDw, x).

getID(pIDw) = ID, version tsk(ID, version, pr, vPol, rPol, λx.c) ∈ PDecl
appPol(rPol) = Md Ψ(ID, version, Md) = Γ Γ(x) = ⟨qIDc, qIDl, qIDh⟩

localTyOf(Ψ,PDecl, pIDw, x) = qIDc

E.9.2 Two trace relation relating intermittent and continuous execution

Extracting effectful stack frames. We extract effectful stack frames and identify delayed ones.
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EPids,EIrqIds,EEvIds ⊢ getES(S k, S ) = (S e, inIDs, reIDs)

EPids,EIrqIds,EEvIds ⊢ getES(∅, ∅) = (∅, ∅, ∅)
empty

Fk = (pIDa, · · · , altOf(pID), ) F = (pID, inID, ID, · · · , next(pIDa), )
pID < EPids EPids,EIrqIds,EEvIds ⊢ getES(S k, S ) = (S e, inIDs, reIDs)

inIDs′ =
{
{inID} ∪ inIDs inID ∈ EIrqIds
inIDs inID < EIrqIds

EPids,EIrqIds,EEvIds ⊢ getES(Fk ▷ S k, F ▷ S ) = (S e, inIDs′, reIDs)
delay-irq

Fk = (pIDa, · · · , altOf(pID), ) F = (pID, reID, ID, · · · , next(pIDa), )
pID < EPids EPids,EIrqIds,EEvIds ⊢ getES(S k, S ) = (S e, inIDs, reIDs)

reIDs′ =
{
{reID} ∪ reIDs reID ∈ EEvIds
reIDs reID < EEvIds

EPids,EIrqIds,EEvIds ⊢ getES(Fk ▷ S k, F ▷ S ) = (S e, inIDs, reIDs′)
delay-ev

Fk = (pIDa, · · · , altOf(pID), ) F = (pID, rID, ID, · · · , next(pIDa), )
pID ∈ EPids EIrqIds,EIrqIds,EEvIds ⊢ getES(S k, S ) = (S e, inIDs, reIDs)

EPids,EIrqIds,EEvIds ⊢ getES(Fk ▷ S k, F ▷ S ) = (F ▷ S e, inIDs, reIDs)
drop-alt

F = (pID, rID, ID, · · · , jit, )
Fk = (pID, · · · , jit, ) EPids,EIrqIds,EEvIds ⊢ getES(S k, S ) = (S e, inIDs, reIDs)

EPids,EIrqIds,EEvIds ⊢ getES(Fk ▷ S k, F ▷ S ) = (F ▷ S e, inIDs, reIDs)
jit

F = (pID, rID, ID, · · · , atom(aID, · · · ), )
Fk = (pID, · · · , atom(aID, · · · ), ) (pID, aID) < EPids
EPids,EIrqIds,EEvIds ⊢ getES(S k, S ) = (S e, inIDs, reIDs)

EPids,EIrqIds,EEvIds ⊢ getES(Fk ▷ S k, F ▷ S ) = (Fk ▷ S e, inIDs, reIDs)
atom-fail

F = (pID, rID, ID, · · · , atom(aID, · · · ), )
Fk = (pID, · · · , atom(aID, · · · ), ) (pID, aID) ∈ EPids
EPids,EIrqIds,EEvIds ⊢ getES(S k, S ) = (S e, inIDs, reIDs)

EPids,EIrqIds,EEvIds ⊢ getES(Fk ▷ S k, F ▷ S ) = (F ▷ S e, inIDs, reIDs)
atom-complete

F = (pID, rID, ID, · · · , discard, )
pID < EPids EPids,EIrqIds,EEvIds ⊢ getES(S k, S ) = (S e, inIDs, reIDs)

EPids,EIrqIds,EEvIds ⊢ getES(S k, F ▷ S ) = (S e, inIDs, reIDs)
discard-fail

F = (pID, rID, ID, · · · , discard, ) pID ∈ EPids
EPids,EIrqIds,EEvIds ⊢ getES(S k, S ) = (S e, inIDs, reIDs)

EPids,EIrqIds,EEvIds ⊢ getES(S k, F ▷ S ) = (F ▷ S e, inIDs, reIDs)
discard-complete
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Relating nonvolatile memories. To relate nonvolatile memories, we begin by extracting the
set of variables Xnid that are most recently written to by ineffective processes or are written to by
a process where the variable is declared in nIds.
Ψ,PDecl,EPids, pc ⊢ N ⇒ Xnid

Ψ,PDecl,EPids, pc ⊢ · ⇒ ∅
N-Empty

pIDw < EPids Ψ,PDecl,EPids, pc ⊢ N ⇒ Xnid

Ψ,PDecl,EPids, pc ⊢ N, x 7→ (v, ipIDw)⇒ Xnid ∪ {x}
N-Wt-Nid

pIDw ∈ EPids
Ψ,PDecl,EPids, pc ⊢ N ⇒ Xnid localTyOf(Ψ,PDecl, pIDw, x) ⊔ pc = Nid

Ψ,PDecl,EPids, pc ⊢ N, x 7→ (v, ipIDw)⇒ Xnid ∪ {x}
N-Wt-Eff-Nid

pIDw ∈ EPids
Ψ,PDecl,EPids, pc ⊢ N ⇒ Xnid localTyOf(Ψ,PDecl, pIDw, x) ⊔ pc = Id

Ψ,PDecl,EPids, pc ⊢ N, x 7→ (v, ipIDw)⇒ Xnid
N-Wt-Eff-Id

N-Wt-Nid requires that written variables in ineffective tasks be included in Xnid. In these
rules, ipIDw identifies the last process that wrote to x. The rules N-Wt-Eff-Nid and N-Wt-Eff-Id
means that if the process that last wrote to x is effective, then we add x to Xnid depending on the
local qualifier of x and the (non-)idempotence of pc. If both the local type and pc are idempotent,
then N-Wt-Eff-Id and x is not inserted into the returned set, otherwise, N-Wt-Eff-Nid applies to
insert x into the returned set.

With the set Xnid in hand for a given intermittent nonvolatile memory NI , we define a relation
between NI and Nc. We say that NI and Nc are related if their memories are equivalent up to their
non-idempotent and ineffective writes.
Ψ,PDecl,EPids, pc ⊢ NI ≈ Nc

Ψ,PDecl,EPids, pc ⊢ NI ⇒ Xnid NI\Xnid = Nc\Xnid

Ψ,PDecl,EPids, pc ⊢ NI ≈ Nc
Equiv-N

Relating volatile memories. We define a relation between volatile memories by first extracting
ineffective variables, similar to above. Since volatile data does not persist, we assume that no
volatile memory location has an Nid local type. Instead, we extract only the variables written
by ineffective processes in V (as in V-NEff), skipping variables that are last written by effective
processes (as in V-Eff).
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EPids ⊢ V ⇒ Xineff

EPids ⊢ · ⇒ ∅
V-Empty

ipIDw ∈ EPids EPids ⊢ V⇒ Xineff

EPids ⊢ V, x 7→ (v, ipIDw)⇒ Xineff
V-Eff

ipIDw < EPids EPids ⊢ V⇒ Xineff

EPids ⊢ V, x 7→ (v, ipIDw)⇒ Xineff ∪ {x}
V-NEff

EPids ⊢ VI ≈ Vc

EPids ⊢ VI ⇒ Xineff VI\Xineff = Vc\Xineff

EPids ⊢ VI ≈ Vc
Equiv-V

Extracting idempotent stack frames. Towards the goal of relating the intermittent runtime
stack with a continuously-powered runtime stack, we define a function for extracting idempotent
stack frames from a current runtime stack. If the top pc is Id, then Proj-Frame-Id applies to
return that frame. Otherwise, the rules Proj-Frame-EndIf-Nid, Proj-Frame-EndCr-Nid-1 and
Proj-Frame-cont-Nid apply to inspect the next frame expected to execute.

S |id = S ′

·|id = ·
Proj-Stack-empty

(F ▷ S )|id = F|id ▷ S |id
Proj-Stack-ind

F|id = F′

F = (pID, rID, ID, version,−→pr, Id▷ pcS, vPol, υ, E, Md, c)

F|id = F
Proj-Frame-Id

F = (pID, rID, ID, version,−→pr,Nid▷ pcS, vPol, υ, endif ▷ E, Md, c)
F′ = (pID, rID, ID, version,−→pr, pcS, vPol, υ, E, Md, skip)

F|id = F′|id
Proj-Frame-EndIf-Nid

F = (pID, rID, ID, version,−→pr,Nid▷ pcS, vPol, υ,C ▷ E, Md, c)
C ∈ {([ ]; c′), endcr}

F′ = (pID, rID, ID, version,−→pr,Nid▷ pcS, vPol, υ, E, Md, skip)

F|id = F′|id
Proj-Frame-Nid-1

F = (pID, rID, ID, version,−→pr,Nid▷ pcS, vPol, υ, E, Md, c)
E = · or E = C ▷ E′ where C ∈ {([ ]; c′), endcr}

F′ = (pID, rID, ID, version,−→pr,Nid▷ pcS, vPol, υ, E, Md, skip)

F|id = F′|id
Proj-Frame-Nid-2
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Relating configuration states Σ j and σ. We write T | j ⊢ Σ j ≈ σ if all of the following hold

• Σ j = T↓ j = (I j, IRQ j, (Nk,Vk, S k),N j,V j, S j, F j,Q j)
• σ = (Ic, IRQc,Nc,Vc, S c, Fc,Qc)
• EPids = ePidOf(T | j)
• EIrqIds = eIrqOf(IRQ j,T )
• EEvIds = eEvOf(Q j,T )
• EInpIds = eInpOf(I j,T )
• EPids,EIrqIds,EEvIds ⊢ getES(F j ▷ S j, S k) = (S e, inIDsd, reIDsd)
• S e|id = Fc ▷ S c effect stack is same as cts execution, except for Nid branches (including endif)
• topOfPCS(F j) = pc
• Ψ,PDecl,EPids, pc ⊢ NI ≈ Nc

• ∀x,Nk(x) , Nc(x),NI(x) = Nc(x) and NI(x) = (v, ipID) s.t. ipID ∈ EPids and x ∈ eNVWtsOf(S e)
• EPids, pc ⊢ VI ≈ Vc

• ∀x,Vk(x) , Vc(x),VI(x) = Vc(x) and VI(x) = (v, ipID) s.t. ipID ∈ EPids and x ∈ eVWtsOf(S e)
• I j↓EInpIds = Ic↓EIrqIds

• IRQ j↓EIrqIds ∪ T↓inIDsd = IRQc↓EIrqIds

• Q j↓EEvIds ∪ T↓reIDsd = Qc↓EEvIds

In the definition, T | j takes the prefix of T up to the jth configuration. T↓ j takes the jth

configuration. We T↓inIDsd and T↓reIDsd to collect the set of interrupt requests and scheduled
events from the trace respectively, by their unique ids.

eNVWtsOf(S e) and eVWtsOf(V) return all locations in nonvolatile memory that are currently
written to in tasks that will complete in this power cycle. We define eInpOf(I,T ) to be the inputs
that are consumed by execution of processes with effective pids in T . We define eIrqOf(IRQ,T )
to be the interrupts that are processed by an effective pid in T . We define eEvOf(Q,T ) to be the
events in the queue Q that are processed by an effective pid in T .

Trace Equivalence. Now we can define trace equivalence TI ≈ TC. Because we need the full
intermittent trace for configuration relations, we include an index m in our definition TI |m ≈ TC

to say that these two traces are equivalent up to length m of TI . We write T (Σl) to mean that Σl is
the last configuration of T . We define nidIf(Σm

a
=⇒ Σm+1) to be true if the step is taken by a frame

whose top pc is Nid. We define analogous definitions for the continuous definition. We define
inEffective(Σm

a
=⇒ Σm+1) to be steps taken by a frame, whose ipID indicate that it will experience

a power fail, or reboot and powerfail steps.
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TI |m ≈ TC

TI |0 ⊢ TI↓0 ≈ σ

TI |0 ≈ σ
TEquiv-Base

TI |m ≈ TC Σm+1 = TI↓m+1

TI |m+1 = TI |m
a
=⇒ Σm+1 inEffective(Σm

a
=⇒ Σm+1) TI |m+1 ⊢ Σm+1 ≈ TC(σn)

TI |m+1 ≈ TC
TEquiv-InEff

TI |m ≈ TC Σm+1 = TI↓m+1 TI |m+1 = TI |m
a
=⇒ Σm+1

Effective(Σm
a
=⇒ Σm+1) TC(σ)

a
−→ σ′ TI |m+1 ⊢ Σm+1 ≈ σ

′

TI |m+1 ≈ TC
a
−→ σ′

TEquiv-Eff

TI |m ≈ TC Σm = TI↓m

TI |m+1 = TI |m
a
=⇒ Σm+1 nidIf(Σm

a
=⇒ Σm+1) TI |m+1 ⊢ Σm+1 ≈ TC(σ)

TI |m+1 ≈ TC
TEquiv-Nid-If1

TI |m ≈ TC

Σm = TI↓m TC(σ)
a
−→ σ′ nidIf(σ

a
−→ σ′) TI |m ⊢ Σm ≈ σ

′

TI |m ≈ TC
a
−→ σ′

TEquiv-Nid-If2
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E.9.3 Well-formedness invariants
Configuration well-formedness. Wf-Conf defines the well-formedness of a configuration. A
configuration is well-formed if all variables in Nk and Vk are last written by effective processes,
the recovery stack that will be restored (updJitS(S k, F ▷ S )) is well-formed, the runtime stack
including the current frame is well-formed, and lastly, for all nonvolatile variables that were last
written by a process that no longer appears in the runtime stack, if its pid is ineffective then it
cannot be checkpointed by that process. We include the judgment Ψ,PDecl ⊢ Σ : ok so that
invariants from preservation can be used in the proof of correctness.
Ψ,EPids ⊢ Σ : wf

K = (Nk,Vk, S k) ∀x ∈ dom(Nk).Nk(x) = (v, ipID), ipID ∈ EPids
∀x ∈ dom(Vk).Vk(x) = (v, ipID), ipID ∈ EPids

Nk ⇝ N,Vk ⇝ V,Ψ,EPids, · ⊢ updJitS(S k, F ▷ S ) : wf
N,V,Ψ,EPids, · ⊢ F ▷ S : wf

∀x ∈ dom(N) s.t. N(x) = (v, ipID), x < EPids, and ipID < F ▷ S , x < ShCPOf(PDecl, ipID)
Ψ,PDecl ⊢ Σ : ok Σ = (I, IRQ,K,N,V, S , F,Q)

Ψ,EPids ⊢ Σ : wf
Wf-Conf

Stack well-formedness. We define the well-formedness of a stack in terms of the well-formedness
of each of its frames (Wf-S-empty and Wf-S-ind).
N,V,Ψ,EPids, S h ⊢ S l : wf

N,V,Ψ,EPids, S ⊢ · : wf
Wf-S-empty

N,Ψ,EPids, S h ⊢n F : wf
V,Ψ,EPids, S h ⊢v F : wf N,V,Ψ,EPids, S h@F ⊢ S l : wf

N,V,Ψ,EPids, S h ⊢ F ▷ S l : wf
Wf-S-ind

Frame well-formedness for nonvolatile writes. A frame is well-formed w.r.t. ⊢n if for each
variable that process has written (in NVWtsOf(Md)), either the last writing process is effective
or the last writing process has a greater or equal priority to the current frame (in other words, it
preempted the frame and overwrote its value). Additionally, the rule checks that every nonvolatile
variable that is fully idempotent is a valid write (as checked by ⊢ validNvWt(S , ipIDc,EPids, ipID, x)
– see below for definition).
N,Ψ,EPids, S ⊢n F : wf

F = (pIDc, rID, ID, version,−→pr, pcS, vPol, υ, E, Md, c) iPidOf(pIDc, Md) = ipIDc
∀y ∈ NVWtsOf(Md).N(y) = (v, ipIDy), ipIDy ∈ EPids or PrioOf(ipIDy) ≥ PrioOf(pIDc)

Ψ(ID, version, Md) = Γ ∀x ∈ dom(N).s.t.Γ(x) = (qIDc, Id, Id)
qIDc = Id N(x) = (v, ipID) ⊢ validNvWt(S , ipIDc,EPids, ipID, x)

N,Ψ,EPids, S ⊢n F : wf
Wf-F-N
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We check the validity of each write according to ⊢ validNvWt(S , ipIDc,EPids, ipID, x), where
S is the runtime stack, ipIDc identifies the current process, and ipID is the last writing process of
x.
⊢ validNvWt(S , ipIDc,EPids, ipID, x)

PrioOf(ipID) ≤ PrioOf(ipIDc) x ∈ InitOf(ipIDc) ∪ shCPof(ipIDc)

⊢ validNvWt(S , ipIDc,EPids, ipID, x)
Valid-NvWt-Init

ipID ∈ EPids ∪ {ipIDc}

⊢ validNvWt(S , ipIDc,EPids, ipID, x)
Valid-NvWt-E

ipID = (pID, aID, rb) ipIDc = (pID, aID, rbc)
mdOf(ipID) = atom(..., ω, µ, Inits) rbc > rb x ∈ ω ∪ µ ∪ Inits

⊢ validNvWt(S , ipIDc,EPids, ipID, x)
Valid-NvWt-A

∃Fh ∈ S , Fh = (ipID, · · · , vPolh, discard, · · · ),
vPolh = (ShAcc, ShCP, nIds, Inits) x ∈ ShCP

⊢ validNvWt(S , ipIDc,EPids, ipID, x)
Valid-NvWt-ShCP

ipID = (pIDh, aID, rb) ∃Fh ∈ S , Fh = (pIDh, · · · , vPolh, Mdh, · · · ),
Mdh = atom(aID, rbh, ω, µ, ρ, Inits,NVw,Vw)

rbn ≥ rb x ∈ ω ∪ µ ∪ Inits

⊢ validNvWt(S , ipIDc,EPids, ipID, x)
Valid-NvWt-HA

A nonvolatile write x is valid if it will be overwritten (PrioOf(ipID) ≤ PrioOf(ipIDc)) by
the current process on initialization, or if it is a shared checkpoint of it (as in Valid-NvWt-Init).
Valid-Nv-Wt-E says that x is valid if its last writing process is either the current process or is
effective. Valid-Nv-Wt-A says that the mutable nonvolatile variables of an atomic region ω,
µ, and Inits are valid, as the effects from failed prior executions (ipID whose rb < rbc) will
eventually stabilize on the last execution. Valid-NvWt-ShCP asserts the validity of a variable
written by a high priority discard task that is checkpointed. Lastly, Valid-NvWt-HA asserts that
variables last written by high priority atomic regions are valid, as they will eventually stabilize.

Frame well-formedness for volatile writes. Frame well-formedness w.r.t. ⊢v is similar, but
establishes the validity of all volatile writes since none are reverted to their checkpointed versions
on reboot from power failure for undo logging.
V,Ψ,EPids, S ⊢v F : wf

F = (pIDc, rID, ID, version,−→pr, pcS, vPol, υ, E, Md, c)
∀y ∈ VWtsOf(Md).V(y) = (v, ipIDy), ipIDy ∈ EPids or PrioOf(ipIDy) ≥ PrioOf(pIDc)

∀x ∈ dom(V) V(x) = (v, ipID) ⊢ validVWt(S , ipIDc,EPids, ipID, x)

V,Ψ,EPids, S ⊢v F : wf
Wf-F-V
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⊢ validVWt(S , ipIDc,EPids, ipID, x)

ipID ∈ EPids ∪ {ipIDc}

⊢ validVWt(S , ipIDc,EPids, ipID, x)
Valid-VWt-E

∃Fh ∈ S , Fh = (pIDh, · · · , vPolh, Mdh, · · · ), iPidOf(pIDh, Mdh) = ipID

⊢ validVWt(S , ipIDc,EPids, ipID, x)
Valid-VWt

We say a volatile write is valid if it is last written by an effective process or the current
process (Valid-VWt-E), or is written by a higher-priority task that preempted the current frame
(Valid-VWt).
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E.10 Correctness
Lemma 46 (Well-formedness) Given a trace T , EPids = ePidOf(T ) and Ψ,EPids ⊢ Σ j : wf
where 0 ≤ j ≤ |T | and Ψ,PDecl ⊢ Σ j =⇒ Σ j+1, then Ψ,EPids ⊢ Σ j+1 : wf.

Proof: The proof proceeds by cases on the step Ψ,PDecl ⊢ Σ j =⇒ Σ j+1. Below, we highlight
the most interesting cases. In every case, we prove that Ψ,PDecl ⊢ Σ j+1 : ok by preservation and
the assumptions Ψ,PDecl ⊢ Σ j =⇒ Σ j+1 and Ψ,PDecl ⊢ Σ j : wf, which implies Ψ,PDecl ⊢ Σ j :
ok.
Case Ret-S-I. Let Σ j = I, IRQ,K,N,V, S , Fc,Q and Σ j+1 = I, IRQ,K′′,N,V, S ′, F′,Q, and sup-

pose the last step was Ret-I,

Fc = (pIDc, rIDc, IDc, versionc,
−→prc, pcSc, vPolc, υc, ·, Mdc, ret)

finalizeK(K, Fc,V,N) = K′

S = F ▷ S ′ F = (pIDn, rIDn, IDn, 0,−→prn, pcSn, vPoln, υn, En, Mdn, cn)
Q = tk(rIDn, IDn, v) :: Q′ prOf(−→prn) ≥ prq

(Md′n,K
′′) =

{
schdFrame(PDecl, (pIDn, IDn, v, rPol),K′,N) if Mdn = altOf(rPol)
(Mdn,K′) else

c′n =
{

initN; cn; ret if Mdn = altOf(rPol)
cn else

ipID = iPidOf(pIDn, Md
′
n) F′ = (pIDn, rIDn, IDn, 0,−→prn, pcSn, vPoln, υn, En, Md

′
n, c
′
n)

o1 = complete(pIDc) o2 = trigger(rIDn, pIDn)

Ψ,PDecl ⊢ I, IRQ,K,N,V, S , Fc,Q
o1,o2
=⇒ I, IRQ,K′′,N,V, S ′, F′,Q

Ret-S-I

By inversion of Wf-Conf on Ψ,EPids ⊢ Σ j : wf,

K = (Nk,Vk, S k) ∀x ∈ dom(Nk).Nk(x) = (v, ipID), ipID ∈ EPids
∀x ∈ dom(Vk).Vk(x) = (v, ipID), ipID ∈ EPids

(Nk ⇝ N), (Vk ⇝ V),Ψ,EPids, · ⊢ updJitS(S k, Fc ▷ S ) : wf
N,V,Ψ,EPids, · ⊢ Fc ▷ S : wf

Ψ,EPids ⊢ (I, IRQ,K,N,V, S , Fc,Q) : wf
Wf-Conf

we have

(i) K = (Nk,Vk, S k)

(ii) ∀x ∈ dom(Nk).Nk(x) = (v, ipID), ipID ∈ EPids

(iii) ∀x ∈ dom(Vk).Vk(x) = (v, ipID), ipID ∈ EPids

(iv) (Nk ⇝ N), (Vk ⇝ V),Ψ,EPids, · ⊢ updJitS(S k, Fc ▷ S ) : wf

(v) N,V,Ψ,EPids, · ⊢ Fc ▷ S : wf

Where K′′ = (N′′k ,V
′′
k , S

′′
k ), we need to show that
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(1) ∀x ∈ dom(N′′k ).N′′k (x) = (v, ipID), ipID ∈ EPids

(2) ∀x ∈ dom(V ′′k ).V ′′k (x) = (v, ipID), ipID ∈ EPids

(3) (N′′k ⇝ N), (V ′′k ⇝ V),Ψ,EPids, · ⊢ updJitS(S ′′k , F
′ ▷ S ′) : wf

(4) N,V,Ψ,EPids, · ⊢ F′ ▷ S ′ : wf

We first prove (1). We consider two cases, where Nk(x) = N′′k (x) or Nk(x) , N′′k (x)
for arbitrary x ∈ dom(N′′k ). In the first case, if Nk(x) = N′′k (x), the result follows from
(ii). For the second case, if Nk(x) , N′′k (x), we apply Lemma 60 to learn that N(x) =
(v, ipID), ipID ∈ EPids. By Lemma 47, we know that N′k(x) = (v, ipID), ipID ∈ EPids.
By definition of schdFrame, we know that N′′k (x) = (v, ipID), ipID ∈ EPids since we
can see that N′k(x) = N′′k (x). Since x ∈ dom(N′′k ) was arbitrary, the desired result holds
∀x ∈ dom(N′′k ).

We next prove (2). The proof of (2) is analogous. Let x ∈ dom(V ′′k ) be arbitrary. In
the case where Vk(x) = V ′′k (x), the result follows directly from (iii). Otherwise, we apply
Lemma 61 to learn that V(x) = (v, ipID), ipID ∈ EPids, and subsequently Lemma 48 to
learn that V′k(x) = (v, ipID), ipID ∈ EPids. By definition of schdFrame, we can see that
V′k(x) = V′′k (x), and hence V′′k (x) = (v, ipID), ipID ∈ EPids. Since x ∈ dom(V ′′k ) was arbi-
trary, the desired result holds ∀x ∈ dom(V ′′k ).

Towards (4), we invert Wf-S-ind on (v) to learn that N,V,Ψ,EPids, Fc ⊢ S : wf. Then, we
apply Lemma 57 to (v) to learn that

N,V,Ψ,EPids, · ⊢ S : wf

By inversion of Wf-S-ind on N,V,Ψ,EPids, · ⊢ S : wf, and since S = F▷ S ′, we have that

(ix) N,Ψ,EPids, · ⊢n F : wf

(x) V,Ψ,EPids, · ⊢v F : wf

(xi) N,V,Ψ,EPids, F ⊢ S ′ : wf

By inversion of Wf-F-N on (x),

F = (pIDn, rIDn, IDn, 0,−→prn, pcSn, vPoln, υn, En, Mdn, cn)
∀y ∈ NVWtsOf(Mdn).N(y) = (v, ipIDy), ipIDy ∈ EPids or PrioOf(ipIDy) > PrioOf(pIDn)

Ψ(IDn, 0, Mdn) = Γ ∀x ∈ dom(N).s.t.Γ(x) = (qIDc, Id, Id)
qIDc = Id N(x) = (v, ipID) ⊢ validNvWt(·, ipIDn,EPids, ipID, x)

N,Ψ,EPids, · ⊢n F : wf
Wf-F-N

we have

(xii) ∀y ∈ NVWtsOf(Mdn).N(y) = (v, ipIDy), ipIDy ∈ EPids or PrioOf(ipIDy) > PrioOf(pIDn)

(xiii) Ψ(pIDn, 0, Mdn) = Γ
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(xiv) ∀x ∈ dom(N).s.t.Γ(x) = (qIDc, Id, Id), qIDc = Id, N(x) = (v, ipID), we have
⊢ validNvWt(·, ipIDn,EPids, ipID, x)

We now need to show that F′ satisifies similar conditions:

• ∀y ∈ NVWtsOf(Md′n).N(y) = (v, ipIDy), ipIDy ∈ EPids or PrioOf(ipIDy) > PrioOf(pIDn)
• Ψ(pIDn, 0, Md

′
n) = Γ

• ∀x ∈ dom(N).s.t.Γ(x) = (qIDc, Id, Id), qIDc = Id, N(x) = (v, ipID), we have
⊢ validNvWt(·, ipIDn,EPids, ipID, x)

To prove these conditions hold, we need to case on Mdn to determine the relation to Md′n
w.r.t. schdFrame.

Case Mdn = altOf(rPol). By definition of schdFrame, we know that Md′n = jit if appPol(rPol) =
immediate, Md′n = discard if appPol(rPol) = discard, and Md′n = next( ) if appPol(rPol) =
alternative. Therefore, by definition of TypeCtx-altOf applied to (xiii), we know
that

Γ = Ψ(ID, version, Md′n) = Γ

Therefore, Ψ(pIDn, 0, Md
′
n) = Ψ(pIDn, 0, Mdn) = Γ, and hence all the same conditions

from above apply for F′. Thus, we know that

N,Ψ,EPids, · ⊢n F′ : wf

Case Mdn , altOf(rPol). By definition of schdFrame, we know that Mdn = Md
′
n. Then, all

the other conditions hold from above, and it follows by application of Wf-F-N that

N,Ψ,EPids, · ⊢n F′ : wf

In both cases, we have that N,Ψ,EPids, · ⊢n F′ : wf (xvi).
By analogous reasoning, we use the rule Wf-F-V to learn that V,Ψ,EPids, · ⊢v F′ : wf (xv).
Since Md′n = Mdn, it follows that F = F′, and hence it follows from (xi) that:

N,V,Ψ,EPids, F′ ⊢ S ′ : wf

Hence it follows by Wf-S-ind

N,V,Ψ,EPids, · ⊢ F′ ▷ S ′ : wf

To prove (3), we must show that the following holds for every combination of ending and
starting task policy.

(N′′k ⇝ N), (V ′′k ⇝ V),Ψ,EPids, · ⊢ updJitS(S ′′k , F
′ ▷ S ′) : wf
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To do so, the proof proceeds by a nested casing on the mode of the ending frame (Mdc), the
mode of the new frame (Mdn), and the re-execution policy of the new task (appPol(rPol),
if Mdn = altOf(rPol)). The updates to K in each subcase depend on the policies finalizeK
(which depends on Mdc) and schdFrame (which depends on rPol), which inform the specifics
of the condition we need to prove in each case:

Case Mdc = jit. If Mdc = jit, then it follows by definition of the checkpointed stack that
S k = F j ▷ S ′k. By definition of finalizeK, we know that

finalizeK(K, Fc,N,V) = Nk↓ckVarof(S ′k),Vk, S ′k

The proof now proceeds in two cases depending on Mdn, which dictates whether the
checkpointed context will be further updated by the schdFrame function.

Case Mdn , altOf(rPol). In this case, the schdFrame function is not called. Hence
the checkpointed context is not further updated, and Mdn = Md

′
n. Therefore, we

must show

(Nk↓ckVarof(S ′k) ⇝ N), (Vk ⇝ V),Ψ,EPids, · ⊢ updJitS(S ′k, F
′ ▷ S ′) : wf

From assumption (iv), we know:

(Nk ⇝ N), (Vk ⇝ V),Ψ,EPids, · ⊢ updJitS(S k, Fc ▷ S ) : wf

Since Mdc = jit, it follows an application of Lemma 58 (a),

(Nk↓ckVarof(S ′k) ⇝ N), (Vk ⇝ V),Ψ,EPids, · ⊢ updJitS(S ′k, S ) : wf

Where S = F▷S ′, it is either the case that the mode of F is or is not jit. We case
on each of these possibilities:

Subcase Mdn = jit. It follows by the invariant established in Theorem 18, which
says that the frame on top of the checkpointed stack is always a JIT place-
holder when mdOf(F) = jit, that S ′k = F j(pIDn) ▷ S ′′k . Hence, it follows by
definition of updJitS that

(Nk↓ckVarof(S ′k) ⇝ N), (Vk ⇝ V),Ψ,EPids, · ⊢ F ▷ updJitS(S ′′k , S
′) : wf

By inversion of Wf-S-ind, we learn that

(Nk↓ckVarof(S ′k) ⇝ N), (Vk ⇝ V),Ψ,EPids, F ⊢ updJitS(S ′′k , S
′) : wf

By Md = Md′n in this case, it follows that F = F′, and hence:
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(Nk↓ckVarof(S ′k) ⇝ N), (Vk ⇝ V),Ψ,EPids, F′ ⊢ updJitS(S ′′k , S
′) : wf

By application of Wf-S-ind to the above, (xv), and (xvi), we have

(Nk↓ckVarof(S ′k) ⇝ N), (Vk ⇝ V),Ψ,EPids, · ⊢ F′ ▷ updJitS(S ′′k , S
′) : wf

By definition of Ret-I, mdOf(F′) = jit and pidOf(F′) = pIDn. Hence it
follows by definition of updJitS:

(Nk↓ckVarof(S ′k) ⇝ N), (Vk ⇝ V),Ψ,EPids, · ⊢ updJitS(S ′k, F
′ ▷ S ′) : wf

Subcase Mdn , jit. Since Mdn , jit, it follows by definition of updJitS that updJitS(S ′k, S ) =
updJitS(S ′k, S

′) where S = F ▷ S ′, and hence:

(Nk↓ckVarof(S ′k) ⇝ N), (Vk ⇝ V),Ψ,EPids, · ⊢ updJitS(S ′k, S
′) : wf

Since Md′n = Mdn in this case, it must be that Md′n , jit. Hence, it follows by
definition of updJitS:

(Nk↓ckVarof(S ′k) ⇝ N), (Vk ⇝ V),Ψ,EPids, · ⊢ updJitS(S ′k, F
′ ▷ S ′) : wf

Case Mdn = altOf(rPol). In this case, the semantics appeal to the function schdFrame
to further update the checkpointed context before running the new frame. Since
the effects of schdFrame differ according to rPol, the proof proceeds by an addi-
tional casing on appPol(rPol).

Subcase appPol(rPol) = immediate. By schdframe-immediate, we have

schdFrame(...) = (jit, (Nk↓ckVarof(S ′k),Vk, F j(pIDn)▷ S ′k))

We need to show that

(Nk↓ckVarof(S ′k) ⇝ N), (Vk ⇝ V),Ψ,EPids, · ⊢ updJitS(F j(pIDn)▷S ′k, F
′▷S ′) : wf

Since mdOf(Fc) = jit, it follows by Lemma 58 (a) applied to (iv):

(Nk↓ckVarof(S ′k) ⇝ N), (Vk ⇝ V),Ψ,EPids, · ⊢ updJitS(S ′k, S ) : wf (xvii)

470



Since mdOf(F) , jit, it follows by definition of updJitS that updJitS(S ′k, S ) =
updJitS(S ′k, S

′) (where S = F ▷ S ′), and hence

(Nk↓ckVarof(S ′k) ⇝ N), (Vk ⇝ V),Ψ,EPids, · ⊢ updJitS(S ′k, S
′) : wf

Therefore, it follows by Lemma 54:

(Nk↓ckVarof(S ′k) ⇝ N), (Vk ⇝ V),Ψ,EPids, · ⊢ F′ ▷ updJitS(S ′k, S
′) : wf

Since appPol(rPol) = immediate, it follows by definition of schdFrame that
mdOf(F′) = jit. Therefore, it follows by definition of updJitS that F′ ▷
updJitS(S ′k, S

′) = updJitS(F j(pIDn)▷ S ′k, F
′ ▷ S ′). Hence,

(Nk↓ckVarof(S ′k) ⇝ N), (Vk ⇝ V),Ψ,EPids, · ⊢ updJitS(F j(pIDn)▷S ′k, F
′▷S ′) : wf

Subcase appPol(rPol) = discard. By schdFrame-discard, we have:

schdFrame(. . . ) = (discard, (Nk f N↓ShCP),Vk, S ′k)

Thus, we must show

(Nk↓ckVarof(S ′k) f N↓ShCP)⇝ N, (Vk ⇝ V),Ψ,EPids, · ⊢ updJitS(S ′k, F
′▷S ′) : wf

Since mdOf (Fc) = jit, it follows by application of Lemma 58 (a) to (iv) that

(Nk↓ckVarof(S ′k) ⇝ N), (Vk ⇝ V),Ψ,EPids, · ⊢ updJitS(S ′k, S ) : wf

Since Mdn , jit, we know that updJitS(S ′k, S ) = updJitS(S ′k, S
′) (where S =

F ▷ S ′), and hence

(Nk↓ckVarof(S ′k) ⇝ N), (Vk ⇝ V),Ψ,EPids, · ⊢ updJitS(S ′k, S
′) : wf

Since appPol(rPol) = discard, it follows by Lemma 53 (b):

(Nk↓ckVarof(S ′k) f N↓ShCP)⇝ N, (Vk ⇝ V),Ψ,EPids, · ⊢ updJitS(S ′k, F
′▷S ′) : wf

Subcase rPol = alternative. The logic for this case combines reasoning from
each of the above cases, checkpointing task-level shared variables like discard
and pushing an alternate task frame to the checkpointed stack analogous to
how schdFrame pushes a jit placeholder for immediate tasks.
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Case Mdc = discard( ). Let K = (Nk,Vk, S k) and K′ = (N′k,V
′
k, S

′
k). By the rule fin-K-

discard,

Md = discard(ShCP,NVw,Vw)
Fc = (pIDc, rIDc, IDc,

−→prc, pcSc, vPolc, υc, ·, Md, ret) K = (Nk,Vk, S k)
V ′k = Vk f V↓Vw N1

k = Nk f N↓NVw∩dom(Nk) K′ = (N1
k↓ckVarOf(S k),V ′k, S k)

finalizeK(K, Fc,V,N) = K′
fin-K-discard

we know that

(ix) V ′k = Vk f V↓Vw

(x) N′k = N1
k↓ckVarOf(S k) (where N1

k = Nk f N↓NVw∩dom(Nk))

(xi) S ′k = S k

The structure of this case is similar to before; we first case on whether or not Mdn =

altOf(rPol), with an inner casing on appPol(rPol).

Case Mdn , altOf(rPol). We need to show that

(N′k ⇝ N), ((Vk f V↓Vw)⇝ V),Ψ,EPids, · ⊢ updJitS(S k, F′ ▷ S ′) : wf

The reasoning is similar to the Mdn , altOf(rPol) subcase in the proof case above.

Case Mdn = altOf(rPol). The proof proceeds in subcases on appPol(rPol).

Subcase appPol(rPol) = immediate. If appPol(rPol) = immediate, then the
updates to the checkpointed context by schdFrame are: N′′k = N′k, V ′′k = V ′k,
and S ′′k = F j(pIDn)▷ S k. Therefore, we must show that:

(N′k ⇝ N), ((Vk f V↓Vw)⇝ V),Ψ,EPids, · ⊢ updJitS(S ′′k , F
′ ▷ S ′) : wf

We start with assumption (iv), which says:

(Nk ⇝ N), (Vk ⇝ V),Ψ,EPids, · ⊢ updJitS(S k, Fc ▷ S ) : wf

Since Mdc = discard, it follows by Lemma 58 (b):

(N′k ⇝ N), (V ′k ⇝ V),Ψ,EPids, · ⊢ updJitS(S k, S ) : wf

Since appPol(rPol) = immediate, it follows by Lemma 53 (a):

(N′k ⇝ N), (V ′k ⇝ V),Ψ,EPids, · ⊢ F′ ▷ updJitS(S k, S ′) : wf
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Since appPol(rPol) = immediate, it follows by definition of schdFrame that
Md′n = jit. Therefore, F′▷ updJitS(S k, S ′) = updJitS(F j(pIDn)▷ S k, F′▷ S ′)
and hence:

(N′k ⇝ N), (V ′k ⇝ V),Ψ,EPids, · ⊢ updJitS(F j(pIDn)▷ S k, F′ ▷ S ′) : wf

Subcase appPol(rPol) = discard. According to schdFrame, if appPol(rPol) =
discard, then S ′′k = S ′k, N′′k = N′k f N↓ShCP, and V ′′k = V ′k. Hence, we must
show that

((N′k f N↓ShCP)⇝ N), ((Vk f V↓Vw)⇝ V),Ψ,EPids, · ⊢ updJitS(S k, F′▷S ′) : wf

We begin with (iv), which says:

(Nk ⇝ N), (Vk ⇝ V),Ψ,EPids, · ⊢ updJitS(S k, Fc ▷ S ) : wf

Since Mdc = discard, it follows by Lemma 58 (b):

((N′k f N↓ShCP)⇝ N), (V ′k ⇝ V),Ψ,EPids, · ⊢ updJitS(S k, S ) : wf

Since S = F ▷ S ′ by definition, and Mdn = altOf(rPol) (i.e., is not jit), it fol-
lows by definition of updJitS that updJitS(S k, S ) = updJitS(S k, S ′). Hence:

((N′k f N↓ShCP)⇝ N), (V ′k ⇝ V),Ψ,EPids, · ⊢ updJitS(S k, S ′) : wf

Since appPol(rPol) = discard, it follows by Lemma 53 (b):

((N′k f N↓ShCP)⇝ N), (V ′k ⇝ V),Ψ,EPids, · ⊢ updJitS(S k, F′ ▷ S ′) : wf

Subcase appPol(rPol) = alternative. If appPol(rPol) = alternative, then by
schdFrame we know that S ′′k = Fa ▷ S ′k, N′′k = N′k f N↓ShCP, and V ′′k = V ′k.
Therefore, we must show:

((N′k f N↓ShCP)⇝ N), (V ′k ⇝ V),Ψ,EPids, ·
⊢ updJitS(Fa ▷ S k, F′ ▷ S ′) : wf

We begin with (iv), which says:
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(Nk ⇝ N), (Vk ⇝ V),Ψ,EPids, · ⊢ updJitS(S k, Fc ▷ S ) : wf

Since Mdc = discard, by Lemma 58 (b), it follows:

((N′k f N↓ShCP)⇝ N), (V ′k ⇝ V),Ψ,EPids, · ⊢ updJitS(S k, S ) : wf

Since S = F ▷ S ′ by definition, and Mdn = altOf(rPol) (i.e., is not jit), it
follows by updJitS that updJitS(S k, S ) = updJitS(S k, S ′). Hence:

((N′k f N↓ShCP)⇝ N), (V ′k ⇝ V),Ψ,EPids, · ⊢ updJitS(S k, S ′) : wf

Since appPol(rPol) = alternative, it follows by Lemma 53 (c),

((N′k f N↓ShCP)⇝ N), (V ′k ⇝ V),Ψ,EPids, · ⊢ updJitS(Fa▷S k, F′▷S ′) : wf

Case Mdc = next( ). The proof of this case is similar to the above two cases. After the
finalizeK function is applied, the checkpointed stack will include one fewer frame as
a result of popping the alternate.

The desired result follows by application of Wf-Conf:

Ψ,EPids ⊢ (I, IRQ,K′′,N,V, S ′, F′,Q) : wf

Case Ret-Q-I. This case is similar to the one above.

Case EndAtom-I. Let Σ j = I, IRQ,K,N,V, S , F,Q and Σ j+1 = I, IRQ,K′,N,V, S , F′,Q. Sup-
pose the last rule is EndAtom-I:

Md = atom(aID, rb, ω, µ, ρ,NVw,Vw)
F = (pID, rID, ID, version,−→pr, pcS, vPol, υ, E, Md, endatom)

F′ = (pID, rID, ID, version,−→pr, pcS, vPol, υ, E, jit, skip) K = (Nk,Vk, Fk ▷ S k)
Fk = (pID, rID, ID, version,−→pr, pcS, vPol, υ, E, Md, c; endatom) V ′k = Vk f V↓Vw

N′k = Nk f N↓NVw∩dom(Nk) K′ = (N′k↓ckVarOf(S k),V ′k, FJ(pID)▷ S k)

Ψ,PDecl ⊢ I, IRQ,K,N,V, S , F,Q =⇒ I, IRQ,K′,N,V, S , F′,Q
EndAtom-I

By inversion of Wf-Conf on Ψ,EPids ⊢ Σk : wf,

K = (Nk,Vk, Fk ▷ S k) ∀x ∈ dom(Nk).Nk(x) = (v, ipID), ipID ∈ EPids
∀x ∈ dom(Vk).Vk(x) = (v, ipID), ipID ∈ EPids

Nk ⇝ N,Vk ⇝ V,Ψ,EPids, · ⊢ updJitS(Fk ▷ S k, F ▷ S ) : wf
N,V,Ψ,EPids, · ⊢ F ▷ S : wf

Ψ,EPids ⊢ (I, IRQ,K,N,V, S , F,Q) : wf
Wf-Conf
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we have

(i) K = (Nk,Vk, Fk ▷ S k)

(ii) ∀x ∈ dom(Nk).Nk(x) = (v, ipID), ipID ∈ EPids

(iii) ∀x ∈ dom(Vk).Vk(x) = (v, ipID), ipID ∈ EPids

(iv) (Nk ⇝ N), (Vk ⇝ V),Ψ,EPids, · ⊢ updJitS(Fk ▷ S k, F ▷ S ) : wf

(v) N,V,Ψ,EPids, · ⊢ F ▷ S : wf

Where K′ = (N′k,V
′
k, S

′
k), we need to show that

(1) (N′k↓ckVarOf(S k) ⇝ N), (V ′k ⇝ V),Ψ,EPids, · ⊢ updJitS(FJ(pID)▷ S k, F′ ▷ S ) : wf

(2) N,V,Ψ,EPids, · ⊢ F′ ▷ S : wf

(3) ∀x ∈ dom(N′k).N
′
k(x) = (v, ipID), ipID ∈ EPids

(4) ∀x ∈ dom(V ′k).V
′
k(x) = (v, ipID), ipID ∈ EPids

We first prove (3). We consider two cases, where Nk(x) = N′k(x) or Nk(x) , N′k(x) for ar-
bitrary x ∈ dom(N′k). In the first case, if Nk(x) = N′k(x), the result follows from (ii). For the
second case, if Nk(x) , N′k(x), we apply Lemma 60 to learn that N(x) = (v, ipID), ipID ∈
EPids. Then, since x ∈ dom(N′k), it must be that x ∈ dom(Nk), and hence it follows by
N′k = Nk f N↓NVw∩dom(Nk) that N′k(x) = (v, ipID). Since x ∈ dom(N′k) was arbitrary, the
desired result holds ∀x ∈ dom(N′k).

We next prove (4). The proof of (4) is analogous. Let x ∈ dom(V ′k) be arbitrary. In the case
where Vk(x) = V ′k(x), the result follows directly from (iii). Otherwise, we apply Lemma 61
to learn that V(x) = (v, ipID), ipID ∈ EPids. Then, it follows by V ′k = Vk f V↓Vw that
V′k(x) = (v, ipID). Since x ∈ dom(V ′k) was arbitrary, the desired result holds ∀x ∈ dom(V ′k).

Towards (2), we need to prove that N,Ψ,EPids, · ⊢n F′ : wf and V,Ψ,EPids, · ⊢v F′ : wf.
By inversion of Wf-S-ind on (v),

N,Ψ,EPids, · ⊢n F : wf V,Ψ,EPids, · ⊢v F : wf N,V,Ψ,EPids, F ⊢ S : wf

N,V,Ψ,EPids, · ⊢ F ▷ S : wf
Wf-S-ind

we learn that

(vi) N,Ψ,EPids, · ⊢n F : wf

(vii) V,Ψ,EPids, · ⊢v F : wf

(viii) N,V,Ψ,EPids, F ⊢ S : wf

By inversion of Wf-F-N on (vi),
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F = (pID, rID, ID, version,−→pr, pcS, vPol, υ, E, Md, c)
∀y ∈ NVWtsOf(Md).N(y) = (v, ipIDy), ipIDy ∈ EPids or PrioOf(ipIDy) > PrioOf(pID)

Md = atom(aID, rb, ω, µ, ρ,NVw,Vw)
Ψ(ID, version, Md) = Γ ∀x ∈ dom(N).s.t.Γ(x) = (qIDc, Id, Id)

qIDc = Id N(x) = (v, ipIDx) ⊢ validNvWt(·, ipID,EPids, ipIDx, x)

N,Ψ,EPids, · ⊢n F : wf
Wf-F-N

we learn that

(ix) ∀y ∈ NVWtsOf(Md).N(y) = (v, ipIDy), ipIDy ∈ EPids or PrioOf(ipIDy) > PrioOf(pID)

(x) Ψ(ID, version, atom(. . . )) = Γ

(xi) ∀x ∈ dom(N).s.t.Γ(x) = (qIDc, Id, Id).qIDc = Id

(xii) N(x) = (v, ipIDx)

(xiii) ⊢ validNvWt(·, ipID,EPids, ipIDx, x)

In order to prove that N,Ψ,EPids, · ⊢n F′ : wf, we must show:

(a) ∀x ∈ dom(N).s.t.Γ′(x) = (qIDc, Id, Id).qIDc = Id where Ψ(ID, version, jit) = Γ′ and

(b) ⊢ validNvWt(·, ipID,EPids, ipIDx, x) where N(x) = (v, ipIDx)

By inversion of TypeCtx-A on (x), we know that mkCtxAtom(Γ′, ω, µ, ρ, Inits) = Γ where
Ψ(ID, version, atom(. . . )) = Γ′. Since mkCtxAtom preserves the local idempotence of all
variables in ω ∪ µ ∪ ρ ∪ Inits, (a) is upheld.
Additionally, we observe that N remains unchanged and hence (b) is upheld from (xii) and
(xiii). Noting that NVWtsOf(jit) = ·, we can apply Wf-F-N to obtain the desired result:

F′ = (pID, rID, ID, version,−→pr, pcS, vPol, υ, E, jit, c)
Ψ(ID, version, jit) = Γ′ ∀x ∈ dom(N).s.t.Γ′(x) = (qIDc, Id, Id)

qIDc = Id N(x) = (v, ipID) ⊢ validNvWt(·, ipIDc,EPids, ipID, x)

N,Ψ,EPids, · ⊢n F′ : wf
Wf-F-N

We can use a similar argument to establish that V,Ψ,EPids, · ⊢v F′ : wf.
By Lemma 59, we know that N,V,Ψ,EPids, F′ ⊢ S : wf.
We apply Wf-S-ind to learn that:

N,Ψ,EPids, · ⊢n F′ : wf V,Ψ,EPids, · ⊢v F′ : wf N,V,Ψ,EPids, F′ ⊢ S : wf

N,V,Ψ,EPids, · ⊢ F′ ▷ S : wf
Wf-S-ind

We now need to show that (1) holds:
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(N′k↓ckVarOf(S k) ⇝ N), (V ′k ⇝ V),Ψ,EPids, · ⊢ updJitS(FJ(pID)▷ S k, F′ ▷ S ) : wf

We begin with (iv), we states:

(Nk ⇝ N), (Vk ⇝ V),Ψ,EPids, · ⊢ updJitS(Fk ▷ S k, F ▷ S ) : wf

Then, since F = (. . . , endatom) and mdOf(F) = mdOf(Fk) = atom, it follows by Lemma 52:

(N′k↓ckVarOf(S k) ⇝ N), (V ′k ⇝ V),Ψ,EPids, · ⊢ F ▷ updJitS(S k, S ) : wf

By inversion of Wf-S-ind, we have

(N′k↓ckVarOf(S k) ⇝ N), (V ′k ⇝ V),Ψ,EPids, F ⊢ updJitS(S k, S ) : wf

By Lemma 59, we have

(N′k↓ckVarOf(S k) ⇝ N), (V ′k ⇝ V),Ψ,EPids, F′ ⊢ updJitS(S k, S ) : wf

Since N,Ψ,EPids, · ⊢n F′ : wf and V,Ψ,EPids, · ⊢v F′ : wf from above, it follows by
application of Wf-S-ind that

(N′k↓ckVarOf(S k) ⇝ N), (V ′k ⇝ V),Ψ,EPids, · ⊢ F′ ▷ updJitS(S k, S ) : wf

Since mdOf(F′) = jit, it follows by definition of updJitS that F′ ▷ updJitS(S k, S ) =
updJitS(FJ(pID)▷ S k, F′ ▷ S ) where pidOf(F′) = pID, and hence:

(N′k↓ckVarOf(S k) ⇝ N), (V ′k ⇝ V),Ψ,EPids, · ⊢ updJitS(FJ(pID)▷ S k, F′ ▷ S )

The desired result follows by application of Wf-Conf:

Ψ,EPids ⊢ (I, IRQ,K′,N,V, S , F′,Q) : wf

Case N-Assign-I. Let Σ j = (I, IRQ,K,N,V, S , F,Q) and Σ j+1 = (I, IRQ,K′,N[x 7→ (v, ipID)],V, S , F′,Q).
Suppose that the last step was N-Assign-I:

F = (pIDc, rIDc, IDc, versionc,
−→prc, pcSc, vPolc, υc, Ec, Mdc, x := e)

task(IDc, versionc, prc, vPolc, rPolc, λx.c0) ∈ PDecl
F′ = (pIDc, rIDc, IDc, versionc,

−→prc, pcSc, vPolc, υc, Ec, Md
′
c, skip)

[[e]]N,V,υc = v x ∈ dom(N) K = (Nk,Vk, S k) Ψ(IDc, versionc, Mdc) = Γ

Md′c =

{
Mdc[NVw← NVw ∪ {x}] if Γ(x).1 = Id( )
Mdc otherwise K′ = (N′k,Vk, S k)

N′k =
{

Nk[x 7→ (v, ipIDc)] if Mdc = jit
Nk else ipIDc = iPidOf(pIDc, Mdc)

Ψ,PDecl ⊢ I, IRQ,K,N,V, S , F,Q =⇒ I, IRQ,K′,N[x 7→ (v, ipIDc)],V, S , F
′,Q

N-Assign-I
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By inversion of Wf-Conf on Ψ,EPids ⊢ Σk : wf,

K = (Nk,Vk, S k) ∀x ∈ dom(Nk).Nk(x) = (v, ipIDc), ipIDc ∈ EPids
∀x ∈ dom(Vk).Vk(x) = (v, ipIDc), ipIDc ∈ EPids

Nk ⇝ N,Vk ⇝ V,Ψ,EPids, · ⊢ updJitS(S k, F ▷ S ) : wf
N,V,Ψ,EPids, · ⊢ F ▷ S : wf

Ψ,EPids ⊢ (I, IRQ,K,N,V, S , F,Q) : wf
Wf-Conf

we have

(i) K = (Nk,Vk, S k)

(ii) ∀x ∈ dom(Nk).Nk(x) = (v, ipID0), ipID0 ∈ EPids

(iii) ∀x ∈ dom(Vk).Vk(x) = (v, ipID0), ipID0 ∈ EPids

(iv) (Nk ⇝ N), (Vk ⇝ V),Ψ,EPids, · ⊢ updJitS(S k, F ▷ S ) : wf

(v) N,V,Ψ,EPids, · ⊢ F ▷ S : wf

We need to show that

(1) ∀x ∈ dom(N′k).N
′
k(x) = (v, ipID0), ipID0 ∈ EPids

(2) ∀x ∈ dom(Vk).Vk(x) = (v, ipID0), ipID0 ∈ EPids

(3) (N′k ⇝ N[x 7→ (v, ipIDc)]), (Vk ⇝ V),Ψ,EPids, · ⊢ updJitS(S k, F′ ▷ S ) : wf

(4) N[x 7→ (v, ipIDc)],V,Ψ,EPids, · ⊢ F′ ▷ S : wf

(2) follows directly from (iii) since Vk remains untouched.

Towards (1), we case on Mdc of frame F′. If Mdc , jit, then N′k = Nk, and the result follows
directly from (ii). Otherwise, if Mdc = jit, then it follows by definition of effective pids that
ipIDc ∈ EPids.

Towards (3), we case on Mdc. If Mdc = jit, then N(x) = N′k(x). Since all other locations
remain unchanged, then the desired result follows by Lemma 55. Otherwise, if Mdc , jit,
we know that N′k = Nk and hence it follows by definition of⇝ that (Nk ⇝ N) = (Nk ⇝
N[x 7→ (v, ipIDc)]). Then the desired result follows by (iv).
Towards (4), we invert Wf-S-ind on (v) to learn that

(vi) N,V,Ψ,EPids, F ⊢ S : wf

(vii) N,Ψ,EPids, · ⊢n F : wf

(viii) V,Ψ,EPids, · ⊢v F : wf

By inversion of Wf-F-N on (vii),
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F = (pIDc, rIDc, IDc, versionc,
−→prc, pcSc, vPolc, υc, Ec, Mdc, x := e)

∀y ∈ NVWtsOf(Mdc).N(y) = (v, ipIDy), ipIDy ∈ EPids or PrioOf(ipIDy) > PrioOf(pIDc)
Ψ(ID, version, Mdc) = Γ ∀x′ ∈ dom(N).s.t.Γ(x′) = (qIDc, Id, Id)

qIDc = Id N(x′) = (v, ipID0) ⊢ validNvWt(·, ipIDc,EPids, ipID0, x
′)

N,Ψ,EPids, · ⊢n F : wf
Wf-F-N

we know that

• ∀y ∈ NVWtsOf(Mdc).N(y) = (v, ipIDy), ipIDy ∈ EPids or PrioOf(ipIDy) > PrioOf(pIDc)
• Ψ(ID, version, Mdc) = Γ
• ∀x′ ∈ dom(N).s.t.Γ(x′) = (qIDc, Id, Id), qIDc = Id, N(x′) = (v0, ipID0)
• ⊢ validNvWt(·, ipIDc,EPids, ipID0, x

′)

In order to establish that N[x 7→ (v, ipIDc)],Ψ,EPids, · ⊢n F′ : wf, we must show that

• ∀y ∈ NVWtsOf(Md′c).N(y) = (v, ipIDy), ipIDy ∈ EPids or PrioOf(ipIDy) > PrioOf(pIDc)
• Ψ(ID, version, Md′c) = Γ

′

• ∀x′ ∈ dom(N).s.t.Γ′(x′) = (qIDc, Id, Id), qIDc = Id, N[x 7→ (v, ipID)](x′) = (v′, ipID′)
• ⊢ validNvWt(F, ipIDc,EPids, ipID, x′)

By definition of TypeCtx and Md′c, we know that Γ = Γ′. We only need to show that
⊢ validNvWt(F, ipIDc,EPids, ipIDc, x) in the case where Md′c = Mdc[NVw ← NVw ∪ {x}].
If Md′c = jit, then by definition of effective pids we know that pIDc ∈ EPids and by Valid-
NvWt-E we are done. If Md′c = atom(aID, rb, ω, µ, ρ, Inits,NVw,Vw), then since x ∈ NVw,
we know by the first condition that ipIDc ∈ EPids, and hence the desired result follows
by Valid-NvWt-E. Lastly, if Mdc = discard, then it must be that x ∈ ShCP, and hence the
desired result follows by Valid-NvWt-ShCP by definition of vPolc.
Hence, we have just shown that

N[x 7→ (v, ipIDc)],Ψ,EPids, · ⊢n F′ : wf (ix)

We can show V,Ψ,EPids, · ⊢v F′ : wf (x) by a similar argument.
By inversion of Wf-S-ind on (v), we learn that

N,V,Ψ,EPids, F ⊢ S : wf

By Lemma 49, we know that

N[x 7→ (v, ipIDc)],V,Ψ,EPids, F′ ⊢ S : wf (xi)

By application of Wf-S-ind to (ix), (x), and (xi), we have:
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N[x 7→ (v, ipIDc)],V,Ψ,EPids, · ⊢ F′ ▷ S : wf

Now that we have established (1), (2), (3), and (4) hold, the desired result follows by
application of Wf-Conf:

Ψ,EPids ⊢ (I, IRQ,K′,N[x 7→ (v, ipID)],V, S , F′,Q) : wf

Case PowerFail-I/Reboot-I. Let Σ j = (I, IRQ,K,N,V, S , F,Q) and Σ j+1 = (I, IRQ,K′′,Nk ⇝
N,Vk, S 0, F0,Qk). Suppose that the last step was a power failure. We consider a combina-
tion of rules PowerFail-I and Reboot-I:

F = (pID, rID, ID, version,−→pr, pcS, vPol, υ, E, jit, c)
K = (Nk,Vk, S k) S ′k = updJitS(S k, F ▷ S )

K′ = (Nk,Vk, S ′k) (F0 ▷ S 0) = incRb(S ′k) K′′ = (Nk,Vk, F0 ▷ S 0)
F0 = (pID, rID, ID, version,−→pr, pcS, vPol, υ, E, Md, c)

polOf(F0) , altOf( ) Q = Qd,Qk

∀tk ∈ Qd, polOf(tk) = discard ∀tk ∈ Qk, polOf(tk) = continue

Ψ,PDecl ⊢ I, IRQ,K,N,V, S , F,Q
rb
=⇒ I, IRQ,K′′,Nk ⇝ N,Vk, S 0, F0,Qk

PowerFail-I/Reboot-I

By inversion of Wf-Conf on Ψ,EPids ⊢ Σk : wf,

K = (Nk,Vk, S k) ∀x ∈ dom(Nk).Nk(x) = (v, ipID), ipID ∈ EPids
∀x ∈ dom(Vk).Vk(x) = (v, ipID), ipID ∈ EPids

Nk ⇝ N,Vk ⇝ V,Ψ,EPids, · ⊢ updJitS(S k, S ) : wf N,V,Ψ,EPids, · ⊢ F ▷ S : wf

Ψ,EPids ⊢ (I, IRQ,K,N,V, S , F,Q) : wf
Wf-Conf

we have

(i) K = (Nk,Vk, S k)

(ii) ∀x ∈ dom(Nk).Nk(x) = (v, ipID), ipID ∈ EPids

(iii) ∀x ∈ dom(Vk).Vk(x) = (v, ipID), ipID ∈ EPids

(iv) (Nk ⇝ N), (Vk ⇝ V),Ψ,EPids, · ⊢ updJitS(S k, F ▷ S ) : wf

(v) N,V,Ψ,EPids, · ⊢ F ▷ S : wf

We want to show that

(1) ∀x ∈ dom(Nk).Nk(x) = (v, ipID), ipID ∈ EPids

(2) ∀x ∈ dom(Vk).Vk(x) = (v, ipID), ipID ∈ EPids

(3) (Nk ⇝ (Nk ⇝ N)), (Vk ⇝ Vk),Ψ,EPids, · ⊢ updJitS(F0 ▷ S 0, F0 ▷ S 0) : wf
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(4) (Nk ⇝ N),Vk,Ψ,EPids, · ⊢ F0 ▷ S 0 : wf

(1) and (2) follow directly from (ii) and (iii).
We now show that (4) holds. Since S ′k = updJitS(S k, F ▷ S ), it follows by definition of
S ′k that:

(Nk ⇝ N), (Vk ⇝ V),Ψ,EPids, · ⊢ S ′k : wf

By Lemma 51 and since (F0 ▷ S 0) = incRb(S ′k), we know that

(Nk ⇝ N), (Vk ⇝ V),Ψ,EPids, · ⊢ F0 ▷ S 0 : wf

Since dom(V) = dom(Vk), we know that Vk ⇝ V = Vk. Noting that Nk ⇝ (Nk ⇝ N) =
Nk ⇝ N and Vk = Vk ⇝ Vk, we arrive at the desired result:

(Nk ⇝ (Nk ⇝ N)), (Vk ⇝ Vk),Ψ,EPids, · ⊢ F0 ▷ S 0 : wf

Establishing (3) follows from the above result, the definition of updJitS, the definition
of F, and definition of ⇝. That is, by definition of updJitS, we know that updJitS(F0 ▷
S 0, F0 ▷ S 0) = F0 ▷ S 0. By definition, Nk ⇝ (Nk ⇝ N) = Nk ⇝ N and Vk ⇝ Vk = Vk,
and hence the desired result follows directly from (4):

(Nk ⇝ (Nk ⇝ N)), (Vk ⇝ Vk),Ψ,EPids, · ⊢ updJitS(F0 ▷ S 0, F0 ▷ S 0) : wf

As we have established (1), (2), (3), and (4) hold, the desired result follows by application
of Wf-Config.

Case TriggerInt-I. Let Σ j = (I, IRQ,K,N,V, S , F,Q) and Σ j+1 = (I, IRQ′,K′,N,V, F▷S , Fn,Q).
Suppose the last step is TriggerInt-I:

IRQ = interrupt(inID, iID, v) :: IRQ′

F = (pIDc, rIDc, IDc, versionc,
−→prc, pcSc, vPolc, υc, Ec, Mdc, c)

isr(iID, 0, pr, vPol, rPol, λx.ci) ∈ PDecl pr > prOf(−→prc)
fresh(pID) (Mdn,K′) = schdFrame(PDecl, (pID, iID, v, rPol),K,N)

ipID = iPidOf(pID, Mdn) vPol = (ShAcc, ShCP, nIds, Inits)
Fn = (pID, inID, iID, 0, pr, vPol, x 7→ v, ·, Mdn, initN; ci; ret)

Ψ,PDecl ⊢ I, IRQ,K,N,V, S , F,Q
trigger(inID,pID)
=⇒ I, IRQ′,K′,N,V, F ▷ S , Fn,Q

TriggerInt-I

By inversion on Wf-Conf,
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K = (Nk,Vk, S k) ∀x ∈ dom(Nk).Nk(x) = (v, ipID), ipID ∈ EPids
∀x ∈ dom(Vk).Vk(x) = (v, ipID), ipID ∈ EPids

Nk ⇝ N,Vk ⇝ V,Ψ,EPids, · ⊢ updJitS(S k, F ▷ S ) : wf
N,V,Ψ,EPids, · ⊢ F ▷ S : wf

Ψ,EPids ⊢ (I, IRQ,K,N,V, S , F,Q) : wf
Wf-Conf

we learn that

(i) K = (Nk,Vk, S k)

(ii) ∀x ∈ dom(Nk).Nk(x) = (v, ipID), ipID ∈ EPids

(iii) ∀x ∈ dom(Vk).Vk(x) = (v, ipID), ipID ∈ EPids

(iv) Nk ⇝ N,Vk ⇝ V,Ψ,EPids, · ⊢ updJitS(S k, F ▷ S ) : wf

(v) N,V,Ψ,EPids, · ⊢ F ▷ S : wf

Letting K′ = (N′k,V
′
k, S

′
k), we need to show that

(1) ∀x ∈ dom(N′k).N
′
k(x) = (v, ipID), ipID ∈ EPids

(2) ∀x ∈ dom(V ′k).V
′
k(x) = (v, ipID), ipID ∈ EPids

(3) N′k ⇝ N,V ′k ⇝ V,Ψ,EPids, · ⊢ updJitS(S ′k, Fn ▷ F ▷ S ) : wf

(4) N,V,Ψ,EPids, · ⊢ Fn ▷ F ▷ S : wf

We first prove (1). We consider two cases, where Nk(x) = N′k(x) or Nk(x) , N′k(x) for ar-
bitrary x ∈ dom(N′k). In the first case, if Nk(x) = N′k(x), the result follows from (ii). For the
second case, if Nk(x) , N′k(x), we apply Lemma 60 to learn that N(x) = (v, ipID), ipID ∈
EPids. By definition of schdFrame, we know that N′k(x) = (v, ipID), ipID ∈ EPids since
we can see that Nk(x) = N′k(x). Since x ∈ dom(N′k) was arbitrary, the desired result holds
∀x ∈ dom(N′k).

We next prove (2). The proof of (2) is analogous. Let x ∈ dom(V ′k) be arbitrary. In
the case where Vk(x) = V ′k(x), the result follows directly from (iii). Otherwise, we apply
Lemma 61 to learn that V(x) = (v, ipID), ipID ∈ EPids. By definition of schdFrame, we
can see that Vk(x) = V′k(x), and hence V′k(x) = (v, ipID), ipID ∈ EPids. Since x ∈ dom(V ′k)
was arbitrary, the desired result holds ∀x ∈ dom(V ′k).

We now proceed to show that (4) holds. By applying Lemma 54 to (v), we arrive at the
desired result:

N,V,Ψ,EPids, · ⊢ Fn ▷ F ▷ S : wf

To show (3), like in the Ret-I case, the proof proceeds by cases on appPol(rPol) which
determines what K′ is produced by schdFrame:

482



Case appPol(rPol) = immediate. In this case, N′k = Nk, V ′k = Vk, and S ′k = (pID, jit)▷S k.
Hence, we must establish that

N′k ⇝ N,V ′k ⇝ V,Ψ,EPids, · ⊢ updJitS((pID, jit)▷ S k, Fn ▷ F ▷ S ) : wf

By Lemma 54 applied to (iv), we know that

Nk ⇝ N,Vk ⇝ V,Ψ,EPids, · ⊢ Fn ▷ updJitS(S k, F ▷ S ) : wf

By definition of schdFrame, since appPol(rPol) = immediate, it must be that Mdn =

jit. Therefore, it follows by definition of updJitS that Fn ▷ updJitS(S k, F ▷ S ) =
updJitS((pID, jit)▷ S k, Fn ▷ F ▷ S ) where pidOf(Fn) = pID, and hence:

Nk ⇝ N,Vk ⇝ V,Ψ,EPids, · ⊢ updJitS((pID, jit)▷ S k, Fn ▷ F ▷ S ) : wf

Since N′k = Nk and V ′k = Vk, we arrive at the desired result:

N′k ⇝ N,V ′k ⇝ V,Ψ,EPids, · ⊢ updJitS((pID, jit)▷ S k, Fn ▷ F ▷ S ) : wf

Case appPol(rPol) = discard. In this case, we know that N′k = Nk f N↓ShCP, V ′k = Vk,
and S ′k = S k. Hence, we must establish that

N′k ⇝ N,V ′k ⇝ V,Ψ,EPids, · ⊢ updJitS(S k, Fn ▷ F ▷ S ) : wf

The desired result is established by Lemma 53 (b) applied to (iv).

Case appPol(rPol) = alternative. In this case, we know that N′k = Nk f N↓ShCP, V ′k =
Vk, and S ′k = Fa ▷ S k. Hence, we must establish that

N′k ⇝ N,V ′k ⇝ V,Ψ,EPids, · ⊢ updJitS(Fa ▷ S k, Fn ▷ F ▷ S ) : wf

Since appPol(rPol) = alternative, the desired result follows by Lemma 53 (c) applied
to (iv).

In all cases, we have established that (3) holds. Having shown that (1), (2), (3), and (4)
hold, we apply Wf-Config to conclude with the desired result:

Ψ,EPids ⊢ I, IRQ′,K′,N,V, F ▷ S , Fn,Q : wf

□

Lemma 47 If finalizeK(K, F,V,N) = K′ and K′ = (Nk,Vk, S k), then ∀x ∈ dom(N) ∩ dom(N′k)
s.t. N(x) = (v, ipID), N′k(x) = (v, ipID).
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Proof: The proof is by definition of finalizeK. We case on mdOf(F). The only possible modes
are next, discard and jit (which are the only possible modes at the end of a task execution):
Case mdOf(F) = discard The rule fin-K-discard applies:

Fc = (pIDc, rIDc, IDc, versionc,
−→prc, pcSc, vPolc, υc, ·, discard(NVw,Vw), ret)

K = (Nk,Vk, S k)
V ′k = Vk f V↓Vw N′k = Nk f N↓NVw∩dom(Nk) K′ = (N′k↓ckVarOf(S k),V ′k, S k)

finalizeK(K, Fc,N,V) = K′
fin-K-discard

The desired result follows directly from N′k = Nk f N↓NVw∩dom(Nk), as N′k is updated only
with N↓NVw∩dom(Nk).

Case mdOf(F) = next The rule fin-K-next applies:

Fc = (pIDc, rIDc, IDc, versionc,
−→prc, pcSc, vPolc, υc, ·, next(pIDa,NVw,Vw), ret)

K = (Nk,Vk, Fa ▷ S k)
fresh(rIDa) Fa = (pIDa, rIDa, IDc,

−→prc, pcSc, vPolc, , , altOf(pIDc, ), )
V ′k = Vk f V↓Vw N′k = Nk f N↓NVw∩dom(Nk) K′ = (N′k↓ckVarOf(S k),V ′k, S k)

finalizeK(K, Fc,N,V) = K′
fin-K-next

Again, the desired result follows from N′k = Nk f N↓NVw∩dom(Nk).

Case mdOf(F) = jit

Fc = (pIDc, rIDc, IDc, versionc,
−→prc, pcSc, vPolc, υc, ·, jit, ret)

K = (Nk,Vk, Fk ▷ S k) K′ = (Nk↓ckVarOf(S k),Vk, S k)

finalizeK(K, Fc,N,V) = K′
fin-K-jit

Since N′k = Nk↓ckVarOf(S k) in this case, we need to show that ∀x ∈ dom(N) ∩ dom(Nk),
N(x) = Nk(x). This result follows by the invariant established in Theorem 18.

□

Lemma 48 If finalizeK(K, F,V,N) = K′ and K′ = (Nk,Vk, S k), then ∀x ∈ dom(V)∩dom(V ′k) s.t.
V(x) = (v, ipID), then V′k(x) = (v, ipID).

Proof: The proof is by definition of finalizeK. We case on mdOf(F). The only possible modes
are next, discard and jit (which are the only possible modes at the end of a task execution):
Case mdOf(F) = discard The rule fin-K-discard applies:

Fc = (pIDc, rIDc, IDc, versionc,
−→prc, pcSc, vPolc, υc, ·, discard(NVw,Vw), ret)

K = (Nk,Vk, S k)
V ′k = Vk f V↓Vw N′k = Nk f N↓NVw∩dom(Nk) K′ = (N′k↓ckVarOf(S k),V ′k, S k)

finalizeK(K, Fc,N,V) = K′
fin-K-discard
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The desired result follows directly from V ′k = Vk f V↓Vw, as V ′k is updated only with
V↓Vw.

Case mdOf(F) = next The rule fin-K-next applies:

Fc = (pIDc, rIDc, IDc, versionc,
−→prc, pcSc, vPolc, υc, ·, next(pIDa,NVw,Vw), ret)

K = (Nk,Vk, Fa ▷ S k)
fresh(rIDa) Fa = (pIDa, rIDa, IDc,

−→prc, pcSc, vPolc, , , altOf(pIDc, ), )
V ′k = Vk f V↓Vw N′k = Nk f N↓NVw∩dom(Nk) K′ = (N′k↓ckVarOf(S k),V ′k, S k)

finalizeK(K, Fc,N,V) = K′
fin-K-next

Again, the desired result follows from V ′k = Vk f V↓Vw.

Case mdOf(F) = jit

Fc = (pIDc, rIDc, IDc, versionc,
−→prc, pcSc, vPolc, υc, ·, jit, ret)

K = (Nk,Vk, Fk ▷ S k) K′ = (Nk↓ckVarOf(S k),Vk, S k)

finalizeK(K, Fc,N,V) = K′
fin-K-jit

Since V′k = Vk in this case, we need to show that ∀x ∈ dom(V) ∩ dom(Vk), V(x) = Vk(x).
This result follows by the invariant established in Theorem 18.

□

Lemma 49 (Stack well-formedness under nonvolatile writes) If
(i) N,V,Ψ,EPids, F ⊢ S : wf,

(ii) F = (pIDc, rIDc, IDc, versionc,
−→prc, pcSc, vPolc, υc, Ec, Mdc, x := e)

(iii) F′ = (pIDc, rIDc, IDc, versionc,
−→prc, pcSc, vPolc, υc, Ec, Md

′
c, skip)

(iv) x ∈ dom(N)
(v) ipIDc = ipidOf(pIDc, Mdc)

(vi) N,V, υ ⊢ e ⇓ v

(vii) Md′c =
{
Mdc[NVw← NVw ∪ {x}] if Γ(x).1 = Id
Mdc otherwise

then N[x 7→ (v, ipIDc)],V,Ψ,EPids, F′ ⊢ S : wf.

Proof: The proof is by induction on the number of frames in S . Inductively, we must re-
establish the well-formedness of each frame under the ⊢n and ⊢v judgments.

In order to complete the proof inductively, we must prove a generalized result: given
N,V,Ψ,EPids, F@S h ⊢ S l : wf (i), we must show that N[x 7→ (v, ipIDc)],V,Ψ,EPids, F′@S h ⊢

S l : wf for all S h, S l s.t. S = S h@S l. The proof is then by induction on the size of S l.
Base case S l = ·. If S 1 = ·, then the desired result holds by Wf-S-empty.

Inductive case S l = F0 ▷ S 0. By inversion of Wf-S-ind on (i):

N,Ψ,EPids, F@S h ⊢n F0 : wf
V,Ψ,EPids, F@S h ⊢v F0 : wf N,V,Ψ,EPids, F@S h@F0 ⊢ S 0 : wf

N,V,Ψ,EPids, F@S h ⊢ F0 ▷ S 0 : wf
Wf-S-ind
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we learn that

(viii) N,Ψ,EPids, F@S h ⊢n F0 : wf

(ix) V,Ψ,EPids, F@S h ⊢v F0 : wf

(x) N,V,Ψ,EPids, F@S h@F0 ⊢ S 0 : wf

By application of the IH to (x), we have that

N[x 7→ (v, ipIDc)],V,Ψ,EPids, F′@S h@F0 ⊢ S 0 : wf (xi)

Therefore, to complete the proof, we must show that N[x 7→ (v, ipIDc)],Ψ,EPids, F′@S h ⊢n

F0 : wf and V,Ψ,EPids, F′@S h ⊢v F0 : wf.
First, V,Ψ,EPids, F′@S h ⊢v F0 : wf (xii) follows from (ix), since the mode of F0 (and
hence its Vw) remain unchanged, and V remains untouched. To re-establish the validity of
each variable w.r.t. the new high stack F′@S h, we choose an arbitrary x ∈ dom(V) and
case on the rule that derived its validVWt judgment. The only interesting case is Valid-
VWt. In that case, there exists a frame Fh ∈ F@S h that last wrote to x. If Fh ∈ S h alone,
then we know that Fh ∈ F′@S h and can apply the same rule to obtain the desired result.
Otherwise, Fh = F, but since ipidOf(F) = ipidOf(F′), the same conditions apply and we
can apply the same rule to establish the desired result. Since x ∈ dom(V) was arbitrary, we
just established the validity of all such x ∈ dom(V). Therefore, the desired result (xii) is
established by applying Wf-F-V.
Towards proving that N[x 7→ (v, ipIDc)],Ψ,EPids, F′@S h ⊢n F0 : wf, we invert Wf-F-N
on (viii):

F0 = (pID0, rID, ID, version,−→pr, pcS, vPol, υ, E, Md, c)
∀y ∈ NVWtsOf(Md).N(y) = (v, ipIDy), ipIDy ∈ EPids or PrioOf(ipIDy) ≥ PrioOf(pID0)

Ψ(ID, version, Md) = Γ ∀x′ ∈ dom(N).s.t.Γ(x′) = (qIDc, Id, Id)
qIDc = Id N(x′) = (v′, ipID′) ⊢ validNvWt(S , ipID0,EPids, ipID′, x′)

N,Ψ,EPids, F@S h ⊢n F0 : wf
Wf-F-N

we learn that

(xiii) ∀y ∈ NVWtsOf(Md).N(y) = (v, ipIDy), ipIDy ∈ EPids or PrioOf(ipIDy) ≥ PrioOf(pID0)

(xiv) if ∀x′ ∈ dom(N) s.t.Γ(x′) = (qIDc, Id, Id), qIDc = Id and Ψ(ID, version, Md) = Γ and
N(x′) = (v′, ipID′), then ⊢ validNvWt(F@S h, ipID0,EPids, ipID′, x′)

We must re-establish similar conditions for the high stack F′@S h and written variable x:

(a) ∀y ∈ NVWtsOf(Md).N[x 7→ (v, ipIDc)](y) = (v, ipIDy), ipIDy ∈ EPids or PrioOf(ipIDy) ≥
PrioOf(pID0)

(b) ∀x′ ∈ dom(N[x 7→ (v, ipIDc)]) s.t. Γ(x′) = (qIDc, Id, Id) and qIDc = Id, then ⊢
validNvWt(F′@S h, ipID0,EPids, ipIDc, x

′)

486



For (a), note that if x < NVWtsOf(Md), then the desired result follows directly from (xiii).
Otherwise, we must show that ipIDc ∈ EPids or PrioOf(ipIDc) ≥ PrioOf(pID0). Note that
the latter follows due to the well-formedness of the stack.
To prove (b), let such z ∈ dom(N[x 7→ (v, ipIDc)])\x s.t. Γ(z) = (qIDc, Id, Id) and qIDc = Id
be arbitrary, and case on the deriving rule ⊢ validNvWt(F@S h, ipID0,EPids, ipID′, x′). For
the cases that do not depend on the high stack F@S h, we invert and reapply the same
rule. Otherwise, for Valid-NvWt-HA and Valid-NvWt-ShCP, we note that ipidOf(F) =
ipidOf(F′), meaning that the variable policies of these processes are the same. Hence the
same conditions apply for the high stack F′@S h, and we reapply the same rule to establish
the validity of z. Since such z was arbitrary, the result holds for all z ∈ dom(N[x 7→
(v, ipIDc)]) \ x s.t. Γ(z) = (qIDc, Id, Id) and qIDc = Id. Now we establish the validity of
the newly written x by ipIDc. If Γ(x) , (qIDc, Id, Id) where qIDc = Id then we are done
(vacuously). Otherwise, we case on the mode of F′. If mdOf(F′) = atom, then the result
follows by Valid-NvWt-HA, since the only writable variables are those in ω ∪ µ ∪ Inits.
If mdOf(F′) = jit, then it follows by construction of EPids that ipIDc ∈ EPids, and hence
Valid-Nv-Wt-E applies. Lastly, if mdOf(F′) = discard, since Γ(x) = (qIDc, Id, Id) where
qIDc = Id, then x ∈ ShCP, and hence Valid-NvWt-ShCP applies.
Now, we apply Wf-F-N to (a) and (b) to establish that N[x 7→ (v, ipIDc)],Ψ,EPids, F′@S h ⊢n

F0 : wf (xvi).
Then, the desired result follows by applying Wf-S-ind to (xvi), (xii), and (xi):

N[x 7→ (v, ipIDc)],V,Ψ,EPids, F′@S h ⊢ F0 ▷ S 0 : wf

In general, we have shown that for all S h, S l s.t. S = S h@S l the following holds:

N[x 7→ (v, ipIDc)],V,Ψ,EPids, F′@S h ⊢ S l : wf

Taking S h = · and S l = S , we establish the original desired result:

N[x 7→ (v, ipIDc)],V,Ψ,EPids, F′ ⊢ S : wf

□

Lemma 50 (Stack well-formedness under volatile writes) If

(i) N,V,Ψ,EPids, F ⊢ S : wf,
(ii) F = (pIDc, rIDc, IDc, versionc,

−→prc, pcSc, vPolc, υc, Ec, Mdc, x := e)
(iii) F′ = (pIDc, rIDc, IDc, versionc,

−→prc, pcSc, vPolc, υc, Ec, Md
′
c, skip)

(iv) x ∈ dom(V)
(v) ipIDc = ipidOf(pIDc, Mdc)

(vi) N,V, υ ⊢ e ⇓ v
(vii) Md′c = Mdc[Vw← Vw ∪ {x}]

then N,V[x 7→ (v, ipIDc)],Ψ,EPids, F′ ⊢ S : wf.
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Proof: The proof is by induction on the number of frames in S . Inductively, we must re-
establish the well-formedness of each frame under the ⊢n and ⊢v judgments.

In order to complete the proof inductively, we must prove a generalized result: given
N,V,Ψ,EPids, F@S h ⊢ S l : wf (i), we must show that N[x 7→ (v, ipIDc)],V,Ψ,EPids, F′@S h ⊢

S l : wf for all S h, S l s.t. S = S h@S l. The proof is then by induction on the size of S l.

Base case S l = ·. If S 1 = ·, then the desired result holds by Wf-S-empty.

Inductive case S l = F0 ▷ S 0. By inversion of Wf-S-ind on (i):

N,Ψ,EPids, F@S h ⊢n F0 : wf
V,Ψ,EPids, F@S h ⊢v F0 : wf N,V,Ψ,EPids, F@S h@F0 ⊢ S 0 : wf

N,V,Ψ,EPids, F@S h ⊢ F0 ▷ S 0 : wf
Wf-S-ind

we learn that

(viii) N,Ψ,EPids, F@S h ⊢n F0 : wf

(ix) V,Ψ,EPids, F@S h ⊢v F0 : wf

(x) N,V,Ψ,EPids, F@S h@F0 ⊢ S 0 : wf

We need to establish similar conditions for a high stack with F′ instead of F.
By application of the IH to (x), we have that

N,V[x 7→ (v, ipIDc)],Ψ,EPids, F′@S h@F0 ⊢ S 0 : wf (xi)

Therefore, to complete the proof, we must show that N,Ψ,EPids, F′@S h ⊢n F0 : wf and
V[x 7→ (v, ipIDc)],Ψ,EPids, F′@S h ⊢v F0 : wf.
First, N,Ψ,EPids, F′@S h ⊢n F0 : wf (xii) follows from (ix), since the mode of F0 (and
hence its NVw) remain unchanged, and N remains untouched. To re-establish the validity
of each variable w.r.t. the new high stack F′@S h, we choose an arbitrary x ∈ dom(N)
s.t. Γ(x) = (qc, Id, Id) and qc = Id, and case on the rule that derived its validNVWt judg-
ment. The interesting cases correspond to the rules that depend on the high stack: Valid-
NVWt-ShCP and Valid-NVWt-HA. In the first case, there exists a frame Fh ∈ F@S h

corresponding to a discard task that last wrote to x, where x ∈ ShCP. If Fh ∈ S h alone,
then we know that Fh ∈ F′@S h and can apply the same rule to obtain the desired result.
Otherwise, Fh = F, but since ipidOf(F) = ipidOf(F′), the same conditions apply and we
can apply the same rule to establish the desired result. The case for Valid-NvWt-HA is
similar, but where Fh is an atomic region frame and x ∈ ω ∪ µ ∪ Inits. Using similar rea-
soning, we can show that Fh ∈ F′@S h and apply the same rule to obtain the desired result.
Since x ∈ dom(V) was arbitrary, we just established the validity of all such x ∈ dom(V).
Therefore, the desired result (xii) is established by applying Wf-F-V.
Towards proving that V[x 7→ (v, ipIDc)],Ψ,EPids, F′@S h ⊢v F0 : wf, we invert Wf-F-V
on (viii):
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F0 = (pID0, rID, ID, version,−→pr, pcS, vPol, υ, E, Md, c)
∀y ∈ VWtsOf(Md).V(y) = (v, ipIDy), ipIDy ∈ EPids or PrioOf(ipIDy) ≥ PrioOf(pID0)
∀x′ ∈ dom(V) V(x′) = (v′, ipID′) ⊢ validVWt(S , ipID0,EPids, ipID′, x′)

V,Ψ,EPids, F@S h ⊢v F0 : wf
Wf-F-V

we learn that

(xiii) ∀y ∈ VWtsOf(Md).V(y) = (v, ipIDy), ipIDy ∈ EPids or PrioOf(ipIDy) ≥ PrioOf(pID0)

(xiv) if ∀x′ ∈ dom(V) and V(x′) = (v′, ipID′), then ⊢ validVWt(F@S h, ipID0,EPids, ipID′, x′)

We must re-establish similar conditions for the high stack F′@S h and written variable x:

(a) ∀y ∈ VWtsOf(Md).V[x 7→ (v, ipIDc)](y) = (v, ipIDy), ipIDy ∈ EPids or PrioOf(ipIDy) ≥
PrioOf(pID0)

(b) if ∀x′ ∈ dom(V[x 7→ (v, ipIDc)]) and V[x 7→ (v, ipIDc)](x′) = (v′, ipID′), then ⊢
validVWt(F@S h, ipID0,EPids, ipID′, x′)

For (a), note that if x < VWtsOf(Md), then the desired result follows directly from (xiii).
Otherwise, we must show that ipIDc ∈ EPids or PrioOf(ipIDc) ≥ PrioOf(pID0). Note that
the latter follows due to the well-formedness of the stack.
To prove (b), pick an arbitrary z ∈ dom(V[x 7→ (v, ipIDc)]) \ x, and case on the deriving
rule ⊢ validVWt(F@S h, ipID0,EPids, ipID′, x′). For the cases that do not depend on the
high stack F@S h, we invert and reapply the same rule. Otherwise, for Valid-VWt we note
that ipidOf(F) = ipidOf(F′). Hence the same conditions apply for the high stack F′@S h,
and we reapply the same rule to establish the validity of z. Since such z was arbitrary, the
result holds for all z ∈ dom(V[x 7→ (v, ipIDc)]) \ x s.t. Γ(z) = (qc, Id, Id) and qc = Id.
Now we establish the validity of the newly written x by ipIDc. Since F′ ∈ F′@S h and
ipID(F′) = ipIDc, the desired result follows by Valid-VWt.
Now, we apply Wf-F-V to (a) and (b) to establish that V[x 7→ (v, ipIDc)],Ψ,EPids, F′@S h ⊢v

F0 : wf (xvi).
Then, the desired result follows by applying Wf-S-ind to (xvi), (xii), and (xi):

N,V[x 7→ (v, ipIDc)],Ψ,EPids, F′@S h ⊢ F0 ▷ S 0 : wf

In general, we have shown that for all S h, S l s.t. S = S h@S l the following holds:

N,V[x 7→ (v, ipIDc)],Ψ,EPids, F′@S h ⊢ S l : wf

Taking S h = · and S l = S , we establish the original desired result:

N,V[x 7→ (v, ipIDc)],Ψ,EPids, F′ ⊢ S : wf

□

Lemma 51 (Stack well-formedness under incRb) If N,V,Ψ,EPids, · ⊢ S : wf and incRb(S ) =
S ′, then N,V,Ψ,EPids, · ⊢ S ′ : wf.
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Proof: We prove a generalized result: if N,V,Ψ,EPids, S h ⊢ S l : wf and incRb(S ) = S ′

for all S h, S l s.t. S = S h@S l, then N,V,Ψ,EPids, S ′h ⊢ S ′l : wf where incRb(S h) = S ′h and
incRb(S l) = S ′l . The proof is by induction on the size of S l.

Base case S l = ·. If S = ·, then the result holds trivially by assumption, since incRb(·) = ·.

Inductive case S l = F0 ▷ S 0 (∃F0 = (pIDc, rIDc, IDc, versionc,
−→prc, pcSc, vPolc, υc, Ec, Mdc, c)). By

inversion of Wf-S-ind, we learn that:

(i) N,Ψ,EPids, S h ⊢n F0 : wf

(ii) V,Ψ,EPids, S h ⊢v F0 : wf

(iii) N,V,Ψ,EPids, S h@F0 ⊢ S 0 : wf

In order to establish the desired result, we must prove the following:

(a) N,Ψ,EPids, S ′h ⊢n F′0 : wf where F′0 = incRb(F0)

(b) V,Ψ,EPids, S ′h ⊢v F′0 : wf

(c) N,V,Ψ,EPids, S ′h@F′0 ⊢ S ′0 : wf where S ′0 = incRb(S 0)

(c) is established by application of the IH to (iii). Now, it remains to show that (a) and (b)
hold. It follows by definition of incRb(F0) that F′0 = (pIDc, rIDc, IDc, versionc,

−→prc, pcSc,
vPolc, υc, Ec, Md

′
c, c), where Md′c = atom(. . . , rb + 1, . . . ) if Md = atom(. . . , rb, . . . ) and

Md′c = Mdc otherwise. In the latter case, (a) comes directly from (i). In the former case,
where Md′c = atom(. . . , rb + 1, . . . ), we invert Wf-F-N on (i) to learn the following:

(iv) ∀y ∈ NVWtsOf(Mdc).N(y) = (v, ipIDy), ipIDy ∈ EPids or PrioOf(ipIDy) ≥ PrioOf(pIDc)

(v) if Ψ(ID, version, Mdc) = Γ then ∀x′ ∈ dom(N).s.t.Γ(x′) = (qIDc, Id, Id) where qIDc =

Id, if N(x′) = (v′, ipID′), then ⊢ validNvWt(S h@F0, ipIDc,EPids, ipID′, x′)

We need to establish similar properties for Md′c:

(d) ∀y ∈ NVWtsOf(Md′c).N(y) = (v, ipIDy), ipIDy ∈ EPids or PrioOf(ipIDy) ≥ PrioOf(ipID′c)

(e) if Ψ(ID, version, Md′c) = Γ then ∀x′ ∈ dom(N).s.t.Γ(x′) = (qIDc, Id, Id) where qc = Id,
if N(x′) = (v′, ipID′), then ⊢ validNvWt(S h@F′0, ipID′c,EPids, ipID′, x′)

where ipID′c = (pIDc, aID, rbc + 1) and ipIDc = (pIDc, aID, rbc + 1), since we know that
Md′c = atom(aID, . . . , rbc + 1, . . . ) and Mdc = atom(aID, . . . , rb, . . . ).
First, we observe that NVWtsOf(Mdc) = NVWtsOf(Md′c), and hence (d) holds directly by
(iv). Towards (e), note that Ψ(ID, version, Md′c) = Ψ(ID, version, Mdc) = Γ, and let x′ ∈
dom(N) where N(x′) = (v′, ipID′) be arbitrary. Since (v) holds, the proof proceeds in
cases, inverting on each of the possible deriving rules: Valid-NvWt-Init, Valid-NvWt-E,
Valid-NvWt-A, Valid-NvWt-ShCP, and Valid-NvWt-HA. We only show the interesting
case, which is Valid-NvWt-A which relies on rb.

Case Valid-NvWt-A. If Valid-NvWt-A applies, then it must be the case that ipID′ =
(pIDc, aID, rb′), rbc > rb′, and x ∈ ω ∪ µ ∪ Inits. Therefore, we know that rbc + 1 >
rb′, and hence ⊢ validNvWt(S h@F′0, ipID′c,EPids, ipID′, x′) follows by application of
Valid-NvWt-A to the definition of ipID′c.
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Case Valid-NvWt-Init, Valid-NvWt-E, Valid-NvWt-ShCP, Valid-NvWt-HA. These cases
do not rely on ipIDc, and hence (e) follows directly by an inversion on the given ap-
plicable rule, and an application of it while instead taking ipID′c.

We have shown that (e) and (d) hold in all cases, and hence (a) follows by application of
Wf-F-N. The desired result follows by application of Wf-S-ind to (a), (b), and (c).

□

Lemma 52 (updJitS well-formedness under end atomic) If

(i) Nk ⇝ N,Vk ⇝ V,Ψ,EPids, · ⊢ updJitS(Fk ▷ S k, F ▷ S ) : wf,
(ii) F = (. . . , endatom),

(iii) mdOf(F) = atom(aID, rb f , . . . ),
(iv) mdOf(Fk) = atom(aID, rbk, . . . ) where rb f ≥ rbk,

then (N′k↓ckVarOf(S k) ⇝ N), (V ′k ⇝ V),Ψ,EPids, · ⊢ F ▷ updJitS(S k, S ) : wf where V ′k = Vk f
V↓Vw and N′k = (Nk f N↓NVw∩dom(Nk))↓ckVarOf(S k).

Proof: In other words, we need to show that

(a) (N′k↓ckVarOf(S k) ⇝ N), (V ′k ⇝ V),Ψ,EPids, F ⊢ updJitS(S k, S ) : wf

(b) (N′k↓ckVarOf(S k) ⇝ N),Ψ,EPids, · ⊢n F : wf

(c) (Vk ⇝ V),Ψ,EPids, · ⊢v F : wf

By definition of updJitS applied to (i), and since from (iii) and (iv) we know that
mdOf(Fk),mdOf(F) , jit, we know that

Nk ⇝ N,Vk ⇝ V,Ψ,EPids, · ⊢ Fk ▷ updJitS(S k, S ) : wf

By inversion of Wf-S-ind, we know that

(v) Nk ⇝ N,Vk ⇝ V,Ψ,EPids, Fk ⊢ updJitS(S k, S ) : wf

(vi) Nk ⇝ N,Ψ,EPids, · ⊢n Fk : wf

(vii) Vk ⇝ V,Ψ,EPids, · ⊢v Fk : wf

To prove (a), we proceed by induction on the size of updJitS(S k, S ), relying on the assump-
tion (v) to re-establish the well-formedness of each frame on the stack w.r.t. ⊢n and ⊢v. The
key observation is that the frame Fk does not write any variables, and hence does not affect
the validity of any write (i.e., the validity of each write follows due to reasons that do not in-
volve Fk). Towards (b), observe that ∀y ∈ NVWts(mdOf(F)).N(y) = (v, ipIDy) we have that
ipIDy ∈ EPids by construction of EPids and (ii), i.e., F is a successfully completed atomic re-
gion. Now, we must establish that ∀x ∈ dom(N) s.t. Γ(x) = (qc, Id, Id) where qc = Id, that
⊢ validNvWt(·, ipID f ,EPids, ipID, x). If x ∈ NVw(mdOf(F)), then it must be that x ∈ ω∪µ∪Inits.
Since rb f ≥ rbk, the result follows by Valid-NvWt-A. Otherwise, the result follows by Valid-
NvWt-E, since x is either read-only or written by the preceding jit region. (c) holds by similar
reasoning to (b). □

Lemma 53 (updJitS well-formedness under trigger) If
(i) Nk ⇝ N,Vk ⇝ V,Ψ,EPids, · ⊢ updJitS(S k, S ) : wf,
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(ii) K = (Nk,Vk, S k),
(iii) Fn = (pIDn, rIDn, IDn, versionn,

−→prn, pcSn, vPoln, υn, ·, Mdn, initN; cn; ret),
(iv) (Mdn,K′) = schdFrame(PDecl, (pIDn, IDn, v, rPol),K,N),
(v) K′ = (N′k,V

′
k, S

′
k),

(vi) task(IDn, versionn, prn, vPoln, rPoln, λx.cn) ∈ PDecl,
then N′k ⇝ N,V ′k ⇝ V,Ψ,EPids, · ⊢ S ′ : wf where

(a) S ′ = Fn ▷ updJitS(S k, S ) if appPol(rPoln) = immediate
(b) S ′ = updJitS(S k, Fn ▷ S ) if appPol(rPoln) = discard
(c) S ′ = updJitS(Fa▷ S k, Fn▷ S ) if appPol(rPoln) = alternative and mdOf(Fa) = altOf(pIDn)

Proof: The proof is by cases on appPol(rPoln).

Case appPol(rPoln) = immediate. In particular, we must show that

Nk ⇝ N,Vk ⇝ V,Ψ,EPids, · ⊢ Fn ▷ updJitS(S k, S ) : wf

To this end, it suffices to show that the following hold:

(a1) Nk ⇝ N,Vk ⇝ V,Ψ,EPids, Fn ⊢ updJitS(S k, S ) : wf

(a2) Nk ⇝ N,Ψ,EPids, · ⊢n Fn : wf

(a3) Vk ⇝ V,Ψ,EPids, · ⊢v Fn : wf

Note that (a1) holds by an induction on the size of updJitS(S k, S ). We prove the following
general result: assuming Nk ⇝ N,Vk ⇝ V,Ψ,EPids, S h ⊢ S l : wf for all S h, S l s.t.
updJitS(S k, S ) = S h@S l, then Nk ⇝ N,Vk ⇝ V,Ψ,EPids, Fn@S h ⊢ S l : wf.

Base case S l = ·. The desired result holds by Wf-S-empty.

Inductive case S l = F0 ▷ S 0 (∃F0 = (pID0, ID0, version0, Md0, . . . )). By inversion of Wf-
S-ind on the assumption, we know that

(vii) Nk ⇝ N,Vk ⇝ V,Ψ,EPids, S h@F0 ⊢ S 0 : wf

(viii) Nk ⇝ N,Ψ,EPids, S h ⊢n F0 : wf

(ix) Vk ⇝ V,Ψ,EPids, S h ⊢v F0 : wf

By application of the IH to (vii), we establish that Nk ⇝ N,Vk ⇝ V,Ψ,EPids, Fn@S h@F0 ⊢

S 0 : wf. Now, it remains to show that Nk ⇝ N,Ψ,EPids, Fn@S h ⊢n F0 : wf and
Nk ⇝ N,Ψ,EPids, Fn@S h ⊢n F0 : wf. Towards the former, we invert Wf-F-N on
(viii) to learn that

(x) ∀y ∈ NVWtsOf(Md0).N(y) = (v, ipIDy), ipIDy ∈ EPids or
PrioOf(ipIDy) ≥ PrioOf(pIDc)

(xi) ∀x′ ∈ dom(N) s.t. Γ(x′) = (qc, Id, Id) where Ψ(ID0, version0, Md0) = Γ, qc = Id,
and N(x′) = (v′, ipID′), ⊢ validNvWt(S h, ipID0,EPids, ipID′, x′)

Let x ∈ dom(N) be arbitrary, where Γ(x) = (qc, Id, Id) where Ψ(ID, version, Md) = Γ,
qc = Id, and N(x) = (v, ipID) be arbitrary. Then, proof proceeds in cases on the rule
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which derived ⊢ validNvWt(S h, ipID0,EPids, ipID, x). The interesting ones, Valid-
NvWt-ShCP and Valid-NvWt-HA, are shown below:

Case Valid-NvWt-ShCP. By inversion of Valid-NvWt-ShCP, we know that ∃Fh ∈

S h s.t. Fh = (ipID, . . . , vPolh, discard, . . . ) and vPolh = (ShAcc, ShCP, nIds, Inits)
and x ∈ ShCP. Therefore, the same Fh ∈ Fn@S h. Therefore, it follows by Valid-
NvWt-ShCP that ⊢ validNvWt(Fn@S h, ipIDn,EPids, ipID, x).

Case Valid-NvWt-HA. The proof is similar to the above case, but relies on Valid-
NvWt-HA.

Case Valid-NvWt-Init, Valid-NvWt-E, Valid-NvWt-A. The proofs of these cases
proceeds by an inversion of the applicable rule on
⊢ validNvWt(S h, ipIDn,EPids, ipID, x), followed by an application of the same
rule to obtain
⊢ validNvWt(Fn@S h, ipIDn,EPids, ipID, x), as these rules are independent of the
stack S h.

In all cases, we have that ⊢ validNvWt(Fn@S h, ipIDn,EPids, ipID, x). Since such
x was arbitrary, this result holds ∀x0 ∈ dom(N) s.t. Γ(x0) = (qc, Id, Id) where
Ψ(ID, version, Md) = Γ, qc = Id, and N(x0) = (v, ipID). By application of Wf-F-
N to this result and (x), we have that

Nk ⇝ N,Ψ,EPids, Fn@S h ⊢n F0 : wf (xii)

We use similar reasoning to obtain that

Vk ⇝ V,Ψ,EPids, Fn@S h ⊢v F0 : wf (xiii)

By application of Wf-S-ind to Nk ⇝ N,Vk ⇝ V,Ψ,EPids, Fn@S h@F0 ⊢ S 0 : wf,
(xii), and (xiii), we establish the desired result:

Nk ⇝ N,Vk ⇝ V,Ψ,EPids, Fn@S h ⊢ F0 ▷ S 0 : wf

In general, we proved that Nk ⇝ N,Vk ⇝ V,Ψ,EPids, Fn@S h ⊢ S l : wf. Taking S h = ·

and S l = updJitS(S k, S ), we establish (a1).
For (a2), since NVWtsOf(Fn) = ·, it suffices to show that ∀x ∈ dom(N) s.t.Γ(x) = (qc, Id, Id)
where qc = Id and N(x) = (v, ipID), that ⊢ validNvWt(·, ipIDn,EPids, ipID, x). By con-
struction of Ψ, we know that Γ(x) = (qc, Id, Id) where qc = Id is only the case if either
x ∈ InitOf(ipID) ∪ shCPof(ipID) or x was written previously by an effective process. In
the former, the desired result follows by application of Valid-NvWt-Init. In the latter, we
know that ipID ∈ EPids, and the desired result follows by Valid-NvWt-E. We establish
(a3) by similar reasoning, but there, only the Valid-NvWt-E rule can apply since Inits and
ShCP are all nonvolatile.

Case appPol(rPoln) = discard. Since Mdn must be discard, it follows by definition of updJitS
that updJitS(S k, S ) = updJitS(S k, Fn ▷ S ). Therefore, we must show that
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(Nk f N↓ShCP)⇝ N,Vk ⇝ V,Ψ,EPids, · ⊢ updJitS(S k, S ) : wf

This result holds by an induction on the size of updJitS(S k, S ). Using the assumption
that Nk ⇝ N,Vk ⇝ V,Ψ,EPids, · ⊢ updJitS(S k, S ) : wf, we can re-establish the well-
formedness of each frame on the stack w.r.t. ⊢n and ⊢v.

Case appPol(rPoln) = alternative. Since Mdn must be next and mdOf(Fa) , jit, it follows by
definition of updJitS that updJitS(Fa▷S k, Fn▷S ) = Fa▷updJitS(Fa▷S k, S ). Therefore,
we must show that

(Nk f N↓ShCP)⇝ N,Vk ⇝ V,Ψ,EPids, · ⊢ Fa ▷ updJitS(S k, S ) : wf

To this end, it suffices to show that the following hold:

(c1) (Nk f N↓ShCP)⇝ N,Vk ⇝ V,Ψ,EPids, Fa ⊢ updJitS(S k, S ) : wf

(c2) (Nk f N↓ShCP)⇝ N,Ψ,EPids, · ⊢n Fa : wf

(c3) Vk ⇝ V,Ψ,EPids, · ⊢v Fa : wf

Note that (c1) holds by an induction on the size of updJitS(S k, S ). Using the assump-
tion that Nk ⇝ N,Vk ⇝ V,Ψ,EPids, · ⊢ updJitS(S k, S ) : wf, we can re-establish the
well-formedness of each frame on the stack w.r.t. ⊢n and ⊢v by induction on the size of
updJitS(S k, S ) (like the discard case). (c2) and (c3) are established in a similar manner to
(a2) and (a3) in the appPol(rPoln) = immediate case from above.

□

Lemma 54 (Stack well-formedness under trigger) If
(i) N,V,Ψ,EPids, · ⊢ S : wf,

(ii) task(IDn, versionn, prn, vPoln, rPoln, λx.cn) ∈ PDecl,
(iii) fresh pIDn, rIDn

(iv) Mdn =


jit if appPol(rPoln) = immediate
discard(·, ·) if appPol(rPoln) = discard
next(pIDa, ·, ·) (∃pIDa) else

(v) Fn = (pIDn, rIDn, IDn, versionn, prn, pcSn, vPoln, υn, ·, Mdn, initN; cn; ret)
then N,V,Ψ,EPids, · ⊢ Fn ▷ S : wf.

Proof: We must show that

N,V,Ψ,EPids, · ⊢ Fn ▷ S : wf

To this end, it suffices to show that the following hold:

(a1) N,V,Ψ,EPids, Fn ⊢ S : wf

(a2) N,Ψ,EPids, · ⊢n Fn : wf

(a3) V,Ψ,EPids, · ⊢v Fn : wf
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To prove (a1), must inductively re-establish the well-formedness of every frame on the stack
S . We prove the following general result: assuming N,V,Ψ,EPids, S h ⊢ S l : wf for all S h, S l s.t.
S = S h@S l, then N,V,Ψ,EPids, Fn@S h ⊢ S l : wf.
Base case S l = ·. The desired result holds by Wf-S-empty.

Inductive case S l = F0 ▷ S 0 (∃F0 = (pID0, ID0, version0, Md0, . . . )). By inversion of Wf-S-ind
on the assumption, we know that

(vii) N,V,Ψ,EPids, S h@F0 ⊢ S 0 : wf

(viii) N,Ψ,EPids, S h ⊢n F0 : wf

(ix) V,Ψ,EPids, S h ⊢v F0 : wf

We must re-establish similar conditions but for the high stacks Fn@S h and Fn@S h@F0.
By application of the IH to (vii), we establish that N,V,Ψ,EPids, Fn@S h@F0 ⊢ S 0 : wf.
Now, it remains to show that N,Ψ,EPids, Fn@S h ⊢n F0 : wf and V,Ψ,EPids, Fn@S h ⊢v

F0 : wf. Towards the former, we invert Wf-F-N on (viii) to learn that

(x) ∀y ∈ NVWtsOf(Md0).N(y) = (v, ipIDy), ipIDy ∈ EPids or PrioOf(ipIDy) ≥ PrioOf(pIDc)

(xi) ∀x′ ∈ dom(N) s.t. Γ(x′) = (qc, Id, Id) where Ψ(ID0, version0, Md0) = Γ, qc = Id, and
N(x′) = (v′, ipID′), ⊢ validNvWt(S h, ipID0,EPids, ipID′, x′)

The crucial next step is that using (xi) we must re-establish the validity of every write given
the high stack Fn@S h. To this end, let x ∈ dom(N) be arbitrary, where Γ(x) = (qc, Id, Id)
where Ψ(ID, version, Md) = Γ, qc = Id, and N(x) = (v, ipID) be arbitrary. Then, the proof
proceeds in cases on the rule which derived ⊢ validNvWt(S h, ipID0,EPids, ipID, x). The
interesting ones, Valid-NvWt-ShCP and Valid-NvWt-HA, are shown below:

Case Valid-NvWt-ShCP. By inversion of Valid-NvWt-ShCP, we know that ∃Fh ∈ S h

s.t. Fh = (ipID, . . . , vPolh, discard, . . . ) and vPolh = (ShAcc, ShCP, nIds, Inits) and
x ∈ ShCP. Therefore, the same Fh ∈ Fn@S h. Therefore, it follows by Valid-NvWt-
ShCP that ⊢ validNvWt(Fn@S h, ipID0,EPids, ipID, x).

Case Valid-NvWt-HA. The proof is similar to the above case, but relies on Valid-NvWt-
HA.

Case Valid-NvWt-Init, Valid-NvWt-E, Valid-NvWt-A. The proofs of these cases pro-
ceed by an inversion of the applicable rule on ⊢ validNvWt(S h, ipID0,EPids, ipID, x),
followed by an application of the same rule to obtain
⊢ validNvWt(Fn@S h, ipID0,EPids, ipID, x), as these rules are all independent of the
high stack S h.

In all cases, we have that ⊢ validNvWt(Fn@S h, ipID0,EPids, ipID, x). Since such x was
arbitrary, this result holds ∀x′ ∈ dom(N) s.t. Γ(x′) = (qc, Id, Id) where Ψ(ID, version, Md) =
Γ, qc = Id, and N(x′) = (v′, ipID′). By application of Wf-F-N to this result and (x), we
have that

N,Ψ,EPids, Fn@S h ⊢n F0 : wf (xii)

We use similar reasoning to obtain that
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V,Ψ,EPids, Fn@S h ⊢v F0 : wf (xiii)

By application of Wf-S-ind to N,V,Ψ,EPids, Fn@S h@F0 ⊢ S 0 : wf, (xii), and (xiii), we
establish the desired result:

N,V,Ψ,EPids, Fn@S h ⊢ F0 ▷ S 0 : wf

We just proved the general result that N,V,Ψ,EPids, Fn@S h ⊢ S l : wf. Taking S h = · and
S l = S , we establish (a1).

For (a2), since NVWtsOf(Fn) = ·, it suffices to show that ∀x ∈ dom(N) s.t.Γ(x) = (qc, Id, Id)
where qc = Id and N(x) = (v, ipID), that ⊢ validNvWt(·, ipIDn,EPids, ipID, x). By construction
of Ψ, we know that Γ(x) = (qc, Id, Id) where qc = Id is only the case if either x ∈ InitOf(ipID) ∪
shCPof(ipID) or x was written previously by an effective process. In the former, the desired result
follows by application of Valid-NvWt-Init. In the latter, we know that ipID ∈ EPids, and the
desired result follows by Valid-NvWt-E. We establish (a3) by similar reasoning, but there, only
the Valid-NvWt-E rule can apply since Inits and ShCP are all nonvolatile.

The desired result then follows by application of Wf-S-ind to (a1), (a2), and (a3). □

Lemma 55 (updJitS well-formedness under jit nonvolatile updates) If
(i) (Nk ⇝ N), (Vk ⇝ V),Ψ,EPids, · ⊢ updJitS(S k, F ▷ S ) : wf

(ii) F = (pID, rIDc, IDc, versionc,
−→prc, pcSc, vPolc, υc, Ec, jit, x := e)

(iii) F′ = (pID, rIDc, IDc, versionc,
−→prc, pcSc, vPolc, υc, Ec, jit, skip)

(iv) x ∈ dom(N)
then (Nk[x 7→ (v, pID)] ⇝ N[x 7→ (v, pID)]), (Vk ⇝ V),Ψ,EPids, · ⊢ updJitS(S k, F′ ▷ S ) : wf
where S k = FJ(pID)▷ S ′k.

Proof: Since mdOf(F) = mdOf(F′) = jit, it follows that updJitS(S k, F▷S ) = F▷updJitS(S ′k, S )
and updJitS(S k, F′ ▷ S ) = F′ ▷ updJitS(S ′k, S ). Therefore, it suffices to prove that if

(Nk ⇝ N), (Vk ⇝ V),Ψ,EPids, · ⊢ F ▷ updJitS(S ′k, S ) : wf (v)

then

(Nk[x 7→ (v, pID)]⇝ N[x 7→ (v, pID)]), (Vk ⇝ V),Ψ,EPids, · ⊢ F′ ▷ updJitS(S ′k, S ) : wf.

By inversion of Wf-S-ind on (v), we learn that

(vi) (Nk ⇝ N), (Vk ⇝ V),Ψ,EPids, F ⊢ updJitS(S ′k, S ) : wf

(vii) (Nk ⇝ N),Ψ,EPids, · ⊢n F : wf

(viii) (Vk ⇝ V),Ψ,EPids, · ⊢v F : wf

We need to establish the following conditions:

(a) (Nk[x 7→ (v, pID)]⇝ N[x 7→ (v, pID)]), (Vk ⇝ V),Ψ,EPids, F′ ⊢ updJitS(S ′k, S ) : wf

(b) (Nk[x 7→ (v, pID)]⇝ N[x 7→ (v, pID)]),Ψ,EPids, · ⊢n F′ : wf
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(c) (Vk ⇝ V),Ψ,EPids, · ⊢v F′ : wf
Towards proving (b), we invert Wf-F-N on (vii) to learn the following:

(ix) ∀y ∈ NVWtsOf(jit).N(y) = (v, ipIDy), ipIDy ∈ EPids or PrioOf(ipIDy) ≥ PrioOf(iPidOf(F0))

(x) ∀z ∈ dom(N′) s.t. Γ(z) = (qIDc, Id, Id) where qIDc = Id and Ψ(IDc, versionc, jit) = Γ and
N′(z) = (vz, ipIDz), ⊢ validNvWt(·, pID,EPids, ipIDz, z) and N′ = Nk ⇝ N

We must establish similar conditions for F′. Noting that NVWtsOf(jit) = ·, we establish the
analogous first condition for F′ vacuously. Towards the second condition, we must show that if
Γ(x) = (qIDc, Id, Id) where qIDc = Id andΨ(IDc, versionc, jit), that ⊢ validNvWt(·, pID,EPids, pID, x).

By definition of EPids, we know that pID ∈ EPids since pID is a jit process. Therefore,
the desired result follows by application of Valid-NvWt-E, and hence it follows from (x) that
∀z ∈ dom(N[x 7→ (v, pID)]) s.t. Γ(z) = (qIDc, Id, Id) where qIDc = Id andΨ(IDc, versionc, jit) = Γ
and N(z) = (vz, ipIDz), ⊢ validNvWt(·, pID,EPids, ipIDz, z) (xi). Therefore, it follows by Wf-F-N
applied to (xi) that

(Nk[x 7→ (v, pID)]⇝ N[x 7→ (v, pID)]),Ψ,EPids, · ⊢n F′ : wf

The proof of (c) is similar but easier. Since Vk ⇝ V does not change between assumption and
what needs to be proved, we invert on Wf-F-V to learn that every x ∈ dom(Vk ⇝ V) is a valid
write. Since pidOf(F) = pidOf(F′) = pID, a similar condition holds for F′, and since Vw(jit) = ·,
the other condition holds vacuously. We obtain the following desired result by application of
Wf-F-V to these conditions:

(Vk ⇝ V),Ψ,EPids, · ⊢v F′ : wf

Lastly, we must show that (a) holds. We prove (a) by re-establishing the well-formedness of
every frame on the stack updJitS(S ′k, S ).

We prove a generalized result, that if (Nk ⇝ N), (Vk ⇝ V),Ψ,EPids, F@S h ⊢ S u : wf, then
(Nk[x 7→ (v, ipID)] ⇝ N[x 7→ (v, ipID)]), (Vk ⇝ V),Ψ,EPids, F′@S h ⊢ S u : wf for all S h, S u

where updJitS(S ′k, S ) = S h@S u. The proof is by induction on the size of S u.
Base case S u = ·. Then the desired result follows by Wf-S-empty.

Inductive case S u = F0 ▷ S 0 (∃F0 = (. . . , ID0, version0, Md0, . . . )).
By inversion of Wf-S-ind on the assumption, we know that

(xii) (Nk ⇝ N), (Vk ⇝ V),Ψ,EPids, F@S h@F0 ⊢ S 0 : wf

(xiii) (Nk ⇝ N),Ψ,EPids, F@S h ⊢n F0 : wf

(xiv) (Vk ⇝ V),Ψ,EPids, F@S h ⊢v F0 : wf
We need to show that the following hold:

(a1) (Nk[x 7→ (v, pID)]⇝ N[x 7→ (v, pID)]), (Vk ⇝ V),Ψ,EPids, F′@S h@F0 ⊢ S 0 : wf

(a2) (Nk[x 7→ (v, ipID)]⇝ N[x 7→ (v, ipID)]),Ψ,EPids, F′@S h ⊢n F0 : wf

(a3) (Vk ⇝ V),Ψ,EPids, F′@S h ⊢v F0 : wf
(a1) follows by the IH applied to (xii).

Towards proving (a2), we invert Wf-F-N on (xiii) to learn the following, where N′ = Nk ⇝ N:
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(xv) ∀y ∈ NVWtsOf(modeOf(F0)).N′(y) = (v, ipIDy),
ipIDy ∈ EPids or PrioOf(ipIDy) ≥ qIDPrioOf(iPidOf(F0))

(xvi) ∀z ∈ dom(N′) s.t. Γ(z) = (qIDc, Id, Id) where qIDc = Id and Ψ(ID0, version0, Md0) and
N′(z) = (vz, ipIDz), ⊢ validNvWt(F@S h, ipID0,EPids, ipIDz, z).

We must establish that similar conditions hold for nonvolatile memory Nk[x 7→ (v, pID)] ⇝
N[x 7→ (v, pID)]. Since pID is a jit process, it follows by construction of EPids that pID ∈ EPids.
Hence, it follows from (xv) that

∀y ∈ NVWtsOf(modeOf(F0)).N′(y) = (v, ipIDy),

ipIDy ∈ EPids or PrioOf(ipIDy) ≥ PrioOf(iPidOf(F0)) (xvii)

If Γ(x) = (qIDc, Id, Id) where qIDc = Id and Ψ(ID0, version0, Md0), then we need to show that
⊢ validNvWt(F′@S h, ipID0,EPids, pID, x). Again, by construction we know that pID ∈ EPids
since it is a jit process, and hence, the result follows by Valid-NvWt-E.

To re-establish the validity of all other writes wrt the new high stack F′@S h, we let z′ ∈
dom(N′) be arbitrary s.t. Γ(z′) = (qIDc, Id, Id), qIDc = Id, and N′(z′) = (vz′ , ipIDz′), and we
invert on the rule used to derive ⊢ validNvWt(F@S h, ipID0,EPids, ipIDz, z

′). In the cases where
Valid-NvWt-Init, Valid-NvWt-E, and Valid-NvWt-A (which are independent of the high stack),
we simply reapply the same rule to obtain the desired result. Otherwise, if Valid-NvWt-ShCP
or Valid-NvWt-HA were applied, we note that the high frame Fh that wrote x must be in S h

alone as the mdOf(F) = jit (i.e., is not discard or atom). Therefore, Fh ∈ F′@S h, and it follows
by applying the same rule that validNvWt(F′@S h, ipID0,EPids, ipIDz, z

′). Since such z′ was
arbitrary, this result holds for all such z′.

Overall, we have just established that this condition holds ∀z ∈ dom(N′′) s.t. Γ(z) = (qIDc, Id, Id)
where qIDc = Id, Ψ(ID0, version0, Md0), N′′(z) = (vz, ipIDz), and N′′ = Nk[x 7→ (v, pID)] ⇝
N[x 7→ (v, pID)].

By applying Wf-F-N to this result and (xv), we retrieve (a2).

The reasoning for (a3) is analogous. By inverting Wf-F-V on (xiv), we learn the following
where V ′ = Vk ⇝ V:

(xviii) ∀y ∈ VWtsOf(modeOf(F0)).V ′(y) = (v, ipIDy),
ipIDy ∈ EPids or PrioOf(ipIDy) ≥ PrioOf(iPidOf(F0))

(xix) ∀z ∈ dom(V ′) s.t. V ′(z) = (vz, ipIDz), ⊢ validVWt(F@S h, ipID0,EPids, ipIDz, z).
To re-establish similar conditions for the high stack F′@S h, we again pick an arbitrary z and

invert (xix) on the deriving rule Valid-VWt-E or Valid-VWt. In the first case, we apply the same
rule to the premise to obtain the desired result. In the latter, we note that if the high frame Fh that
last wrote to z is F, then note that pidOf(F) = pidOf(F′), i.e., the process of F is the same as F′.
Therefore, the condition holds for stack F′@S h. By applying Wf-F-V to this result and (xviii),
we establish (a3).

Applying Wf-S-ind to (a1), (a2), and (a3), we have that for all S h, S u s.t. S h@S u = updJitS(S ′k, S ):

Nk[x 7→ (v, pID)]⇝ N[x 7→ (v, pID)],Vk ⇝ V,Ψ,EPids, F′@S h ⊢ S u
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Taking S h = · and S u = updJitS(S ′k, S ), we obtain (c):

Nk[x 7→ (v, pID)]⇝ N[x 7→ (v, pID)],Vk ⇝ V,Ψ,EPids, F′ ⊢ updJitS(S ′k, S )

Therefore, by applying Wf-S-ind to (a), (b), (c), we arrive at the desired result.

Nk[x 7→ (v, pID)]⇝ N[x 7→ (v, pID)],Vk ⇝ V,Ψ,EPids, · ⊢ F′ ▷ updJitS(S ′k, S )

□

Lemma 56 (updJitS well-formedness under jit volatile updates) If
(i) (Nk ⇝ N), (Vk ⇝ V),Ψ,EPids, · ⊢ updJitS(S k, F ▷ S ) : wf

(ii) F = (pID, rIDc, IDc, versionc,
−→prc, pcSc, vPolc, υc, Ec, jit, x := e)

(iii) F′ = (pID, rIDc, IDc, versionc,
−→prc, pcSc, vPolc, υc, Ec, jit, skip)

(iv) x ∈ dom(V)
then (Nk ⇝ N), (Vk[x 7→ (v, ipID)]⇝ V[x 7→ (v, ipID)]),Ψ,EPids, · ⊢ updJitS(S k, F′ ▷ S ) : wf.

Proof: Since mdOf(F) = mdOf(F′) = jit, it follows that updJitS(S k, F▷S ) = F▷updJitS(S ′k, S )
and updJitS(S k, F′ ▷ S ) = F′ ▷ updJitS(S ′k, S ). Therefore, it suffices to prove that if

(Nk ⇝ N), (Vk ⇝ V),Ψ,EPids, · ⊢ F ▷ updJitS(S ′k, S ) : wf (v)

then

(Nk ⇝ N), (Vk[x 7→ (v, pID)]⇝ V[x 7→ (v, pID)]),Ψ,EPids, · ⊢ F′ ▷ updJitS(S ′k, S ) : wf.

By inversion of Wf-S-ind on (v), we learn that

(vi) (Nk ⇝ N), (Vk ⇝ V),Ψ,EPids, F ⊢ updJitS(S ′k, S ) : wf

(vii) (Nk ⇝ N),Ψ,EPids, · ⊢n F : wf

(viii) (Vk ⇝ V),Ψ,EPids, · ⊢v F : wf

We need to establish the following conditions:

(a) (Nk ⇝ N), (Vk[x 7→ (v, pID)]⇝ V[x 7→ (v, pID)]),Ψ,EPids, F′ ⊢ updJitS(S ′k, S ) : wf

(b) (Nk ⇝ N),Ψ,EPids, · ⊢n F′ : wf

(c) (Vk[x 7→ (v, pID)]⇝ V[x 7→ (v, pID)]),Ψ,EPids, · ⊢v F′ : wf

Towards (c), we invert Wf-F-V on (viii) to learn the following:

(ix) ∀y ∈ VWtsOf(jit).N(y) = (v, ipIDy), ipIDy ∈ EPids or PrioOf(ipIDy) ≥ PrioOf(iPidOf(F0))

(x) ∀z ∈ dom(V ′) s.t. V ′(z) = (vz, ipIDz), ⊢ validVWt(·, pID,EPids, ipIDz, z) and V ′ = Vk ⇝ V

We must establish similar conditions for F′. Noting that VWtsOf(jit) = ·, we establish the
analogous first condition for F′ vacuously. Towards the second condition, we must show that
⊢ validVWt(·, pID,EPids, pID, x).
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By definition of EPids, we know that pID ∈ EPids since pID is a jit process. Therefore,
the desired result follows by application of Valid-VWt-E, and hence it follows from (x) that
∀z ∈ dom(Vk[x 7→ (v, ipID)] ⇝ V[x 7→ (v, ipID)]), ⊢ validVWt(·, pID,EPids, ipIDz, z) (xi).
Therefore, it follows by Wf-F-V applied to (xi) that

(Vk[x 7→ (v, pID)]⇝ V[x 7→ (v, pID)]),Ψ,EPids, · ⊢v F′ : wf

The proof of (b) is similar but easier. Since Nk ⇝ N does not change between assumption
and what needs to be proved, we invert on Wf-F-N to learn that every x ∈ dom(Nk ⇝ N) is
a valid write. Since pidOf(F) = pidOf(F′) = pID, a similar condition holds for F′, and since
NVw(jit) = ·, the other condition holds vacuously. We obtain the following desired result by
application of Wf-F-N to these conditions:

(Nk ⇝ N),Ψ,EPids, · ⊢n F′ : wf

Lastly, we must show that (a) holds. We prove (a) by re-establishing the well-formedness of
every frame on the stack updJitS(S ′k, S ).

We prove a generalized result, that if (Nk ⇝ N), (Vk ⇝ V),Ψ,EPids, F@S h ⊢ S u : wf, then
(Nk ⇝ N), (Vk[x 7→ (v, ipID)]⇝ V[x 7→ (v, ipID)]),Ψ,EPids, F′@S h ⊢ S u : wf for all S h, S u s.t.
updJitS(S ′k, S ) = S h@S u. The proof is by induction on the size of S u.

Base case S u = ·. Then the desired result follows by Wf-S-empty.

Inductive case S u = F0 ▷ S 0 (∃F0 = (. . . , ID0, version0, Md0, . . . )).

By inversion of Wf-S-ind on the assumption, we know that

(xii) (Nk ⇝ N), (Vk ⇝ V),Ψ,EPids, F@S h@F0 ⊢ S 0 : wf

(xiii) (Nk ⇝ N),Ψ,EPids, F@S h ⊢n F0 : wf

(xiv) (Vk ⇝ V),Ψ,EPids, F@S h ⊢v F0 : wf

We need to show that the following hold:

(a1) (Nk ⇝ N), (Vk[x 7→ (v, pID)]⇝ V[x 7→ (v, pID)]),Ψ,EPids, F′@S h@F0 ⊢ S 0 : wf

(a2) (Nk ⇝ N),Ψ,EPids, F′@S h ⊢n F0 : wf

(a3) (Vk[x 7→ (v, pID)]⇝ V[x 7→ (v, pID)]),Ψ,EPids, F′@S h ⊢v F0 : wf

(a1) follows by the IH applied to (xii).

Towards proving (a3), we invert Wf-F-V on (xiv) to learn the following, where V ′ = Vk ⇝ V:

(xv) ∀y ∈ VWtsOf(modeOf(F0)).N′(y) = (v, ipIDy), ipIDy ∈ EPids or PrioOf(ipIDy) ≥ PrioOf(iPidOf(F0))

(xvi) ∀z ∈ dom(V ′) s.t. V ′(z) = (vz, ipIDz), ⊢ validNvWt(F@S h, ipID0,EPids, ipIDz, z).

We must establish that similar conditions hold for the updated memory V ′′ = Vk[x 7→
(v, pID)] ⇝ V[x 7→ (v, pID)]. Since pID is a jit process, it follows by construction of EPids
that pID ∈ EPids. Thus, if x ∈ VWtsOf(modeOf(F0)), the desired condition would hold. Hence,
it follows from (xv) that
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∀y ∈ VWtsOf(modeOf(F0)).V ′′(y) = (v, ipIDy),

ipIDy ∈ EPids or PrioOf(ipIDy) ≥ PrioOf(iPidOf(F0)) (xvii)

Now, we must show that ⊢ validVWt(F′@S h, ipID0,EPids, pID, x). Again, by construction
we know that pID ∈ EPids since it is a jit process, and hence, the result follows by Valid-VWt-E.

To re-establish the validity of all other writes w.r.t. the new high stack F′@S h, we let
z′ ∈ dom(V ′) be arbitrary s.t. V ′(z′) = (vz′ , ipIDz′), and we invert on the rule used to derive
⊢ validVWt(F@S h, ipID0,EPids, ipIDz, z

′). In the case where Valid-VWt-E (which is indepen-
dent of the high stack), we simply reapply the same rule to obtain the desired result. Otherwise,
if Valid-VWt were applied, we note that the high frame Fh that wrote x must either be in S h

alone or is F. In the former case, we reapply the same rule directly. In the latter, we observe that
pidOf(F) = pidOf(F′) = pID, allowing F′@S h to satisfy the same condition. By the same rule,
we obtain the desired result. Since such z′ was arbitrary, this result holds for all such z′.

Overall, we have just established that this condition holds ∀z ∈ dom(V ′′) s.t. Γ(z) = (qc, Id, Id)
where qc = Id, Ψ(ID0, version0, Md0), V ′′(z) = (vz, ipIDz), and V ′′ = Vk[x 7→ (v, pID)] ⇝ V[x 7→
(v, pID)].

By applying Wf-F-V to this result and (xv), we retrieve (a3).

The reasoning for (a2) is analogous. By inverting Wf-F-N on (xiv), we learn the following
where N′ = Nk ⇝ N:

(xviii) ∀y ∈ NVWtsOf(modeOf(F0)).N′(y) = (v, ipIDy), ipIDy ∈ EPids or
PrioOf(ipIDy) ≥ PrioOf(iPidOf(F0))

(xix) ∀z ∈ dom(N′) s.t. Γ(z) = (qc, Id, Id) where qc = Id and Ψ(ID0, version0, Md0) and N′(z) =
(vz, ipIDz), ⊢ validNvWt(F@S h, ipID0,EPids, ipIDz, z).

To re-establish similar conditions for the high stack F′@S h, we again pick an arbitrary z
and invert (xix) on the deriving rule. If the rule is Valid-NVWt-Init, Valid-NVWt-E, or Valid-
NVWt-A, the proof proceeds by simply inverting on the rule and reapplying it to the premises
to establish the validity condition for the updated high stack F′@S h (since these rules are all
independent of the high stack). Otherwise, Valid-NVWt-ShCP or Valid-NVWt-HA must have
been applied. In each case, we observe that the high frame Fh that last wrote to z must be in
S h alone since mdOf(F) = jit , discard, atom.Therefore, Fh ∈ F′@S h and the same conditions
apply. We can apply the same rule to establish the validity of z. Since such z was arbitrary, this
result holds for all such z. By applying Wf-F-V to this result and (xviii), we establish (a2).

Applying Wf-S-ind to (a1), (a2), and (a3), we have that ∀S h, S u s.t. S h@S u = updJitS(S ′k, S ):

Nk ⇝ N,Vk[x 7→ (v, pID)]⇝ V[x 7→ (v, pID)],Ψ,EPids, F′@S h ⊢ S u

Taking S h = · and S u = updJitS(S ′k, S ), we obtain (c):

Nk ⇝ N,Vk[x 7→ (v, pID)]⇝ V[x 7→ (v, pID)],Ψ,EPids, F′ ⊢ updJitS(S ′k, S )

Therefore, by applying Wf-S-ind to (a), (b), (c), we arrive at the desired result.
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Nk ⇝ N,Vk[x 7→ (v, pID)]⇝ V[x 7→ (v, pID)],Ψ,EPids, · ⊢ F′ ▷ updJitS(S ′k, S )

□

Lemma 57 (Stack well-formedness under ret) If
(i) N,V,Ψ,EPids, Fc ⊢ S : wf

(ii) Fc = (pIDc, rIDc, IDc, versionc,
−→prc, pcSc, vPolc, υc, ·, Mdc, ret)

(iii) finalizeK(K, Fc,V,N) = K′

then N,V,Ψ,EPids, · ⊢ S : wf.

Proof: We prove a generalized result, that if N,V,Ψ,EPids, Fc@S h ⊢ S l : wf for all S =
S h@S l, then N,V,Ψ,EPids, S h ⊢ S l : wf for all S h. The proof is by induction on the size of S l.
Base case S l = ·. If S = ·, then the desired result holds by Wf-S-empty.

Inductive case S l = F0 ▷ S 0 (∃F0 = (. . . , ID0, version0, Md0, . . . )). If S l = F0 ▷ S 0, we can in-
vert Wf-S-ind on the assumption to learn that:

(i) N,V,Ψ,EPids, Fc@S h@F0 ⊢ S 0 : wf

(ii) N,Ψ,EPids, Fc@S h ⊢n F0 : wf

(iii) V,Ψ,EPids, Fc@S h ⊢v F0 : wf

We need to show that

(a) N,V,Ψ,EPids, S h@F0 ⊢ S 0 : wf

(b) N,Ψ,EPids, S h ⊢n F0 : wf

(c) V,Ψ,EPids, S h ⊢v F0 : wf

(a) holds by applying the IH to (i). Towards (b), we invert Wf-F-N on (ii) to learn that
if Ψ(ID0, version0, Md0) = Γ, then ∀x ∈ dom(N) s.t.Γ(x) = (qc, Id, Id) where qc = Id and
N(x) = (v, ipID), ⊢ validNvWt(Fc@S h, ipID0,EPids, ipID, x). Let such x be arbitrary. The
proof proceeds by cases on the deriving rule.

Case Valid-NvWt-Init. In this case, we know that PrioOf(ipID) ≤ PrioOf(ipID0) and
x ∈ InitOf(ipID0) ∪ shCPof(ipID0). Then it follows by application of Valid-NvWt-
Init that ⊢ validNvWt(S h, ipID0,EPids, ipID, x).

Case Valid-NvWt-E, Valid-NvWt-A. These cases follow reasoning analogous to the pre-
vious case.

Case Valid-NvWt-ShCP. In this case, there exists Fh ∈ Fc@S h where
Fh = (ipIDh, . . . , vPolh, discard, . . . ) and vPolh = (ShAcc, ShCP, nIds, Inits) and x ∈
ShCP. If Fh ∈ S h, then we apply ValidNvWt-ShCP to obtain the desired result.
Otherwise, it must be that Fh = Fc. In that case, it follows by definition that Fc if
effective, and hence, ipID ∈ EPids. Therefore, the desired result follows by Valid-
NvWt-E:

⊢ validNvWt(S h, ipID0,EPids, ipID, x)
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Case Valid-NvWt-HA. In this case, there exists Fh ∈ Fc@S h s.t.
Fh = (ipIDh, . . . , vPolh, Mdh, . . . ) and Mdh = atom(aID, rbh, ω, µ, ρ, Inits,NVw,Vw)
and rbh ≥ rb and x ∈ ω∪ µ∪ Inits. Note that Fh = Fc is impossible, as our semantics
enforce that a frame whose command is ret cannot possibly have the mode atom (the
atomic region would have already concluded, ending in the mode jit). Therefore, it
must be that Fh ∈ S h, and hence we apply ValidNvWt-HA to obtain the desired
result.

In all cases, we have established that ⊢ validNvWt(S h, ipID0,EPids, ipID, x). Since x was
arbitrary, this result holds for all such x. By application of Wf-F-N, we establish (b).
By application of Wf-S-ind to (a), (b), and (c), we arrive at the desired result:

N,V,Ψ,EPids, S h ⊢ S l : wf

Overall, we have shown that N,V,Ψ,EPids, S h ⊢ S : wf holds for all S h. Taking S h = ·, we
obtain the desired result:

N,V,Ψ,EPids, · ⊢ S : wf

□

Lemma 58 (updJitS well-formedness under ret) If

(i) (Nk ⇝ N), (Vk ⇝ V),Ψ,EPids, · ⊢ updJitS(S k, Fc ▷ S ) : wf
(ii) Fc = (pIDc, rIDc, IDc, versionc,

−→prc, pcSc, vPolc, υc, ·, Mdc, ret)
(iii) finalizeK(K, Fc,V,N) = K′

then (Nk↓ckVarof(S k) ⇝ N), (Vk ⇝ V),Ψ,EPids, · ⊢ S ′ : wf where

(a) S ′ = updJitS(S ′k, S ) if Mdc = jit and S k = F j(pIDc)▷ S ′k
(b) S ′ = updJitS(S k, S ) if Mdc = discard
(c) S ′ = updJitS(S k, S ) if Mdc = next

Proof: The proof is by cases on Mdc.

Case Mdc = jit. We need to show that:

(Nk↓ckVarof(S k) ⇝ N), (Vk ⇝ V),Ψ,EPids, · ⊢ updJitS(S ′k, S ) : wf

By definition of updJitS, we know that updJitS(S k, Fc ▷ S ) = Fc ▷ updJitS(S ′k, S ). There-
fore, we know by assumption (i) that:

(Nk ⇝ N), (Vk ⇝ V),Ψ,EPids, · ⊢ Fc ▷ updJitS(S ′k, S ) : wf

By inversion of Wf-S-ind on (i), we know that

(iv) (Nk ⇝ N), (Vk ⇝ V),Ψ,EPids, Fc ⊢ updJitS(S ′k, S ) : wf

(v) (Nk ⇝ N),Ψ,EPids, · ⊢n Fc : wf

(vi) (Vk ⇝ V),Ψ,EPids, · ⊢v Fc : wf

503



We must establish similar conditions wrt the desired result.
First, we prove a general result: given (Nk ⇝ N), (Vk ⇝ V),Ψ,EPids, Fc@S h ⊢ S l : wf for
all stacks S h, S l s.t. updJitS(S ′k, S ) = S h@S l, we must show that

(Nk↓ckVarof(S k) ⇝ N), (Vk ⇝ V),Ψ,EPids, S h ⊢ S l : wf

The proof is by induction on the size of S l.

Base case S l = ·. The result holds by Wf-S-empty.

Inductive case S l = F0 ▷ S 0 (∃F0 = (ipID0, . . . )). By inversion of Wf-S-ind, we have

(vii) (Nk ⇝ N), (Vk ⇝ V),Ψ,EPids, Fc@S h@F0 ⊢ S 0 : wf

(viii) (Nk ⇝ N),Ψ,EPids, Fc@S h ⊢n F0 : wf

(ix) (Vk ⇝ V),Ψ,EPids, Fc@S h ⊢v F0 : wf

By application of the IH to (vii), we have that

(Nk↓ckVarof(S k) ⇝ N), (Vk ⇝ V),Ψ,EPids, S h@F0 ⊢ S 0 : wf (x)

Now, we must establish that (Nk↓ckVarof(S k) ⇝ N),Ψ,EPids, S h ⊢n F0 : wf. In partic-
ular, we must show that ∀x ∈ dom(N).N(x) = (v, ipID) and Γ(x) = (qc, Id, Id) where
qc = Id, we have

⊢ validNvWt(S h, ipID0,EPids, ipID, x)

given that

⊢ validNvWt(Fc@S h, ipID0,EPids, ipID, x) (xi)

Let such x be arbitrary. The proof is by cases on the deriving rule for (xi). Since
mdOf(F0) , atom, Valid-NvWt-HA does not apply. The only interesting case is
Valid-NvWt-ShCP, as the others do not rely on Fc@S h. In that case, it must be that
either mdOf(Fh) = discard ∃Fh ∈ S h and x ∈ ShCP or mdOf(Fc) = discard. In
the first case, the desired result follows again by application of Valid-NvWt-ShCP.
Otherwise, if mdOf(Fc) = discard and that ipID = ipIDc, it follows by definition of
Fc and construction of EPids that ipIDc ∈ EPids. Therefore, Valid-NvWt-E applies
and we obtain the desired result.
In all cases, we have that ⊢ validNvWt(S h, ipID0,EPids, ipID, x). Since such x was
arbitrary, the result holds ∀x ∈ dom(N).N(x) = (v, ipID) and Γ(x) = (qc, Id, Id) where
qc = Id.
By application of Wf-F-N to this result, we have that

(Nk↓ckVarof(S k) ⇝ N),Ψ,EPids, S h ⊢n F0 : wf (xii)

The reasoning to obtain (Vk ⇝ V),Ψ,EPids, S h ⊢v F0 : wf (xiii) is similar.
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By application of Wf-S-ind to (x), (xii), and (xiii), we obtain the desired result:

(Nk↓ckVarof(S k) ⇝ N), (Vk ⇝ V),Ψ,EPids, S h ⊢ S l : wf

Taking S h = · and S l = updJitS(S ′k, S ), we obtain the desired result:

(Nk↓ckVarof(S k) ⇝ N), (Vk ⇝ V),Ψ,EPids, · ⊢ updJitS(S ′k, S ) : wf

Case Mdc ∈ {discard, next}. We need to show that:

(Nk↓ckVarof(S k) ⇝ N), (Vk ⇝ V),Ψ,EPids, · ⊢ updJitS(S k, S ) : wf

By definition of updJitS and since Mdc , jit, we know that updJitS(S k, Fc▷S ) = updJitS(S k, S ).
Therefore, we know by assumption (i) that:

(Nk ⇝ N), (Vk ⇝ V),Ψ,EPids, · ⊢ updJitS(S k, S ) : wf

The remainder of the proof is by induction on the size of updJitS(S k, S ). We re-establish
the well-formedness of each frame on the stack w.r.t. ⊢n and ⊢v.

□

Lemma 59 (Stack well-formedness under end atomic to jit) If N,V,Ψ,EPids, F ⊢ S : wf and
F = (pID, rID, ID, version,−→pr, pcS, vPol, υ, E, atom(. . . ), endatom), then N,V,Ψ,EPids, F′ ⊢ S :
wf where F′ = (pID, rID, ID, version,−→pr, pcS, vPol, υ, E, jit, skip).

Proof: We prove a generalized result, that if N,V,Ψ,EPids, F@S h ⊢ S c : wf, then N,V,Ψ,EPids, F′@S h ⊢

S c : wf for all S h, S c s.t. S = S h@S l. The proof is by induction on the size of S l.

Base case S l = ·. If S l = ·, then the desired result holds by Wf-S-empty.

Inductive case S l = F0 ▷ S 0 (∃F0 = (. . . , ID0, version0, Md0, . . . )). If S c = F0 ▷ S 0, we can in-
vert Wf-S-ind on the assupmtion to learn that:

(i) N,V,Ψ,EPids, F@S h@F0 ⊢ S 0 : wf

(ii) N,Ψ,EPids, F@S h ⊢n F0 : wf

(iii) V,Ψ,EPids, F@S h ⊢v F0 : wf

We need to show that

(a) N,V,Ψ,EPids, F′@S h@F0 ⊢ S 0 : wf

(b) N,Ψ,EPids, F′@S h ⊢n F0 : wf

(c) V,Ψ,EPids, F′@S h ⊢v F0 : wf

(a) holds by applying the IH to (i). Towards (b), we invert Wf-F-N on (ii) to learn that if
Ψ(ID0, version0, Md0) = Γ, then ∀x ∈ dom(N) s.t.Γ(x) = (qIDc, Id, Id) where qIDc = Id and
N(x) = (v, ipID), ⊢ validNvWt(F@S h, ipID0,EPids, ipID, x). Let such x be arbitrary. The
proof proceeds by cases on the deriving rule.

505



Case Valid-NvWt-Init. In this case, we know that PrioOf(ipID) ≤ PrioOf(ipID0) and
x ∈ InitOf(ipID0) ∪ shCPof(ipID0). Then it follows by application of Valid-NvWt-
Init that ⊢ validNvWt(F′@S h, ipID0,EPids, ipID, x).

Case Valid-NvWt-E, Valid-NvWt-A. These cases follow reasoning analogous to the pre-
vious case.

Case Valid-NvWt-ShCP. In this case, there exists Fh ∈ F@S h s.t.
Fh = (ipIDh, . . . , vPolh, discard, . . . ) where vPolh = (ShAcc, ShCP, nIds, Inits) and
x ∈ ShCP. Since mdOf(F) , discard, it must be that Fh ∈ S h, and trivially,
Fh ∈ F′@S h. Therefore, it follows by applicaiton of Valid-NvWt-ShCP that ⊢
validNvWt(F′@S h, ipID0,EPids, ipID, x).

Case Valid-NvWt-HA. In this case, there exists Fh ∈ F@S h s.t.
Fh = (ipIDh, . . . , vPolh, Mdh, . . . ) and Mdh = atom(aID, rbh, ω, µ, ρ, Inits,NVw,Vw)
and rbh ≥ rb and x ∈ ω ∪ µ ∪ Inits. If Fh ∈ S h, then we apply ValidNvWt-
HA to obtain the desired result. Otherwise, it must be the case that Fh = F. In
other words, x was written by the process corresponding to F. However, since
we know that F is a successfully completed atomic region, by definition of F, we
know that its process is effective, and hence ipIDh = iPidOf(F) ∈ EPids. Therefore,
⊢ validNvWt(F′@S h, ipID0,EPids, ipID, x) follows by application of Valid-NvWt-E.

In all cases, we have established that ⊢ validNvWt(F′@S h, ipID0,EPids, ipID, x). Since x
was arbitrary, this result holds for all such x. Since mdOf(F′) = jit and NVWtsOf(jit) = ·,
(b) follows by application of Wf-F-N. (c) is established by similar reasoning, using the
analogous rules for Valid-VWt.
By application of Wf-S-ind to (a), (b), and (c), we arrive at the desired result:

N,V,Ψ,EPids, F′@S h ⊢ S l : wf

Overall, we have shown that N,V,Ψ,EPids, F′@S h ⊢ S l : wf holds for all S h. Taking S h = ·

and S l = S , we obtain the desired result:

N,V,Ψ,EPids, F′ ⊢ S : wf

□

Lemma 60 (NVwts to Commit are ID) If Ψ,EPids ⊢ Σ : wf, Σ = (I, IRQ,K,N,V, S , F,Q),
Σ =⇒ Σ′ via EndAtom-I, Ret-I, Ret-IQ, then ∀x s.t. Nk(x) , N′k(x), N(x) = (v, ipID), ipID ∈
EPids.

Proof: By the construction of Ψ, all the variables committed to N′k have type (Id, Id, Id) for
some process ipIDcp where there exists some frame Fcp ∈ S s.t. ipidOf(Fcp) = ipIDcp. Towards
contradiction, suppose that that process that wrote x is ineffective, i.e., ipID < EPids. Then it
follows by the well-formedness definition ⊢n that since x is a valid write, ipID must be a higher
priority process than ipIDcp on S and that ipID must be higher priority than F. However, every
frame in S has lower priority than F by construction. Hence, we have a contradiction. Therefore,
it must be the case that ipID ∈ EPids. □
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Lemma 61 (Vwts to Commit are ID) If Ψ,EPids ⊢ Σ : wf, Σ = (I, IRQ,K,N,V, S , F,Q), Σ =⇒
Σ′ via EndAtom-I, Ret-I, Ret-IQ, then ∀x s.t. Vk(x) , V ′k(x), V(x) = (v, ipID), ipID ∈ EPids.

Proof: Towards contradiction, suppose that ipID < EPids. Then, it follows by the well-
formedness definition ⊢v that since x is a valid write, then exists Fh ∈ F@S such that prioOf(Fh) >
prioOf(F) and ipidOf(Fh) = ipID. However, F is the top frame, so by construction there is no
frame with higher priority. Thus, we have a contradiction. Therefore, ipID ∈ EPids. □

Lemma 62 (ID expressions written by effective processes) If
• Ψ,EPids ⊢ Σ : wf,
• Σ = (I, IRQ,K,N,V, S , F,Q),
• F = (pID, rID, ID, version,−→pr, pcS, vPol, υ, E, Md, c),
• Ψ,PDecl,EPids ⊢ NI ≈ Nc,
• EPids ⊢ VI ≈ Vc,
• sMd = smodeOf(Md),
• Ψ(pID, version, sMd) = Γ,
• Γ ⊢ e : t@⟨Id, Id, Id⟩,
then [[e]]NI ,VI ,υ = [[e]]Nc,Vc,υ.

Proof: By induction over the structure of e.

Base case e = x. Let x 7→ (v, ipID) ∈ NI ,VI for some v and ipID. Since, by assumption, x is
typed as fully idempotent, it must be the case that ipID ∈ EPids.
We case on whether x ∈ dom(VI) or x ∈ dom(NI).

Case x ∈ dom(VI). If x ∈ dom(VI), then it follows by inversion of Equiv-V on the as-
sumption EPids ⊢ VI ≈ Vc that

• EPids ⊢ VI ⇒ Xineff

• VI \ Xineff = Vc \ Xineff

Since ipID ∈ EPids, then V-Eff applies. By inversion, we determine that x was not
collected into the ineffective writes set Xineff. Hence, it follows by VI \Xineff = Vc\Xineff

that VI(x) = Vc(x).

Case x ∈ dom(NI). If x ∈ dom(NI), then it follows by inversion of Equiv-N on the as-
sumption Ψ,PDecl,EPids ⊢ NI ≈ Nc that

• Ψ,PDecl,EPids ⊢ NI ⇒ Xnid, Xcp

• NI \ Xnid = Nc \ Xnid

Since ipID ∈ EPids and x’s local type is Id, the rule N-Wt-Eff-Id applies. By in-
version, we learn that x < Xnid. Therefore, it follows by NI \ Xnid = Nc \ Xnid that
NI(x) = Nc(x).

Inductive case e = e1 ⊙ e2. There are two cases to consider: sMd ∈ {jit, discard} or sMd = atom.
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Case sMd ∈ {jit, discard}. By inversion of T-Binop-Read-DJ on the assumed typing judg-
ment, we have

• Γ ⊢sMd e1 : t@q1,Λ1

• Γ ⊢sMd e2 : t@q2,Λ2

By application of the IH to both of these judgments, we obtain that v1
I = v1

c and
v2

I = v2
c where

• NI ,VI , υI ⊢ e1 ⇓ v1
I ,

• NI ,VI , υI ⊢ e2 ⇓ v2
I ,

• Nc,Vc, υc ⊢ e1 ⇓ v1
c , and

• Nc,Vc, υc ⊢ e2 ⇓ v2
c .

Therefore, the desired result follows by definition of ⇓.

Case sMd = atom. The proof in this case is similar to above, instead relying on the rule
T-Binop-Read-A.

□

Lemma 63 (High step projection the same) If
• N,Ψ,EPids, · ⊢n F : wf
• V,Ψ,EPids, · ⊢v F : wf
• ePidOf(T ) = EPids,
• TI | j ⊢ Σ ≈ σ.
• Ψ,EPids ⊢ Σ : wf,
• Σ

o
=⇒ Σ′,

• Σ = I, IRQ,K,N,V, S , F,Q,
• Σ′ = I, IRQ,K′,N′,V′, S , F′,Q,
• F = (· · · ,Nid▷ pcS, · · · , c) and
• F′ = (· · · ,Nid▷ pcS, · · · , c′)
then TI | j+1 ⊢ Σ

′ ≈ σ s.t. Ψ,EPids ⊢ Σ′ : wf.

Proof: We first apply Lemma 46 to establish Ψ,EPids ⊢ Σ′ : wf. By cases on Σ
a
=⇒ Σ′. We

show the most interesting cases: writing to volatile and nonvolatile memory.
Case V-Assign-I. If c = x := e where x ∈ dom(V), then V-Assign-I applies.

F = (pIDc, rIDc, IDc, versionc,
−→prc,Nid▷ pcS, vPolc, υc, Ec, Mdc, x := e)

F′ = (pIDc, rIDc, IDc, versionc,
−→prc,Nid▷ pcS, vPolc, υc, Ec, Md

′
c, skip)

[[e]]N,V,υc = v x ∈ dom(V)
Md′c = Mdc[Vw← Vw ∪ {x}] K = (Nk,Vk, S k) K′ = (Nk,V ′k, S k)

V ′k =
{

Vk[x 7→ (v, ipID)] if Mdc = jit
Vk else ipID = iPidOf(pIDc, Mdc)

Ψ,PDecl ⊢ I, IRQ,K,N,V, S , F,Q =⇒ I, IRQ,K′,N,V[x 7→ (v, ipID)], S , F′,Q
V-Assign-I
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By assumption, we know that TI | j ⊢ Σ j ≈ σ. Thus, by definition, where

• Σ j = TI↓ j = (I, IRQ,K,N,V, S , F,Q)
• σ = (Ic, IRQc,Nc,Vc, S c, Fc,Qc)
• EPids = ePidOf(TI | j)
• EIrqIds = eIrqOf(IRQ,TI)
• EEvIds = eEvOf(Q,TI)
• EInpIds = eInpOf(I,TI)

we know that the following hold:

(i) EPids,EIrqIds,EEvIds ⊢ getES(S k, F ▷ S ) = (S e, inIDsd, reIDsd)

(ii) S e|id = Fc ▷ S c

(iii) Ψ,PDecl,EPids ⊢ N ≈ Nc

(iv) ∀x,Nk(x) , Nc(x),N(x) = Nc(x) and N(x) = (v, ipID) s.t. ipID ∈ EPids and x ∈
eNVWtsOf(S e)

(v) EPids ⊢ V ≈ Vc

(vi) ∀x,Vk(x) , Vc(x),V(x) = Vc(x) and V(x) = (v, ipID) s.t. ipID ∈ EPids and x ∈
eVWtsOf(S e)

(vii) I↓EInpIds = Ic↓EIrqIds

(viii) IRQ↓EIrqIds ∪ TI↓inIDsd = IRQc↓EIrqIds

(ix) Q↓EEvIds ∪ TI↓reIDsd = Qc↓EEvIds

We proceed to proving that TI | j+1 ⊢ Σ j+1 ≈ σ by its definition. That is, letting

• Σ j+1 = TI↓ j+1 = (I, IRQ,K′,N,V[x 7→ (v, ipID)], S , F′,Q)
• σ = (Ic, IRQc,Nc,Vc, S c, Fc,Qc)
• EPids′ = ePidOf(TI | j+1)
• EIrqIds′ = eIrqOf(IRQ,TI)
• EEvIds′ = eEvOf(Q,TI)
• EInpIds′ = eInpOf(I,TI)

we need to establish the following conditions hold, where EPids′,EIrqIds′,EEvIds′ ⊢
getES(S k, F′ ▷ S ) = (S ′e, inIDs′d, reIDs′d):

(a) S ′e|id = Fc ▷ S c

(b) Ψ,PDecl,EPids′ ⊢ N ≈ Nc

(c) ∀x,Nk(x) , Nc(x),N(x) = Nc(x) and N(x) = (v, ipID) s.t. ipID ∈ EPids′ and x ∈
eNVWtsOf(S ′e)

(d) EPids′ ⊢ V[x 7→ (v, ipID)] ≈ Vc

(e) ∀x′,V ′k(x′) , Vc(x′),V[x 7→ (v, ipID)](x′) = Vc(x′) and V ′k(x′) = (v, ipID) s.t. ipID ∈
EPids′ and x′ ∈ eVWtsOf(S ′e)
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(f) I↓EInpIds′ = Ic↓EIrqIds′

(g) IRQ↓EIrqIds′ ∪ TI↓inIDs′d = IRQc↓EIrqIds′

(h) Q↓EEvIds′ ∪ TI↓reIDs′d = Qc↓EEvIds′

By definition of F and F′, and getES (which computes the effective stack and ids com-
pletely independent of β), we know that S ′e = S e, inIDs′d = inIDsd, and reIDs′d = reIDsd.

Ad (a). Since S ′e = S e, the result holds directly by (ii).

Ad (b). Note that EPids = EPids′ by cases on the mode of F, and since no new process is
started when writing to a volatile location. Therefore, the desired result holds directly
by (iii).

Ad (c). Since EPids′ = EPids and S ′e = S e, the desired result follows directly from (iv)
(no nonvolatile locations are written).

Ad (d). By inversion of Equiv-V on (v), we know that V \ Xineff = Vc \ Xineff. Since by
assumption, the top pc is Nid, x types as non-idempotent, and it follows by V-NEff
that x is collected into Xineff (call it X′ineff = Xineff ∪ {x}). Hence, it follows by Equiv-V
that V \ X′ineff = Vc \ X′ineff, as desired.

Ad (e). For every x′ , x, the desired result follows directly by (vi). Towards contradic-
tion, suppose that x′ = x s.t. V ′k(x) , Vc(x). Since the top pc is Nid, it follows that x
is non-idempotent. However, by definition a non-idempotent variable cannot have a
location in the checkpointed context. Therefore, V ′k(x) = Vc(x), and the desired result
follows directly by (vi).

Ad (f). By definition, EInpIds′ = EInpIds and EIrqIds′ = EIrqIds, and hence the desired
result follows from (vii).

Ad (g). Since EIrqIds′ = EIrqIds and inIDs′d = inIDsd, we learn the desired result directly
from (viii).

Ad (h). By definition, EEvIds′ = EEvIds, and since reIDs′d = reIDsd, the desired result
follows immediately from (ix).

In summary, we have estbalished that TI | j+1 ⊢ Σ j+1 ≈ σ.

Case N-Assign-I. If c = x := e where c ∈ dom(N), then N-Assign-I applies.

F = (pIDc, rIDc, IDc, versionc,
−→prc, pcSc, vPolc, υc, Ec, Mdc, x := e)

task(IDc, versionc, prc, vPolc, rPolc, λx.c0) ∈ PDecl
F′ = (pIDc, rIDc, IDc, versionc,

−→prc, pcSc, vPolc, υc, Ec, Md
′
c, skip)

[[e]]N,V,υc = v x ∈ dom(N) K = (Nk,Vk, S k) Ψ(IDc, versionc, Mdc) = Γ

Md′c =

{
Mdc[NVw← NVw ∪ {x}] if Γ(x).1 = Id( )
Mdc otherwise K′ = (N′k,Vk, S k)

N′k =
{

Nk[x 7→ (v, ipID)] if Mdc = jit
Nk else ipID = iPidOf(pIDc, Mdc)

Ψ,PDecl ⊢ I, IRQ,K,N,V, S , F,Q =⇒ I, IRQ,K′,N[x 7→ (v, ipID)],V, S , F′,Q
N-Assign-I
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By assumption, we know that TI | j ⊢ Σ j ≈ σ. Thus, by definition, where

• Σ j = TI↓ j = (I, IRQ,K,N,V, S , F,Q)
• σ = (Ic, IRQc,Nc,Vc, S c, Fc,Qc)
• EPids = ePidOf(TI | j)
• EIrqIds = eIrqOf(IRQ,TI)
• EEvIds = eEvOf(Q,TI)
• EInpIds = eInpOf(I,TI)

we know that the following hold:

(i) EPids,EIrqIds,EEvIds ⊢ getES(S k, F ▷ S ) = (S e, inIDsd, reIDsd)

(ii) S e|id = Fc ▷ S c

(iii) Ψ,PDecl,EPids ⊢ N ≈ Nc

(iv) ∀x,Nk(x) , Nc(x),N(x) = Nc(x) and N(x) = (v, ipID) s.t. ipID ∈ EPids and x ∈
eNVWtsOf(S e)

(v) EPids ⊢ V ≈ Vc

(vi) ∀x,Vk(x) , Vc(x),V(x) = Vc(x) and V(x) = (v, ipID) s.t. ipID ∈ EPids and x ∈
eVWtsOf(S e)

(vii) I↓EInpIds = Ic↓EIrqIds

(viii) IRQ↓EIrqIds ∪ TI↓inIDsd = IRQc↓EIrqIds

(ix) Q↓EEvIds ∪ TI↓reIDsd = Qc↓EEvIds

We proceed to proving that TI | j+1 ⊢ Σ j+1 ≈ σ by its definition. That is, letting

• Σ j+1 = TI↓ j+1 = (I, IRQ,K′,N[x 7→ (v, ipID)],V, S , F′,Q)
• σ = (Ic, IRQc,Nc,Vc, S c, Fc,Qc)
• EPids′ = ePidOf(TI | j+1)
• EIrqIds′ = eIrqOf(IRQ,TI)
• EEvIds′ = eEvOf(Q,TI)
• EInpIds′ = eInpOf(I,TI)

we need to establish the following conditions hold, where EPids′,EIrqIds′,EEvIds′ ⊢
getES(S k, F′ ▷ S ) = (S ′e, inIDs′d, reIDs′d):

(a) S ′e|id = Fc ▷ S c

(b) Ψ,PDecl,EPids′ ⊢ N[x 7→ (v, ipID)] ≈ Nc

(c) ∀x′,N′k(x′) , Nc(x′),N[x 7→ (v, ipID)](x′) = Nc(x′) and N[x 7→ (v, ipID)](x′) =
(v, ipID) s.t. ipID ∈ EPids′ and x′ ∈ eNVWtsOf(S ′e)

(d) EPids′ ⊢ V ≈ Vc

(e) ∀x′,Vk(x′) , Vc(x′),V(x′) = Vc(x′) and V ′k(x′) = (v, ipID) s.t. ipID ∈ EPids′ and x′ ∈
eVWtsOf(S ′e)
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(f) I↓EInpIds′ = Ic↓EIrqIds′

(g) IRQ↓EIrqIds′ ∪ TI↓inIDs′d = IRQc↓EIrqIds′

(h) Q↓EEvIds′ ∪ TI↓reIDs′d = Qc↓EEvIds′

By definition of F and F′, and getES (which computes the effective stack and ids com-
pletely independent of β), we know that S ′e = S e, inIDs′d = inIDsd, and reIDs′d = reIDsd.

Ad (a). Since S ′e = S e, the result holds directly by (ii).

Ad (b). By inversion of Equiv-N on (iii), we know that N \ Xnid = Nc \ Xnid. Since by
assumption the top pc is Nid, x must type as Nid, and hence it follows by N-Wt-Nid
and N-Wt-Nid-Cp that x is collected into Xnid (call it X′nid = Xnid ∪ {x}). Hence, it
follows by Equiv-N that N \ X′nid = Nc \ X′nid, as desired.

Ad (c). For every x′ , x, the desired result follows directly by (iv). Now let x′ = x and
suppose towards contradiction that N′k(x) , Nc(x). However, we know by assumption
that since the top pc is Nid, the value written to x is non-idempotent, meaning it
cannot have a location in N′k(x) (a contradiction). Therefore, N′k(x) = Nc(x), and the
desired result holds by (iv).

Ad (d). Note that EPids = EPids′ by cases on the mode of F, and since no new process is
started when writing to a volatile location. Therefore, the desired result holds directly
by (v).

Ad (e). Since EPids′ = EPids and S ′e = S e, the desired result follows directly from (vi)
(no volatile locations are written).

Ad (f). By definition, EInpIds′ = EInpIds and EIrqIds′ = EIrqIds, and hence the desired
result follows from (vii).

Ad (g). Since EIrqIds′ = EIrqIds and inIDs′d = inIDsd, we learn the desired result directly
from (viii).

Ad (h). By definition, EEvIds′ = EEvIds, and since reIDs′d = reIDsd, the desired result
follows immediately from (ix).

In summary, we have estbalished that TI | j+1 ⊢ Σ j+1 ≈ σ.

□

Lemma 64 (High step write only NID) If
• Σ = (I, IRQ,K,N,V, S , F,Q),
• σ = (I, IRQ,N,V, S , F,Q),
• σ′ = (I, IRQ,N′,V′, S , F′,Q),
• F = (· · · ,Nid▷ pcS, · · · , endif :: E, · · · , skip) and
• F′ = (· · · , pcS, · · · , E, · · · , skip)
• σ −→ σ′,
• TI ⊢ Σ ≈ TC(σ)
then TI ⊢ Σ ≈ TC(σ′).
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Proof: By assumption, the step σ −→ σ′ must be done by If-end-I:

F = (pID, rID, ID, version,−→pr,Nid▷ pcS, vPol, υ, endif :: E, Md, skip)
F′ = (pID, rID, ID, version,−→pr, pcS, vPol, υ, E, Md, skip)

Ψ,PDecl ⊢ I, IRQ,K,N,V, S , F,Q −→∗ I, IRQ,K,N,V, S , F′,Q
If-end-I

By assumption, we know that TI | j ⊢ Σ j ≈ σ. Thus, by definition, where
• Σ j = TI↓ j = (II , IRQI ,KI ,NI ,VI , S I , FI ,QI)
• σ = (I, IRQ,N,V, S , F,Q)
• EPids = ePidOf(TI | j)
• EIrqIds = eIrqOf(IRQI ,TI)
• EEvIds = eEvOf(QI ,TI)
• EInpIds = eInpOf(II ,TI)

we know that the following hold:

(i) EPids,EIrqIds,EEvIds ⊢ getES(S k, FI ▷ S I) = (S e, inIDsd, reIDsd)

(ii) S e|id = F ▷ S

(iii) Ψ,PDecl,EPids, Id ⊢ NI ≈ N

(iv) ∀x,Nk(x) , N(x),NI(x) = N(x) and NI(x) = (v, ipID) s.t. ipID ∈ EPids and x ∈ eNVWtsOf(S e)

(v) EPids ⊢ VI ≈ V

(vi) ∀x,Vk(x) , V(x),VI(x) = V(x) and VI(x) = (v, ipID) s.t. ipID ∈ EPids and x ∈ eVWtsOf(S e)

(vii) II↓EInpIds = I↓EIrqIds

(viii) IRQI↓EIrqIds ∪ TI↓inIDsd = IRQ↓EIrqIds

(ix) QI↓EEvIds ∪ TI↓reIDsd = Q↓EEvIds

We proceed to proving that TI | j ⊢ Σ j ≈ σ
′ by its definition. That is, letting

• Σ j = TI↓ j = (II , IRQI ,KI ,NI ,VI , S I , FI ,QI)
• σ′ = (I, IRQ,N,V, S , F′,Q)
• EPids = ePidOf(TI | j)
• EIrqIds = eIrqOf(IRQI ,TI)
• EEvIds = eEvOf(QI ,TI)
• EInpIds = eInpOf(II ,TI)

we need to establish the following conditions hold, where EPids,EIrqIds,EEvIds ⊢ getES(S k, FI▷
S I) = (S ′e, inIDs′d, reIDs′d):

(a) S ′e|id = F′ ▷ S

(b) Ψ,PDecl,EPids, topOfPCS(pcS) ⊢ NI ≈ N

(c) ∀x,Nk(x) , N(x),NI(x) = N(x) and N(x) = (v, ipID) s.t. ipID ∈ EPids and x ∈ eNVWtsOf(S ′e)

(d) EPids ⊢ VI ≈ V
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(e) ∀x,Vk(x) , V(x),VI(x) = V(x) and VI(x) = (v, ipID) s.t. ipID ∈ EPids and x ∈ eVWtsOf(S ′e)

(f) II↓EInpIds′ = I↓EIrqIds

(g) IRQI↓EIrqIds ∪ TI↓inIDs′d = IRQ↓EIrqIds

(h) QI↓EEvIds ∪ TI↓reIDs′d = Q↓EEvIds

By definition of getES, we know that S ′e = S e, inIDs′d = inIDsd, and reIDs′d = reIDsd.

Ad (a). Follows by (ii) and by definition (which includes endif).

Ad (b). If topOfPCS(pcS) = Id, then the result holds by (iii). If topOfPCS(pcS) = Nid, then the
result follows by a combination of (iii) and N-Wt-Eff-Nid.

Ad (c). Let x ∈ dom(N′\N) be arbitrary, i.e., x is written from N to N′, such that Nk(x) , N′(x).
By typing information, we know that since x was written in an Nid branch, it has type Nid,
and hence cannot have a location in Nk. Therefore, we have a contradiction and there exists
no such x. Hence, Nk(x) = N′(x). The desired result follows by (iv).

Ad (d). Follows by (v).

Ad (e). Follows by (vi).

Ad (f). Follows by (vii).

Ad (g). Follows by (viii).

Ad (h). Follows by (ix).

Therefore, the desired result holds.
□

Lemma 65 (In-Effective one step) If ePidOf(T ) = EPids, Ψ,EPids ⊢ Σ j : wf, TI | j ⊢ Σ j ≈ σ,
Σ j = (I, IRQ,K,N,V, S , F, c), iPidOf(F) < EPids, and Σ j =⇒ Σ j+1, then TI | j+1 ⊢ Σ j+1 ≈ σ and
Ψ,EPids ⊢ Σ j+1 : wf.

Proof: We first apply Lemma 46 to establish Ψ,EPids ⊢ Σ j+1 : wf. The proof is by cases
on the step Σ j =⇒ Σ j+1. Reboots are not considered here, as they are covered in the top-level
lemma. The only interesting cases are assignment to nonvolatile memory and assignment to
volatile memory.

Case V-Assign-I. Suppose the last step in the trace is V-Assign-I:

F = (pIDc, rIDc, IDc, versionc,
−→prc, pcSc, vPolc, υc, Ec, Mdc, x := e)

F′ = (pIDc, rIDc, IDc, versionc,
−→prc, pcSc, vPolc, υc, Ec, Md

′
c, skip)

[[e]]N,V,υc = v x ∈ dom(V)
Md′c = Mdc[Vw← Vw ∪ {x}] K = (Nk,Vk, S k) K′ = (Nk,V ′k, S k)

V ′k =
{

Vk[x 7→ (v, ipID)] if Mdc = jit
Vk else ipID = iPidOf(pIDc, Mdc)

Ψ,PDecl ⊢ I, IRQ,K,N,V, S , F,Q =⇒ I, IRQ,K′,N,V[x 7→ (v, ipID)], S , F′,Q
V-Assign-I

By assumption, we know that TI | j ⊢ Σ j ≈ σ. Thus, by definition, where
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• Σ j = TI↓ j = (I, IRQ,K,N,V, S , F,Q)
• σ = (Ic, IRQc,Nc,Vc, S c, Fc,Qc)
• EPids = ePidOf(TI | j)
• EIrqIds = eIrqOf(IRQ,TI)
• EEvIds = eEvOf(Q,TI)
• EInpIds = eInpOf(I,TI)

we know that the following hold:

(i) EPids,EIrqIds,EEvIds ⊢ getES(S k, F ▷ S ) = (S e, inIDsd, reIDsd)

(ii) S e|id = Fc ▷ S c

(iii) Ψ,PDecl,EPids ⊢ N ≈ Nc

(iv) ∀x,Nk(x) , Nc(x),N(x) = Nc(x) and N(x) = (v, ipID) s.t. ipID ∈ EPids and x ∈
eNVWtsOf(S e)

(v) EPids ⊢ V ≈ Vc

(vi) ∀x,Vk(x) , Vc(x),V(x) = Vc(x) and V(x) = (v, ipID) s.t. ipID ∈ EPids and x ∈
eVWtsOf(S e)

(vii) I↓EInpIds = Ic↓EIrqIds

(viii) IRQ↓EIrqIds ∪ TI↓inIDsd = IRQc↓EIrqIds

(ix) Q↓EEvIds ∪ TI↓reIDsd = Qc↓EEvIds

We proceed to proving that TI | j+1 ⊢ Σ j+1 ≈ σ by its definition. That is, letting

• Σ j+1 = TI↓ j+1 = (I, IRQ,K′,N,V[x 7→ (v, ipID)], S , F′,Q)
• σ = (Ic, IRQc,Nc,Vc, S c, Fc,Qc)
• EPids′ = ePidOf(TI | j+1)
• EIrqIds′ = eIrqOf(IRQ,TI)
• EEvIds′ = eEvOf(Q,TI)
• EInpIds′ = eInpOf(I,TI)

we need to establish the following conditions hold, where EPids′,EIrqIds′,EEvIds′ ⊢
getES(S k, F′ ▷ S ) = (S ′e, inIDs′d, reIDs′d):

(a) S ′e|id = Fc ▷ S c

(b) Ψ,PDecl,EPids′ ⊢ N ≈ Nc

(c) ∀x,Nk(x) , Nc(x),N(x) = Nc(x) and N(x) = (v, ipID) s.t. ipID ∈ EPids′ and x ∈
eNVWtsOf(S ′e)

(d) EPids′ ⊢ V[x 7→ (v, ipID)] ≈ Vc

(e) ∀x′,V ′k(x′) , Vc(x′),V[x 7→ (v, ipID)](x′) = Vc(x′) and V ′k(x′) = (v, ipID) s.t. ipID ∈
EPids′ and x′ ∈ eVWtsOf(S ′e)

(f) I↓EInpIds′ = Ic↓EIrqIds′
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(g) IRQ↓EIrqIds′ ∪ TI↓inIDs′d = IRQc↓EIrqIds′

(h) Q↓EEvIds′ ∪ TI↓reIDs′d = Qc↓EEvIds′

By definition of F and F′, and getES (which computes the effective stack and ids com-
pletely independent of β), we know that S ′e = S e, inIDs′d = inIDsd, and reIDs′d = reIDsd.

Ad (a). Since S ′e = S e, the result holds directly by (ii).

Ad (b). Note that EPids = EPids′ by cases on the mode of F, and since no new process is
started when writing to a volatile location. Therefore, the desired result holds directly
by (iii).

Ad (c). Since EPids′ = EPids and S ′e = S e, the desired result follows directly from (iv)
(no nonvolatile locations are written).

Ad (d). By inversion of Equiv-V on (v), we know that V \ Xineff = Vc \ Xineff. Since by
assumption, ipID < EPids′, it follows by V-NEff that x is collected into Xineff (call it
X′ineff = Xineff∪{x}). Hence, it follows by Equiv-V that V \X′ineff = Vc \X′ineff, as desired.

Ad (e). For every x′ , x, the desired result follows directly by (vi). Now suppose x′ = x.
Since by assumption F is an ineffective process, we know that V ′k = Vk, and hence
V ′k(x) = Vk(x). The desired result follows again by (vi).

Ad (f). By definition, EInpIds′ = EInpIds and EIrqIds′ = EIrqIds, and hence the desired
result follows from (vii).

Ad (g). Since EIrqIds′ = EIrqIds and inIDs′d = inIDsd, we learn the desired result directly
from (viii).

Ad (h). By definition, EEvIds′ = EEvIds, and since reIDs′d = reIDsd, the desired result
follows immediately from (ix).

In summary, we have estbalished that TI | j+1 ⊢ Σ j+1 ≈ σ.

Case N-Assign-I. Suppose the last step in the trace is N-Assign-I:

F = (pIDc, rIDc, IDc, versionc,
−→prc, pcSc, vPolc, υc, Ec, Mdc, x := e)

task(IDc, versionc, prc, vPolc, rPolc, λx.c0) ∈ PDecl
F′ = (pIDc, rIDc, IDc, versionc,

−→prc, pcSc, vPolc, υc, Ec, Md
′
c, skip)

[[e]]N,V,υc = v x ∈ dom(N) K = (Nk,Vk, S k) Ψ(IDc, versionc, Mdc) = Γ

Md′c =

{
Mdc[NVw← NVw ∪ {x}] if Γ(x).1 = Id( )
Mdc otherwise K′ = (N′k,Vk, S k)

N′k =
{

Nk[x 7→ (v, ipID)] if Mdc = jit
Nk else ipID = iPidOf(pIDc, Mdc)

Ψ,PDecl ⊢ I, IRQ,K,N,V, S , F,Q =⇒ I, IRQ,K′,N[x 7→ (v, ipID)],V, S , F′,Q
N-Assign-I

By assumption, we know that TI | j ⊢ Σ j ≈ σ. Thus, by definition, where

• Σ j = TI↓ j = (I, IRQ,K,N,V, S , F,Q)
• σ = (Ic, IRQc,Nc,Vc, S c, Fc,Qc)
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• EPids = ePidOf(TI | j)
• EIrqIds = eIrqOf(IRQ,TI)
• EEvIds = eEvOf(Q,TI)
• EInpIds = eInpOf(I,TI)

we know that the following hold:

(i) EPids,EIrqIds,EEvIds ⊢ getES(S k, F ▷ S ) = (S e, inIDsd, reIDsd)

(ii) S e|id = Fc ▷ S c

(iii) Ψ,PDecl,EPids ⊢ N ≈ Nc

(iv) ∀x,Nk(x) , Nc(x),N(x) = Nc(x) and N(x) = (v, ipID) s.t. ipID ∈ EPids and x ∈
eNVWtsOf(S e)

(v) EPids ⊢ V ≈ Vc

(vi) ∀x,Vk(x) , Vc(x),V(x) = Vc(x) and V(x) = (v, ipID) s.t. ipID ∈ EPids and x ∈
eVWtsOf(S e)

(vii) I↓EInpIds = Ic↓EIrqIds

(viii) IRQ↓EIrqIds ∪ TI↓inIDsd = IRQc↓EIrqIds

(ix) Q↓EEvIds ∪ TI↓reIDsd = Qc↓EEvIds

We proceed to proving that TI | j+1 ⊢ Σ j+1 ≈ σ by its definition. That is, letting

• Σ j+1 = TI↓ j+1 = (I, IRQ,K′,N[x 7→ (v, ipID)],V, S , F′,Q)
• σ = (Ic, IRQc,Nc,Vc, S c, Fc,Qc)
• EPids′ = ePidOf(TI | j+1)
• EIrqIds′ = eIrqOf(IRQ,TI)
• EEvIds′ = eEvOf(Q,TI)
• EInpIds′ = eInpOf(I,TI)

we need to establish the following conditions hold, where EPids′,EIrqIds′,EEvIds′ ⊢
getES(S k, F′ ▷ S ) = (S ′e, inIDs′d, reIDs′d):

(a) S ′e|id = Fc ▷ S c

(b) Ψ,PDecl,EPids′ ⊢ N[x 7→ (v, ipID)] ≈ Nc

(c) ∀x′,N′k(x′) , Nc(x′),N[x 7→ (v, ipID)](x′) = Nc(x′) and N[x 7→ (v, ipID)](x′) =
(v, ipID) s.t. ipID ∈ EPids′ and x′ ∈ eNVWtsOf(S ′e)

(d) EPids′ ⊢ V ≈ Vc

(e) ∀x′,Vk(x′) , Vc(x′),V(x′) = Vc(x′) and V ′k(x′) = (v, ipID) s.t. ipID ∈ EPids′ and x′ ∈
eVWtsOf(S ′e)

(f) I↓EInpIds′ = Ic↓EIrqIds′

(g) IRQ↓EIrqIds′ ∪ TI↓inIDs′d = IRQc↓EIrqIds′

(h) Q↓EEvIds′ ∪ TI↓reIDs′d = Qc↓EEvIds′

517



By definition of F and F′, and getES (which computes the effective stack and ids com-
pletely independent of β), we know that S ′e = S e, inIDs′d = inIDsd, and reIDs′d = reIDsd.

Ad (a). Since S ′e = S e, the result holds directly by (ii).

Ad (b). By inversion of Equiv-N on (iii), we know that N \ Xnid = Nc \ Xnid. Since
by assumption, ipID < EPids′, it follows by N-Wt-Nid and N-Wt-Nid-Cp that x
is collected into Xnid (call it X′nid = Xnid ∪ {x}). Hence, it follows by Equiv-N that
N \ X′nid = Nc \ X′nid, as desired.

Ad (c). For every x′ , x, the desired result follows directly by (iv). Now suppose x′ = x.
Since by assumption F is an ineffective process, we know that N′k = Nk, and hence
N′k(x) = Nk(x). The desired result follows again by (iv).

Ad (d). Note that EPids = EPids′ by cases on the mode of F, and since no new process is
started when writing to a volatile location. Therefore, the desired result holds directly
by (v).

Ad (e). Since EPids′ = EPids and S ′e = S e, the desired result follows directly from (vi)
(no volatile locations are written).

Ad (f). By definition, EInpIds′ = EInpIds and EIrqIds′ = EIrqIds, and hence the desired
result follows from (vii).

Ad (g). Since EIrqIds′ = EIrqIds and inIDs′d = inIDsd, we learn the desired result directly
from (viii).

Ad (h). By definition, EEvIds′ = EEvIds, and since reIDs′d = reIDsd, the desired result
follows immediately from (ix).

In summary, we have estbalished that TI | j+1 ⊢ Σ j+1 ≈ σ.

□

Lemma 66 (Effective (not Nid branch) one step) If ePidOf(T ) = EPids, Ψ,EPids ⊢ Σ j : wf,
TI | j ⊢ Σ j ≈ σ, Σ j = (I, IRQ,K,N,V, S , F, c), iPidOf(F) ∈ EPids, and Σ j

a
=⇒ Σ j+1, and

topOfPCS(F) , Nid, then σ
a
−→ σ′ and TI | j+1 ⊢ Σ j+1 ≈ σ

′ and Ψ,EPids ⊢ Σ j+1 : wf.

Proof: We first apply Lemma 46 to establish Ψ,EPids ⊢ Σ j+1 : wf. The proof is by cases on the
step Σ j

a
=⇒ Σ j+1. The main interesting cases are assignment to nonvolatile memory, assignment

to volatile memory, branching on idempotent expressions, and starting and ending an atomic
region.

Case V-Assign-I. Suppose the last step in the trace is V-Assign-I:
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F = (pIDc, rIDc, IDc, versionc,
−→prc, pcSc, vPolc, υc, Ec, Mdc, x := e)

F′ = (pIDc, rIDc, IDc, versionc,
−→prc, pcSc, vPolc, υc, Ec, Md

′
c, skip)

[[e]]N,V,υc = v x ∈ dom(V)
Md′c = Mdc[Vw← Vw ∪ {x}] K = (Nk,Vk, S k) K′ = (Nk,V ′k, S k)

V ′k =
{

Vk[x 7→ (v, ipID)] if Mdc = jit
Vk else ipID = iPidOf(pIDc, Mdc)

Ψ,PDecl ⊢ I, IRQ,K,N,V, S , F,Q =⇒ I, IRQ,K′,N,V[x 7→ (v, ipID)], S , F′,Q
V-Assign-I

By assumption, we know that TI | j ⊢ Σ j ≈ σ. Thus, by definition, where

• Σ j = TI↓ j = (I, IRQ,K,N,V, S , F,Q)
• σ = (Ic, IRQc,Nc,Vc, S c, Fc,Qc)
• EPids = ePidOf(TI | j)
• EIrqIds = eIrqOf(IRQ,TI)
• EEvIds = eEvOf(Q,TI)
• EInpIds = eInpOf(I,TI)

we know that the following hold:

(i) EPids,EIrqIds,EEvIds ⊢ getES(S k, F ▷ S ) = (S e, inIDsd, reIDsd)

(ii) S e|id = Fc ▷ S c

(iii) Ψ,PDecl,EPids ⊢ N ≈ Nc

(iv) ∀x,Nk(x) , Nc(x),N(x) = Nc(x) and N(x) = (v, ipID) s.t. ipID ∈ EPids and x ∈
eNVWtsOf(S e)

(v) EPids ⊢ V ≈ Vc

(vi) ∀x,Vk(x) , Vc(x),V(x) = Vc(x) and V(x) = (v, ipID) s.t. ipID ∈ EPids and x ∈
eVWtsOf(S e)

(vii) I↓EInpIds = Ic↓EIrqIds

(viii) IRQ↓EIrqIds ∪ TI↓inIDsd = IRQc↓EIrqIds

(ix) Q↓EEvIds ∪ TI↓reIDsd = Qc↓EEvIds

We proceed to proving that TI | j+1 ⊢ Σ j+1 ≈ σ
′ by its definition, where σ

a
−→ σ′ while

taking V-Assign-C in the continuous semantics. That is, letting

• Σ j+1 = TI↓ j+1 = (I, IRQ,K′,N,V[x 7→ (v, ipID)], S , F′,Q)
• σ = (Ic, IRQc,Nc,Vc[x 7→ (v, ipID)], S c, F′c,Qc)
• F′c = (pIDc, rIDc, IDc, versionc,

−→prc, pcSc, vPolc, υc, Ec, Mdc, skip)
• EPids′ = ePidOf(TI | j+1)
• EIrqIds′ = eIrqOf(IRQ,TI)
• EEvIds′ = eEvOf(Q,TI)
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• EInpIds′ = eInpOf(I,TI)

we need to establish the following conditions hold, where EPids′,EIrqIds′,EEvIds′ ⊢
getES(S k, F′ ▷ S ) = (S ′e, inIDs′d, reIDs′d):

(a) S ′e|id = F′c ▷ S c

(b) Ψ,PDecl,EPids′ ⊢ N ≈ Nc

(c) ∀x,Nk(x) , Nc(x),N(x) = Nc(x) and N(x) = (v, ipID) s.t. ipID ∈ EPids′ and x ∈
eNVWtsOf(S ′e)

(d) EPids′ ⊢ V[x 7→ (v, ipID)] ≈ Vc[x 7→ (v, ipID)]

(e) ∀x′,V ′k(x′) , Vc[x 7→ (v, ipID)](x′),V[x 7→ (v, ipID)](x′) = Vc[x 7→ (v, ipID)](x′) and V ′k(x′) =
(v, ipID) s.t. ipID ∈ EPids′ and x′ ∈ eVWtsOf(S ′e)

(f) I↓EInpIds′ = Ic↓EIrqIds′

(g) IRQ↓EIrqIds′ ∪ TI↓inIDs′d = IRQc↓EIrqIds′

(h) Q↓EEvIds′ ∪ TI↓reIDs′d = Qc↓EEvIds′

By definition of F and F′, and getES (which computes the effective stack and ids com-
pletely independent of β), we know that S ′e = S e, inIDs′d = inIDsd, and reIDs′d = reIDsd.

Ad (a). Since S ′e = S e and F′c only differs from Fc in its command (i.e., Fc|id = F′c|id), the
result holds directly by (ii).

Ad (b). Note that EPids = EPids′ by cases on the mode of F, and since no new process is
started when writing to a volatile location. Therefore, the desired result holds directly
by (iii).

Ad (c). Since EPids′ = EPids and S ′e = S e, the desired result follows directly from (iv)
(no nonvolatile locations are written).

Ad (d). By inversion of Equiv-V on (v), we know that V \ Xineff = Vc \ Xineff. Hence,
V[x 7→ (v, ipID)] \ X′ineff = Vc[x 7→ (v, ipID)] \ X′ineff where X′ineff = Xineff since x
is written to on both exection traces by the same effective process. Therefore, by
Equiv-V we conclude EPids′ ⊢ V[x 7→ (v, ipID)] ≈ Vc[x 7→ (v, ipID)]

Ad (e). For every x′ , x, the desired result follows directly by (vi). Now suppose x′ = x.
If the mode is jit, then the result follows immediately (i.e., x does not satisfy the
condition since it is written through). Otherwise, the write to x by the continuous
execution trace differs from its value in the checkpointed context. By definition we
know that V[x 7→ (v, ipID)](x) = Vc[x 7→ (v, ipID)](x), and by assumption we know
that ipID ∈ EPids′.

Ad (f). By definition, EInpIds′ = EInpIds and EIrqIds′ = EIrqIds, and hence the desired
result follows from (vii).

Ad (g). Since EIrqIds′ = EIrqIds and inIDs′d = inIDsd, we learn the desired result directly
from (viii).

Ad (h). By definition, EEvIds′ = EEvIds, and since reIDs′d = reIDsd, the desired result
follows immediately from (ix).
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In summary, we have established that TI | j+1 ⊢ Σ j+1 ≈ σ
′.

Case N-Assign-I. Suppose the last step in the trace is N-Assign-I:

F = (pIDc, rIDc, IDc, versionc,
−→prc, pcSc, vPolc, υc, Ec, Mdc, x := e)

task(IDc, versionc, prc, vPolc, rPolc, λx.c0) ∈ PDecl
F′ = (pIDc, rIDc, IDc, versionc,

−→prc, pcSc, vPolc, υc, Ec, Md
′
c, skip)

[[e]]N,V,υc = v x ∈ dom(N) K = (Nk,Vk, S k) Ψ(IDc, versionc, Mdc) = Γ

Md′c =

{
Mdc[NVw← NVw ∪ {x}] if Γ(x).1 = Id( )
Mdc otherwise K′ = (N′k,Vk, S k)

N′k =
{

Nk[x 7→ (v, ipID)] if Mdc = jit
Nk else ipID = iPidOf(pIDc, Mdc)

Ψ,PDecl ⊢ I, IRQ,K,N,V, S , F,Q =⇒ I, IRQ,K′,N[x 7→ (v, ipID)],V, S , F′,Q
N-Assign-I

By assumption, we know that TI | j ⊢ Σ j ≈ σ. Thus, by definition, where

• Σ j = TI↓ j = (I, IRQ,K,N,V, S , F,Q)
• σ = (Ic, IRQc,Nc,Vc, S c, Fc,Qc)
• EPids = ePidOf(TI | j)
• EIrqIds = eIrqOf(IRQ,TI)
• EEvIds = eEvOf(Q,TI)
• EInpIds = eInpOf(I,TI)

we know that the following hold:

(i) EPids,EIrqIds,EEvIds ⊢ getES(S k, F ▷ S ) = (S e, inIDsd, reIDsd)

(ii) S e|id = Fc ▷ S c

(iii) Ψ,PDecl,EPids ⊢ N ≈ Nc

(iv) ∀x,Nk(x) , Nc(x),N(x) = Nc(x) and N(x) = (v, ipID) s.t. ipID ∈ EPids and x ∈
eNVWtsOf(S e)

(v) EPids ⊢ V ≈ Vc

(vi) ∀x,Vk(x) , Vc(x),V(x) = Vc(x) and V(x) = (v, ipID) s.t. ipID ∈ EPids and x ∈
eVWtsOf(S e)

(vii) I↓EInpIds = Ic↓EIrqIds

(viii) IRQ↓EIrqIds ∪ TI↓inIDsd = IRQc↓EIrqIds

(ix) Q↓EEvIds ∪ TI↓reIDsd = Qc↓EEvIds

We proceed to proving that TI | j+1 ⊢ Σ j+1 ≈ σ
′ by its definition, where σ

a
−→ σ′ while

taking N-Assign-C in the continuous semantics. That is, letting

• Σ j+1 = TI↓ j+1 = (I, IRQ,K′,N[x 7→ (v, ipID)],V, S , F′,Q)
• σ′ = (Ic, IRQc,Nc,Vc, S c, F′c,Qc)
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• F′c = (pIDc, rIDc, IDc, versionc,
−→prc, pcSc, vPolc, υc, Ec, Mdc, skip)

• EPids′ = ePidOf(TI | j+1)
• EIrqIds′ = eIrqOf(IRQ,TI)
• EEvIds′ = eEvOf(Q,TI)
• EInpIds′ = eInpOf(I,TI)

we need to establish the following conditions hold, where EPids′,EIrqIds′,EEvIds′ ⊢
getES(S k, F′ ▷ S ) = (S ′e, inIDs′d, reIDs′d):

(a) S ′e|id = F′c ▷ S c

(b) Ψ,PDecl,EPids′ ⊢ N[x 7→ (v, ipID)] ≈ Nc[x 7→ (v, ipID)]

(c) ∀x′,N′k(x′) , Nc(x′),N[x 7→ (v, ipID)](x′) = Nc[x 7→ (v, ipID)](x′) and N[x 7→
(v, ipID)](x′) = (v, ipID) s.t. ipID ∈ EPids′ and x′ ∈ eNVWtsOf(S ′e)

(d) EPids′ ⊢ V ≈ Vc

(e) ∀x′,Vk(x′) , Vc(x′),V(x′) = Vc(x′) and V ′k(x′) = (v, ipID) s.t. ipID ∈ EPids′ and x′ ∈
eVWtsOf(S ′e)

(f) I↓EInpIds′ = Ic↓EIrqIds′

(g) IRQ↓EIrqIds′ ∪ TI↓inIDs′d = IRQc↓EIrqIds′

(h) Q↓EEvIds′ ∪ TI↓reIDs′d = Qc↓EEvIds′

By definition of F and F′, and getES (which computes the effective stack and ids com-
pletely independent of β), we know that S ′e = S e, inIDs′d = inIDsd, and reIDs′d = reIDsd.

Ad (a). By definition of F′c we know that F′c|id = Fc|id. Since S ′e = S e, the result holds
directly by (ii).

Ad (b). By inversion of Equiv-N on (iii), we know that N \ Xnid = Nc \ Xnid. Since ipID ∈
EPids′, we proceed in cases on the local type of x. If it is Nid, then N-Wt-Eff-Nid
applies, yielding that N[x 7→ (v, ipID)]\ (Xnid∪{x}) = Nc[x 7→ (v, ipID)]\ (Xnid∪{x}).
In the case where x’s local type is Id, N-Wt-Eff-Id applies and we have that N[x 7→
(v, ipID)] \ Xnid = Nc[x 7→ (v, ipID)] \ Xnid. In both cases, Equiv-N then applies to
establish the desired result.

Ad (c). For every x′ , x, the desired result follows directly by (vi). Now suppose x′ = x.
If the mode is jit, then the result follows immediately (i.e., x does not satisfy the
condition since it is written through). Otherwise, the write to x by the continuous
execution trace differs from its value in the checkpointed context. By definition we
know that N[x 7→ (v, ipID)](x) = Nc[x 7→ (v, ipID)](x), and by assumption we know
that ipID ∈ EPids′.

Ad (d). Note that EPids = EPids′ by cases on the mode of F, and since no new process is
started when writing to a volatile location. Therefore, the desired result holds directly
by (v).

Ad (e). Since EPids′ = EPids and S ′e = S e, the desired result follows directly from (vi)
(no volatile locations are written).
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Ad (f). By definition, EInpIds′ = EInpIds and EIrqIds′ = EIrqIds, and hence the desired
result follows from (vii).

Ad (g). Since EIrqIds′ = EIrqIds and inIDs′d = inIDsd, we learn the desired result directly
from (viii).

Ad (h). By definition, EEvIds′ = EEvIds, and since reIDs′d = reIDsd, the desired result
follows immediately from (ix).

In summary, we have established that TI | j+1 ⊢ Σ j+1 ≈ σ
′.

Case If-true-I.

F = (pID, rID, ID, version,−→pr, pcS, vPol, υ, E, Md, if eΛ then c1 else c2)
pcS = pc0 ▷ pcS0

[[e]]N,V,υc = true task(ID, version, pr, pcS, vPol, rPol, λx.c) ∈ PDecl
Ψ(ID, version, sMd) = Γ sMd = smodeOf(Md) pc = (⊔x∈ΛΓ(x)↓q) ⊔ pc0

F′ = (pID, rID, ID, version,−→pr, pc▷ pcS, vPol, υ, endif :: E, Md, c1)

Ψ,PDecl ⊢ I, IRQ,K,N,V, S , F,Q =⇒ I, IRQ,K,N,V, S , F′,Q
If-true-I

By assumption, we know that TI | j ⊢ Σ j ≈ σ. Thus, by definition, where

• Σ j = TI↓ j = (I, IRQ,K,N,V, S , F,Q)
• σ = (Ic, IRQc,Nc,Vc, S c, Fc,Qc)
• EPids = ePidOf(TI | j)
• EIrqIds = eIrqOf(IRQ,TI)
• EEvIds = eEvOf(Q,TI)
• EInpIds = eInpOf(I,TI)

we know that the following hold:

(i) EPids,EIrqIds,EEvIds ⊢ getES(S k, F ▷ S ) = (S e, inIDsd, reIDsd)

(ii) S e|id = Fc ▷ S c

(iii) Ψ,PDecl,EPids ⊢ N ≈ Nc

(iv) ∀x,Nk(x) , Nc(x),N(x) = Nc(x) and N(x) = (v, ipID) s.t. ipID ∈ EPids and x ∈
eNVWtsOf(S e)

(v) EPids ⊢ V ≈ Vc

(vi) ∀x,Vk(x) , Vc(x),V(x) = Vc(x) and V(x) = (v, ipID) s.t. ipID ∈ EPids and x ∈
eVWtsOf(S e)

(vii) I↓EInpIds = Ic↓EIrqIds

(viii) IRQ↓EIrqIds ∪ TI↓inIDsd = IRQc↓EIrqIds

(ix) Q↓EEvIds ∪ TI↓reIDsd = Qc↓EEvIds

Since pc = topOfPCS(F) , Nid, we know that pc = Id, and hence it follows by definition
that Γ ⊢ e : t@⟨Id, Id, Id⟩ (x), where Γ = Ψ(pID, version, sMd) and sMd = smodeOf(Md).

523



Therefore, by Lemma 62 applied to (x), (iii), (v), and assumption Ψ,EPids ⊢ Σ j : wf, we
learn that v = vc where N,V, υ ⊢ e ⇓ v and Nc,Vc, υ ⊢ e ⇓ vc. Since v = true, it follows that
Nc,Vc, υ ⊢ e ⇓ true, and hence If-true-C applies:

Fc = (pIDc, rIDc, IDc, versionc, pc▷ −→prc, pcSc, vPolc, υc, Ec, Mdc, if eΛ then c1 else c2)
[[e]]Nc,Vc,υc = true task(ID, v, pr, vPol, rPol, λx.c) ∈ PDecl

F′c = (pIDc, rIDc, IDc, versionc, pc▷ −→prc, pcSc, vPolc, υc, endif :: Ec, Mdc, c1)

PDecl ⊢ Ic, IRQc,Nc,Vc, S c, Fc,Qc −→ Ic, IRQc,Nc,Vc, S c, F′c,Qc
If-true-C

We proceed to proving that TI | j+1 ⊢ Σ j+1 ≈ σ
′, where σ′ is the stepped configuration. That

is, letting

• Σ j+1 = TI↓ j+1 = (I, IRQ,K,N,V, S , F′,Q)
• σ′ = (Ic, IRQc,Nc,Vc, S c, F′c,Qc)
• F′c = (pIDc, rIDc, IDc, versionc, pc▷ −→prc, pcSc, vPolc, υc, endif :: Ec, Mdc, c1)
• EPids′ = ePidOf(TI | j+1)
• EIrqIds′ = eIrqOf(IRQ,TI)
• EEvIds′ = eEvOf(Q,TI)
• EInpIds′ = eInpOf(I,TI)

we need to establish the following conditions hold, where EPids′,EIrqIds′,EEvIds′ ⊢
getES(S k, F′ ▷ S ) = (S ′e, inIDs′d, reIDs′d):

(a) S ′e|id = F′c ▷ S c

(b) Ψ,PDecl,EPids′ ⊢ N ≈ Nc

(c) ∀x′,N′k(x′) , Nc(x′),N(x′) = Nc(x′) and N(x′) = (v, ipID) s.t. ipID ∈ EPids′ and x′ ∈
eNVWtsOf(S ′e)

(d) EPids′ ⊢ V ≈ Vc

(e) ∀x′,Vk(x′) , Vc(x′),V(x′) = Vc(x′) and V ′k(x′) = (v, ipID) s.t. ipID ∈ EPids′ and x′ ∈
eVWtsOf(S ′e)

(f) I↓EInpIds′ = Ic↓EIrqIds′

(g) IRQ↓EIrqIds′ ∪ TI↓inIDs′d = IRQc↓EIrqIds′

(h) Q↓EEvIds′ ∪ TI↓reIDs′d = Qc↓EEvIds′

By definition of F and F′, and getES, we know that S ′e = S e, inIDs′d = inIDsd, and
reIDs′d = reIDsd.

Ad (a). By definition of F′c we know that F′c|id = Fc|id. Since S ′e = S e, the result holds
directly by (ii).

Ad (b). By inversion of Equiv-N on (iii), we know that N \ Xnid = Nc \ Xnid. Since ipID ∈
EPids′, we proceed in cases on the local type of x. If it is Nid, then N-Wt-Eff-Nid
applies, yielding that N[x 7→ (v, ipID)]\ (Xnid∪{x}) = Nc[x 7→ (v, ipID)]\ (Xnid∪{x}).
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In the case where x’s local type is Id, N-Wt-Eff-Id applies and we have that N[x 7→
(v, ipID)] \ Xnid = Nc[x 7→ (v, ipID)] \ Xnid. In both cases, Equiv-N then applies to
establish the desired result.

Ad (c). For every x′ , x, the desired result follows directly by (vi). Now suppose x′ = x.
If the mode is jit, then the result follows immediately (i.e., x does not satisfy the
condition since it is written through). Otherwise, the write to x by the continuous
execution trace differs from its value in the checkpointed context. By definition we
know that N[x 7→ (v, ipID)](x) = Nc[x 7→ (v, ipID)](x), and by assumption we know
that ipID ∈ EPids′.

Ad (d). Note that EPids = EPids′ by cases on the mode of F, and since no new process is
started when writing to a volatile location. Therefore, the desired result holds directly
by (v).

Ad (e). Since EPids′ = EPids and S ′e = S e, the desired result follows directly from (vi)
(no volatile locations are written).

Ad (f). By definition, EInpIds′ = EInpIds and EIrqIds′ = EIrqIds, and hence the desired
result follows from (vii).

Ad (g). Since EIrqIds′ = EIrqIds and inIDs′d = inIDsd, we learn the desired result directly
from (viii).

Ad (h). By definition, EEvIds′ = EEvIds, and since reIDs′d = reIDsd, the desired result
follows immediately from (ix).

In summary, we have established that TI | j+1 ⊢ Σ j+1 ≈ σ
′.

Case If-false-I. This case is similar to If-true-I, but uses the rule for else branching.

Case StartAtom-I.

F = (pID, rID, ID, version,−→pr, pcS, vPol, υ, E, jit,
startatom(aID, ω, µ, β, ρ, Inits); c; endatom)

K = (Nk,Vk, Fk ▷ S k) K′ = (Nk f N↓ω,Vk, F0 ▷ S k) ipidOf(F) = ipID
vPol = (ShAcc, nIds, Inits) F0 = (pID, rID, ID, version,−→pr, pcS, vPol, υ, E,

atom(aID, 0, ω, µ, ρ, Inits, ·, ·), initN; c; endatom)

Ψ,PDecl ⊢ I, IRQ,K,N,V, S , F,Q =⇒ I, IRQ,K′,N,V, S , F0,Q
StartAtom-I

By assumption, we know that TI | j ⊢ Σ j ≈ σ. Thus, by definition, where

• Σ j = TI↓ j = (I, IRQ,K,N,V, S , F,Q)
• σ = (Ic, IRQc,Nc,Vc, S c, Fc,Qc)
• EPids = ePidOf(TI | j)
• EIrqIds = eIrqOf(IRQ,TI)
• EEvIds = eEvOf(Q,TI)
• EInpIds = eInpOf(I,TI)

we know that the following hold:
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(i) EPids,EIrqIds,EEvIds ⊢ getES(Fk ▷ S k, F ▷ S ) = (S e, inIDsd, reIDsd)

(ii) S e|id = Fc ▷ S c

(iii) Ψ,PDecl,EPids ⊢ N ≈ Nc

(iv) ∀x,Nk(x) , Nc(x),N(x) = Nc(x) and N(x) = (v, ipID) s.t. ipID ∈ EPids and x ∈
eNVWtsOf(S e)

(v) EPids ⊢ V ≈ Vc

(vi) ∀x,Vk(x) , Vc(x),V(x) = Vc(x) and V(x) = (v, ipID) s.t. ipID ∈ EPids and x ∈
eVWtsOf(S e)

(vii) I↓EInpIds = Ic↓EIrqIds

(viii) IRQ↓EIrqIds ∪ TI↓inIDsd = IRQc↓EIrqIds

(ix) Q↓EEvIds ∪ TI↓reIDsd = Qc↓EEvIds

Hence StartAtom-C applies:

Fc = (pID, rID, ID, version,−→pr, vPol, υ, E, Md, startatom(· · · ); c; endatom)
F′c = (pID, rID, ID, version,−→pr, vPol, υ, E, Md, c)

PDecl ⊢ Ic, IRQc,Nc,Vc, S c, Fc,Qc −→ Ic, IRQc,Nc,Vc, S c, F′c,Qc
StartAtom-C

We proceed to proving that TI | j+1 ⊢ Σ j+1 ≈ σ
′, where σ′ is the stepped configuration. That

is, letting

• Σ j+1 = TI↓ j+1 = (I, IRQ,K,N,V, S , F′,Q)
• σ′ = (Ic, IRQc,Nc,Vc, S c, F′c,Qc)
• F′c = (pID, rID, ID, version,−→pr, vPol, υ, E, Md, c)
• EPids′ = ePidOf(TI | j+1)
• EIrqIds′ = eIrqOf(IRQ,TI)
• EEvIds′ = eEvOf(Q,TI)
• EInpIds′ = eInpOf(I,TI)

we need to establish the following conditions hold, where EPids′,EIrqIds′,EEvIds′ ⊢
getES(F0 ▷ S k, F0 ▷ S ) = (S ′e, inIDs′d, reIDs′d) and N′k = Nk f N↓ω:

(a) S ′e|id = F′c ▷ S c

(b) Ψ,PDecl,EPids′ ⊢ N ≈ Nc

(c) ∀x′,N′k(x′) , Nc(x′),N(x′) = Nc(x′) and N(x′) = (v, ipID) s.t. ipID ∈ EPids′ and x′ ∈
eNVWtsOf(S ′e)

(d) EPids′ ⊢ V ≈ Vc

(e) ∀x′,Vk(x′) , Vc(x′),V(x′) = Vc(x′) and Vk(x′) = (v, ipID) s.t. ipID ∈ EPids′ and x′ ∈
eVWtsOf(S ′e)

(f) I↓EInpIds′ = Ic↓EIrqIds′
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(g) IRQ↓EIrqIds′ ∪ TI↓inIDs′d = IRQc↓EIrqIds′

(h) Q↓EEvIds′ ∪ TI↓reIDs′d = Qc↓EEvIds′

By definition of F and F′, and getES, we know that S ′e = S e, inIDs′d = inIDsd, and
reIDs′d = reIDsd.

Ad (a). By definition of getES and (ii), we know that S e|id = Fk ▷ S 0
e |id = Fk ▷ S 0

e |id s.t.
S 0

e |id = S c. By definition of getES, we know that S ′e|id = F0 ▷ S 0
e |id = F0 ▷ S 0

e |id.
Since S 0

e |id = S c, it follows that F0▷ S 0
e |id = F′c▷ S c. Since F0 is effective and its top

pc is Id by construction, it follows that F0 ▷ S 0
e |id = F′c ▷ S c, as desired.

Ad (b). Note that EPids = EPids′ by cases on the mode of F. Therefore, the result
follows directly by (iii).

Ad (c). Let x be arbitrary, and first suppose that x ∈ ω. It follows by definition of N′k and
by the JIT invariant from preservation that N′k(x) = Nc(x). Otherwise, if x < ω, then
Nk(x) = N′k(x) and the desired result follows from (iv). Since x was arbitrary, the
result holds for all such x.

Ad (d). Since EPids′ = EPids and no new process is started when writing to a volatile
location, the desired result holds directly by (v).

Ad (e). Since EPids′ = EPids and S ′e = S e, the desired result follows directly from (vi)
(no volatile locations are written).

Ad (f). By definition, EInpIds′ = EInpIds and EIrqIds′ = EIrqIds, and hence the desired
result follows from (vii).

Ad (g). Since EIrqIds′ = EIrqIds and inIDs′d = inIDsd, we learn the desired result directly
from (viii).

Ad (h). By definition, EEvIds′ = EEvIds, and since reIDs′d = reIDsd, the desired result
follows immediately from (ix).

In summary, we have established that TI | j+1 ⊢ Σ j+1 ≈ σ
′.

Case EndAtom-I.

F = (pID, rID, ID, version,−→pr, pcS, vPol, υ, E,
atom(aID, rb, ω, µ, ρ, Inits,NVw,Vw), endatom)

F′ = (pID, rID, ID, version,−→pr, pcS, vPol, υ, E, jit, skip)
K = (Nk,Vk, Fk ▷ S k) Fk = (pID, rID, ID, version,−→pr, pcS, vPol, υ, E,

atom(aID, rb, ω, µ, ρ, Inits,NVw,Vw), c) V ′k = Vk f V↓Vw

N′k = Nk f N↓NVw K′ = (N′k↓ckVarOf(S k),V ′k, FJ(pID)▷ S k) N,V, υc ⊢ res ⇓ v

Ψ,PDecl ⊢ I, IRQ,K,N,V, S , F,Q
endAtom(pID,aID,rb,v)

=⇒ I, IRQ,K′,N,V, S , F′,Q
EndAtom-I

By assumption, we know that TI | j ⊢ Σ j ≈ σ. Thus, by definition, where

• Σ j = TI↓ j = (I, IRQ,K,N,V, S , F,Q)
• σ = (Ic, IRQc,Nc,Vc, S c, Fc,Qc)
• EPids = ePidOf(TI | j)
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• EIrqIds = eIrqOf(IRQ,TI)
• EEvIds = eEvOf(Q,TI)
• EInpIds = eInpOf(I,TI)

we know that the following hold:

(i) EPids,EIrqIds,EEvIds ⊢ getES(Fk ▷ S k, F ▷ S ) = (S e, inIDsd, reIDsd)

(ii) S e|id = Fc ▷ S c

(iii) Ψ,PDecl,EPids ⊢ N ≈ Nc

(iv) ∀x,Nk(x) , Nc(x),N(x) = Nc(x) and N(x) = (v, ipID) s.t. ipID ∈ EPids and x ∈
eNVWtsOf(S e)

(v) EPids ⊢ V ≈ Vc

(vi) ∀x,Vk(x) , Vc(x),V(x) = Vc(x) and V(x) = (v, ipID) s.t. ipID ∈ EPids and x ∈
eVWtsOf(S e)

(vii) I↓EInpIds = Ic↓EIrqIds

(viii) IRQ↓EIrqIds ∪ TI↓inIDsd = IRQc↓EIrqIds

(ix) Q↓EEvIds ∪ TI↓reIDsd = Qc↓EEvIds

Hence StartAtom-C applies:

Fc = (pID, rID, ID, version,−→pr, pcS, vPol, υ, E, Md, endatom)
F′c = (pID, rID, ID, version,−→pr, pcS, vPol, υ, E, Md, skip)

PDecl ⊢ Ic, IRQc,Nc,Vc, S c, Fc,Qc −→ Ic, IRQc,Nc,Vc, S c, F′c,Qc
EndAtom-C

We proceed to proving that TI | j+1 ⊢ Σ j+1 ≈ σ
′, where σ′ is the stepped configuration. That is,

letting

• Σ j+1 = TI↓ j+1 = (I, IRQ,K,N,V, S , F′,Q)
• σ′ = (Ic, IRQc,Nc,Vc, S c, F′c,Qc)
• F′c = (pID, rID, ID, version,−→pr, vPol, υ, E, Md, c)
• EPids′ = ePidOf(TI | j+1)
• EIrqIds′ = eIrqOf(IRQ,TI)
• EEvIds′ = eEvOf(Q,TI)
• EInpIds′ = eInpOf(I,TI)

we need to establish the following conditions hold, where EPids′,EIrqIds′,EEvIds′ ⊢ getES(FJ(pID)▷
S k, F′ ▷ S ) = (S ′e, inIDs′d, reIDs′d):

(a) S ′e|id = F′c ▷ S c

(b) Ψ,PDecl,EPids′ ⊢ N ≈ Nc

(c) ∀x′,N′k↓ckVarOf(S k)(x′) , Nc(x′),N(x′) = Nc(x′) and N(x′) = (v, ipID) s.t. ipID ∈ EPids′ and x′ ∈
eNVWtsOf(S ′e)
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(d) EPids′ ⊢ V ≈ Vc

(e) ∀x′,V ′k(x′) , Vc(x′),V(x′) = Vc(x′) and V ′k(x′) = (v, ipID) s.t. ipID ∈ EPids′ and x′ ∈
eVWtsOf(S ′e)

(f) I↓EInpIds′ = Ic↓EIrqIds′

(g) IRQ↓EIrqIds′ ∪ TI↓inIDs′d = IRQc↓EIrqIds′

(h) Q↓EEvIds′ ∪ TI↓reIDs′d = Qc↓EEvIds′

By definition of F and F′, and getES, we know that S ′e = S e, inIDs′d = inIDsd, and reIDs′d =
reIDsd.

Ad (a). By definition of getES and (ii), we know that S e|id = Fk ▷ S 0
e |id = Fk ▷ S 0

e |id s.t.
S 0

e |id = S c. By definition of getES, we know that S ′e|id = FJ(pID)▷S 0
e |id = FJ(pID)▷S 0

e |id.
Since S 0

e |id = S c, it follows that FJ(pID) ▷ S 0
e |id = F′c ▷ S c. Since F0 is effective and its

top pc is Id by construction, it follows that FJ(pID)▷ S 0
e |id = F′c ▷ S c, as desired.

Ad (b). Note that EPids = EPids′ by cases on the mode of F. Therefore, the result follows
directly by (iii).

Ad (c). Let x be arbitrary, and first suppose that x ∈ NVw. It follows by definition of N′k that
N′k(x) = N(x) = Nc(x). Additionally since x ∈ NVw, it was last written by the last atomic
region execution, which is by definition an effective process. Otherwise, if x < NVw, then
x was written by a previous process and the desired result follows from (iv). Since x was
arbitrary, the result holds for all such x.

Ad (d). Since EPids′ = EPids and no new process is started when writing to a volatile location,
the desired result holds directly by (v).

Ad (e). The proof is similar to (c), proceeding by cases on whether an arbitrary x ∈ Vw or
x < Vw.

Ad (f). By definition, EInpIds′ = EInpIds and EIrqIds′ = EIrqIds, and hence the desired result
follows from (vii).

Ad (g). Since EIrqIds′ = EIrqIds and inIDs′d = inIDsd, we learn the desired result directly from
(viii).

Ad (h). By definition, EEvIds′ = EEvIds, and since reIDs′d = reIDsd, the desired result follows
immediately from (ix).

In summary, we have established that TI | j+1 ⊢ Σ j+1 ≈ σ
′.

□

E.10.1 Correctness
Theorem 20 (Intermittent correctness) ⊢ PDecl : ok, Σ = (I, IRQ,Kinit,Ninit,Vinit, ∅, Fmain, ∅)
σ = (I, IRQ,Ninit,Vinit, ∅, Fmain, ∅) then ∀TI ∈ RI(Σ), ∀m ≤ |TI |, ∃TC ∈ RC(σ), s.t. TI |m ≈ TC

Proof: By induction over m.

Base case m = 0. If m = 0, then the rule TEquiv-Base applies.
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Inductive case m = j + 1 (∃ j ≥ 0). By the IH, we know that TI | j ≈ TC. We want to find a trace
T ′C such that TI | j+1 ≈ T ′C.
Let Σ j = TI↓ j and Σ j+1 = TI↓ j+1 where Σ j = (I, IRQ,K,N,V, S , F, c). We examine the step
taken Σ j

a
=⇒ Σ j+1.

Case iPidOf(F) < EPids. If F is an ineffective process, we apply Lemma 65 to relate
the stepped intermittent configuration to the same continuous configuration (i.e., the
ineffective step is not taken by the continuous execution trace). We obtain that

TI | j+1 ⊢ Σ j+1 ≈ σ

By applying TEquiv-InEff,

TI | j ≈ TC Σ j+1 = TI↓ j+1

TI | j+1 = TI | j
a
=⇒ Σ j+1 inEffective(Σ j

a
=⇒ Σ j+1) TI | j+1 ⊢ TI↓ j+1 ≈ σn

TI | j+1 ≈ TC
TEquiv-InEff

we obtain the desired result:

TI | j+1 ≈ TC

Case iPidOf(F) ∈ EPids and topOfPCS(F) , Nid. If the step is effective and not occur-
ring in an Nid branch, we apply Lemma 66 to relate the stepped intermittent config-
uration with the stepped continuous configuration (i.e., the effective step should be
taken by the continuous execution trace). We obtain that

TI | j+1 ⊢ Σ j+1 ≈ σ
′

where TC(σ)
a
−→ σ′.

By applying TEquiv-Eff,

TI↓ j ≈ TC Σ j+1 = TI↓ j+1 TI | j+1 = TI | j
a
=⇒ Σ j+1

Effective(Σ j
a
=⇒ Σ j+1) TC(σ)

a
−→ σ′ TI | j+1 ⊢ Σ j+1 ≈ σ

′

TI | j+1 ≈ TC
a
−→ σ′

TEquiv-Eff

we obtain the desired result:

TI | j+1 ≈ TC
a
−→ σ′

Case power failure and reboot. Suppose that the last step in TI is a reboot. To reason
about the reboot state with the state before failure, we examine a combination of the
rules PowerFail-I and Reboot-I.

530



K = (Nk,Vk, S k) K′ = (Nk,Vk, updJitS(S k, F ▷ S ))
(F′ ▷ S ′) = incRb(updJitS(S k, F ▷ S )) K′′ = (Nk,Vk, F′ ▷ S ′)

F = (pID, rID, ID, version,−→pr, pcS, vPol, υ, E, Md, c)
polOf(F′) , altOf( ) Q = Qd,Qk ∀tk ∈ Qd, polOf(tk) = discard

∀tk ∈ Qk, polOf(tk) = continue ipidOf(F′) = ipID′

Ψ,PDecl ⊢ I, IRQ,K,N,V, S , F,Q
rb
=⇒ I, IRQ,K′,N ipID′

k ⇝ N,V ipID′

k , S ′, F′,Qk

PowerFail-I/Reboot-I

By assumption, we know that TI | j ⊢ Σ j ≈ σ. Thus, by definition, where

• Σ j = TI↓ j = (I, IRQ,K,N,V, S , F,Q)
• σ = (Ic, IRQc,Nc,Vc, S c, Fc,Qc)
• EPids = ePidOf(TI | j)
• EIrqIds = eIrqOf(IRQ,TI)
• EEvIds = eEvOf(Q,TI)
• EInpIds = eInpOf(I,TI)

we know that the following hold:

(i) EPids,EIrqIds,EEvIds ⊢ getES(S k, F ▷ S ) = (S e, inIDsd, reIDsd)

(ii) S e|id = Fc ▷ S c|id

(iii) Ψ,PDecl,EPids ⊢ N ≈ Nc

(iv) ∀x,Nk(x) , Nc(x),N(x) = Nc(x) and N(x) = (v, ipID) s.t. ipID ∈ EPids and x ∈
eNVWtsOf(S e)

(v) EPids ⊢ V ≈ Vc

(vi) ∀x,V(x) , Vc(x),V(x) = Vc(x) and V(x) = (v, ipID) s.t. ipID ∈ EPids and x ∈
eVWtsOf(S e)

(vii) I↓EInpIds = Ic↓EIrqIds

(viii) IRQ↓EIrqIds ∪ TI↓inIDsd = IRQc↓EIrqIds

(ix) Q↓EEvIds ∪ TI↓reIDsd = Qc↓EEvIds

We proceed to proving that TI | j+1 ⊢ Σ j+1 ≈ σ by its definition. That is, letting

• Σ j+1 = TI↓ j+1 = (I, IRQ,K′,N ipID’
k ⇝ N,V ipID’

k , S ′, F′,Qk)
• σ = (Ic, IRQc,Nc,Vc, S c, Fc,Qc)
• EPids′ = ePidOf(TI | j+1)
• EIrqIds′ = eIrqOf(IRQ,TI)
• EEvIds′ = eEvOf(Qk,TI)
• EInpIds′ = eInpOf(I,TI)

we need to establish the following conditions hold:
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(a) EPids′,EIrqIds′,EEvIds′ ⊢ getES(F′ ▷ S ′, F′ ▷ S ′) = (S ′e, inIDs′d, reIDs′d)

(b) S ′e|id = Fc ▷ S c|id

(c) Ψ,PDecl,EPids′ ⊢ N ipID’
k ⇝ N ≈ Nc

(d) ∀x,Nk(x) , Nc(x), (N ipID’
k ⇝ N)(x) = Nc(x) and (N ipID’

k ⇝ N)(x) = (v, ipID) s.t. ipID ∈
EPids′ and x ∈ eNVWtsOf(S ′e)

(e) EPids′ ⊢ V ipID’
k ≈ Vc

(f) ∀x,V ipID’
k (x) , Vc(x),V ipID’

k (x) = Vc(x) and V ipID’
k (x) = (v, ipID) s.t. ipID ∈

EPids′ and x ∈ eVWtsOf(S ′e)

(g) I↓EInpIds′ = Ic↓EIrqIds′

(h) IRQ↓EIrqIds′ ∪ TI↓inIDs′d = IRQc↓EIrqIds′

(i) Qk↓EEvIds′ ∪ TI↓reIDs′d = Qc↓EEvIds′

Ad (a). By definition of updJitS, we know that S e = updJitS(S k, F ▷ S ), and by
definition of getES that incRb preserves the effectiveness of frames on S e, and
hence it follows that S ′e = incRb(S e) and inIDs′d = inIDsd and reIDs′d = reIDsd.
Therefore, the desired result follows by (i).

Ad (b). Since we know that S ′e = incRb(S e), the desired result follows by definition
and from (ii): S ′e|id = incRb(S e|id) = incRb(Fc ▷ S c|id) = Fc ▷ S c|id.

Ad (c). Let x ∈ dom(N) be arbitrary. There are two cases to consider: N(x) =
Nk ⇝ N(x) and otherwise. In the former, the rebooted process does not write
to x, and we invert on the deriving rule and immediately apply the same rule to
obtain the desired result. Otherwise, x is overwritten by the rebooted process
pidOf(F′). Since pidOf(F′) just began its execution, it must not be in EPids′ of
the subtrace TI | j+1. By definition of Nk, we know that x ∈ cpOf(pidOf(F’)), and
hence it follows by N-Wt-Nid-Cp that x ∈ Xnid. By Equiv-N, the relation between
memories continues to hold.

Ad (d). Here, we need to show that the condition holds for variables in dom(Nk)
whose values are updated from the checkpointed context upon reboot. Suppose
towards contradiction that there exists such an x s.t. Nk(x) , Nc(x). Then it
must be the case that ipidOf(F′) ∈ EPids′, a contradiction. Therefore, there are
no such x, and the condition for variables in dom(N) \ dom(Nk ⇝ N) follows
directly from (iv).

Ad (e). The reasoning is similar to (c). Since pidOf(F′) < EPids′, it follows by V-
NEff that x ∈ Xineff, and the desired result holds vacuously by Equiv-V (i.e., of
course · = ·).

Ad (f). The proof is similar to (d). By contradiction, there is no such x ∈ dom(V ipID’
k )

because pidOf(F′) < EPids′. Therefore, the condition follows vacuously.

Ad (g). The desired result follows by (vii) and the observation that EInpIds′ =
EInpIds and EIrqIds′ = EIrqIds.

Ad (h). The desired result follows by (viii), EIrqIds = EIrqIds′, and inIDsd =
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inIDs′d.

Ad (i). Since reIDs = reIDs′, it follows by the equivalence definition (Delay-ev
in particular) that EEvIds = EEvIds′. By definition of eEvOf, we know that
Qk↓EEvIds′ = Q↓EEvIds. Hence, the desired result follows by (ix) and reIDs′ =
reIDs.

Case power failure and reboot with alternative. This case is similar to the above, but
uses a combination of PowerFail-I and Reboot-IA.

Case iPidOf(F) ∈ EPids and topOfPCS(F) = Nid. There are two additional subcases to
consider:

Case Σ j
a
=⇒ Σ j+1 via If-End-I. At the end of an Nid branch, both the intermittent

and continuous execution traces take a step. We first step the intermittent ex-
ecution trace via TEquiv-Nid-If1, and then the continuous execution trace via
TEquiv-Nid-If2.

Stepping intermittent execution. Since topOfPCS(FΣ) = Nid, it follows that
nidIf(Σ j

a
=⇒ Σ j+1) (i). In order to apply TEquiv-Nid-If1, we need to show

that TI | j+1 ⊢ Σ j+1 ≈ TC(σ).
By the IH, we know that TI | j ≈ TC (ii). By inversion of TEquiv-Nid-If1 on
(ii), we know that TI | j ⊢ Σ j ≈ TC(σ). By Lemma 63, we obtain TI | j+1 ⊢

Σ j+1 ≈ TC(σ) (iii).
Lastly, we apply TEquiv-Nid-If1 to (i), (ii), and (iii) to establish the desired
result:

TI | j+1 ≈ TC (iv)

Stepping continuous execution. Since topOfPCS(Fσ) = Nid, it follows that
nidIf(σ

a
−→ σ′) (v). In order to apply TEquiv-Nid-If2, we need to show that

TI | j+1 ⊢ Σ j+1 ≈ TC(σ′), which we proceed to prove by its definition. By
Lemma 64, the desired result holds:

TI | j+1 ⊢ Σ j+1 ≈ TC(σ′) (vi)

Therefore, it follows by TEquiv-Nid-If2 applied to (iv), (v), and (vi) that

TI | j+1 ≈ TC
a
−→ σ′

Case otherwise. By the IH, we know that TI | j ≈ TC (i). By inversion of TEquiv-
Nid-If1 on (i), we learn that TI | j ⊢ Σ j ≈ TC(σ) (ii). By application of Lemma 63
to (ii), we learn that TI | j+1 ⊢ Σ j+1 ≈ TC(σ) (iii). Since topOfPCS(FΣ) = Nid, it
follows that nidIf(Σ j

a
=⇒ Σ j+1) (iv).

Therefore, the desired result follows by TEquiv-Nid-If1 applied to (i), (iii), and
(iv):
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TI | j+1 ≈ TC

□
We write T↓res as the sequence of results of T .

Corollary 2 (Intermittent results correctness)
⊢ PDecl : ok, Σ = (I, IRQ,Kinit,Ninit,Vinit, ∅, Fmain, ∅), σ = (I, IRQ,Ninit,Vinit, ∅, Fmain, ∅)

imply ∀TI ∈ RI(Σ), ∃TC ∈ RC(σ), s.t. TI↓res = TC↓res.

Proof: Let TI ∈ RI(Σ) be arbitrary and m = |TI |. By Theorem 20, we know that ∃TC ∈ RC(σ)
s.t. TI ≈ TC. By definition of trace equivalence, in all cases, we have that the last state of traces
TI and TC are related: TI ⊢ TI(Σ f ) ≈ TC(σ f ). Letting Σ f = (II , IRQI ,KI ,NI ,VI , S I , FI ,QI) and
σ f = (Ic, IRQc,Kc,Nc,Vc, S c, Fc,Qc), it follows by definition that Ψ,PDecl,EPids, Id ⊢ NI ≈ Nc,
meaning that the final memories are equivalent in their idempotent values. Likewise, it follows
that EPids ⊢ VI ≈ Vc, meaning that the volatile memories between these two configurations are
equivalent in their idempotent values. Since ⊢ PDecl : ok, all tasks are well-typed, and hence all
effective processes running intermittently generate fully idempotent res. Since the intermittent
and continuous memories are the same in their idempotent values, it follows that TI↓res = TC↓res.
□
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