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Abstract

Modern reinforcement learning (RL) methods have achieved phenomenal suc-
cess on various applications. However, reinforcement learning problems with large
state spaces and long planning horizons remain challenging due to the excessive
sample complexity burden, and our current understanding is rather limited for such
problems. Moreover, there are important problems in RL that cannot be addressed
by the classical frameworks. In this thesis, we study the above issues to build a better
understanding of modern RL methods.

This thesis is divided into the following three parts:

Part I: RL with Long Planning Horizons. Learning to plan for long horizons is a
central challenge in RL, and a fundamental question is to understand how the
difficulty of RL scales as the horizon increases. In the first part of this thesis, we
show that tabular reinforcement learning is possible with a sample complexity
that is completely independent of the planning horizon, and therefore, long
horizon RL is no more difficult than short horizon RL, at least in a minimax
sense.

Part II: RL with Large State Spaces. In modern RL methods, function approxi-
mation schemes are deployed to deal with large state spaces. Empirically,
combining RL algorithms with neural networks for feature extraction has led
to tremendous success on various tasks. However, these methods often require
a large amount of samples to learn a good policy, and it is unclear if there are
fundamental statistical limits on such methods. In the second part of this the-
sis, we study necessary and sufficient conditions on the representation power of
the features that permit sample-efficient reinforcement learning, through both
theoretical analysis and experiments.

Part III: RL in Other Settings. Classical reinforcement learning paradigms aim to
maximize the cumulative reward when the agent has access to the reward val-
ues. Despite being able to formulate a large family of sequential decision-
making problems, there are important applications that cannot be casted into
the classical frameworks. In the third part of this thesis, we study two new set-
tings, the reward-free exploration setting and planning with general objective
functions, that generalize the classical frameworks.
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Chapter 1

Introduction

In the past decade, by exploiting the power of deep neural networks, significant progress has
been made on static prediction problems such as image classification and natural language un-
derstanding. Recently, sequential decision-making problems have gained lots of interest from the
machine learning community due to their wide applications in robotics [46], game playing [S8]],
healthcare [[106] and education [47]. In these problems, instead of making a single static predic-
tion, the agent decides a sequence of actions to maximize the cumulative utility. These problems
are challenging as we need to design a mechanism to balance exploration and exploitation, and
reinforcement learning (RL) is a framework to formalize these problems. In recent years, by
combining reinforcement learning algorithms with deep learning techniques (a.k.a. deep RL),
strong empirical success has been achieved on a wide variety of real-world problems.

Despite their great empirical performance, a major problem is that deep RL methods require
a large number of samples to learn a good policy. For example, deep Q-networks [S8] require
millions of samples to play a simple Atari game. It is unclear if there are fundamental statistical
limits on these methods, or such sample complexity burden can be alleviated by a better algo-
rithm. When dealing with real-world problems, practitioners heavily rely on heuristics for better
sample efficiency, which limits the scope that RL algorithms can be applied to and also makes
RL systems less robust and less transparent.

There is still a significant gap between modern RL algorithms and existing theory. For exam-
ple, existing theory usually assumes a small state space. However, real-world decision-making
problems usually have huge or even continuous state spaces (e.g., images, languages, or rich sen-
sory inputs). Moreover, previous theoretical analysis usually assumes a short planning horizon,
and an algorithm is said to be efficient if its sample complexity is polynomial in the planning
horizon. However, in modern RL applications, the planning horizon could be as large as a few
thousand, and even polynomial dependence is unacceptable. Furthermore, there are emerging
settings in various applications (including unsupervised RL and general objective functions) that
cannot be addressed by standard RL frameworks where the unknown environment is often mod-
eled as a Markov decision process (MDP).

In this thesis, we propose to study the above issues to build a better understanding of modern
RL methods.



1.1 Overview

In this section we give an overview of this thesis. This thesis is divided into the following three
parts.

1.1.1 Part I: RL with Long Planning Horizons

Long horizons is the differentiator between RL problems and simpler bandit problems. In RL,
actions taken at early stages could substantially impact the future. In contrast, for bandit prob-
lems, the action taken at each time step is independent of the future. Problems with long hori-
zons are also ubiquitous in real-world applications. Therefore, understanding the optimal sample
complexity dependence on the planning horizon is an important problem in RL.

In a COLT open problem [37], it was conjectured that for tabular episodic RL problems,
there exists a sample complexity lower bound which exhibits a polynomial dependence on the
planning horizon. In Chapter 3| we refute this conjecture by proving that tabular episodic RL
is possible with a sample complexity that scales only logarithmically with the planning horizon.
An informal statement of our main result is provided below.

Theorem 1.1.1 (Informal version of Theorem [3.1.1). There exists a RL algorithm that returns
an e-optimal policy with probability at least 1 — § by sampling at most

poly (||, ]Al,log H,1/,10g(1/4))

episodes.

Although the conjecture in [37] has been refuted by Theorem|1.1.1} it is still unclear if tabular
RL is possible with a sample complexity that is completely independent of the planning horizon.
In Chapter [3) we further develop a new tabular RL algorithm whose sample complexity is com-
pletely independent of the planning horizon when the number of states and actions are constants,
and thus completely answer the open problem in [37]].

Theorem 1.1.2 (Informal version of Theorem [3.1.2)). There exists a RL algorithm that returns
an e-optimal policy with probability at least 1 — ¢ by sampling at most

(IS[AND - log(1/5) /<°

episodes.

1.1.2 Part II: RL with Large State Spaces

The first part of this thesis is mainly concerned with the tabular setting where the number of
states is bounded. However, in practice, the state space could be huge or even continuous, and
function approximation schemes are deployed to deal with the curse of dimensionality. Despite
great empirical success [38, [74], a major drawback is that these methods often require a large
amount of samples to learn a good policy, and it is unclear if there are fundamental statistical
limits on such methods.

In the second part of this thesis, we study necessary and sufficient conditions on the repre-
sentation power of the features that permit sample-efficient reinforcement learning, in both the
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online setting and the offline setting. Perhaps surprisingly, our theoretical results show that in
both settings, conditions that permit sample-efficient supervised learning are generally insuffi-
cient for sample-efficient RL. Therefore, successful RL requires conditions that are substantially
stronger that those sufficient for supervised learning.

Given these hardness results, it is natural to ask to what extent these worst-case charac-
terizations are reflective of the scenarios that arise in practical applications. In Chapter [6] we
provide a careful empirical investigation to understand these issues. Our experiments confirm
the phenomenon predicted by our theoretical analysis and demonstrate that even in practice, the
definition of a good representation in offline RL is more subtle than in supervised learning.

1.1.3 Part III: RL in Other Settings

Classical reinforcement learning paradigms aim to maximize the cumulative reward when the
agent has access to the reward distributions. Despite being able to formulate a large family
of sequential decision-making problems, there are important applications that cannot be casted
into this framework. In the third part of this thesis, we study two new settings, the reward-free
exploration setting and planning with general objective functions, to generalize the classical RL
frameworks.

Planning with General Objective Functions. Standard RL paradigms aim to maximize the
cumulative reward. However, this paradigm fails to model important practical applications. In
Chapter [/, we consider a class of general objective functions that map scalar reward values to
a real objective value, and give necessary and sufficient conditions on the objective function so
that the problem is tractable.

Reward-Free Exploration. Exploration is widely regarded as one of the most challenging
aspects of RL. To isolate the challenges of exploration, Jin et al. [39]] propose a new reward-free
exploration framework. During the exploration phase, an agent collects samples without using
a pre-specified reward function. After the exploration phase, a reward function is given, and the
agent uses samples collected during the exploration phase to compute a near-optimal policy. Jin
et al. [39] show that in the tabular setting, the agent only needs to collect polynomial number of
samples (in terms of the number of states, the number of actions, and the planning horizon) for
reward-free exploration. However, in practice, the number of states and actions can be large, and
thus function approximation schemes are required for generalization. In Chapter[§] we give both
positive and negative results for reward-free exploration with linear function approximation. Our
results imply several interesting exponential separations on the sample complexity of reward-free
exploration.

1.2 Organization

The remaining part of this thesis is organized as follows.
0. Background



* In Chapter 2} we introduce notations and necessary background.
1. RL with Long Planning Horizons

* In Chapter 3] we present our results for RL with long horizons. This chapter is based
on a paper that appeared in NeurIPS 2020 [89] and another paper that appeared in
FOCS 2021 [52].

2. RL with Large State Spaces

* In Chapter 4] we present our upper bound for online RL with large state spaces. This
chapter is based on a paper that appeared in NeurIPS 2020 [92].

* In Chapter [5| we present our hardness results for online RL with large state spaces.
This chapter is based on a paper that appeared in ICLR 2020 [24].

* In Chapter [6] we present our results for offline RL with large state spaces. This
chapter is based on a paper that appeared in ICLR 2021 [91] and another paper that
appeared in ICML 2021 [94].

3. RL in Other Settings

* In Chapter [/, we present our results for planning with general objective functions.
This chapter is based on a paper that appeared in NeurIPS 2020 [93]].

* In Chapter[8] we present our results for reward-free exploration. This chapter is based
on a paper that appeared in NeurIPS 2020 [90].

4. Conclusion and Future Directions

* In Chapter 9] we conclude the thesis and list future directions.

Excluded Research. In order to keep this thesis succinct and coherent, a significant portion of
the author’s Ph.D. work has been excluded. The excluded research includes:

* work on numerical linear algebra and sketching algorithms [[18} 51} 153} [79} 877, 193]];
* work on the neural tangent kernel theory [8} 9, 10, 22];
* work on other theoretical aspects of reinforcement learning [23} 25/ 126, 30, 96} 97, [101].



Chapter 2

Background and Notations

Notations. Throughout this thesis, for a given non-negative integer H, we use [H| to denote the
set {1,2,..., H}. For a condition £, we use [[£] to denote the indicator function, i.e., I[[£] = 1
if £ holds and I[€] = 0 otherwise. For a vector z € R?, we use ||z|, to denote its £, norm.
For a positive semidefinite matrix A, we use || A|| to denote its operator norm, and i, (A) to
denote its smallest eigenvalue. For two positive semidefinite matrices A and B, we write A = B
to denote the Lowner partial ordering of matrices, i.e, A > B if and only if A — B is positive
semidefinite. For a vector z € R? and a positive semidefinite matrix A € R?*?, we use |||/ to
denote vz T Az. Throughout this thesis, we use O (-) to omit logarithmic factors.

Episodic Reinforcement Learning. Let M = (S, A, P, R, H, i) be a Markov Decision Pro-
cess (MDP) where S is the state space, A is the action space, P : S x A — A(S) is the
transition operator which takes a state-action pair as input and returns a distribution over states,
R:S8xA— A(R) is the reward distribution, H € Z, is the planning horizon (episode length),
and © € A(S) is the initial state distribution. We use contextual bandit problem to denote an
MDP with H = 1. We use deterministic system to denote an MDP when the rewards, the tran-
sition operators and the initial state distribution are all deterministic. Throughout this thesis, for
a state s € S, we occasionally abuse notation and use s to denote the deterministic distribution
that always takes s.

A policy 7 chooses an action a based on the current state s € S and the time step h € [H].
Formally, 7 = {m, }/_, where for each h € [H]|, 7, : S — A maps a given state to an action.
Given an MDP M = (S, A, P, R, H, 1), a policy 7 induces a (random) trajectory

(51, alﬂ"l), (52,6@,7“2), s (SHaaHaTH)ysH—f—la

where s1 ~ 1, a; = mi(s1), 11 ~ R(s1,a1), s5 ~ P(s1,a1), aa = ma(s2), etc. For a policy m and
h € [H], we use u} to denote the marginal distribution of s, under 7, i.e.,

() = Prfsy = s | .
An important concept in RL is the Q-function. Given a policy 7, a level h € [H] and a
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state-action pair (s,a) € S x A, the Q-function is defined as

H
E T | sp=s,ap =a,m| .
h'=h

Similarly, the value function of a given state s € S is defined as

H
g T | sp=s,m|.

h'=h

Qp(s,a) = E

Vi(s)=E

For a policy m, we write V; = E [Zthl T | W} to denote its value in an MDP M, i.e., the
expected total reward of m. We omit M from the subscript when it is clear from the context. For
a given MDP M = (S, A, P, R, H, 1) and an integer H’, for a given policy 7, we define Vjj ;; to
be V[, where M' = (S, A, P,R, H', 1u).

Throughout the thesis, we use 7* to denote a policy that maximizes V™. It is well-known
(see e.g. [67]) that the optimal value of M can be achieved by a deterministic policy, and hence,
we only consider deterministic policies. For notational convenience, we also write Q}(s,a) =
Q7 (s,a) and Vy*(s) = V™ (s).

Here we discuss four possible query models when interacting with an MDP.

* Online RL: In the Online RL model, the agent can only interact with the MDP by choosing

actions and observe the next state and the reward.

* Offline RL: In the Offline RL model, the agent does not have direct access to the MDP
and instead is given access to data distributions {u 111, where for each h € [H], py €
A(S x A). The inputs of the agent are H datasets {Dy,}/_,, and for each h € [H], Dy,
consists i.i.d. samples of the form (s,a,r,s') € S x A xR x S tuples, where (s, a) ~ pp,
r ~ R(s,a),s ~ P(s,a).

* Generative Model: Compared to the Online RL model, a stronger query model assumes
the agent can transit to any state [42, 44, [7/6]. This query model is available in certain
robotic applications where one can control the robot to reach the target state.

* Known Transition: Another query model considered here is that the agent can not only
transit to any state, but also knows the whole transition operator. In this model, only the
reward is unknown.

Now we discuss two possible goals in RL.

Policy Optimization. In the policy optimization problem, the goal is to find a policy 7 that
maximizes the expected total reward E [Zthl T | 71'] while minimizing the number of samples
queried. We say a policy 7 is e-optimal if
H

D rulw

h=1

E >E

H
Zrh | W*] — €.

h=1

Policy Evaluation. In the policy evaluation problem, the agent is given a policy 7, and the goal
is to estimate the value of 7, i.e., V™, while minimizing the number of samples queried.
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Part 1

RL with Long Planning Horizons






Chapter 3

RL with Long Planning Horizons

3.1 Introduction

Long horizons, along with the state dependent transitions, is the differentiator between RL prob-
lems and simpler contextual bandit problems. In RL, actions taken at early stages could sub-
stantially impact the future. In contextual bandit problems, the action taken at each time step is
independent of the future. Jiang and Agarwal [37]] proposed to study this distinction by examin-
ing how the sample complexity depends on the horizon length in a finite horizon episodic MDP.
Clearly, as the horizon H grows, we will observe more samples in each episode. To appropriately
measure the sample complexity, we consider a normalized notion: we are interested in the num-
ber of episodes it takes to provably discover an e-optimal policy, where the value is measured
by the normalized cumulative reward in each episode (i.e., values are normalized to be bounded
between 0 and 1). Here, all existing sample complexity upper bounds depend polynomially on
the horizon H, while lower bounds do not provide any dependence on H. Motivated by these
observations, in a COLT 2018 open problem, Jiang and Agarwal [377]] conjectured a sample com-
plexity lower bound with linear dependence on the horizon, which is consistent with all existing
upper bounds. In other words, the conjecture is that, even when the values are appropriately
normalized, long horizon RL is more difficult than short horizon RL.

In this chapter we resolve this question, with, perhaps surprisingly, negative answers. Here
we give an informal version of our first result.
Theorem 3.1.1. Suppose the reward values satisfy r, > 0 and Zthl rn < 1 almost surely.
Given a target accuracy 0 < € < 1, there is an algorithm that returns an c-optimal policy with
probability at least 1 — § by sampling at most

O (SI°|A]* log™ H/<"log(|S|| Al /¢) - (|S[*|-Allog(H|S|/2) + log(1/5)))

episodes.

Importantly, this sample complexity scales only logarithmically with H. Although the con-
jecture in [37] has been refuted by Theorem [3.1.1] it is still unclear if tabular RL is possible with
a sample complexity that is completely independent of the planning horizon. We further develop
an algorithm whose sample complexity is completely independent of the planning horizon, at the
cost of worse dependence on the number of states and actions.
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Theorem 3.1.2. Suppose the reward values satisfy r, > 0 and Zthl rn, < 1 almost surely.
Given a target accuracy 0 < € < 1, there is an algorithm that returns an -optimal policy with
probability at least 1 — § by sampling at most

(IS[AND - log(1/5) /<°

episodes.

In the context of the discussion in [37], these results suggest that perceived differences be-
tween long horizon RL and short horizon RL are not attributable to the horizon dependence, at
least in a minimax sense.

3.2 Preliminaries

Notations. Throughout this chapter, for a random variable X and a real number ¢ € (0, 1], its
e-quantile Q. (X) is defined so that

Q.(X) =sup{z | Pr[X > z] > ¢}.

For a policy 7, we define

Qi (s,a) = Qs [Z I(s,a) = (St,at)]]

to be the d-quantile of the visitation frequency of a state-action pair (s, a), where

(Sla al), (327a2)7 R (SHaaH)a SH+1

is a random trajectory induced by executing 7.

Markov Chains. Let C' = (S, P, 1) be a Markov chain where S is the state space, P : § —
A(S) is the transition operator and 1 € A(S) is the initial state distribution. A Markov chain C
induces a sequence of random states

S1,89,...

where for each s; ~ p and s, ~ P(s,) foreach h > 1.

Stationary Policies. For the sake of the analysis, we shall also consider stationary policies. A
stationary deterministic policy 7 chooses an action a solely based on the current state s € S,
e, m = m = ... = mwy. We use ll to denote the set of all stationary policies. Note that
L] = A5,

For an MDP M = (S, A, P, R, H, ;1) and a stationary policy 7 : § — A, we use M™ =
(S, P™, i) to denote the Markov chain induced by M and 7, where the transition operator P” is
defined so that

P7(s'| s) = P(s'| s,7(s)).
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Assumption on Rewards. Below, we introduce the bounded total reward assumption.
Assumption 3.2.1 (Bounded Total Reward). For any policy w, and a random trajectory

(Slaalarl)a (827 CLQ,TQ), ) <3H,GH,TH), 8H+1

induced by T, we have ry, € [0, 1] for all h € [H|, and

H
ZT}L < 1
h=1

almost surely.

As discussed in [37], this assumption is more general than the standard assumption where
r, € [0,1/H]| forall h € [H].

The above assumption in fact implies a very interesting consequence.
Lemma 3.2.1. Under Assumption[3.2.1} for any M = (S, A, P, R, H, ju) with H > |S|, for any
(s,a) € S x A, if there exists a (possibly non-stationary) policy T such that for the random
trajectory

(Sla aq, Tl), (SQa g, r?)v SR} (SH> aq, TH), SH+1
induced by executing 7 in M, we have

H

Pr ZH[(sh,ah) =(s,a)] > 1| >¢

h=1
for some € > 0, then R(s,a) < 2|S|/H almost surely and therefore E[(R(s,a))?] < 4|S|*/H™

Proof. By the assumption, there exists a trajectory

(Sla a1>7 (527 a?)a sy (SHa aH)a SH+1
such that there exists 1 < hy < hy < H with s5, = s,,. Moreover,

ha—1

p(s1) T Plsner | sn.an) > &> 0.
h=1

We may assume h; < |S| and hy — hy < |S|, since otherwise we can replace sub-trajectories
that start and end with the same state by that state, and the resulting trajectory still appears with
strictly positive probability. Now consider the policy 7 which is defined so that for each h < hy,
7n(sn) = aj, and for each 0 <t < hy — hy,

%h1+t(3h1+t) = %h1+(h2—h1)+t(5h1+t) = %h1+2(h2—h1)+t(3h1+t) = = Ayt

i.e., repeating the trajectory’s actions in [hq, ho] indefinitely. 7 is defined arbitrarily for other
states and time steps.

By executing 7, with strictly positive probability, (s, a) is visited for | H/|S|| > H/(2|S])
times. Therefore, by Assumption[3.2.1} R(s,a) < 2|S|/H with probability 1 and thus

E[(R(s,a))’] < 4|S[*/H".

11



Discounted Markov Decision Processes. We also introduce another variant of MDP, dis-
counted MDP, which is specified by M = (S, A, P,R,~, ), where v € (0,1) is a discount
factor and all other components have the same meaning as in an episodic MDP. The difference
between a discounted MDP and an episodic MDP is that discounted MDPs have an infinite hori-
zon length, i.e., the length of a trajectory can be infinite. To measure the value of a policy 7 in a
discounted MDP, suppose 7 induces a random trajectory

(81,6L1,7“1), (827(12,7“2)7 s
we define

Vi, =E

S | ]
h=1

as the discounted value of 7w. Throughout this chapter, for a (discounted or episodic) MDP
M = (S, A, P,R,-, i), we define V}jj ; to be the value of 7in (S, A, P, R, H, i1) and Vj _ to be
the value of 7 in (S, A, P, R, v, ).

3.3 Technical Overview

3.3.1 Technical Overview of Theorem 3.1.1]

An s-net For Non-Stationary Policies. We first construct a set of polices II which contains an
e-optimal policy for any MDP. Importantly, the size of II satisfies |II| = (H /e)P°¥USIMD which
is acceptable since the overall sample complexity of our algorithm depends only logarithmically
on |II|. To define such a set of policies, we consider all discretized MDPs whose transition prob-
abilities and reward values are integer multiples of poly(e/(|S||.A|H)). Clearly, there are most
(H/ £)PolvUSIAD guch discretized MDPs, and for each discretized MDP A, we add an optimal
policy of M into II. It remains to show that for any M, there exists a policy © € II which is an e-
optimal policy of M. This can be seen since there exists a discretized MDP M whose transition
probabilities and reward values are close enough to those of M, and by standard perturbation
analysis, it can be easily shown that an optimal policy of M is an e-optimal policy of M.

The Trajectory Synthesis Method. Now we show how to evaluate values of all policies in the
policy set II constructed above by sampling at most poly(|S|, |.A|, 1/e,log |II|,log H) episodes.
To achieve this goal, we design a trajectory simulator, which, for every policy in the set, either
interacts with the environment to collect trajectories, or simulates trajectories using collected
samples. In either case, the simulator obtains trajectories of the policy with distribution close
enough to those sampled by interacting with the environment. The most natural idea is to col-
lect trajectories for each policy 7 separately by interacting with the environment. This method,
although is guaranteed to output “true” trajectories for every policy, has sample complexity at
least linear in the size of the policy set |I1| and is thus insufficient for our goal. Another possible
way to evaluate policies is to build an empirical model (an estimation of transition probability
and reward function) and evaluate policies on the empirical model (or to build a trajectory tree
as in [43]]). However, we do not know how to deal with the dependency issue in building the
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empirical model and to prove a sample complexity bound that scales logarithmically with the
planning horizon. The analysis based on performance difference lemma can lead to polynomial
dependency on the planning horizon [42].

Reuse Samples. A key observation is that once we obtain a trajectory for a policy by interacting
with the environment, samples collected during this process can be used to simulate trajectories
for other policies. To better illustrate this idea, we use 1Ip to denote the set of policies for which
we have obtained trajectories by interacting with the environment, and denote

= [ (s 0 @ (2
Ds,a - [(S(S,a)a T(S,a)> 9 <S(57a)7 T(s,a)) g e :|

to be the sequence of samples obtained from P(s,a) and R(s,a). These samples are sorted in
chronological order. Suppose that now we are given a new policy 7 and for all (s,a) € S x A,
|D§t()z| > H. Thenitis easy to simulate a trajectory for 7 using the set of samples {Ds o}, 5 e 4-
Indeed, we start from state s, and set (sg,72) to be the first pair in D;, . (s,), and then set (s3,73)
to be the first pair in D, ,(s,) that has not been used, etc. In general, suppose we are at state
sy, for some h < H, we set (sp41,7r+1) to be the first pair in Dy, (s, that has not been used.
Note that such a procedure generates a trajectory for m with exactly the same distribution as that
generated by interacting with the environment.

Avoid Unnecessary Sampling. We have described the approach to reuse samples in the above
paragraph. Nevertheless, there is a problem intrinsic to the above approach: if the process of
simulating a policy  fails (i.e., some (sp,, 7,(s)) has been visited j < H times but | Dy, -, (s)| <
7). should we interact with the environment to generate a trajectory or simply claim failure? Note
that claiming failure is acceptable as long as the overall failure probability is small.

In order to decide when to interact with the environment, we design a procedure to estimate
the probability of simulation failure. If the failure probability is already small enough, there is
no need to interact with the environment. Otherwise, we interact with the environment to obtain
a trajectory. To bound the overall sample complexity, one key observation is that if the failure
probability is large, then the policy will visit some state-action pair more frequently than all
existing policies. In the formal analysis, we make this intuition rigorous by designing a potential
function to measure the overall progress made by our algorithm.

3.3.2 Technical Overview of Theorem 3.1.2

To introduce the high-level ideas, we first start with the simpler setting, the generative model,
where exploration is not a concern. We then switch to the more challenging RL setting, where
we need to carefully design policies to explore the state-action space so that a good policy can
be learned. For simplicity, throughout the discussion in this section, we assume |S|, |A| and 1/¢
are all constants.

Algorithm and Analysis in the Generative Model. Our algorithm in the generative model
is conceptually simple: for each state-action pair (s, a), we draw O(H ) samples from P(s,a)
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and R(s,a) and then return the optimal policy with respect to the empirical model M which
is obtained by using the empirical estimators for P and R (denoted as P and E). Here for
simplicity, we assume R = R which allows us to focus on the estimation error induced by the
transition probabilities. Moreover, we assume that P differs from P only for a single state-action
pair (s, a). To further simplify the discussion, we assume that there are only two different states
on the support of P(s’ | s,a) (say s; and s3).

In order to prove the correctness of the algorithm, we show that for any policy 7, the value
of 7 in the empirical model M is close to that in the true model M. However, standard analysis
based on dynamic progarmming shows that the difference between the value of 7 in M and that
in M could be as large as H times the estimation error on P(s, a), which is clearly insufficient
for obtaining an algorithm which uses O(1) batches of queries. Our main idea here is to show
that for most trajectories 7', the probability of 7" in the empirical model Misa multiplicative
approximation to that in the true model M with constant approximation ratio.

To establish the multiplicative approximation guarantee, our observation is that one should
consider s; and so, the two states on the support of P(s,a), as a whole. To see this, consider
the case where P(s; | s,a) = P(s2 | s,a) = 1/2. Again, the additive estimation errors on both
P(s1 | s,a) and P(s, | s,a) are roughly O(1/v/H). Now, consider a trajectory that visits both
(s,a,s1) and(s,a, s9) for H/2 times. Note that the multiplicative approximation ratio between
P(s' | s,a)/? and P(s | s a)H/2 could be as large as exp(v/H), for both s’ = = spand s’ = sy.
However, since P(s; | s,a) + P(sy | s,a) = 1 as the empirical estimator P(s, a) is still a
probability distribution, it must be the case that P(s; | s 5,a)/P(s1 | s,a) =1 — 26 and P(ss |
s,a)/P(sy | s,a) = 1+ 20 where § = P(s1 | s,a) — P(s | 's,a) and thus || < O(1/vH).
Since (1 + 25)H/2(1 —20)H/2 = (1 — 462)1/? is a constant, (P(s, | 5,a))?/2(P(sy | s,a))"/? is
a constant factor approximation to the true probability (P(s; | s, a))H/ 2(P(sq | s, a))H/ 2 due to
cancellation.

In our analysis, to formalize the above intuition, for each trajectory 7', we take 7" into consid-
eration only when |mr (s, a, s')—P(s' | s,a)-mr(s,a)] < O(/P(s' | s,a) - H) forboth s’ = s;
and s’ = s9. Here mr (s, a) is the number of times that (s, ) is visited on 7" and mr (s, a, ) is the
number of times that (s, a, s’) is visited on 7. By Chebyshev’s inequality, we only ignore a small
subset of trajectories whose total probability can be upper bounded by a constant. For the remain-
ing trajectories, it can be shown that P(s; | s, a)™7(1). P(s, | s a)mT(S @52) s a constant factor
approximation to P(s; | s, a)™"®5). P(sy | s, a)™r(@52) so long as | P(s, a, s')— P(s, a, s')| <
O(\/P(s,a,s")/H) for both ' = s; and s’ = s, due to the cancellation mentioned above. Note
that using O(H) P(s,a,s') — P(s,a,s)| < O(/P(s,a,s)/H) holds only when
P(s,a,s") > Q(1/H). On the other hand, we can also ignore trajectories that visit (s, a, s") with
P(s,a,s") < O(1/H) since such trajectories have negligible cumulative probability by Markov’s
inequality.

The above analysis can be readily generalized to handle perturbation on the transition prob-
abilities of multiple state-action pairs, and to handle the case when the transition operator P(- |
s,a) is not supported on two states. In summary, by using O(H ) samples for each state-action
pair (s, a), the empirical model M provides a constant factor approximation to the probabilities
of all trajectories, except for a small subset of them whose cumulative probability can be upper
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bounded by a constant. Hence, for all policies, the empirical model provides an accurate estimate
to its value and thus, the optimal policy with respect to the empirical model is near-optimal.

Exploration by Stationary Policies. In the discussion above, we heavily rely on the ability
of the generative model to obtain Q2(H ) samples for each state-action pair. However, for the RL
setting, it is not possible to reach every state-action pair freely. Although each trajectory contains
H state-action-state tuples (corresponding to a batch of queries in the generative model), these
samples may not cover states that are crucial for learning an optimal policy. Indeed, one could
use all possible deterministic non-stationary policies to collect samples, which shall then cover
the whole state-action space. Unfortunately, such a naive method introduces a dependence on
the number of non-stationary policies which is exponential in /. The sample complexity of
other existing methods in the literature also inevitably depends on H as their sample complexity
intrinsically depends on the number of non-stationary policies.

In this work, we adopt a completely different approach for exploration. Our new idea is to
show that if there exists a non-stationary policy that visits (s, a) for f times in expectation, then
there exists a stationary policy that visit (s, a) for f/exp (O(|S]log|S])) times in expectation.
If the above claim is true, then intuitively, one can simply enumerate all stationary policies and
sample exp (O(|S|log |S|)) trajectories using each of them to obtain f samples of (s, a). Note
that there are only |A|S! stationary policies, which is completely independent of H. In order
to prove the above claim, we show that for any stationary policy 7, its value in the infinite-
horizon discounted setting is close to that in the finite-horizon undiscounted setting (up to a
factor of exp (O(|S|log|S]))) by using a properly chosen discount factor. Note that this implies
the correctness of the above claim since there always exists a stationary optimal policy in the
infinite-horizon discounted setting.

In order to show the value of a stationary policy in the infinite-horizon discounted setting
is close to that in the finite-horizon setting, we study reaching probabilities in time invariant
Markov chains. In particular, we show that in a time invariant Markov chain, for any H > |S|,
the probability of reaching a specific state s within H steps is close the probability of reaching
s within 4H steps, up to a factor of exp (O(|S|log|S])). Previous literature on time invariant
Markov chains mostly focus on the asymptotic behavior, and as far as we are aware, we are the
first to prove the above claim. Note that this claim directly establishes a connection between the
value of a stationary policy in the infinite-horizon discounted setting and that in the finite-horizon
setting. Moreover, as a direct consequence of the above claim, we can show that if H > 2|S|, the
value of a stationary policy within H steps is close to that of the same policy within H /2 steps,
up to a factor of exp (O(|S|log |S|)). This consequence is crucial for later parts of the analysis.

From Expectation to Quantile. The above analysis shows that if there exists a non-stationary
policy that visits (s,a) for f times in expectation, then our algorithm, which uses all station-
ary policies to collect samples, visits (s,a) for f/exp (O(|S]|log|S]|)) times in expectation.
However, this does not necessarily mean that one can obtain f samples of (s, a) by sampling
exp (O(|S|log |S])) trajectories using our algorithm with good probability. To see this, consider
the case when our policy visits (s,a) for H times with probability 1/ V/H and does not visit
(s,a) with probability 1 — 1/v/H. In this case, our policy may not obtain even a single sample
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for (s, a) unless one rollouts the policy for O(+/H) times. Therefore, instead of obtaining a vis-
itation frequency guarantee which holds in expectation, it is more desirable to obtain a visitation
frequency guarantee that holds with good probability.

To resolve this issue, we establish a connection between the expectation and the e-quantile
of the visitation frequency of a stationary policy. We note that such a connection could not
hold without any restriction. To see this, consider a policy that visits (s,a) for H times with
probability £/2. In this case, the expected visitation frequency is € H/2 while the e-quantile is
zero. On the other hand, suppose the initial state s; = s almost surely, then such a connection is
easy to establish by using the Martingale Stopping Theorem. In particular, we show that if there
exists a non-stationary policy that visits (s,a) for f times with probability ¢, then there exists
a stationary policy that visits (s, a) for e f/ exp (O(|S|log |S|)) times with constant probability,
when the initial state s; = s almost surely.

In general, the initial state s; comes from a distribution p and could be different from s
with high probability. To tackle this issue, in our algorithm, we simultaneously enumerate two
stationary policies 71 and 7. 7; should be thought as the policy that visits (s,a) with high-
est probability within H/2 steps starting from the initial state distribution x, and 75 should be
thought as the policy that maximizes the e-quantile of the visitation frequency of (s, a) within
H/2 steps when sy = s. In our algorithm, we execute 7; before (s, a) is visited for the first
time, and switch to 7, once (s, a) has been visited. Intuitively, we first use 7; to reach (s, a)
for the first time and then use 75 to collect as many samples as possible. As mentioned above,
the value of a stationary policy within H steps is close to the value of the same policy within
H /2 steps, up to a factor of exp (O(|S|log|S|)). Thus, by sampling the above policy (formed
by concatenating 7; and 73) for exp (O(|S|log |S|)) /&* times, we obtain at least f samples for
(s, a), if there exists a non-stationary policy that visits (s, a) for f times with probability .

Perturbation Analysis in the RL Setting. By the above analysis, suppose m(s,a) is the
largest integer such that there exists a non-stationary policy that visits (s, a) with probability € for
m(s, a) times, then our dataset contains €2(m(s, a)) samples of (s, a). However, m(s, a) could be
significantly smaller than /7 and therefore the perturbation analysis established in the generative
model no longer applies here. For example, previously we show that if |my(s,a,s’) — P(s' |
s,a) - mp(s,a)| < O(/P(s' | s,a) - H), then P(sy | s,a)™®%51) . P(s, | 5,a)™r052) s a
constant factor approximation to P(s; | s,a)™7(#45) . P(sy | s,a)™7(*452) when | P(s, a,s') —
P(s,a,s)| < O(\/P(s,a,s')/H) for both s = s; and s’ = sy. However, if m(s,a) < H, it is
hopeless to obtain an estimate P(s,a, s') with | P(s,a,s') — P(s,a,s')| < O(/P(s,a,s')/H).
Fortunately, our perturbation analysis still goes through so long as my(s,a,s’) < P(s' | s,a) -
mr(s,a)+O0(\/P(s' | s,a) - m(s,a)) and |P(s,a,s')—P(s,a,s)| < O(\/P(s,a,s")/m(s,a)),
i.e., replacing all H appearances with m(s, a).

The above analysis introduces a final subtlety in our algorithm. In particular, m(s,a) in
the empirical model M could be significantly larger than that in the true model. On the other
hand, the number of samples of (s,a) in our dataset is at most O(m(s,a)) where m(s,a) is
defined by the true model. This means the value estimated in the empirical model M could be
significantly larger than that in the true model M. To resolve this issue, we employ the principle
of “pessimism in the face of uncertainty” and for each policy 7, the estimated value of 7 is set
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to be the lowest value among all models that lie the confidence set. Since the true model always
lies in the confidence set, the estimated value is then guaranteed to be close to the true value.

3.4 Proof of Theorem 3.1.1

In this section, for the sake of presentation, we assume a fixed initial state s;. When the initial
state is sampled from a distribution p, we may create a new state sy and set s, to be the initial
state. We set P(sp,a) = pand r(sp,a) = 0 for all a € A, and increase the planning horizon H
by 1. By doing so, now s; is sampled from the initial state distribution .

3.4.1 An c-net For Non-Stationary Policies

In this section, we construct a set of polices which contains a near-optimal policy for any MDP.
To define these policies, we first define a set of MDPs.

Throughout this section, without loss of genearlity, we assume 1/¢ is a positive integer. In
general, we may decrease ¢ by a factor of at most two so that 1/¢ is a positive integer.

The following definition is helpful in our analysis.
Definition 3.4.1. For an MDP M = (S, A, P,R, H, ), we say a pair (s,h) € S x [H] is
admissible with respect to M if there exists a policy 7 such that Pr[s, = s | 7] > 0.

Before we being our analysis, we prove the following property regarding admissible pairs.
Lemma 3.4.1. For any admissible (s,h) € S x [H], for any a € A, the following hold:

* 0 < R(s,a) < 1 almost surely;

* 0 < Qf(s,a) < 1forany policy m;

* 0 < V[ (s) < 1 forany policy .

Proof. Here we only prove 0 < R(s,a) < 1. It can be similarly proved that 0 < Q7 (s,a) <1
and 0 < V;7(s) < 1. Suppose R(s,a) > 1 or R(s,a) < 0 with non-zero probability. Since (s, h)
is admissible, there exists a policy 7 such that Pr[s, = s | 7] > 0. Consider the policy 7’ defined

to be:
, s h/(S) h <h
Tp\S) = .
Clearly, r, > 1 or r, < 0 with non-zero probability, which violates the assumption that
S 7, €[0,1] and 75, > 0 for all b € [H] almost surely. O

Definition 3.4.2 (Discretized MDPs). For given S, A, H, s; and € > 0, define M. to be the set
of MDPs M = (S, A, P, R, H, s1) such that

* Rewards are deterministic and for any (s,a) € S x A, R(s,a) € {0,¢,2¢,3¢,...,1};

* Foreach (s,a,s8') € Sx Ax S, P(s' | s,a) € {0,¢,2¢,3¢,...,1};

The following lemma gives an upper bound on the size of M..
Lemma 3.4.2. |M.| < (1/e + 1)ISPIAHISIAL
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Proof. Since each M € M. is uniquely defined by its R and P, below we count the number of
possible R and P respectively.

Since rewards are deterministic and for any (s,a) € S x A, R(s,a) € {0,¢,2¢,..., 1}, there
are (1/¢ + 1)ISI4I different rewards in total.

Since for each (s,a,s') € S x A x S, P(s' | s,a) € {0,¢,2¢,...,1}, there are at most
(1/e + 115”4 different transitions in total.

Therefore, |M.| < (1/e 4 1)ISPIAHISIAL

Definition 3.4.3 (s-net for Non-stationary Policies). For given S, A, H and ¢ > 0, define II. to
be the set of polices such that

[T, = {7y | ms is an optimal policy for M € M.}.

For each M € M., when M has multiple optimal policies, we add an arbitrary one to II..
By construction of II. and Lemma [3.4.2] it is clear that |TI.| < (1/e + 1)ISPIAI+ISIIA O

Now we prove that for any MDP M, there is a near-optimal policy 7 € II..
Lemma 3.4.3. For any MDP M = (S, A, P, R, H,s,), there exists m € Il such that 7 is
8H|S|e-optimal.

Proof. We first show that there exists M= (S VA, 18, }/?\i, H, 31) € M. such that the following
hold:

* For any (s,h) € S x [H] admissible with respect to M, for any a € A, |R(s,a) —
E[R(s,a)]| < e

* Foreach (s,a,s') € S x Ax S, |P(s' | s,a) — P(s' | s,a)
* Foreach (s,a,s') € S x Ax S, if P(s' | s,a) = 0 then P(s' | s,a) = 0;
Below we construct such P and R. By Lemma we have E[R(s, a)] € [0, 1]. Therefore,

by setting R(s, a) to be closest real number in {0, ¢, 2¢, ..., 1}, we have |R(s, a) — E[R(s, a)]| <
e. Furthermore, for each (s, a,s’) € S x A x S, we set

<g

P'(s"| s,a) = min{p € {0,¢,2¢,...,1} | p > P(s' | s,a)}.

Notice that P’(s, a) may not always be a probability distribution. Clearly P'(s" | s,a) > P(s' |
s,a) foreach (s,a,5") € Sx Ax Sand ), s P'(s'| s,a) = 1+ ke for some positive integer
0 < k < |S|. Now for each (s, a), we set ﬁ(s' | s,a) = P'(s’ | s,a) — ¢ for an arbitrary k states
s’ € S with P(s' | s,a) > 0, and set P(s' | s,a) = P'(s' | s,a) for all other states s'. Clearly,
P'(s,a) is a probability distrbution for any (s, a) and satisfies the desired property.

Now for any pohcy T, We use V’T to denote the V'-value of m on MDP M, and use V™ to denote
the V-value of  on M. Q™ and Q™ are defined analogously. We prove that V™ — V7| < 4|S|He
for any policy 7 inductively by the following induction hypothesis:

s VT (s) — IA/h“(s)| < (14 (H — h)(|S| + 1))e for any admissible (s, h);
* |QF(s,a) —Qf(s,a)| < (14 (H —h)(|S|+1))e for any admissible (s, k) and any a € A.
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When h = H, Vi(s) = Qu(s,w(s)) = E[R(s,7(s))] and Vi(s) = Qu(s,m(s))

~ ~

R(s,7(s)). Therefore, the induction hypothesis holds when h = H since |R(s, a)—E[R(s, a)]|
E.

IA I

Now we show the induction hypothesis holds for any & < H. For any h < H, consider any
state s such that (s, h) is admissible. Notice that V" (s) = Qx(s,7(s)) and V" (s) = Qn(s, 7(s)),
and therefore |V, (s) — V7 (s)| = |Q7 (s, 7(s)) — Q7 (s, m(s))|. Furthermore,

Qn(s,a) = E[R(s,a)] + Y P(s' | 5,a)Vi (o)

s'eS
and
Qr(s,a) = R(s,a) + Y P(s' | 5,a) Vi (s).
s'eS
Therefore,

Qi(s.) = Qi(s.a)]
< ‘E[R(S, a)] - ﬁ(s,a)’ + ) ‘P(S' |5, )Via(s) = P(s' | 5, @)V (o)

s':P(s'|s,a)>0
<+ > ([P 1s.0) = PG | 5,0)| - Vina(s) + P | s.a) - |Vim(s) = T (1))
s':P(s'|s,a)>0
<(|S] + e + Z P(s'| s,a) - ‘Vh’;l(s’) - ‘A/hﬂl(s') (V71 (s") < 1 by Lemma 3.4.1)
s':P(s'|s,a)>0

<(|IS|+1)e+(1+ (H—(h+1))(|S|+1))e R
(> _yes P(s' | s,a) = 1 and induction hypothesis)

=14+ (H —h)(|S|+1))e.

Thus, we have
Vi(s1) = V"(s1)| < 4]S|He.

Finally, consider any optimal policy 7 of M and any optimal policy 7 of M, we have
VI (s1) 2 V7 (s1) — 4IS| He > V7 (s1) — 4|S|He > V(' (s1) — 8|S|He.

Since 7 € II., the lemma holds. O

3.4.2 Evaluating Policies

As shown in Section[3.4.1] there exists a set of policies II such that for any MDP M, there exists a
near-optimal policy 7 € II. In this section, we show how to approximately evaluate the values of
all policies in IT using at most poly (S|, |A|, 1/¢, log |I1],log H) episodes. We formally describe
our simulator in Section [3.4.2.1{and present its analysis in Section [3.4.2.2,
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Algorithm 1 SimAll
1: Input: failure probability dgn,, policy set I, number of trajectories F

2: 7 < 16|S|/0sim - 10g(4|S|/dsim)

3: fori € [F] do > Run F copies of Algorithm 2]in parallel
4: Set SO; to be the i-th independent copy of SimOne(7) (Algorithm

5. for € II do

6: for i € [F] do

7: 2T < SO,.SIMULATE(7)

8 if Y0 I[zF isFail] > 304m/2 - F then

9: for i € [F] do

10: 2T < SO;.RoLLOUT(7)

—_
—_

: return {27 }; nep)xm

3.4.2.1 The Trajectory Simulator

In this section, we describe our algorithm for simulating trajectories. The algorithm is formally
presented in Algorithm[I]and Algorithm[2] Algorithm[2]receives a parameter 7 and uses a replay
buffer D to store samples. Formally, D = {D;,}scs.4e4, Where each D, contains samples
associated with state-action pair (s, a), i.e.,

Ds7a = [(S(l) r(l))7 (ng T£2 )7 B }

s,a’ ' s,a ,ar ! sa

and samples are sorted in chronological order. We also maintain IIp in Algorithm 2| which is the
set of policies used to generate D. There are two subroutines in Algorithm [2| Subrountine S1M-
ULATE takes an input policy 7 and outputs either Fail or a trajectory for policy 7. Subroutine
ROLLOUT takes an input policy 7, samples 7 episodes for 7 by interacting with the environment
and stores all collected samples in the replay buffer D. It also returns one of the 7 trajectories
sampled for for 7. Moreover, whenever Subroutine ROLLOUT is invoked, samples in D are
recollected so that independence among samples in the replay buffer D is ensured.

Algorithm [I| receives a failure probability g, and a policy set II as inputs. In Algorithm
we run F' independent copies of Algorithm [2]in parallel. For each policy , for the F' independent
copies of Algorithm 2] Algorithm|[I|checks whether Subroutine SIMULATE returns Fail for too
many times. If so, it calls Subroutine ROLLOUT for each copy of Algorithm 2| to collect samples
and produce trajectories for 7. Otherwise, it directly returns trajectories returned by Subroutine
SIMULATE. The formal analysis of our algorithms will presented in Section [3.4.2.2]

3.4.2.2 Analysis

In this section, we present the formal analysis of Algorithm [l and Algorithm Before we
present our analysis, we first introduce some necessary notations.
Definition 3.4.4. For any policy 7, for any state-action pair (s,a) € S X A, define (s, a) € [H]

to be
H

fﬂ<3>a) = ]I[(Sch) = (Shvah) ‘ W]‘

h=1
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Algorithm 2 SimOne
1: Input: number of repetitions 7
2: function SIMULATE(7):

3 for (s,a) € S x Ado
4: Mark all elements in D; , as unused
5: forhe{1,2,...,H—1}do
6: if all elements in D, r(,,) are marked as used then
7: return Fail
8: else
9: Set (Sp+41,71) to be the first element in D, (s, that is marked as unused
10: Mark (sp+41,71) (the first unused element in Dy, r(s,)) as used
11: return (si,7(s1),7r1), (2, 7(82),72)s - -« (S, 7(SH), rH)

12: function ROLLOUT(7)

13: Set D; , to be an empty sequence for all (s,a) € S x A
14: Ip < IIp U {n}

15: for ' € IIp do

16: Sample 7 trajectories for 7’ by interacting with the environment
17: Add all collected samples to D
18: return one of the 7 trajectories sampled for 7

Le., f™(s,a) is the random variable which is the total number of times a trajectory induced by 7
Visits (s, a).

We additionally define the following quantity to characterize the number times a state-action
pair is visited by a set of policies. Intuitively, given a success probability ¢, this quantity measures
the maximum number of times a policy within a given policy set can visit a particular (s, a) pair.
Definition 3.4.5. For a set of policies II, for any (s,a) € S x A, define

(5 (s,a) = max {\ |\ € [O,H],mgr)[(Pr[f”(s,a) >\ >4}

Note that ;1 (s, a) is always a non-negative integer since for any state-action pair (s, a) €
S x A, policy 7 and real number ),

Prf"(s,a) > Al = Pr[f"(s,a) > [A]].

Our next lemma states that for some policy 7, if SimOne fails with high probability, then
there exists a state-action pair that 7 visits more frequently than all previous policies.
Lemma 3.4.4. For a policy © € 11, suppose Subroutine SIMULATE in Algorithm 2| returns Fail
with probability at least d, over the randomness of the generating process of the replay buffer
D. There exists (s,a) € S x A such that

5sim
2|8

T 5sim
Pr [f (s,a) >T- M . “611;:,/(2\80(5’@)] >

where llp is the set of policies used to generate D.
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Proof. Suppose for the sake of contradiction that for all (s,a) € S x A,

. B Daim
Pr(*(e0) > 7 5 W2 i (29)] < 57

Let us denote
5SI m

For all s € S, we have 5
Pr|f™(s,m(s)) > F(S,TI'(S))] < 2’523'

Therefore, by a union bound over all states S, with probability at least 1 — dg, /2, for all states
seS,

[T (s,m(s)) < T(s,7(s)) 3.1)
For each s € S, define &, to be the event that
E, = {‘Dsm’(s)l > F(S,?T(S))}.
By Definition there exists a policy 7; € IIp such that
Prf™ (s,7(5)) = 15 sy (5 7(5))] = Gsim/ (21S]).

Now consider Line[I6]in Subroutine ROLLOUT in Algortihm 2] Define

{1 it S0 T[(sn, an) = (s,7(s))] > Nénsﬁ/(zm)(& 7(s)) for the i-th trajectory of 7%

0 otherwise

Note X1, ..., Xs,,, are ii.d. random variables. By definition, E[X;] > 0gm/(2|S]|). Therefore,
since 7 = 16|S|/dsim - 10g(4|S|/dsim), by Chernoff bound,

sim 7—65|m/(2|8|) 5sim
Pr[ZX— 418\] o (7 ) < B

Therefore,
5|m 5sim
|>P X; > — .
' [Z TS 18]
It follows that with probability at least 1 — dg;, /4, for all s € S,
\DM(S)| > T'(s,7m(s)). (3.2)

By a union bound over (3.1)) and (3.2), with probability at least 1 — 5"“ ,forall s € S,
’DS,’II'(S)‘ > F(Sv 7T<8)) > fﬂ(87 71—(S)))

in which case Subroutine ROLLOUT does not return Fail. This contradicts the assumption that
Subroutine ROLLOUT returns Fail with probability at least dgm.
[
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Now we discuss the implication of Lemma([3.4.4] Note that Algorithm 2interacts with the en-
vironment to sample trajectories only when Subroutine SIMULATE fails with probability at least
dsim- By Lemma [3.4.4) when Algorithm [2| interacts with the environment to sample trajectories,
ugﬁ/(2|8|)(s, a) doubles or changes from 0 to 1 for some (s,a) € S x A since 7dgm/(4|S]) > 2.

However, ,uénsz 218D (s, a) is always upper bounded by H. Therefore, the total number of calls to
Subrountine ROLLOUT in Algorithm [I}is upper bounded by O(|S||.A|log H). Our next lemma
guarantees that whenever Algorithm |1{invokes Subroutine ROLLOUT, the probability that Sub-
routine SIMULATE returns Fail is at least dqm, and when Subroutine ROLLOUT is not invoked,
the probability that Subroutine SIMULATE returns Fail is at most 20gn,.
Lemma 3.4.5. Suppose F' > 24/0gm - 10g(2|11| /dsim). With probability at least 1 — STH\’ each
time Line [8|in Algorithm[l)is executed, the following hold:
* when Y7 1[2F is Fail] > 304m/2-F, the probability that Subroutine SIMULATE returns
Failis at least sy, Over the randomness of the generating process of the replay buffer D;
« when 3. 1|27 is Fail] < 304m/2-F, the probability that Subroutine SIMULATE returns
Fail is at most 20y, over the randomness of the generating process of the replay buffer

D.

Proof. LetY; = I[[2] is Fail]. Note that each time Subroutine ROLLOUT is invoked, all samples
in D are recollected. Therefore, for any given time step of the algorithm, {Y;}/_, are independent
random variables.

If Pr[Y; = 1] < dgim» by Chernoff bound,

- -
Pr ;Yi > 30sim/2 - F| < exp(—dgimF/24) < 25|Sir1n|
On the other hand, if Pr[Y; = 1] > 2d4m, by Chernoff bound,
IS ' Biim
Pr ZIY < 305m/2 - F| < exp(—05mF/16) < STt
Thus the lemma holds. [

Now we bound the overall sample complexity of the algorithm.
Lemma 3.4.6. Suppose F' > 24 /0gm - log(2|11|/dsim). Let Ilp be the set of policies maintained
by Algorithm efore executing Line and let ﬁp be the set of policies maintained after
executing Line |14} i.e., llp = IIp U {m}. With probability at least 1 — g /(2|11|), there exists
(s,a) € S x A, such that

11 11
Higm/(2is) (8 @) = max (2 Mg jals)) (85 @), 1) :

Proof. By Lemma [3.4.5] with probability at least 1 — dgm/(2|II|), for the added policy 7, the
probability that Subroutine SIMULATE returns Fail is at least dg,. By Lemma [3.4.4] there
exists (s,a) € S x A such that

6sim
2|S|

T 6sim D
Pr [f (s,a) > T'm'ﬂgim/<2|s><s’“)] =
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It “gﬁ/(zw\)(& a) = 0, we have

5sim
S|

Pr[f™(s,a) > 0] = Pr[f"(s,a) > 1] >

]

Otherwise, we have

5.
- I sim
Pr [f (8:0) 2 2+ 152y (8, 0) | 2 2(S|”

]

Lemma 3.4.7. Suppose F' > 24/gm 1og(2|11|/dsim ). With probability at least 1 — 0gm /2, Algo-
rithm|[ll at most interacts

sim

0 (21 tou(1S1/aum) - P LAP o 1 - )

episodes with the environment.

Proof. Notice that our algorithm interacts with the environment only when Subroutine ROLL-
OUT in Algorithm [2] is invoked. By Lemma [3.4.6] and union bound, with probability at least
1 — 0sim/2, whenever Subroutine ROLLOUT is invoked, there exists (s,a) € S x A such that
/‘ansﬁ/(2|5|)(37 a) is increased from 0 to 1, or u?sz/(ms')(s, a) is increased by a factor of 2. Since
/ng e SD(S, a) < H, with probability at least 1 — dg,,/2, Subroutine ROLLOUT is invoked for
at most O(|S||.A|log H) times. Hence |IIp| = O(|S||A|log H). Finally, whenever Subrou-
tine ROLLOUT is invoked, the algorithm samples at most F'|IIp |7 trajectories by interacting with

the environment. Therefore, with probability at least 1 — dg, /2, the total number of trajectories
sampled by the algorithm is upper bounded by O(F'7 - (|S||A| log H)?). O

3.4.3 The Algorithm

In this section we present our final algorithm. The algorithm description is given in Algorithm[7]
Our algorithm invokes Algorithm [1| on the set of policies defined in in Definition to ob-
tain trajectories for each policy, and simply returns the policy with largest empirical cumulative
reward. Now we give the formal analysis of our algorithm.

Lemma 3.4.8. For each policy € 11, 32ms)), for the value 7(7) calculated in Line E] of Algo-
rithml?} with probability at least 1 — doveran/ (2|11 /32815 )

H
S ]
h=1

Proof. For those policies 7 € Ilp, notice that {27 },c(r are sampled by interacting with the
environment. Since all reward values are positive and cumulative reward is upper bounded by 1
almost surely, by Chernoff bound,

o -5

h=1

A(r) —E < 5¢/16.

r(m)—E

< 5/8] > 1 —2exp(—Fe?/64) > 1 — 8/ (2T (32m5)))-
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Algorithm 3 Main
1: Input: failure probability doyeran, accuracy
2: Let IL./(32ms)) be the set of policies as defined in Definition
3: Invoke SimAll (Algorithm with dgm = €/8 and

F = max{6410g (4|11 /(3215))| /doveran) /€%, 192/£ 10g (16|TLs2m1151)| /€) }

4: for each trajectory z = (s1,a1,71), (S2,a2,72), ..., (S, amg, ) returned by SimAll do
zisFail

0
5: Calculate r(z) =
=) S r,  otherwise

6: for ™ € ].—.[8/(32H‘8|) do
7: Calculate () = + >icir M)

8: return argmaxﬂena/mms')r(ﬂ)

For those policies 7 ¢ Ilp, notice that {] } ;7 have the same distribution as /" independent
trajectories sampled by interacting with the environment, except that at most 35 /2- F' = 3¢/16- F
trajectories are replaced with Fail. If all trajectories are independently sampled by interacting
with the environment, by Chernoff bound, with probability at least 1 — doverai/ (2|11 /325115))|)>

§|]

h=1

) — E <e/8.

Since cumulative reward is in [0, 1] almost surely, by replacing at most 3¢/16 - F' trajecto-
ries with Fail, 7(m) is changed by at most 3¢/16. Therefore, with probability at least 1 —

Soverall/ (2|1e/(32m115))])»
H
3]
h=1

A(r) —E < 5¢/16.

O
Lemma 3.4.9. With probability at least 1 — doyeran /2, Algorithm @ returns an -optimal policy.

Proof. By Lemma[3.4.3] there exists a ¢ /4-optimal policy 7" € II.(3211/s))- By Lemma and
a union bound over II, with probability at least 1 — dyeral/2, for all policy 7 € II. /(32H|S])>

H

Sl

h=1

(7)) —E < 5¢/16.

Let 7 be the policy returned by algorithm. Conditioned on the event mentioned above, we have

H
Zrh | W*] —€.

h=1

H H

Zrh | W] > 7(m)—5¢/16 > r(n')—5¢/16 > E Zrh | W'] —5¢/8 > E

h=1 Lh=1

E

]
Our main result, Theorem is a direct implication of Lemma and Lemma[3.4.9]
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3.5 Proof of Theorem 3.1.2

3.5.1 Properties of Stationary Policies

In this section, we prove several properties of stationary policies. In Section [3.5.1.1] we first
prove properties regarding reaching probabilities in Markov chains, and then use them to prove
properties for stationary policies in Section [3.5.1.2]

3.5.1.1 Reaching Probabilities in Markov Chains

Let C' = (S, P, 1) be a Markov chain. For a positive integer L and a sequence of states 7' =
(s1,81,...,51) € S, we write

L-1

p(T,C) = ls1) - ] Ploner | sn)

h=1

to denote the probability of 7" in C'. For a state s € S and an integer L. > 0, we also write

pr(s,C) = Z p((s1,52,...,8L,5),C)

(s1,51,...,s1,)€ST

to denote the probability of reaching s with exactly L steps.

Our first lemma shows that for any Markov chain C, for any sequence of L states 1" with
L > |S|, there exists a sequence of L’ states 7" with L' < |S| so that p(T, C) < p(T", C).
Lemma 3.5.1. Let C = (S, P, i) be a Markov chain. For a sequence of L states

T = (s1,51,...,5;) € S*
with L > |S)|, there exists a sequence of L’ states
T = (s}, 8h,...,57,)eSY
with s, = sp, L' <|S| and p(T,C) < p(T",C).
Proof. By pigeonhole principle, since L > |S]|, there exists 0 < ¢ < j < L such that s; = s,.
Consider the sequence induced by removing s;, Si11, Sit2, - .., Sj—1 from T', i.e.,
T = (51,82, Sic15Sj, Sj41s- -+ 5L)-

Since s; = s;, we have
-1
p(Ta C) = M(Sl) : H P(Sh+1 | Sh)-
h=1

and
i—2 L1

P(spt1 | sn) - H P(sny1 | sn)-

1 h=j

p(T",C) = pls1) -

—

>
Il

Therefore, we have p(T,C) < p(T”,C). We continue this process until the length is at most
|S]. O

~—
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Combining Lemma with a simple counting argument directly implies the following
lemma, which shows that 24‘5' "ou(s, C) < exp (0(IS|log|S])) - S pi(s, ©).
Lemma 3.5.2. Let C' = (S, P, i) be a Markov chain. For any s € S,

4]8]-1 |S|—1
> pu(s,0) < 4SSN T pu(s,0).
h=0 h=0

Proof. Consider a sequence of L + 1 states T = (sy,8y,...,5711) € SEH with L > |S| and
s;, = 5. By Lemma|3.5.1} there exists another sequence of L states 7" = (s, s, .. .,s},) € S
with ¢}, = sp1 = sand L' < |S]| so that p(7, C') < p(T", C'). Therefore

|S|—1
p(T,C) < p(T',C) < prra(s,C) < thsC

which implies

|S|—1
pL(S7C) = Z p((SbS?a'"7SL—178L7S)aC) S |S|L th(S,C).
(s1,524---,80_1,51 )ESL h=0
Therefore,
4|8]-1 |S]—1 |S]—1
D (s, C) S 4 IS SIS pa(s,0) =4+ S| Y (s, ©).
h=0 h=0 h=0

O
By applying Lemma in a Markov chain C’ with modified initial state distribution and
transition operator, we can also prove that

48|-1 IS|—1
Z Pontals, C) < exp (O(|S|log[S])) Z Pphtals, C)
for any integer o > 0 and integer S > 1.
Lemma 3.5.3. Let C' = (S, P, 1) be a Markov chain. For any integer o« > 0 and integer [ > 1,

forany s € S,
418]-1 S|—1
Z p6h+a(37 C) <4 |S|4|S| ’ Z p5h+a(57 O)
h=0 h=0

Proof. We define a new Markov chain C" = (S, P’, /) based on C' = (S, P, u1). The state space
of C' is the same as that of C'. The initial state distribution z’ is the same as the distribution of
Sq in C, i.e., the distribution after taking « steps in C. The transition operator is defined so that
taking one step in C” is equivalent to taking [ steps in C, i.e.,

P(s"| s) = > P(s"| sg-1) - P(sg-1 | sg-2) -+ P(s1]s).

51,82,...,8—1€SP-1
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Clearly, for any state s € S, pr(s,C") = pgr+a(s,C). By using Lemma in C’, for any
s € S, we have

4]S|-1 IS|—1
> pnl(s,CN) <4 (SN (s, ),
h=0 h=0
which implies
4/8|-1 IS|-1
D ponrals, C) <4-1S"T- D" pantals, O).
h=0 h=0
]
Finally, Lemma implies the main result of this section, which shows that for any L >
S|,
5] 4L—1
th(s,C’)gexp( (|S]log|S))) ths Q).
h=0

Lemma 3.54. Let C = (S, P, )

2L L—-1
D pu(s,C) <4-|SIHEY (s, O).
h=0 h=0

Proof. Clearly,

L—1 LL/|S])-|S]-1 LL/IS|]-11]5]-1

> pu(s,C) > pr(s.C) = > > plrpsii(s, €).

h=0 h=0 =0 =0

Foreach 0 < i < |L/|S|], by Lemma|3.5.3] we have
|S|—1 LR
Z PiL/s| J+z<5 C) = 4‘S|4‘S| Z pLL/\SH-jJri(saC)'
J=0 =0
On the other hand,

LL/ISJ=1 [(2L+1)/LL/|S|]] =1

2L
D m(sC) < Y >, pLL/isl+i(8, C).
h=0

i=0 j=0

Note that if |S| > L/2, then [ (2L +1)/|L/|S|]| = 2L + 1 < 4|S|. Moreover, if |S| < L/2,
then we have | L/|S|| > 2L/3|S|, which implies

QL+ 1D)/[L/ISI]] < [(2L +1)/L - 3]S[/2] < [4]S]] = 4[S].

Hence, we have

LL/ISI]=1 4]S]-1

2L
DOV D D pigsige(s, O) < 4-[SI1ST th 5,0).
h=0

i=0 §=0 h=0
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3.5.1.2 Implications of Lemma

In this section, we list several implications of Lemma which would be crucial for the
analysis in later sections.

Our first lemma shows that for any MDP A and any stationary policy 7, for a properly
chosen discount factor ~, Vyj  is a multiplicative approximation to Vy; ,; with approximation
ratio exp (O(|S|log|S])).

Lemma 3.5.5. For any MDP M and any stationary policy w, if H > 21n(8 - |S|*51), by taking
_ In(8-|S|*15T)
y =1 — IS

1

mvﬂ}l{ S VZ\T/FI,'y S QVAT;[’H

Proof.

Vit = 2 > 7" ou(s, M) - E[R(s, 7(s))]

sES h=0

<5 (S s +Z 527 (03 (s ) | | -EIR(s 7 ()]

seS h=0

For each i > 1, by Lemma[3.5.4] for any s € S,

AN pu(s, M) | <A (4SS (th s, M™) )
< (8-[S11) L (41 sy (th s, M™) )
< 1/2i- (Zp;(s,M”)) )

Therefore,

Vi <Y 2 (Z s M”)) E[R(s, 7(s))] = 2V, -

seS h=0
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On the other hand,

Vit = 2 > 7" ou(s, M™) - E[R(s, (s))]

sES h=0

> 375" 4" puls, M7) - BLR(s, 7(5))]

s€S h=0

ZMZ n(s, M™) - E[R(s, 7(s))]

n(8 - |S|4S! "
ZVH.VJ\ZH: (1_%> .V]@’H

(8151415 1 -
> (1/4)1 (&|S1#=1) VM,H > m . VM,H'

O

As another implication of Lemma [3.5.4] for any MDP M and any stationary policy 7, we
have

Virmyz) = exp (=O(|S[log|S])) Vir -
Lemma 3.5.6. For any MDP M and any stationary policy m : S — A, i

™ ]' s
VM,LH/2J =z 4. |S|4s| Viru-

Proof. Note that

|H/2) -1
V]\ZI,LH/QJ = Z Z p(s, M™) - E[R(s, m(s))].
s€S  h=0

Since H > 2|S|, by Lemma|3.5.4] for any s € S,

[H/2)~1 2| H/2] H-1

™ 1 s 1 s
Z ph(57M >ZW % ph(S;M )Zm%ph(&M )

h=0

Therefore,

s 1 ™
VL2 2 Z T \S|4\3| Zzph s, M™) - E[R(s,7(s))] = WVM,H'

s€S h=0
O

As a corollary of Lemma we show that for any episodic MDP M, there always exists
a stationary policy whose value is as large as the best non-stationary policy up to a factor of

exp (O(|S[log [S])).
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Corollary 3.5.7. For any MDP M, if H > 21n(8 - |S|*S!), then there exists a stationary policy

7 such that 1
VM,H 2 ].28 ] ’S|8|S‘ VM,H'
Proof. In this proof we fix vy =1 — w. We also use 7* to denote a non-stationary policy
such that 7} = 7, when h € [H] and 7;; is defined arbitrarily when h > H.
Clearly, there exists a stationary policy 7 such that for any (possibly non-stationary) policy
7,

Vity = Vi,
For a proof, see Theorem 5.5.3 in [67]]. Clearly,
Moreover, by Lemma[3.5.5]

1

T 1 T 1 T* H * ™
Vit 2 Vit 2 Vit 2 57" Vit = o5 g Vit

l\DI»—t

]

By applying Corollary in an MDP with an extra terminal state Sierminal, W€ can show
that for any (s,a) € S x A, there always exists a stationary policy that visits (s, a) in the first
H/2 time steps with probability as large as the probability that the best non-stationary policy
visits (s, a) in all the H time steps, up to a factor of exp (O(|S|log|S])).

Corollary 3.5.8. For any MDP M, if H > 2In(8 - (|S| + 1)*SHV), then for any z € S x A,
there exists a stationary policy w, such that for any (possibly non-stationary) policy 7,

LH/2] , .
Pr ; I[(sp,an) = 2] > 1| > 512 - (S| + 1205 1) Pr ;]I sp,ap) =z]>1
where
<51;a1>,(82,(12),...,(SH7(1H)73H+1

is a random trajectory induced by executing 7 in M and

/ / / !/ / !/ /
(Slu CL1>, (527 a2)7 ceey (SHa aH)7 8H+1
is a random trajectory induced by executing ' in M.

Proof. For the given MDP M = (S, A, P, R, H, 1), we create a new MDP
= (S U {Sterminal}y A7 Pla R/; H7 M) 9

where Sierminal 18 @ state such that Siermina ¢ S. Moreover,

Pl(s, a) = {P<S’ a’> s 7£ Sterminal and (S, a) 75 z

Sterminal S = Sterminal OT (Sa CL) =z
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and
R'(s,a) =1[(s,a) = z].

Clearly, for any policy 7,

H
Vipw =Pr | (sn,an) = (s,0)] > 1
h=1
where
(517 CL1>, (827 (12), ey (SHa (IH), SH+1

is a random trajectory induced by executing 7 in M. Therefore, by Corollary there exists
a stationary policy 7 such that for any (possibly non-stationary) policy 7’,

1

Vi Z 58 (18] + DysISm VA

Moreover, by Lemma[3.5.6] for any (possibly non-stationary) policy 7/,

. 1 »
Va2 2 515 (18] 1y2isin A

which implies the desired result. O]

Finally, by combining Lemma and Corollary we can show that for any (s,a) €
S x A, if the initial state distribution p always takes s and there exists a non-stationary policy
that visits (s,a) for f times with probability ¢ in all the H steps, then there exists a stationary
policy that visits (s, a) for exp (—O(|S|log |S])) - £ - f times with constant probability in the first
H /2 steps.
Corollary 3.5.9. For a given MDP M and a state-action pair z = (s,,a,) € S X A, suppose
the initial state distribution i = s, and H > 2In(8 - |S|*S). If there exists a (possibly non-
stationary) policy @' such that Q?’(SZ, a,) > f for some integer 0 < f < H, then there exists a
stationary policy 7 such that

[H/2] 1
v ; Homan) =2 ) = {2048- S[2is] '5'fJ
where
(817 ay, Tl); (527 ag, TQ) ey (SHa ay, TH)? 5H+1

is a trajectory induced by executing 7 in M.

Proof. If f = 0 then the lemma is clearly true. No consider the case f > 0. Consider a new
MDP M' = (S, A, P,R',H, p) where R'(s,a) = I[(s,a) = 2]. Clearly, Vi, ;; > € f. By
Corollary there exists a stationary policy 7 such that

1
Virm 2

Z 158 15 e f.
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By Lemma
1

V]\Z’,LH/ZJ Z —512 ] |8|12‘3| - £ . f
This implies 7(s,) = a..
Now we use X to denote a random variable which is defined to be
X =min{h > 1| (spy1,an41) = 2}
Here the trajectory
(Sla al)a (827 (12)7 CI

is induced by executing the stationary policy 7 in M’. We also write X = min{|H /2], X}. We
use {X;}22, to denote a sequence of i.i.d. copies of X. We use 7 to denote a random variable

which is defined to be 4
szin{zz 1> X > LH/QJ}.

Jj=1

Clearly, 7 < H/2 almost surely. Moreover, 7 is a stationary policy, the initial state distribution

i = s, deterministically and 7(s,) = a., which implies 7 and Z,EZ{QJ I[(sp,an) = z] have the

same distribution. Indeed, whenever the trajectory (sq,a), (s, as) . .. visits z, it corresponds to
a new copy of X. R

Now for each i > 0, we define Y; = X; — E[X]. Clearly E[Y;] = 0. Let .S; = 0 and
S; = 23:1 Y; for all © > 0. Clearly 7 is a stopping time, and

ixj <H
j=1

since X; < | H/2] for all i > 0. By Martingale Stopping Theorem, we have

B[S, = Y ELX;) - Efr]- B[] ~ 0,

~

which implies E[7] - E[X] < H and therefore
E[X] < H/E[r] = H/Viy o) < 512+ S|H/ (e - f),

where we use the fact that

LH/2]
V]\Z/7|_H/2J =E Z ]I[(Sh, (Zh) = Z] = E[T}

h=1

Let 7/ = LW o fJ . By Markov’s inequality, with probability at least 1/2,
> X, <2r'E[X] < H/2,
i=1
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in which case 7 > 7'. Consequently,

| H/2]
" 1
e 2 Mlowen =41 | = Qualr) = s o<

3.5.2 The Algorithm

In this section, we present our algorithm together with its analysis. Our algorithm is divided into
two parts. In Section [3.5.2.1] we first present the algorithm for collecting samples together with
its analysis. In Section[3.5.2.2] we establish a perturbation analysis on the value functions which
is crucial for the analysis in later proofs. Finally, in Section [3.5.2.3] we present the algorithm
for finding near-optimal policies based on the dataset found by the algorithm in Section|3.5.2.1}
together with its analysis based on the machinery developed in Section [3.5.2.2]

3.5.2.1 Collecting Samples

In this section, we present our algorithm for collecting samples. The algorithm is formally pre-
sented in Algorithm[d] The dataset D returned by Algorithm 4 consists of NV lists, where for each
list, elements in the list are tuples of the form (s,a,r,s") € S x A x [0,1] x S. To construct
these lists, Algorithm [4] enumerates a state-action pair (s,a) € S x A and a pair of stationary
policies (7, 72), and then collects a trajectory using 7, and 5. More specifically, 7 is executed
until the trajectory visits (s, a), at which point 75 is executed until the last step.

Algorithm 4 Collect Samples
1: Input: number of repetitions N
2: Output: Dataset D where D = <((si,t, Wigs Tigs Siy))
3: fori € [N] do

|S|A|~|A|28'-H>N
t=1 i=1

4: Let 7; be an empty list

5: for (s,a) € S x Ado

6 for (71, m) € Il x Il do

7: Receive s; ~ p

8 for h € [H] do

9 if (s,a) = (sp, ap ) for some ' < h then
10: Take a;, = mo(sp)

11: else

12: Take a;, = 7T1(8h)

13: Receive r, ~ R(sp,ap) and sp1 ~ P(sp,ap)
14: Append (sp,, ap, T, Sp+1) to the end of T;

15: return D where D = (T;)Y,
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Throughout this section, we use M = (S, A, P, R, H, i) to denote the underlying MDP that
the agent interacts with. For each (s,a) € S x A and (m, m) € Il x g, let

S$,a,T1,7T2 $,a,m1,T2
S1

5,a,m1,T2 5,a,71,T2
y Ay )7 (82

8,a,T1, T2
7“1 ’

az S’azﬂ-lyﬂ-Q)

r s,a,m1,T2 S,a,mT1,T2 saﬂ’l,rrg) $,a,T1,T2
s 12

N Y U TH SHA1
by a trajectory where s7*™""™ ~ pand 570" ~ P(sp®™ T ap@™ ™) forall 1 < h < H,
PRATLTS ) RghOTITe g 84T forall y € (], and

ah S,a,ﬂl,ﬂg)

1 (s), otherwise

e {7@(3‘;“’“1’”) (s,a) = (sp™™ ap ™ ™) for some b/ < h
forall h € [H]. Note that the above trajectory is the one collected by Algorithmwhen a specific
state-action pair (s, a) and a specific pair of policies (7, 75) are used.

For any ¢ € (0, 1], define

Q%(s,a) = Q. Z > ZZ Tz g Ty = (5, q)]

( GSXA 7r1€H5t 7T2€Hst h=1

Clearly, Q% (s, a) is the e-quantile of the frequency that (s, a) appears in each 7.
In Lemma [3.5.10 we first show that for each (s,a) € S x A, if there exists a policy 7 that
visits (s, a) for m(s, a) times with probability at least £, then

ta/exp(OﬂS\log\SD)(S’a) > m(s,a)/ exp(O(|S|log |S])).

Lemma 3.5.10. Let ¢ € (0, 1] be a given real number. For each (s,a) € S x A, let m.(s,a)

be the largest integer such that there exists a (possibly non-stationary) policy s, such that
22(s,a) > m.(s,a). Foreach (s,a) € S x A,

st > 1

s(\5|+1)*12<lsl+1)/1024(3’ a) > 4096 - |S|[12IS] 1€ Me(s, a).

Proof. For each (s,a) € S x A, there exists a (possibly non-stationary) policy 7, such that
2>“(s,a) > m.(s,a). Here we consider the case that m.(s,a) > 1, since otherwise the lemma

clearly holds. By Corollary 3.5.8] there exists a stationary policy 7 , such that

LH/2]
€

Z ]I Sh,ah )] >1| = 512 - (|3| + 1)12(|S|+1)’

where

(Sla CL1>, (82,(12), R (SHaaH)a SH+1

is a random trajectory induced by executing 7{ , in M.
In the remaining part of the analysis, we consider two cases.
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Case I: m_(s,a) > 4096 - |S|'?5 /e, Let
(sla 6L1)7 (327 CLQ), te (SHa aH)a SH+1

be a random trajectory induced by executing 7, , in M. Let X , be the random variable which
is defined to be

s,a

_Jmin{h € [H] | (sn,an) = (s,a)} if there exists h € [H| such that (sp,, as) = (s, a)
C|H+1 otherwise '

Clearly,

Z Pr[X,,=h']-Pr [Z I[(sp,an) = (s,a)] > m.(s,a) | (sp,an) = (s,a)

h'=1 h=h'

=Pr [Z I[(sn,an) = (s,a)] > me(s,a)] > e.

Therefore, there exists i’ € [H]| such that
Pr[X,, = ] > 0

and
Pr [Z I[(sn,an) = (s,a)] > m.(s,a) | (sp,an) = (s,a)] > e.

Note that we must have 7,/ (s) = a, since otherwise Pr[.X, , = h'| = 0.
Now we consider a new MDP M = (S, A, P, R, H, uus) where ps = s. Let 7 be an arbitrary
policy so that 7, = (7s4)n+n forall h € [H — /). Clearly,

Pr [Z I[(s},, a},) = (s,a)] > mg(s,a)] > Pr [Z I[(s},,a},) = (s,a)] > mg(s,&)] > ¢

h=1
where
(S/D all>7 (5/27 a/2)7 R (SlHa alH)a 3}I+1

is a random trajectory induced by executing 7 in M. Therefore, by Corollary 3.5.9] there exists
a stationary policy 7, such that

LH/2]
1
Pr Z I[(sh,ay,) = (s,a)] > \‘W cE - me(s,a)J >1/2
h=1
where
(5/1,7 a/1/)7 (8/2/7 ag)a B} (Sgiv CL;/{), SZI—H
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is a random trajectory induced by executing 7, , in M. Since m.(s,a) > 4096 - |S|'25l /e and

1
thus {204848\12\5\

Now we consider the case when m; = 7T . and m = 7, ,. Since m = 7, a

e -me(s, a)J > 1, we must have 7, ,(s) = a.

LH/2]

ZH sa7r17r2 sa7r17r2>:<s’a)]21

9
> .
=512 (|S[ + 1)205+)

Therefore, let X , be a random variable which is defined to be

;o min{h € [|[H/2|] | (s, ay*™ ™) = (s,a)} if (sp,an) = (s,a) for some h € [| H/2]]
o |H/2] +1 otherwise '

We have that .

Pr{X., € (LH/21)) > gr5rars sy

Moreover, for each b’ € [| H/2]], since my = T 4,

$,a,TT1,T sa7r7r 1 8,a,T1,T 5,a,T1,T
Pr [ZH v 1) = (s,a)] 2 {W‘g'ms(&a)J | (s ™™ @™ ™) = (s, a)
h=h
>1/2.

Therefore,

H
S,a,7T] 7T S,a,71,TT 1
Pr [Z ]]:[(Sh, ;T 2’ah T, 2) = (S; a/)] Z \‘W - £ mg(sg G)J]

h=1
LH /2]
> 3" PiX], = H]
W=1
- 1
-Pr [Z I(sy®™ ™ ap®™ ™) = (s,a)] > {W "€ m6(57a)J | (s ™™ @ ™) = (s,0)
h=h’

£
> .
=1024 - (|S] + 1)120SF+D)

Since m.(s,a) > 4096 - |S|'25! /¢, we have

H
$,a,71,T2 sa7r1 T2 _ 1 <
" [ZH S RS E'mg(s’a)] = 1024 (|S[ + 17206

1
and thus

1
ta(\3|+1)‘12<|5|+1>/1024(5’ a) = W -£-me(s,a).
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Case II: m.(s,a) < 4096 - |S|'%5I /e.  Consider the case when m; = 7y = 7, ,. Clearly,

[ H
Pr ZH $,a,TT1, 72 saﬂlﬂQ):(S,a)]zl
h=1

e
S,a,71,7T2 S,a,71,7T2 . E
= b ; Hs™ a0 = (s ol 2 1) 2 s g3 et

and thus
1

ta(\5|+1)‘12<|5|+1>/1024(Sa a) > m - € - mg(s, a).
O]

Now we show that for a given percentile ¢, for the dataset D returned by Algorithm @] for
each (s,a) € S x A, (s, a) appears for at least Q) (s, a) times for at least (V' - €) lists out of
the V lists returned by Algorithm [4]

Lemma 3.5.11. Let €,6 € (0,1] be a given real number. Let D be the dataset returned by
Algorithm | where

D= (((Sz ty A5 ,ty i Sty Sz t))LSHIA‘ |A|2|S| H> Z=1

Suppose N > 16/¢ - log(3|S||.A| /). With probability at least 1 — 6/3, for each (s,a) € S X A,

we have
N |S||Al| A2 H

SIS i) = (0] 2 Qs )| 2 Ne/s.

i=1 t=1
Proof. For each (s,a) € S x A, by the definition of Q%, (s, a), for each i € [N], we have

[SILAL-LAPIS

E [T Z (51, ais) = (s,a)] > Qy(s,a)| | > e/4.

t=1

Hence, the desired result follows by Chernoff bound and a union bound over all (s,a) € S X

A. ]

We also need a subroutine to estimate Q% (s, a) for some e to be decided. Such estimates
are crucial for building estimators for the transition probabilities and the rewards with bounded
variance, which we elaborate in later parts of this section.

Our algorithm for estimating Q% (s, a) is described in Algorithm Algorithm collects NV
lists, where for each list, elements in the list are tuples of the form (s, a,r, s’) € Sx Ax[0,1]xS.
These N lists are collected using the same approach as in Algorithm ] Once these [V lists are
collected, for each (s,a) € S x A, our estimate (denoted as 7°*(s,a)) is then set to be the
[N - €est/2]-th largest element in F; ,, where Fj , is the set of the number of times (s, a) appear
in each of the N lists.

We now show that for each (s,a) € S x A, m*(s, a) is an accurate estimate of Q% (s, a).
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Algorithm 5 Estimate Quantiles
1: Input: Percentile €., failure probability

2: Output: Estimates m* : S x A — N

3: Let N = [30010g(6|S||A|/dest)/Eest |

4: Let F§ , be an empty multiset for all (s,a) € S x A

5: fori € [N] do

6: Let 7T; be an empty list

7: for (s,a) € S x Ado

8: for (my, ;) € Il x Il do

9: Receive s; ~

10: for h € [H] do

11: if (s,a) = (sp, ap) for some 0 < A’ < h then
12: Take a;, = 7T2(Sh)

13: else

14: Take a;, = 7T1(8h)

15: Receive r, ~ R(sp,ap) and sp1 ~ P(sp,ap)
16: Append (s, an, 1, Sp+1) to the end of T;

17:  for (s,a) € S x Ado

18: Add 21‘2'1 I[(st, at) = (s,a)] into Fy , where

T = ((81, ai, T, 3/1)7 (827 az, T2, 8’2); SR (S\Tm Q| 7|15 Sim))

19: for (s,a) € S x Ado
20: Set m*(s, a) be the [N - £45/2]-th largest element in F ,

21: return m*

Lemma 3.5.12. Let m* be the function returned by Algorithm |5\ With probability at least 1 —
est /3, for all (s,a) € S X A,

tacst<87 CL) < mSt(S7 CL) < tacst/él(sv CL).
Proof. Fix a state-action pair (s,a) € S x A. For each i € [N], define

T3]

Xy =11 Tl(s,a) = (s,0)] > QF14(s,0)
t=1

where
T; = ((517 1,71, 5/1)7 (827 az, T2, 5/2)7 R (S\Ti|7 ary|s 7|13 5 S\/Tl|))
For each i € [N], by the definition of QF /(s a), we have E[X;] < co/4 and thus

Zij\il E[X,] < N - /4. By Chernoff bound, with probability at most des /(6|S||.A]),

N
ZK; > N - €est/3-
i=1
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On the other hand, for each ¢ € [N], define

|T;]

YZ- =1 ZH[(Si,ta ai,t) = (s,a)] 2 Qis:(s’a)
t=1

where

ﬂ = ((317 ai, T, Sll)a (827 az, 12, 3,2)7 BRI (S\Ti|7 ay|s 7|13 S‘/TZ|))

Foreachi € [N], by the definition of O (s, a), we have E[X;] > e and thus SV EX] >
N - ¢st. By Chernoff bound, with probability at most des:/(6|S||.Al),

N
D X <2N g /3.
i=1
Hence, by union bound, with probability at least 1 — o/ (3|S||.A]),

N
> X, < N-cew/3.
=1

and

N
> Xi> 2N /3,

=1

in which case the [NV - £ /2]-th largest element in F, is in [taest(s, a), Q2 /u(s, a)]. We
finish the proof by a union bound over all (s,a) € S x A. O

In Lemma [4.4.5] we show that using the dataset D returned by Algorithm [] and the esti-
mates of quantiles returned by Algorithm 5] we can compute accurate estimates of the transition
probabilities and rewards. The estimators used in Lemma[4.4.5]are the empirical estimators, with
proper truncation if a list 7; contains too many samples (i.e., more than 7% (-, -)). As will be made
clear in the proof, such truncation is crucial for obtaining estimators with bounded variance.
Lemma 3.5.13. Suppose Algorithm[3]is invoked with the percentile set to be €.y, and the failure
probability set to be 0, and Algorithm W\ is invoked with N > 16/cq - log(3|S||A|/0). Let
m : § x A — N be the estimates returned by Algorithm[5 Let D be the dataset returned by
AlgorithmH|where

Al-|AI2ISI. N
D = (((Si,taai,tari,tasé,t))lfi”l A H> 1
For each (s,a) € S x A, foreachi € [N] and t € [|S||A| - |A|*S! - H], define

Trunc (s, a) =1 [Zn (810, ai0) = (s5,0)] < mSt(s,a)] .

t'=1
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For each (s,a,s') € S x A x S, define

N [SIIA|- AP H

a):Z > I(sie i) = (s,a)] - Trunciy(s, a),

Zz— ZlSHA‘ |A|2|S‘ H ]:[ |:(S’L ty Q5 ,ty S’L t) (S a, s )] . Trunci7t(87 CL)
max{1,mp(s,a)}

2|8,
R(s,a) = 2= L AT T [ (40, a40) = (s,0)) - ri - Truncyy (s, a)
’ max{1,mp(s,a)}

P(s' | s,a) =

)

and

~ Zle ]I[Sz 1= 8]
fi(s) = N :

Then with probability at least 1 — 6, for all (s,a,s") € S x A x S with Q_(s,a) > 0, we have

~ 2 D( ol . 2
POt ) P | ) e | E2IOBISSTLALS) \/P<s | 5.) - log (18} L AI/5)

m(s,a) - N - cegt m(s,a) - N - cegt

5121log(18|S|*|.A| /9) P(s'] s,a)-log(18|S|?|.A|/d)
<
max{ 05 (s.0) N ey O (5,a) N - ot ’

E[(R(s,a))?] - log(18|S]|A|/6) |~ 8log(18|S[|.A[/9)

R(s' | 5,a) — E[R(s,a)]‘ < 8\/

taet( )'N'gest Q§2t< )'N'gest,
and
N log(18|S|/d
i(s) — n(s)] </ BIIS)

Proof. Fix a state-action pair (s,a) € SxAands’ € S. Foreachi € [N]andt € [|S||A| - [A]?S - H],
let 7, be the filtration induced by

{(Szt’ Qi th’aszt/)}t 11 .
Foreachi € [N]and ¢ € [|S||A] - |A]?S! - H], define
X = (]I [(su,ai,t,sg’t) = (s,a, s')] — P(s" | s,a)[(si4,ais) = (s,a)]) - Trunc; (s, a)

and
Yie =1[(sit,air) = (s,a)] - (rix — E[R(s,a)]) - Trunc; (s, a).

Clearly,

E [I[(sig: aig, s5,) = (s,a,8")] - Trunciy(s, a) | Fiy]
=P(s" | s,a) - E[[[(sis,ait) = (s,a)] - Trunc;¢(s,a) | Fiil
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and
E [I[(sit, air) = (s,a)] -1z - Trunc; (s, a) | Fiyl
=E [[[(sit,ait) = (s,a)] - E[R(s,a)] - Trunc;+(s,a) | Fisl,
which implies

E [I[(sit: aig, s5,) = (s,a,8")] - Trunciy (s, a)]
P(s'" | s,a) - EL[(8i,ait) = (s,a)] - Trunc; (s, a)],

and

E [I[(sit air) = (s,a)] - 134 - Trunc; 4(s, a)
=E [[[(Sit,ait) = (s,a)] - E[R(s,a)] - Trunc;+(s,a)],

and thus
]E [Xi,t] - ]E [}/i,t] — O

Moreover, for any i € [N]and 1 < #' < t < |S||A] - |A]*®! - H, we have

EXipy Xig]| =E[E[Xyp - Xiy | Fidl| = E[Xip - E[Xyy | Fi]] = 0

and
ElYiy Y] =E[E[Yiy Yie | Firl] =E[Yig -E[Yi; | Fig]] =0
Note that for each i € [N],
S| AL A28 1 T ISIAHARS
E Xi,t - Z E [(Xi7t)2:|
I =1 =1
and
[SIIAI-|APIS1-H |S|IAJ-LA2IS! H
E Y| | = E[(Y;0)].
i t=1 =1
Furthermore, for each i € [N] and t € [|S||A| - |A]*¢!- H],

[XZQJ SE[ [(Sztvazh zt
E
<2P(s' | s,a) -

+

and

E [th} <E [H [<3i,t7 @i,t) =
<E [H [(Sm, ai,t) =

[(P | s,a))

(s,a)] -
(s,a)]

(

E

42

rie — B[R(s,a)])”
[(R(s,a))"] -

= (s,a,5")] - Trunc; (s, a)]
1[(si4,ai1) = (s,a)] -Trunciﬁt(s,a)}
E [I{(sit: aiz) =

(s,a)] - Trunc; (s, a)]

Trunc; (s a)} )

- Trunc; 4(s, a)}



Since

ISILAL-A2S B
> I(sie i) = (s,a)] - Trunciy(s,a) < m*(s, a),
t=1
we have
|SILAL-|AP2IS|H 2
E Z Xis <2P(s' | s,a)-m*(s,a)
t=1
and
|SILALLAPIS| B 2
E Yo Y| | SE[(R(s,a)’] -m*(s,a).
t=1
Now, for each i € [N], define
|SILAL-LA2S!
Xi= Y Xy
t=1
and
SIALA2IS|
Vi = Z Yii
t=1

We have E[X;] = E[V;] = 0,
E[X?] < 2P(s' | s,a) - m*(s,a)

and
E[YY] <E [(R(s,a)?] -%(s,a).

Also note that

N |S||Al-|A[2IS!-H

Z X, = Z Z I [(sig, ais, si1) = (s, a, s')] - Trunci (s, a) — P(s" | s,a) - mp(s, a)
i=1 i—1 =1
and

N [SIIA|-JAPPISH

Zyi = Z Z T[(sit,aie) = (s,a)] - 7ip - Trunc4(s,a) — E[R(s,a)] - mp(s,a).

=1 t=1
By Bernstein’s inequality,

y

N

> X

i=1

—¢2
>t <2 .
- ] = oD <2~Wt(s,a)~N'P(s’ | s,a)—l—t/?))
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Thus, by setting ¢ = 2/m(s,a) - N - P(s' | s,a) - log(18|S|2|.A]/8) + log(18|S|?|.A|/§), we

have
N
Pr [ Z X,
1

By applying a union bound over all (s, a,s’) € S x A x S, with probability at least 1 — §/9, for
all (s,a,5') e S x A xS,

> t] < 0/(9IS[*[AJ).

- 2/m(s,a) - N - P(s'| s,a) 'log(l8|$|2|A|/5)+10g(18|8|2|./4|/(5)

]3(5/ | s,a) — P(s" | s,a)’ < p(5.a) i (5.a)

which we define to be event £p. Note that conditioned on £p and the events in Lemma [3.5.12]
and Lemma[3.5.11] we have

Qst

Eest

(57 a) < mSt(‘S? a) < taest/zl('s? CL),
which implies
mp(s,a) 2 N - cest/8 - QZist/4(8,a) > N -eest/8 - (s,a) > N et /8- Q5 (5,0),

and thus

(s' | 5,a) - log(18|S[*|A[/3)  8log(18|S[*|.Al/J)

m(s,a) - N - ceg m(s,a) - N - €egt

~ P
P(s'| s,a) — P(s"| s,a)‘ §8\/

m(s,a) - N - €est m(s,a) - N - cost

/ ) 2 2
§8\/P<S | s,a) - log(18|S|?|.A|/)) N 64 log(18|S|?|.A]/0)

m(s,a) - N - Eegt Tt (s,a) - N - e

/ . 2 2
Smw{m\/P(s | 5,a) - log(18|S|2|A|/6) 5121log(18|S]| \A]/(S)}

forall (s,a,s’) € S x A X S.

When
102410g(18|S|%|.A|/9)

m(s,a) - N - esy

P(s' | s,a) <

we have

M (s,a) - N - €est — m(s,a) - N et

16\/P(s’ | s,a) - log(18|S|2|.A|/9) < 51210g(18|S]|?|.A|/9)

and therefore

51210g(18|S]?|.A|/9) < 51210g(18|S]|?|.A|/9)
mt(s,a) - N ot — QF (s,a) N et

Eest

‘ﬁ(s’ | s,a) — P(s | s,a)‘ <

When
102410g(18|S|?|.A|/9)

P(s >
(5 ‘ S,a) mSt(S,CL) "N - E ot

Y
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we have

P(s'| s,a) — P(s' | s,a)

<16 \/P(s' [5,0) Log(SISPIAI/D) _ b o

mt(s,a) - N - gt

and thus R
P(s'|s,a)/2 < P(s' | s,a) <2P(s' | s,a),

which implies

Qst

Eest

~ P(s ) 2 / . 2
P )= P 50 é32\/% 5.0 log(1SISPHA/D) _ \/P(s [5.) os(18[S[?IAI/5)

m(s,a) - N - eegt (s,a) - N - eost

Hence, conditioned on £p and the events in Lemma(3.5.12|and Lemma|3.5.11}, for all (s, a, s') €
SxAxS,

‘ﬁ(s/ | s,a) — P(s'| s,a)

< max

51210g(18[S[2].4] /6) 32\/13(3/ | s, a) - og(18]S[2].A| /5)

m(s,a) - N - gt m(s,a) - N+ €egt

51210g(18S2|A1/8) . [P(s' | 5,a) - og(18|S]2A|/0)
SmaX{ QO (5,a) N - cont 64 Ot (5,a) - N - cuny :

Eest Eest

By Bernstein’s inequality,

ol

N g2
202 t] e (E [(R(s, )7 -m(s.a) - N + t/3> |

Thus, by setting ¢t = 21/E [(R(s,a))?] - m*(s,a) - N - log(18|S||.A|/0) + log(18|S]||.A|/3), we

have
Pr [

N

>V

=1
By applying a union bound over all (s,a,s’) € § x A, with probability at least 1 — /9, for all
(s,a) € S x A,

>t <0/(9|S|Al).

B¢ 2\/E[(R(s,a))?] -7 (s,a) - N - log(18|S[.A|/9) log(18|S]|.Al/d)
‘R(s |s,a)—E[R(s,a)]‘§ i la) e

Y

which we define to be event £x. Note that conditioned on £ and the events in Lemma [3.5.12]
and Lemma [3.5.11] we have

E[(R(s,a))?] - log(18[S[|A]/6) | 8log(18|S|[.A[/d)
taest (57 a) -N - Eest QSt (57 (I) -N - Eest ‘

Eest

‘}A%(s' | s,a) — E[R(s,a)]‘ < 8\/

Finally, for each s € S, for each i € [N], define

Zi = ]I[Si71 = S] — ILL(S)
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Note that
N N
ZZ,» = ZH[SM =s|— N - u(s).
i=1 i=1

Therefore, by Chernoff bound, with probability at least 1 — 6/(9|S|) we have

" log(181S]/9)
[Als) — pls)] < | E 2

Hence, with probability at least 1 — /9, for all s € S, we have

~ log(18|S1/0)
i) — pls)] < | EE

which we define to be event &,,.
We finish the proof by applying a union bound over £p, £g, £, and the events in Lemma
and Lemma[3.5.11] O

3.5.2.2 Perturbation Analysis

In this section, we establish a perturbation analysis on the value functions which is crucial for
the analysis in the next section. We first recall a few basic facts.
Fact 3.5.1. Let |x| < 1/2 be a real number, we have

1 o —2%<log(l+z)<uz

2. 14z <e* <142

We now prove the following lemma using the above facts.
Lemma 3.5.14. Let m > 1, i > n > 1 be positive integers. Let ¢ € [0,1/(8n)] be some real
numbers. Let p € [1/m, 1]" be a vector with ), p; < 1. Let 6 € R™ be a vector such that

foreach1 < i < n, |0;| < e/pi/mand |> ] 6| < en/m. For every m € [0,m] and every
I' € R™ such that |T';| € [—+/pim, /pim]| for all 1 <i < n, we have

n

(1 —8ne) [T < TLws + 007 < (1 + 8ne) [ T .

=1 i=1 i=1

Proof. Note that

where

Clearly,
log F' = E (pim +T;) log (1 + —) :

i=1 v
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By the choice of §, we have
0;

yZ
Using Fact[3.5.1] for all 1 < i < n, we have

K3 3

<e<

Hence we,

i=1

A T I PR 5?2
|log F| < —1—2(’ ! |+|p|21+ﬂ;'l>.

i=1 pi

Note that [>"7" | md;| < en, |[;]|6;] < eps, |T4]07 < epi - ev/pi/m < e2pf, and md? < £2p;. We
have,

|log F| < en+en+ e*n + e’n < 4ne.
By the choice of €, we have 4ne < 1/2, and therefore
1 —8ne < exp(log F) < 1+ 8ne.
[

In the following lemma, we show that for any (s, a, s’) € S x A x S, with probability at least
1 — 4, the number of times (s, a, s') is visited can be upper bounded in terms of the §/2-quantile
of the number of times (s, a) is visited and P(s’ | s,a).
Lemma 3.5.15. For a given MDP M. Suppose a random trajectory

T — <<817a17T1)a (827a27r2)7 D) (sHaa'HarH)y $H+1)

is obtained by executing a (possibly non-stationary) policy win M. For any (s,a,s’) € SxAXS,
with probability at least 1 — 6, we have

. 2Qs/2 (Lha Ll(s,0) = (snan)] ) +4
ZI[[(S,(L, s") = (s, an, Sp1)] < i ( 5 > -P(s"| s,a).

Proof. For each h € [H], define

D h=1
h = {]I [ ?:_11]1[(515704) = (s,a)] < Qs)2 <ZhH:1]I[(Sh,ah) = (s,a)]) + 1} bl

Let & be the event that for all h € [H], I, = 1. By definition of Qs/», we have Pr [&;] > 1—6/2.
For each h € [H], let Fy, be the filtration induced by {(s1, a1,71), ..., (Sn, an, 74)}. For each
h € [H], define
Xy =1[(s,a,s") = (sn,an, Sns1)] - In
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and
Yh =1 [(S,CI,) = (sh,ah)] : Ih.

When h = 1, we have
E[X,] = E[l[(s,a) = (s1,a1)] - P(s' | s,a) = E[Y;] - P(s' | s,a).
When h € [H] \ {1}, we have

E[Xh | ]:h—l] :E[H [(s,a, S,) = (sh,ah,sh+1)] . Ih ‘ Fh—l]
=E[l[(s,a) = (sn,an)] - In | Fra] - P(s' | 5,0),

which implies
E[X.] = E[l[(s,a) = (sh,an)] - In] - P(s' | s,a) = E[Y3] - P(s" | s,a).
Note that

D Vi< Qs (Z]I (s, a) = (sh,ah)]) +2,

which implies

E ZX"] < <Q5/2 (ZH[(S,(L} = (sh,ah)]> +2> - P(s" | s,a).

By Markov’s inequality, with probability at least 1 — /2,

il 2055 (Lisy 1l(s,a) = (sn,an)] ) +4
Zth i ( 5 > -P(s' | s,a).

h=1

which we denote as event &,.
Conditioned on & N & which happens with probability 1 — §, we have

H

ZH [(37 a, 3,) = (Sh> Qp, Sh-i—l)] = Z Xp <

h=1 h=1

2042 (S0, 1((5,0) = (sn,01)]) + 4
0

-P(s' | s,a).

]

In the following lemma, we show that for any (s,a,s’) € S x A x &, the number of times
(s,a,s’) is visited should be close to the number of times (s, a) is visited times P(s’ | s, a).

Lemma 3.5.16. For a given MDP M. Suppose a random trajectory
T = ((817 ay, 7’1), (827 az, r2)7 sy (sHa ag, TH)y sH-i—l)
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is obtained by executing a policy w in M. For any (s,a,s’) € S x A x S, with probability at
least 1 — 9, we have

Z]I [(87 a, S,) = (St7 Qt, St+1>] - P(Sl | 8, CL) ’ Z]I [(87 a) = (St7 at)]
h=1

h=1

|19 (Zi1 [(s,éco = (s, a)]) +8

-P(s'| s,a).

Proof. For each h € [H], define

e h=1
h= {]I [ P (s, a) = (51, a0)] < Qs (ZhH:l]I[(s,a) = (sh,ah)D i 1} Bl

Let & be the event that for all h € [H], I;, = 1. By definition of Qy/», we have Pr [&£;] > 1—-§/2.

For each h € [H], let F}, be the filtration induced by {(si, a1, 1), ..., (sn, an, ) }. For each
h € [H], define

Xn=1[(s,a,s) = (sp,an, sps1)] - In — P(s" | s,a)l[(s,a) = (sn,an)] - In.

As we have shown in the proof of Lemma (3.5.15} for each h € [H], E[X}] = 0. Moreover, for
any 1 < h' < h < H, we have

E[X)Xp] = E[E[X, X | Fri]] = B[ XpE[X)| Fri]] = 0.

Therefore,

Note that for each h € [H].

X7 = (I[(s,a,s) = (sn,an, sn41)] - In — P(s" | s,a)1[(s,a) = (sp,an)] - In)?
< - (15,0, = (st an, 5w + (PUs' | 5,0 L(5,) = (s1,0))) -

As we have shown in the proof of Lemma(3.5.15| for each h € [H],

E[]h ) ]I[(S,CL,S,) = (Shvah75h+1)]] = E[[h ) H[(S7a) = (Shvah)“ 'P(S/ | Sva)?
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which implies

<2P(s'| s,0) - Y B[l -L[(s,a) = (sn,as)]

1

<2P(s' | s,a)- | Qg2 (Z]I[(s,a) = (Sh,ah)]> + 2) .

>
Il

By Chebyshev’s inequality, we have with probability at least 1 — 6/2,

4Q5/9 (Z,Ijzl]l [(s,a) = (sh,ah)]> +8
)

< -P(s'| s,a),

H
>
h=1

which we denote as event &s.
Conditioned on & N &, which happens with probability 1 — J, we have

> 1(s.a,8') = (si,ap, s001)] = P(s' | s,a) - Y _T[(s,a) = (s, )]

h=1

. 4Q5/9 (Zthl I [(3,;) = (st,at)D +38

- P(s' | s,a).

O

Using Lemma [3.5.14] Lemma [3.5.15] and Lemma [3.5.16] we now present the main result in
this section, which shows that for two MDPs M and M that are close enough in terms of rewards

and transition probabilities, for any policy 7, its value in M should be lower bounded by that in
M up to an error of ¢.

Lemma 3.5.17. Let M = (S, A, P, R, H, 1) be an MDP and 7 be a policy. Let 0 < ¢ < 1/2
be a parameter. For each (s,a) € S x A, define m(s,a) = QF g5 4)(s,0). Let M =
(S, A, ]3, ﬁ, H, [i) be another MDP. If for all (s,a,s') € S x A x S withm(s,a) > 1, we have

~ , € eP(s'|s,a) €
_ < - .
|P(s'|s,a) — P(s]s,a)| < SoISPIA] M <\/72 i(s.a) - [SIIA] T2 mi(s.a) |S||A|) ;

~ € E[(R(s,a))?] 1
E[R|s,a] — E[R|s,a]’ < m . max{ S }
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and
[u(s) — u(s)| < e/(6]S]),
then

K s
V]/\Z,H 2 VM,H — E.

Proof. Define T = (S x A) x S be set of all possible trajectories, where for each T € T, T
has the form

((s1,a1),(s2,a2),...,(Su,am), SHi1)-

For a trajectory 7' € T, for each (s,a,s') € S x A x S, we write

H
mr(s,a) = Z]I[(sh,ah) = (s,a)]
h=1
as the number times (s, a) is visited and
H
TTLT(S, a, S/) = Z ]I[<Sh7 Qp, Sthl) = <57 a, 8/)]
h=1

as the number of times (s, a, ') is visited. We say a trajectory
T = ((s1,a1), (s2,a2),...,(sg,ay),sg+1) €T
is compatible with a (possibly non-stationary) policy = if for all h € [H],
ap = mh(sp).

For a (possibly non-stationary) policy 7, we use 77 C T to denote the set of all trajectories that
are compatible with 7.

Foran MDP M = (S, A, P, R, H, ;1) and a (possibly non-stationary) policy , for a trajectory
T that is compatible with 7, we write

H
p(T. M) = p(s1) - [ Plsui [ snoan) = nls1)- [ PG| .00
h=1 (s,a,8")ESXAXS

to be the probability of 7" when executing 7 in M. Here we assume 0° = 1.
Using these definitions, we have

Viig = Y_ o M) | > mr(s,a)-E[R(s,a)]

TeT™ (s,a)eSxA

Note that for any trajectory T = ((s1,a1), (82, a2), ..., (g, an), sgr1) € T, if p(T, M, 7) >
0, by Assumption (3.2.1]
Z mr(s,a) - E[R(s,a)] < 1.

(s,a)eSxA
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We define 7" C 7™ be the set of trajectories that for each T' € T;™, for each (s,a) € S X A,
mT(37 a) < m(57 a)'

By a union bound over all (s,a) € S x A, we have

> p(T M, 7)< e/6.

TeT™\T"

We also define 7,7 C 7™ be the set of trajectories that for each 7" € 7.7, for each (s,a, s') €
SxAxS,

6P(s|s,a)(4m(s,a) + 8)|S||A|.
£

‘mT(Sa a, S/) - mT(S7 CL) ’ P(S/‘S7 CL)’ <
By Lemma 3.5.16/and a union bound over all (s,a) € S x A, we have
> p(T,M,7) <ef6.
TeT™\TS

Finally, we define 7" C 77 be the set of trajectories such that for each 7" € 7,7, for each
(s,a,8") € S x Ax S,
< 6|S||A|(2m(s,a) +4) P
€
By Lemma 3.5.15/and a union bound over all (s,a) € S x A, we have
> p(T,M,7) <e/6.

TeT™\TS

=T NI NTS, we have

(s'|s,a).

mr(s,a,s)

Thus, by defining

T
pruned

Z p(Tu M, 7T) ) Z mT(Su CL) ) E[R<S7 CL)] > VJ\Z,H - 8/2
TeT™ (s,a)eSxA

pruned

Note that for each T' € 7],,.q With

T

T = ((s1,a1), (82,02), ..., (sm,am), SHi1),
for each state-action (s,a) € S x A, we must have mr(s,a) < m(s,a). This is because 7" € T;"
Moreover, for any (s,a,s’) € S x A x S, if mp(s,a,s’) > 1, then

€

P(s > .
("] s,0) 2 36|S||Alm(s, a)

This is because T' € 7.7, and if

€
= 36/S|[Alm(s,a)’

P(s'| s,a)
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then

mp(s,a, ) < ASNAICM(s,a) +4)

P s, < SISIAITI(s.0)

'Is,a) < 1.
- e (5'15,0)

For each (s,a) € S x A, define

g
_ / P / > .
Ssa {s €S | P(s]s,a) 2 36|5||A|m(s,a)}

Therefore, for each (s,a) € S x A,

H P(s'| s,a)mr(as) = H P(s' | s,a)mr(®as)

s'eS Sless,a

and
H ]3(5/ ] s,a)mT(s’“’S/) = H ﬁ(sl | 8,a>mT(s’a7S/)
s'eS Sless,a

with

mr(s,a,s') —mz(s, a) - P(s']s,0)| < ¢ 6P(s']s, a><4m<€s, a) + 8)[S|A|

< \/72P(8’|8,a)m(87a)|5||«4|

3

Note that ), ¢ P(s'|s,a) — P(s'|s,a) = 0, which implies

9 9

2 PElsa) = P(ls.0) =| D P(SIs @) = Plslls,0)| < gorermr oy

S’ESS@ SIQSs,a

By applying Lemma|3.5.14]and settting 72 to be | S|, n to be |S; 4|, € to be £/(96]|S|*|.A]), and
mtobe 72 - m(s,a) - |S||A|/e, we have

Dl mr(s,a,s’) _ € / mr(s,a,s’)
H P(s" | s,a)™ > (1 —12|S||A|> H P(s' | s,a)™" :
s'€Ss.a s'€Ss.a
Therefore,
p (5,05 ° o (5,05
P / mr(s,a,s > 1 _ P / mr(s,a,s
[T I1P6 s> (1o gy ) I TLP6 s
(s,a)eSxAs'€S (s,a)eSxAs'€S

which implies

H H ﬁ(sl | S,a)mT(s,a,s’) > (1 . 5/6) H H P(S/ | S,&)mT(S’a’Sl).

(s,a)eSxAs'€S (s,a)eSxAs'€S
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For the summation of rewards, we have

> my(s.a)- ‘E [R(s,a)] — E [E(S’a)”

(s,a)ESX A

_ Z mr(s, a) - ’]E [R(s,a)] — E [ﬁ(s,a)} ’

(s,a)eSxAlmr(s,a)=1

+ Z mr(s,a) - ’]E [R(s,a)] — E [E(s,a)} ‘ :

(s,a)eSxAlmy(s,a)>1

For those (s,a) € S x A with mr(s,a) > 1, we have m(s,a) > 1. By Lemma|3.2.1} we have

~

[E[R(s, a)] — E[R(s,a)]]

€ e E[(R(s,a))?] 1 - €
S24|S||./4| { m(s,a) (s, a) } = { 12H’ 24|S||A|m(s, a) } '

Since 3, yyesxamr(s,a) < H and mr(s,a) < m(s,a), we have

3 mr(s, a) - ‘IE (R(s,a)] — E [ﬁ(s,a)” <

(s,a)ESX Almr(s,a)>1

For those (s,a) € S x A with mr(s,a) = 1, we have

3 mr(s, a) - ‘E [R(s,a)] — E [J?z(s,a)” <=,

(s,a)eSxAlmyp(s,a)=1

Thus,
Z mr(s,a) - ‘E [R(s,a)] — E [

(s,a)eSxA
Foreach T' € T 1 .q With

T

=)
w
E
IN

T = ((51, al)a (327 a2), s (3H> CEH), $H+1),

we have

p(, M7y | Y mar(s,a) - E[R(s,a)]
(s,a)eSxA

=ii(so))- [ TIPG [samD 3" me(s,a) - E[R(s,a)

(s,a)eSxAS'ES (s,a)eSxA

>(u(s0) —/(6S) - (1 =¢/6) [[ T[ PG s, &0 3" my(s,a) - E[R(s,a)] — /6

(s,a)ESxAS'ES (s,a)eSxA
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Since

S opmMa)- | D ma(s,a)-E[R(s,a)] | = Vi, —¢/2,

T€7;’:uned (s,a)ESX.A

we have

VE 2 STopm M) | Y mr(s,a)-E[R(s,a)] | > Vi, — e
(s,a)ESx A

O

Now we show that for two MDPs M and M with the same transition probabilities and close

enough rewards, for any policy T, its value in M should be upper bounded by that in M up to an
error of ¢.

Lemma 3.5.18. Let M = (S, A, P, R, H, 1) be an MDP and 7 be a policy. Let 0 < ¢ < 1/2
be a parameter. For each (s,a) € S x A, define m(s,a) = QF 954 (s,0). Let M =
(S, A, P, §7 H, 1) be another MDP. If for all (s,a) € S x A withTi(s,a) > 1, we have

o e | [EBewr
ElRls,a] —E[Rls al] < 5a7 { (s, a) m(s,a)}'

then
VI/\Z\,H S VZ\Z,H +e.

Proof. We adopt the same notations as in the proof of Lemma[3.5.17] Recall that

VJ\T/FI,H = Z p(T, M, 7T) ’ Z mT<87 a) ) ]E[R(‘S? a’)]

TeT™ (s,a)eSxA

and

Z p(T, M, ) < ¢/6.

TeT™\T"

As in the proof of Lemma [3.5.17| for the summation of rewards, we have

> my(s.a)- ‘E [R(s,a)] — E [E(S’a)”

(s,a)ESX A

_ Z mr(s,a) - ’]E [R(s,a)] — E [ﬁ(s,a)} ’

(s,a)eSxAlmr(s,a)=1

+ Z mr(s,a) - ’]E [R(s,a)] — E [E(s,a)} ‘ :

(s,a)eSxAlmr(s,a)>1
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For each T' € 77", for each (s,a) € S x A, we must have my(s,a) < m(s,a). Therefore,
for those (s,a) € S x A with mp(s,a) > 1, by Lemma|3.2.1, we have

IE[R(s,a)] — E[R(s,a

~—
—

E E[(R(s,a))?] 1 max d € 5
SIS { m(s,a) ’m(s,a)}g {12H’2415H,41m(5,a)}'

Since 3 yesxamr(s,a) < H and mr(s,a) < m(s,a), we have
> mrlsa)- [ER(s.a)] - E [R(s,0)|| <
(s,a)ES X Almr(s,a)>1
For those (s,a) € § x A with mr(s,a) = 1, we have
Z my(s,a) - ’E [R(s,a)] — E [ﬁ(s,a)” < y
(s,a)eSxAlmyp(s,a)=1

Thus,

S mrls,a)- (E[R(s,a)] K [

(s,a)eSxA

=)
3
=
IN

Hence,

VEL< D o M)+ Y p(T,Mm)- [ > mr(s,a) -E[R(s, )]

TeT™\T" TeT" (s,a)eSxA

<c/6+ > p(T.M7)-| D my(s,a)-E[R(s,a)] +/6

TeT" (s,a)eSxA
< Vynmte

3.5.2.3 Pessimistic Planning

We now present our final algorithm in the RL setting. The formal description is provided in
Algorithm [6| In our algorithm, we first invoke Algorithm [ to collect a dataset D and then
invoke Algorithm [5|to estimate Q%'(s, a) for some properly chosen . We then use the estimators
in Lemma to define ]3 R and . Note that Lemma not only provides an estimator
but also provides a computable confidence interval for P and i, which we also utilize in our
algorithm.

At this point, a natural idea is to find the optimal policy with respect to the MDP M de-
fined by P Rand 1i 1. However, our Lemma only provides a lower bound guarantee for
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Algorithm 6 Pessimistic Planning
1: Input: desired accuracy ¢, failure probability §
2: Output: c-optimal policy 7
3: Invoke Algorithm [4] with

N =25 (|S| + 1)24(\S|+1) -log(18|S|?|A]/9) - |S|7|A]/€®
and receive N
S||A|-|A]2ISL.H
D = (((sm,ai,t,rms;’t))lt:ﬂl |-|A] );1

4: Invoke Algorithm 5| with

9
"t = 39768 - |S||A|([S] + 1) 12081+

and 0 = ¢, and receive estimates > : S x A — N

5: For each (s,a,8') € S x A x S, foreachi € [N] and t € [|S||A|-|A[*SI- H]. define
Trunc; (s, a), P(s' | s,a), R(s,a) and 7i(s) as in Lemmal@?[:

6: Define M to be a set of MDPs where for each M = (S, A, P,R,H,Ji) € M,

P(s' | s,a) — P(s' | 5,a)| < max

512 log(18]S|2|.A|/5) 32\/13(sf | s, a) - log(18[S[2.Al/6)

m(s,a) - N - eegt m(s,a) - N - €egt

and
i(s) — ()] < 4 S0
forall (s,a,s’) e Sx Ax S
7: For each (possibly non-stationary) policy , define V" = minyem Vi i
8: return armgax, V"

Vj\% i without any upper bound guarantee. We resolve this issue by pessimistic planning. More
specifically, for any policy 7, we define its pessimistic value to be

T . T
V7= gpig Vi
where M includes all MDPs whose transition probabilities are within the confidence interval
provided in Lemma We simply return the policy 7 that maximizes V™. Since the true
MDP lies in M, V™ is never an overestimate. On the other hand, Lemma guarantees
that V'™ is also lower bounded by Vy; ;; up to an error of . Therefore, V™ provides an accurate
estimate to the true value of . However, note that Lemma [4.4.5| does not provide a computable
confidence interval for the rewards. Fortunately, as we have shown in Lemma [3.5.18] perturba-
tion on the rewards will not significantly increase the value of the policy and thus the estimate is
still accurate.
We now present the formal analysis for our algorithm.
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Theorem 3.5.19. With probability at least 1 — 6, for any (possibly non-stationary) policy ,
V™ —Viiu| <e/2
where V™ is defined in Line[7|of Algorithm|6] Moreover, Alogrithm|[6] samples at most
290 - (|8] + 1)*H IS - AP - log (12[S[7]4] /6) - S|P A /€.
trajectories.

Proof. By Lemma|3.5.13| with probability at least 1 — 0, for all (s,a,s’) € S x A x S, we have

512log(181SPJAI/6) \/z%f | 5.a) - log(18]S[2|4]/9)

P(s'|s,a) — P(s | s, ‘<
(5] ,0) (5| 5, 0)] <max m(s,a) - N - ceg m(s,a) - N - cegt

st (s,a) - N - gt Qs (s,a) - N - eest

2 ! . 2
— {5;tlog<18|8| AI/9) ¢, \/P(s [ 5,0) - log(18]] |A|/5)},

R(s' | s,a) — E[R(s,a)]| <

<8\/E [(R(s,))?] -log(18]S[|A/0) |~ 8log(18|S]|.A|/9)

Q?;st (S’ CL) N - Eest Q?;St(sy CL) - N - 5est’
and
N log(15/51/9)
[fi(s) = pl)] <\ ————

In the remaining part of the analysis, we condition on the above event.
by Lemma [3.5.10] for any (possibly non-stationary) policy ,

S 1 T
Qs (s,a) > 1006 - |S[2ST e/ (24|S[|A]) - QL 2u15).41) (8 @)

Let M = (S, A, PR, H, 1) be the true MDP. By Lemma(3.5.17} for any (possibly non-stationary)
policy 7, for any M € M, we have

Moreover, M' = (S, A, P, R, H, u) € M. Therefore, by Lemma|3.5.18]
Virn < Virm +¢/2.

Consequently, | ‘

Finally, the algorithm samples at most

(N + [30010g(61S|A1/3) /2 ]) x 18] x |A] x | AP
<% (8] + 1S | AP 10g(18SPLAI/) - |SPLAL /e

trajectories. [

Theorem [3.5.19| immediately implies Theorem [3.1.2]
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Part 11

RL with Large State Spaces

59






Chapter 4

RL with Large State Spaces: Upper Bound
in the Online Setting

4.1 Introduction

In online RL, the agent interacts with the environment episodically, where each episode consists
of H steps. The goal of the agent is to interact with the environment strategically such that after a
certain number of interactions, sufficient information is collected so that the agent can act nearly
optimally afterward. The performance of an agent is measured by the regret, which is defined as
the difference between the total rewards collected by the agent and those a best possible agent
would collect.

Without additional assumptions on the structure of the MDP, the best possible algorithm
achieves a regret bound of O(\/H|S||A|T) [[L1]], where T is the total number of steps the agent
interacts with the environment. In other words, the algorithm learns to interact with the envi-
ronment nearly as well as an optimal agent after roughly H|S||.A| steps. This regret bound,
however, can be unacceptably large in practice. E.g., the game of Go has a state space with size
3361, and the state space of certain robotics applications can even be continuous. Practitioners
apply function approximation schemes to tackle this issue, i.e., the value of a state-action pair is
approximated by a function which is able to predict the value of unseen state-action pairs given
a few training samples. The most commonly used function approximators are deep neural net-
works (DNN) which have achieved remarkable success in playing video games [58]], the game
of Go [77], and controlling robots [4]. Nevertheless, despite the outstanding achievements in
solving real-world problems, no convincing theoretical guarantees were known about RL with
general value function approximators like DNNs.

Recently, there is a line of research trying to understand RL with simple function approx-
imators, e.g. linear functions. For instance, given a feature extractor which maps state-action
pairs to d-dimensional feature vectors, 13} 25, 26, 40, 159, 96, (102, 103}, 108, [109] developed
algorithms with regret bound proportional to poly(dH )v/T which is independent of the size of
S x A. Although being much more efficient than algorithms for the tabular setting, these al-
gorithms require a well-designed feature extractor and also make restricted assumptions on the
transition model. This severely limits the scope that these approaches can be applied to, since
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obtaining a good feature extractor is by no means easy.

In this section, we develop a provably efficient (both computationally and statistically) Q-
learning algorithm that works with general value function approximators. We show that our
algorithm enjoys a regret bound of O(poly(dH)+/T) where d is a complexity measure of the
function class that depends on the eluder dimension [73] and log-covering numbers. Our theory
generalizes the linear MDP assumption in [40,102] to general function classes, and our algorithm
provides comparable regret bounds when applied to the linear case.

4.2 Notations and Assumptions

Episodic Markov Decision Process. In this section, we assume the reward R : S x A — [0, 1]
is deterministic. In the online RL setting, the agent aims to learn the optimal policy by interacting
with the environment during a number of episodes. For each k € [K], at the beginning of the
k-th episode, the agent chooses a policy 7% which induces a trajectory, based on which the agent
chooses policies for later episodes. Throughout this section, we define 7" := K H to be the total
number of steps that the agent interacts with the environment.
We adopt the following regret definition in this section.
Definition 4.2.1. The regret of an algorithm A after K episodes is defined as

K
* ’7Tk
Reg(K) =) Vi (s) = Vi (s})
k=1
where 7" is the policy played by algorithm A at the k-th episode.

Additional Notations. For a function f : S x A — R, define
[fllo = max [f(s,a)l.

(s,a)eSxA
Similarly, for a function v : & — R, define
[v]lo = maxfu(s)].
Given a dataset
D= {(si,a1,3)}7L CS x AxR,
for a function f : S x A — R, define

1/2
D] /

Hf”D = Z (f(St,at) - %)2

t=1

For a set of state-action pairs Z C S x A, for a function f : S x A — R, define

1/2

Iflz=1{ > (f(s.)’

(s,a)eZ
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For a set of functions F C {f : S x A — R}, we define the width function of a state-action pair
(s,a) as

’LU(.F,S,CL) = fg}%);__,f(&a) o f/<57a)'

Our Assumptions. We make the following assumption throughout this chapter.
Assumption 4.2.1. There exists a set of functions F C {f : S x A — [0, H + 1]}, such that for
anyV : S — [0, H], there exists fy € F which satisfies

fv(s,a) = R(s,a) + > _P(s' | s,a)V(s) V(s,a) €S x A (4.1)

s'eS

Intuitively, Assumption requires that for any V' : S — [0, H|, after applying the Bell-
man backup operator, the resulting function lies in the function class F. We note that Assump-
tion[d.2.1]is very general and includes many previous assumptions as special cases. For instance,
for the tabular RL setting, F can be the entire function space of S x A — [0, H + 1]. For linear
MDPs [40, 96, 102, [103]] where both the reward function R : S x A — [0, 1] and the transition
operator P : S x A — A (S) are linear functions of a given feature extractor ¢ : S x A — RY,
F can be defined as the class of linear functions with respect to ¢. In practice, when F is a
function class with sufficient expressive power (e.g. deep neural networks), Assumption 4.2.1]
(approximately) holds.

The complexity of F determines the learning complexity of the RL problem under consider-
ation. To characterize the complexity of F, we use the following definition of eluder dimension
which was first introduced in [[73] to characterize the complexity of function classes in bandits
problems.

Definition 4.2.2 (Eluder dimension). Let ¢ > 0 and Z = {(s;,a;)}; € S x A be a sequence
of state-action pairs.

* A state-action pair (s,a) € S X A is e-dependent on Z with respect to F if any f, f' € F

satisfying || f — f'||z < ¢ also satisfies | f(s,a) — f'(s,a)| < e.

* An (s, a) is e-independent of Z with respect to F if (s, a) is not e-dependent on Z.

* The e-eluder dimension dimg(F,e) of a function class F is the length of the longest
sequence of elements in S x A such that, for some &’ > ¢, every element is ’-independent
of its predecessors.

It has been shown in [[73] that dimg(F,c) < |S||.A| when S and A are finite. When F is
the class of linear functions, i.e., fo(s,a) = 07 ¢(s,a) for a given feature extractor ¢ : S x
A — R% dimg(F,e) = O(dlog(1/¢)). When F is the class generalized linear functions of
the form fy(s,a) = g(0" ¢(s,a)) where g is an increasing continuously differentiable function,
dimg(F,¢) = O(dr?log(h/e)) where

Sup@,(s,a)ESXA g/(0T¢<S7 CL))
inf@,(s,a)GSXA g/(6T¢(S, a))

r =

and

Fe sup g(676(s.a).
0,(s,a)ESXA
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In [63], it has been shown that when F is the class of quadratic functions, i.e., fa(s,a) =
#(s,a)"Ag(s,a) where A € R4, dimp(F,e) = O(d*log(1/¢)).
We further assume the function class F and the state-action pairs S x A have bounded
complexity in the following sense.
Assumption 4.2.2. For any € > 0, the following holds:
1. there exists an e-cover C(F,e) C F with size |C(F,e)| < N(F,¢), such that for any
f € F, there exists f' € C(F,e) with ||f — f'|lc <&
2. there exists an e-cover C(S x A, €) with size |C(Sx A, e)| < N (S X A, ¢), such that for any
(s,a) € S x A, there exists (s',a") € C(S x A, e) withmaxyer |f(s,a) — f(s',d)| <e.
Assumption 4.2.2| requires both the function class F and the state-action pairs S x A have
bounded covering numbers. Since our regret bound depends logarithmically on N (F,-) and
N (S x A, -), it is acceptable for the covers to have exponential size. In particular, when S and A
are finite, it is clear that log V' (F, &) = O(|S||A|) and log N'(S x A, ¢) = log(|S|[A]). For the
case of d-dimensional linear functions and generalized linear functions, log N(F,e) = O(d) and
log V(S x A e) = O(d). For quadratic functions, log V' (F, ) = O(d?) and log V(S x A, £) =
O(d).

4.3 Algorithm

Overview. The algorithm is formally presented in Algorithm At the beginning of each
episode k € [K], we maintain a replay buffer {(s},aj,7])}nr)e[m)xk—1) Which contains all
existing samples. We set Q% = 0, and calculate Q% Q%_,, ..., Qf iteratively as follows. For
eachh=H H—-1,...,1,

k—1

H
fi(es) = argming ey > ( f
T=1 h/=1

2

and
Qn(-,-) = min { f3(-,) + (-, ), H} .

Here, 0% (-, -) is a bonus function to be defined shortly.

Stable Upper-Confidence Bonus Function. With more collected data, the least squares pre-
dictor is expected to return a better approximate the true ()-function. To encourage explo-
ration, we carefully design a bonus function b (-, -) which guarantees that, with high probability,
QF .1 (s,a) is an overestimate of the one-step backup. The bonus function b} (-, -) is guaranteed
to tightly characterize the estimation error of the one-step backup

+ZP Wi (s,

s'eS

where ViF, | (-) = max,e 4 QF, (-, a) is the value function of the next step.
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Algorithm 7 F-1.SVI ()

1: Input: failure probability 6 € (0, 1) and number of episodes K
2: forepisode £ =1,2,..., K do
3:  Receive initial state s¥ ~ p

4: QYiq() < 0and VE, () < 0

S ZF {(s7s a7 )} oy efs—11x

6: forh=H,...,1do

7: Dj; + {(SZH Apry Ty th+1(3iTz'+1> a)) }(T,h/)e[kq]x[m

8: I« argmin e r Hf”%;i

9: bE(-,+) « Bonus(F, fr, Z*, 6) (Algorithm[9)

10: QY (-, ) < min{fF(-,-) + bF(-,-), H} and V}¥(-) = max,c4 Q5 (-, a)

11: 7 (+) + argmax,. Q% (-, a)

12: forh =1,2,...,H do

13: Take action af < 7} (s}) and observe sf ., ~ P(- | s, af) and r} = R(s}, af)

4.3.1 Stable UCB via Importance Sampling

In this section, we formally define the bonus function b% (-, -) used in Algorithm (7, The bonus
function is designed to estimate the confidence interval of our estimate of the ()-function. In
our algorithm, we define the bonus function to be the width function b} (-, -) = w(Fx, -, -) where
the confidence region Fy is defined so that R(-,-) + > s P(s' | -, )V}, (s') € FF with high
probability. By definition of the width function, b} (-, -) gives an upper bound on the confidence
interval of the estimate of the ()-function, since the width function maximizes the difference
between all pairs of ()-functions that lie in the confidence region.
To define the confidence region F, % a natural definition would be

FE={feFI|If - fl% <8}

where 3 is defined so that R(-,-) + > . P(s' | -,-)ViF1(s') € Ff with high probability,
and recall that 2% = {(s},, a}))} (- pyepr_1)x () 1S the set of state-action pairs defined in Line
However, as one can observe, the complexity of such a bonus function could be extremely hig

as it is defined by a dataset Z* whose size can be as large as 7' = K H. A high-complexity bonus
function could potentially introduce instability issues in the algorithm. Technically, we require
a stable bonus function to allow for highly concentrated estimate of the one-step backup so that
the confidence region F is accurate. Our strategy to “stabilize” the bonus function is to reduce
the size of the dataset by importance sampling, so that only important state-action pairs are kept.

Sensitivity Sampling. Here we present a framework to subsample a dataset, so that the confi-
dence region is approximately preserved while the size of the dataset is reduced. Our framework
is built upon the sensitivity sampling technique introduced in a different context [28, 29, 49].

Definition 4.3.1. For a given set of state-action pairs Z C S x A and a function class F, for
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Algorithm 8 Sensitivity-Sampling(F, Z, \, ¢, 9)
1: Input: function class F, set of state-action pairs Z C S x A, accuracy parameters A\, > 0
and failure probability 6 € (0,1)
2: Initialize Z’ < {}
3: For each z € Z, let p, to be smallest real number such that 1/p, is an integer and

p. > min{1, sensitivity z 7 ,(2) - 72In(4N(F, /72 - /X3 /(| Z]))/6)/€°} 4.3)

4: For each z € Z, independently add 1/p, copies of z into Z’ with probability p,
5: return Z’

each z € Z, define the \-sensitivity of (s, a) with respect to Z and F to be

y (f(s,a) — f'(s,a))?
sensitivit S,a) = max .
YZ,f,,\( ) FeF Hf_f/HQZ
If=F11Z=A

Sensitivity measures the importance of each data point z in Z by considering the pair of
functions f, f’ € F such that z contributes the most to ||f — f’||%. In Algorithm (8, we de-
fine a procedure to sample each state-action pair with sampling probability proportional to the
sensitivity. In the analysis, we show that after applying Algorithm [§] on the input dataset Z,
the confidence region { FeFI|If—rrHZ < ﬁ} is approximately preserved, while the size of
the subsampled dataset is upper bounded by the eluder dimension of F times the log-covering
number of F.

The Stable Bonus Function. With the above sampling procedure, we are now ready to obtain a
stable bonus function. In Algorithm[9] we first subsample the given dataset Z and then round the
reference function f and all data points in the subsampled dataset Z to their nearest neighbors in
a 1/(84/4T/§)-cover. We discard the subsampled dataset if its size is too large, and then define
the confidence region using the new dataset and the rounded reference function.

4.4 Theoretical Guarantee

In this section we provide the theoretical guarantee of Algorithm [/, which is stated in Theo-
rem[8.3.11

Theorem 4.4.1. Under Assumption after interacting with the environment for ' = KH
steps, with probability 1 — §, Algorithm|[7|achieves a a regret bound of

Reg(K) <Vu.-H?-T,
where
L < C-log® (T/6) - dim3, (F,6/T?) - In (N (F,§/T?) /) -log (N (S x A,8/T) - T/6)

for some constant C' > 0.
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Algorithm 9 Bonus(F, f, Z, §)
1: Input: function class F, reference function f € F, state-action pairs Z C S x A and failure
probability 6 € (0,1)
2: Z + Sensit ivity—Sampling(}", Z,0/(167),1/2, 5) > Subsample the dataset
3: Z « {}if |Z| > 4T/ or the number of distinct elements in Z exceeds

6912dimg (F, d/(167%)) log(64H*T?/8) In T In(4N(F, 5/ (566T)) /)

Let f € C(F,1/(8+\/4T/5)) be such that | f — fllos < 1/(8/4T/5) > Round f
zZ+{}
for - € Z do > Round state-action pairs

Let 2 € C(S x A, 1/(8,/AT/3)) be such that sup - |f(2) — f(2))| < 1/(8x/4T}5)
Z+ ZU{3)
return @(-,-) == w(F, -, -), where 7 — {f e FIIf - FI% <3B(F.6) + 2} and

D AN

B(F,8) = ¢ H*1og*(T/§)-dimg(F,§/T*)In(N(F,5/T?)/8)log (N'(S x A,6/T)) - T/6)
“4.4)
for some absolute constants ¢ > 0.

Remark 4.4.1. For the tabular setting, we may set J to be the entire function space of S x
A — [0, H + 1]. Recall that when S and A are finite, for any ¢ > 0, dimg(F,¢) < [S]||A],
log(N(F,e)) = O(S||A|) and log(N'(S x A, ¢)) = O(log(|S||A])), and thus the regret bound
in Theorem is O(\/|SP|APH?T) which is worse than the near-optimal bound in [1L1].
However, when applied to the tabular setting, our algorithm is similar to the algorithm in [11].
By a more refined analysis specialized to the tabular setting, the regret bound of our algorithm
can be improved using techniques in [11]. We would like to stress that our algorithm and analysis
tackle a much more general setting and recovering the optimal regret bound for the tabular setting

is not the focus of this chapter.
Remark 4.4.2. When F is the class of d-dimensional linear functions, we have dimg(F,e) =

O(d), log(N(F,¢e)) = O(d) and log(N (S x A,¢e)) = O(d) and thus the regret bound in The-
orem is O(V/d*H>T), which is worse by a O(v/d) factor when compared to the bound
in [40, 96], and is worse by a 5(d) factor when compared to the bound in [108]. Note that
for our algorithm, a regret bound of 5(\/ d3H?T) is achievable using a more refined analysis
(see Remark [4.4.3). Moreover, unlike our algorithm, the algorithm in [108] requires solving the
Planning Optimization Program and is thus computationally intractable. Finally, we would like
to stress that our algorithm and analysis tackle the case that F is a general function class which

contains the linear case studied in [40, 196, |108] as a special case.
Here we provide an overview of the proof to highlight the technical novelties in the analysis.

The Stable Bonus Function. Similar to the analysis in [40, 96]], to account for the dependency
structure in the data sequence, we need to bound the complexity of the bonus function b (-, -).
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When F is the class of d-dimensional linear functions (as in [40, Q6]]), b(-,-) = [|&(-,-)||a-
for a covariance matrix A € R%9, whose complexity is upper bounded by d? which is the
number of entries in the covariance matrix A. However, such simple complexity upper bound
is no longer available for the class of general functions considered in this chapter. Instead, we
bound the complexity of the bonus function by relying on the fact that the subsampled dataset
has bounded size. Scrutinizing the sampling algorithm (Algorithm g), it can be seen that the size
of the subsampled dataset is upper bounded by the sum of the sensitivity of the data points in
the given dataset times the log-convering number of the function class F. To upper bound the
sum of the sensitivity of the data points in the given dataset, we rely on a novel combinatorial
argument which establishes a surprising connection between the sum of the sensitivity and the
eluder dimension of the function class /. We show that the sum of the sensitivity of data points
is upper bounded by the eluder dimension of the dataset up to logarithm factors. Hence, the
complexity of the subsampled dataset, and therefore, the complexity of the bonus function, is
upper bound by the log-covering number of S x A (the complexity of each state-action pair)
times the product of the eluder dimension of the function class and the log-covering number of
the function class (the number of data points in the subsampled dataset).

In order to show that the confidence region is approximately preserved when using the sub-
sampled dataset Z’, we show that for any f, f' € F, ||f — f'||% is a good approximation to
|f — f'|I%. To show this, we apply a union bound over all pairs of functions on the cover of F
which allows us to consider fixed f, f* € F. For fixed f, f' € F, note that ||f — f’||%, is an
unbiased estimate of || f — f||%, and importance sampling proportinal to the sensitivity implies
an upper bound on the variance of the estimator which allows us to apply concentration bounds
to prove the desired result. We note that the sensitivity sampling framework used here is very
crucial to the theoreical guarantee of the algorithm. If one replaces sensitivity sampling with
more naive sampling approaches (e.g. uniform sampling), then the required sampling size would
be much larger, which does not give any meaningful reduction on the size of the dataset and also
leads to a high complexity bonus function.

Remark 4.4.3. When F is the class of d-dimensional linear functions, our upper bound on the
size of the subsampled dataset is O(d?). However, in this case, our sampling algorithm (Algo-
rithm [8) is equivalent to the leverage score sampling [21] and therefore the sample complexity
can be further improved to O(d) using a more refined analysis [80]. Therefore, our regret bound
can be improved to O(v/d®H?2T), which matches the bounds in [40, [96]. However, the O(d)
sample bound is specialized to the linear case and heavily relies on the matrix Chernoff bound
which is unavailable for the class of general functions considered in this chapter. This also ex-
plains why our regret bound in Theorem [8.3.1) when applied to the linear case, is larger by a
V/d factor when compared to those in [40, 96]. We leave it as an open question to obtain more
refined bound on the size of the subsampled dataset and improve the overall regret bound of our
algorithm.

The Confidence Region. Our algorithm applies the principle of optimism in the face of un-
certainty (OFU) to balance exploration and exploitation. Note that Vhlﬁrl is the value function
estimated at step h + 1. In our analysis, we require the Q-function Q} estimated at level h to
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satisfy
Qn(-,- ) + Z P(s']-, )V (')
s'eS

with high probability. To achieve this, we optimize the least squares objective to find a solution
fF € F using collected data. We then show that f7 is close to R(:,-) + > s P(5']-, ) ViF 4 (8).
This would follow from standard analysis if the collected samples were independent of th+1-
However, th+1 is calculated using the collected samples and thus they are subtly dependent on
each other. To tackle this issue, we notice that th+1 is computed by using fF 41 and the bonus
function b}, and both f,, and the bonus function b}, have bounded complexity, thanks to
the design of bonus function. Hence, we can construct a 1/7-cover to approximate th+1- By
doing so, we can now bound the fitting error of fF by replacing th+1 with its closest neighbor in
the 1/7T'-cover which is independent of the dataset. By a union bound over all functions in the
1/T-cover, it follows that with high probability,

)+ P WVELS) € {F e FLIS— fiIR < B

s'eS

for some [ that depends only on the complexity of the bonus function and the function class F.

Regret Decomposition and the Eluder Dimension. By standard regret decomposition for
optimistic algorithms, the total regret is upper bounded by the summation of the bonus function
Zszl Z LOF (sh, ah) To bound the summation of the bonus function, we use an argument
similar to that in [73], which shows that the summation of the bonus function can be upper
bounded in terms of the eluder dimension of the function class F, if the confidence region is
defined using the original dataset. In the formal analysis, we adapt the argument in [73]] to show
that even if the confidence region is defined using the subsampled dataset, the summation of the
bonus function can be bounded in a similar manner.

4.4.1 Analysis of the Stable Bonus Function

Our first lemma gives an upper bound on the sum of the sensitivity in terms of the eluder dimen-
sion of the function class F.
Lemma 4.4.2. For a given set of state-action pairs Z,

) sensitivity ; - ,(2) < 4dimp(F, M/|Z]) log((H + 1)°| 2|/A) In | Z].
2€EZ

Proof. Foreach z € Z, let f, f € F be an arbitrary pair of functions such that ||f — f/||% > A

and
(f(z) = f'(»)?
If = fl%
is maximized, and we define L(z) = (f(z) — f’(z))? for such f and f’. Note that 0 < L(z) <
(H+1)% Let Z = UfigHH)QlZW)_l Z*J Z° be a dyadic decomposition with respect to L(-),
where for each 0 < a < log((H + 1)?|Z|/\), define

={z€Z|L(z)e((H+1)?-27* (H+1)*-27°]}
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and
Z® = {z€ Z| L(z) < M|2]}.

Clearly, for any z € Z°, sensitivity ; » ,(z) < 1/|Z] and thus

Z sensitivity ;  ,(2) < 1.
2€Z>

Now we bound )~ __ . sensitivity ; r ,(2) for each 0 < o < log((H + 1)?|Z|/\) separately.
For each «, let
N, = |Z2°|/dimg(F, (H +1)*-27°7")

and we decompose Z into N, +1 disjoint subsets, i.e., Z% = Ujvjfr ! Z, by using the following

procedure. Let 2% = {z1, 23, . . ., 2/zo| } and we consider each z; sequentially. Initially Z = {}

for all j. Then, for each z;, we find the largest 1 < j < N, such that z; is (H + 1)* - 27271

independent of Z7* with respect to /. We set j = N, + 1 if such j does not exist, and use

j(zi) € [N, + 1] to denote the choice of j for z;. By the design of the algorithm, for each z;, it is

clear that z; is dependent on each of Z7*, 23, ..., Z¢ ;.
Now we show that for each z; € Z¢,

sensitivity z 7 5 (2;) < 2/7(2).
For any z; € Z%, we use f, f' € F to denote the pair of functions in F such that || f — f/||%Z > A
and
(f (z0) = f'(20))
If = 1%
is maximized. Since z; € Z¢, we must have (f(z;) — f'(z:))* > (H + 1)* - 2771, Since z; is
dependent on each of Z*, Z¢ ... Z¢ J-1> foreach 1 < k < j(z;), we have

j(z

1f = fllzg = (H+1)*- 277,

which implies

i () =S (HE1 2
sensitivityzra () = TR S T P
(H+1)? 27 < 2/j(z).

< j(zi)—1
Yt M= Pllze + (F(z) = f1(20))?

Moreover, by the definition of (H + 1)* - 27*~'-independence, we have | 2| < dimg(F, (H +
1)2.27 Y forall 1 < j < N,. Therefore,

> sensitivity; 50 (2) < > 282/ + Y. 2/N,

zEZa 1<j<Nq 2€EEY 4

odimy (F, (H + 1) - 2701

<2dimg(F, (H +1)*-27*HIn(N,) + | 2% - Za

<3dimg(F, (H +1)%-27*HIn(|Z]).
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By the monotonicity of eluder dimension, it follows that

Z sensitivity z 7 ,(2)

zZ€EZ
log((H+1)%|Z|/3)~1

< Z Z sensitivity z 7 5 (2 Z sensitivity ; 7 ,(2)

<3log((H + 12|2|/Ndims(F, /| Z)) n(|Z]) + 1
<dlog((H +1)2|Z|/\)dim(F, A/ |Z]) n(|2]).

]

Using Lemma 4.4.2] we can prove an upper bound on the number of distinct elements in Z’
returned by the sampling algorithm (Algorithm [§).

Lemma 4.4.3. With probability at least 1 — /4, the number of distinct elements in Z' returned
by Algorithm[8)is at most

1728dim g (F, M| Z]) log((H + 1)%|2]/A) In(| Z|) (4N (F, /72 - /A§/(12]))/6) /=
Proof. Note that
p. < min{l,2 - sensitivity ; 7 ,(2) - T2In(4N(F, /72 - /A6 /(|Z]))/5)/€},

since for any real number x < 1, there always exists T € [z, 22| such that 1/7 is an integer. Let
X, be arandom variable defined as
1 Z'
X, ={ <7
0 z¢7

Clearly, the number of distinct elements in Z’ is upper bounded by > - X, and E[X.] = p..

By Lemma[4.4.2]
Y E[X.] < 576dimp(F, A/|Z]) log((H+1)*| 2|/ In(| Z2]) In(4N (F,e/72:\/73 /(| 2])) /5) /e

z€EZ

By Chernoff bound, with probability at least 1 — §/4, we have

> X. 2 1728dimp(F, M| Z)) log((H+1)*| Z|/A) In(|2]) (4N (F, £/72:/ A/ (| 2])) /) [

z2EZ

Our second lemma upper bounds the number of elements in Z’ returned by Algorithm
Lemma 4.4.4. With probability at least 1 — | <4|Z]/6.
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Proof. Let X, be the random variable which is defined as

Y - {1 /- zisaddedinto 2

0 otherwise

Note that [Z'| = > _- X, and E[X.] = 1. By Markov inequality, with probability 1 — §/4,
2| < 42]/5. .

Our third lemma shows that for the given set of state-action pairs Z and function class F,
Algorithm [§| returns a set of state-action pairs Z’ so that || f — f’||% is approximately preserved
forall f, f' € F.

Lemma 4.4.5. With probability at least 1 — §/2, for any f, f' € F,

A=llf = FlIz =22 < f = [z < A +o)lf = [z +8|Z]A/6.

Proof. In our proof, we separately consider two cases: ||f — f'[|32 < 2Xand || f — f'||%Z > 2.

CaseL: || f — f'||%2 < 2\. Consider f, f' € F with ||f — f'||% < 2. Conditioned on the event

defined in Lemma which holds with probability at least 1 — /4, we have ||f — f'[|%2 <

|Z'| - ||f = f'lI% < 8|Z|\/§. Moreover, we always have || f — f'||z> > 0. In summary, we have
If = FlIZ =22 < |If = flIZ < If = FlIZ + 81210/,

CaseIlL: || f — f'||%2 > 2)\. We first show that for any fixed f, f’ € F with || f — f'||% > ), with
probability at least 1 — 0 /(4N (F,e/72 - \/Ad/(|Z]))), we have

L—e/DIf = Iz < If = Pz < A +e/If = Fllz

To prove this, for each z € Z, define

X, = L(f(2) = f'(2))* zisadded into Z' for 1/p. times
) 0 otherwise

Clearly, || f — f'|lz2 = > .cz X. and E[X.] = (f(2) — f'(2))*. Moreover, since || f — f'[|Z > A,
by (.3) and Definition[4.3.1] we have

max X, < [|f = f|[5 - /(T2 I(4N(F, /72 - /A6 /(12]))/9).
Moreover, E[X?2] < (f(2) — f'(2))*/p.. Therefore, by Holder’s inequality,

D Var[X.] <Y E[XZ] <Y (f(2) — f1(2))? - max(f(2) — f(2))*/p-

zZEZ
zEZ z€EZ z€EZ

<Ilf = Fllz - €/ (724N (F,e/72 - /23/(|2]))/9)-
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Therefore, by Bernstein inequality,

Pr|lf = flz = If = Flzl = e/4-|f = flZ]

=Pr ||YEX] =Y X.| 2 e/4-|f - f'||23]
z2€EZ z€EZ
e?/16 - |If — f'lz
SZexp (_22262 Var[X.] + 2max.cz X. -e/4-||f — f’|!2z/3)

<(6/4)/ (N(F.</72- /ASIZD)) -

By union bound, the above inequality implies that with probability at least 1 — ¢ /4, for any

(f, f) € C(F,e/72- /A6/(I21)) x C(F,e/72- /A/(|2])) with [[f — f|[Z = A,
A—e/DIf = FIZ<f = Fliz < A +e/DIf = [z

Now we condition on the event defined above and the event defined in Lemma4.4.4l Consider
I, f € Fwith || f — f'[|%Z > 2). Recall that there exists

(F, 1) € C(F,e/72-\/X6/(12])) x C(F, /72 /X/(|2]))
such that || f — flloe < v/A/(25[Z]) and ||f' — f|loo < /A/(25]Z]). Therefore,
IF =71z =Y "(Fz) = (=)

zEZ

=3 (f(2) ~ F(2) + (J2) = £(2) + (f'(2) = F(2))?

2€Z
> (17 = s = 1F = fllz = 17 = Fl)
> (\/ﬁ— 2 >\/25>2 >\
Therefore, conditioned on the event defined above, we have
(L—e/DIF = FIZ < IF = FIIZ < A+ e/DNF = Il

Conditioned on the event defined in Lemma which holds with probability at least 1 — §/4,
we have

17 =713 < (1F = Fllzr + 17 = Fllzr + 117 = Fill)
< (IF - Fllz +2v/121 /712 /3/(2D)
< (Wt /6)IT ~ Pll= +2v121 - ¢/72- VAST(2D))
< (W +</O)IF ~ Fllz +2v/1ZT - =/72 /3] (Z]) +4v/[3] /72 AS/(I2))

<(1+e)llf - flZ,
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where the last inequality holds since || f — f||z > V/\.
Similarly,

17— 70 = (IF = Pl = 1 = Fler =17 = Flz)
> (IF ~ Fllz —2v/1271 - 2/12- /312D
> (L= </ - Fllz — 2127 /72 /3 [12D))
> (1= </6)[1f — Fllz — 212 -=/72- VAST(2]) — 2V/[2] - /72 /3] (2]))
>(1-2)f - 11
O

Combining Lemma Lemma [4.4.4] and Lemma 4.4.5| with a union bound, we have the
following proposition.
Proposition 4.4.6. With probability at least 1 — 6, the size of Z' returned by Algorithm[8|satisfies
|Z'| < 4|Z|/0, the number of distinct elements in Z is at most

1728dimg(F, M| Z]) log((H 4+ 1) Z|/X\) In(|Z]) In(4N (F, /72 - /A /(| Z]))/9) /€%,
and for any f, f' € F,
A=a)lf = FIZ =22 <|If = FlIz < A+ o)l f = 1% +8[2[A/6.

Proposition 4.4.7. For Algorithm@ suppose |Z| < KH =T, the following holds.
1. With probability at least 1 — §/(16T),

w(F, s,a) < @(s,a) < w(F,s,a)

where F = {f € F | |If = flz < B(F,0)}, and F = {f € F | |If = flIZ <
96(F,0) + 12}.
2. w(-,-) € W for a function set VW with

log |[W| < 6912dimg(F,6/(1672))log(16(H + 1)*T%/6) In T In(4N(F, 6/ (566T)) /)
log (/\/(5 x A, 1/(8\/AT/3)) - 4T/5) + log(N(F, 1/(8/4T/)))
< O -dimg(F,8/T?) -log(H*T?/5) -InT - In(N(F,§/T?)/0)
log(N(S x A,6/T))-T/d),
for some absolute constant C' > 0 if T' is sufficiently large.

Proof. For the first part, conditioned on the event defined in Proposition for any f € F,
we have

If = FlIZ/2=1/2<|If = FIZ < 3If = flIZ/2+1/2.
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Therefore, we have

If = FI% < (If = fllz + VAT/5/(8+/4T/5))*
<(If = fllz + VAT/5/(8 /AT [3) + /AT 5/ (8\/4T/9))?
<2\ f = flIZ +2(/AT/6/(8\/AT[8) + VAT /5/(8v/AT/6))* < 3|If — flIZ +2

and

If = FIZ = (1f = fllz = VAT /6/(8/4T/5))?
>(If = fllz = VAT/S/(8/AT[8) — \/AT/6/(8+/AT/5))?
>[|f = fIIZ/2 = (VAT/6/(8\/AT/8) + AT /5/(8v/AT/6))* > |If — fII%/3 — 2.

Therefore, for any f € F, we have || f — f||% < B(F, ), which implies Hf—fH% < 38(F,0)+2
and thus f € F. Moreover, for any f € F, we have Ilf— ]?||2§ < 3B(F,9) + 2, which implies
If — FIZ < 98(F.8) + 12. A B

For the second part, note that (-, -) is uniquely defined by F. When |Z| > 4T/4 or the
number of distinct elements in Z exceeds

6912dimg (F, 5/ (1672)) log(16(H + 1)*T2/5) In T In(4N(F, 5/ (566T))/6),

we have |Z| = 0 and thus 7 = F. Otherwise, F is defined by f and Z. Since f €

C(F,1/(84/4T/6)), the total number of distinct f is upper bounded by N(F,1/(8,/4T/9)).
Since there are at most

6912dimp(F, §/(16T%)) log(16(H + 1)>T2/8) In T In(4N(F, §/(566T))/5)

distinct elements in Z, while each of them belongs to C(S x A, 1/(8+/4T/3)) and |Z| < 4T/,
the total number of distinct Z is upper bounded by

( (S x A, 1/(8/4T/3)) - AT /5

) 6912dim g (F,5/(1672)) log(16(H+1)2T2/8) In T In(4N (F,5/(566T))/8)
[]

4.4.2 Analysis of the Algorithm

We are now ready to prove the regret bound of Algorithm[7] The next lemma establishes a bound
on the estimate of a single backup.
Lemma 4.4.8 (Single Step Optimization Error). Consider a fixed k € [K]. Let

AR {(sh, aﬁ/)}(f,hf)e[kq]x[m
as defined in Line [3in Algorithm[7} For any V : S — [0, H, define

D‘k/ = {(82/, (12/7 7“;:/ + V(S;-l’-‘rl)) }(T,h/)e[k—ux[H]
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and

o : 2
Jv 1= argmin || fllp

ForanyV : S — [0,H] and § € (0,1), there is an event Ey 5 which holds with probability at
least 1 — 0, such that conditioned on Ey s, for any V' : S — [0, H| with ||V — V||« < 1/T, we
have

for() = R() =Y P(s | V()

s'eS

<. (H\/log(Q/é) Flog N(F, 1 /T))

zZk
for some absolute constant ¢ > 0.

Proof. In our proof, we consider a fixed V' : S — [0, H], and define

fo() =R )+ ) P |-V ().

s'eS
Forany f € F, we consider }_ ;i _1)x(m &4 (f) where
§n(f) = 2(f(sp, a) = fv(sps ap)) - (Fv(sps a) = = Vshia)-
For any (7, h) € [k — 1] x [H], define F} as the filtration induced by the sequence

{(shss ay) Y enyerr—1yxm U {(s], a]), (s3,a3), ..., (sh_1,an_1)}-

Then E [¢7(f) | F}] = 0 and

€ (NI < 2(H + 1) [f(s5, a7,) — fv(sh, ap)l-

By Azuma-Hoeffding inequality, we have

T 52
Pr Z §(f)| = €| <2exp (_8(H+ 2| f - fVHQZk) .

(m,h)€lk—1]x [H]

Let

= (s0m 4 10108 (MDY )

<AH+1)|f = fvllzr - V1og(2/6) +1log N (F,1/T).
We have, with probability at least 1 — ¢, for all f € C(F,1/T),

Y G| SAUHF|S = follze - V1og(2/0) +1og N (F, 1/T).

(1,h)€[k—1]x [H]

We define the above event to be £y 5, and we condition on this event for the rest of the proof.
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For all f € F, there exists g € C(F,1/T), such that || f — g||oc < 1/7, and we have

Yooogmnis| D> Glo|+2aAH+)

(m,h)E[k—1]x[H] (r,h)E[k—1]x[H]
<4(H +1)|lg — frllzx - V1og(2/6) +log N'(F,1/T) + 2(H + 1)
<4(H+D(If = follzr +1) - V1og(2/8) +1og N (F,1/T) + 2(H +1).

Consider V' : § — [0, H] with ||V’ — V||, < 1/T. We have
[fvr = fvlloo <NV = Vo < 1T
Forany f € F,

||f||§>§/, - ||fv’||3>5,

== forllze+2 0 Y (Flsheap) = fuorlsionaiy)) - (for(si aiy) =170 = V' (shr40))-

(SZ/’G}TL/)GZIc
For the second term, we have,

2 Y (flsiai) = furlshap)) - (for(sisap) = e = V' (sj))

(52/ 7‘121)62’7’g

>2 Y (f(shap) = fv(shhap)) - (fo(spap) = = Vispan) —4(H +1) - [V = Vo - | 2¥]

(s7a7,)€Zk
= Y G -AHFY |V Vw2
(m,h)€lk—1]x[H]
> —4(H + 1)(If = fllzx +1) - V1og(2/8) +10g N (F,1/T) = 2(H +1) = 4(H +1) - |[V' = V]los - [ 2*]
> —4(H + 1)(If = fullz +2) - V10g(2/0) +log N'(F, 1/T) — 6(H +1).

Recall that fy = arg min e 7 ||f||%€,. We have ||J/C\V/||%‘,€/, — HfV,||2D,‘€// < 0, which implies,

0> 1l — 1,

= fvr =Sl +2 Y (Flsinai) = forlsiap)) - (For(sivs ai) = i = VV(si4))

(5;;/ 70«;/ yezk

> |\ fur = fvrllie = ACH + D)(Ifvr = furllze +2) - /log(2/6) +1og N'(F, 1/T) — 6(H + 1),

Solving the above inequality, we have,

1o — furllse < ¢ (H - /logo—1 + log N(F,1/T))
for an absolute constant ¢ > 0. ]

77



Lemma 4.4.9 (Confidence Region). In Algorithm @ let FI be a confidence region defined as

Fe={F e FIIf - fil5 < BF0)}.
Then with probability at least 1 — §/8, for all k, h € [K]| x [H],

+ZP Vi (s) € Fy,

s'eS

provided

B(F,8) > - (H\/log(T/(S) + log(|W|) 4 log N (F, 1/T)>2
for some absolute constant ¢ > 0. Here W is given as in Propostion[#.4.7]
Proof. For all (k,h) € [K] x [H], the bonus function b%(-,-) € W. Note that

Q:={min{f(-,") +w(,:),H} |weW, feC(F,1/T)} u{0}

isa (1/T)-cover of

QF () = min { ff () + 054, (), HY h<H
htl 0 L

Le., there exists ¢ € Q such that ||¢ — Q}, ;||c < 1/T. This implies

V= {rggq(na) lq e Q}

is a (1/T)-cover of V;F,; with log(|V|) < log |[W| + log N'(F,1/T) + 1. Foreach V' € V, let
Ev,5/(8v|T) be the event defined in Lemma By Lemma we have Pr [nVeV 5V75/(8MT)] >
1 —6/(8T). We condition on (), ., Ev.s/(s)v|r) in the rest part of the proof.

Recall that fF is the solution of the optimization problem in Line [8] of Algorithm (7 i.e.,
fF = argmin 5 ||f||%},§. Let V € Vsuch that ||V — V}¥ |l < 1/T. Thus, by Lemma4.4.8| we

have

Ce ( +ZP Vi (s ))

s'eS

d - <H\/10g(T/5) +1og N (F,1/T) + log |W|>

Zk

for some absolute constant ¢’. Therefore, by a union bound, for all (k, h) € [K| x [H], we have
TG = (R, ) + X ges P(s'| - )VEL(8')) € FF with probability at least 1 — §/8. O

The above lemma guarantees that, with high probability, R(-,-) + > .. P(s' | -, )ViF. (-, )
lies in the confidence region. With this, it is guaranteed that {Q’fL} () are all optimistic,
with high probability. This is formally presented in the next lemma.

€[H]x[K]
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Lemma 4.4.10. With probability at least 1—0 /4, for all (k, h) € [K|x[H], forall (s,a) € SX A,

Q5 (s,a) < Qp(s,a) < R(s,a) + Y _ P(s']s,a)Vif, (s) + 2} (s, a).

s'eS

Proof. For each (k,h) € [K| x [H], define

FE={f e FIIf — fI% < BF.0)}.

Let & be the event that for all (k,h) € (K] x [H], R(-,") + > es P(s' | -, )ViFL(s) € Ff.
By Lemma [4.4.9] Pr[€] > 1 — §/8. Let &£’ be the event that for all (k,h) € [K| x [H] and
(s,a) € S x A, bf(s,a) > w(FF,s,a). By Propositionand union bound, £’ holds failure
probability at most §/8. In the rest part of the proof we condition on £ and £’

Note that

max |f(s,a) — f (s, a)| < w(Fp,s,a) < by(s,a).
feFk

Since
R('? ) + Z P(Sl ‘ ) ')thJrl(S/) S fﬁ?

s'eS

for any (s,a) € S x A we have

R(57a> + Z P(S/ ’ S,G)th+1(5/) o flif(s?a’) < bﬁ(s,a).

s'eS
Hence,
Qk(s,a) < fr(s,a) + i(s,a) < R(s,a) + Y P(s'|s,a)Vif, (') + 265 (s, a).

s'eS

Now we prove Q;(s,a) < Q¥(s,a) by induction on h. When h = H + 1, the desired
inequality clearly holds. Now we assume Q5 () < QF_(-,-) for some h € [H]|. Clearly we
have V;* ;(-) < ViE, | (-). Therefore, for all (s,a) € S x A,

Qn(s,a) = R(s,a) + > _ P(s|s,a)Vi7, ()

s'eS

< min {H, R(s,a) + Z P(s']s, G)thJrl(S/)}

s'eS
< min {H, f,lf(s,a) + bﬁ(s,a)}
= QIE(S,G).

The next lemma upper bounds the regret of the algorithm by the sum of b (-, -).
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Lemma 4.4.11. With probability at least 1 — /2,

Reg(K)ﬁQZZH:b (s af) +4H\/KH -log(8/9).

K
k=1 h=1

Proof. In our proof, for any (k, h) € [K]| x [H — 1] define

& = Z P(s" | sy, az) (thJrl(S/) - Vhﬂﬁ(SI)) - (thﬂ(SﬁH) - V&(Sﬁﬂ))

s'eS

and define ¥ as the filtration induced by the sequence

{(SiTz’a a;—z’)}(T,h’)E[kfl]X[H} U {(31167 a]f)’ (8]267 CLI;), SRR (327 QZ)}

Then
E (¢ | Fj] = 0and || < 2H.

By Azuma-Hoeffding inequality, with probability at least 1 — /4,

T

-1
EF <4H\/KH -log(8/6).

1

[M] =

=
Il

1

>
Il

We condition on the above event in the rest of the proof. We also condition on the event defined
in Lemma 4.4.10{ which holds with probability 1 — ¢ /4.
Recall that

K
Reg(K) =Y (Vi(st) = Vi™(sh)) < D> ViF(sh) — Vi (sh).
k=1
We have

K
Reg(K) < > ( Rlst.a}) + 3 P(s' | s} al)VF (") + 20 (sh. af) — R(shaf) = D P('| sh o) V(s >)

k=1 s'eS s'eS

=D > P s, a) (VS (s)) — V(') + 263 (st af)

K
= VF(sh) — V5 () + &F + 205 (s}, af)

IA
]~
o
_l’_
]~
M=

8
Py
="
el
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Therefore,

Reg(K) <2) > “br(sy,af) +4H\/KH -1og(8/5).

K H
k=1 h=1

]

It remains to bound 3" ST bE(sk, k), for which we will exploit fact that F has bounded
eluder dimension.
Lemma 4.4.12. With probability at least 1 — § /4, for any € > 0,

DD T (bi(sh,ap) > €) < (M +H) - dimp(F,¢)

22
k=1 h=1

for some absolute constant ¢ > 0. Here 3(F,0) is as defined in (4.4).

Proof. Let £ be the event that or all (k, h) € [K]| x [H],

W) < w(F, )

where .
Frn={feF:|If = fill% <98 +12}.

By Proposition € holds with probability at least 1 — 6/4. In the rest of the proof, we
condition on £.

Let £ = {(sf,af) | bi(sk af) > e} with |[£] = L. We show that there exists (s, af) €
L such that (s}, a¥) is e-dependent on at least L/dimg(F,e) — H disjoint subsequences in
Z¥ N L. We demonstrate this by using the following procedure. Let £y, Lo, ..., L, / dimp(F,e)—1
be L/ dimg(F,e) — 1 disjoint subsequences of £ which are initially empty. We consider

{(sF,a1), (s5,a5), ..., (sf, af)} N L

foreach k € [K] sequentially. For each k € [K], foreach z € {(s}, a¥), (s&,a%), ..., (s%, a%)In
L, we find j € [L/dimg(F,e) — 1] such that z is e-independent of £; and then add z into L;.
By the definition of e-independence, |£;| < dimg(F,¢) for all j and thus we will eventually

find some (s}, ay) € L such that (s}, af}) is e-dependent on each of L1, Lo, ..., L1/ dimp(F.)-1-
Among Ly, Ly, ..., L1 dimp(Fe)-1, there are at most H — 1 of them that contain an element in
ko ky (ko k ko k
{(817 a1)7 (827 (12), ey (SHa a’H)} N Ca

and all other subsequences only contain elements in Z* N £. Therefore, (sF, af) is e-dependent

on at least L./ dimp(F, ) — H disjoint subsequences in Z¥ N L.

On the other hand, since (s, a¥) € £, we have b} (sF,a¥) > e, which implies there exists
fof e Fwith || f — fFl%2. <984 12and || f' — fF|% < 98+ 12 such that f(z) — f'(z) > e.
By triangle inequality, we have || f — f’[|2, < 36/ + 48. On the other hand, since (s}, ay) is

e-dependent on at least L/ dimp(F,¢) — H disjoint subsequences in Z* N £, we have

(L) dimg(F,e) — H)e? < ||f — fl|%e < 368 + 48,
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which implies

4
L< (%i—jg + H) dimp(F, ).

Lastly, we apply the above lemma to bound the overall regret
Lemma 4.4.13. With probability at least 1 — § /4,

>

H
Zb sp.ap) <1+ 4H*dimp(F, 1/T) + v/c- dimg(F,1/T) - T - B(F, )
k=1 1

for some absolute constant ¢ > 0. Here §(F,§) is as defined in (4.4)

Proof. In the proof we condition on the event defined in Lemma ¢4.4.12, We define wy,
by (sﬁ,aﬁ). Let w; > we > ...

> wr be a permutation of {wf} . ne(x)x)- BY the event
defined in Lemma4.4.12} for any w; > 1/T', we have

t < (Cﬁg 0 H) dimp(F, w;) < (%];5) + H) dimp(F,1/T),

which implies

wt_<m H)_I/Q- cB(F,0).

Moreover, we have w; < 4H. Therefore

T

" —1/2
< 2 73: _ .
Zwt <1+ 4H?dimg(F,1)T) + | > (dimE(F’ 77 H) cB(F, )
t=1 Hdimg(F,1/T)<t<T
<1+ 4H*dimp(F,1/T) +2\/c- dimg(F,1/T) -

T - B(F,0).

We are now ready to prove our main theorem.
Proof of Theorem[8.3.1] By Lemmal4.4.11)and Lemma4.4.13] with probability at least 1 — §

Reg(K) < min {

k=1 h=1

KH, i i 205 (sf,ay) + 4H/KH - 1og(8/5)}

< c-min{KH, <dimE(}", 1/T) - H? + \/dimg(F,1/T) -

for some absolute constants ¢ > 0. Substituting the value of §(F, d) completes the proof. [l

82

T-B(F,0) + HW) }



Chapter 5

RL with Large State Spaces: Lower
Bounds in the Online Setting

5.1 Introduction

Modern reinforcement learning (RL) problems are often challenging due to the huge state space.
To tackle this challenge, function approximation schemes are often employed to provide a com-
pact representation, so that reinforcement learning can generalize across states. Empirically,
combining various RL function approximation algorithms with neural networks for feature ex-
traction has lead to tremendous successes on various tasks [S8,74]. A major problem, however,
is that these methods often require a large amount of samples to learn a good policy. For exam-
ple, deep (Q-network requires millions of samples to solve certain Atari games [58]. Here, one
may wonder if there are fundamental statistical limitations on such methods, and, if so, under
what conditions it would be possible to efficiently learn a good policy?

In the supervised learning context, it is well-known that empirical risk minimization is a
statistically efficient method when using a low-complexity hypothesis space [[75]], e.g. a hypoth-
esis space with bounded VC dimension. For example, polynomial number of samples suffice for
learning a near-optimal d-dimensional linear classifier, even in the agnostic setting. In contrast, in
the more challenging RL setting, we seek to understand if efficient learning is possible (say from
a sample complexity perspective) when we have access to an accurate (and compact) parametric
representation — e.g. our policy class contains a near-optimal policy or our hypothesis class
accurately approximates the optimal value function. In particular, in this section, we explore if
a good representation is sufficient for sample-efficient reinforcement learning. This question has
largely been studied only with respect to approximation error in the more classical approximate
dynamic programming literature, where it is known that algorithms are stable to certain worst-
case approximation errors. With regards to sample efficiency, this question is largely unexplored,
where the extant body of literature mainly focuses on conditions which are sufficient for efficient
reinforcement learning though there is little understanding of what are necessary conditions for
efficient reinforcement learning.

Many recent works have provided polynomial upper bounds under various sufficient condi-
tions (including the one in Chapter {4)), and in what follows we list a few examples (other than
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the one that appears in Chapter {)). For value-based learning, the work of [98] showed that for
deterministic systems, if the optimal ()-function can be perfectly predicted by linear functions of
the given features, then the agent can learn the optimal policy exactly with polynomial number
of samples. Recent work [38] further showed that if certain complexity measure called Bellman
rank is bounded, then the agent can learn a near-optimal policy efficiently. For policy-based
learning, [3] gave polynomial upper bounds which depend on a parameter that measures the
difference between the initial distribution and the distribution induced by the optimal policy.

Our Results. In this section, we give, perhaps surprisingly, strong negative results to this ques-
tion. The main results are exponential lower bounds in terms of planning horizon H for value-
based, model-based, and policy-based algorithms with given good representations. Notably, the
requirements on the representation that suffice for sample efficient RL are even more stringent
than the more traditional approximation viewpoint. Here we briefly summarize our hardness
results.

1. For value-based learning, we show even if ()-functions of all policies can be approximated

by linear functions of the given representation with approximation error 6 = (2 ( %)

where d is the dimension of the representation and H is the planning horizon, then the
agent still needs to sample exponential number of trajectories to find a near-optimal policy.

2. We show even if optimal policy can be perfectly predicted by a linear function of the given
representation with a strictly positive margin, the agent still requires exponential number
of trajectories to find a near-optimal policy.

These lower bounds hold even in deterministic systems and even if the agent knows the transition
model (i.e., in the Known Transition model). Note these negative results apply to the case where
the (Q-function, the model, or the optimal policy can be predicted well by a linear function of the
given representation. Our results highlight that the requirements on the representation that suffice
for sample efficient RL are significantly more stringent than the more traditional approximation
viewpoint and those in supervised learning.

Furthermore, our work implies several interesting exponential separations on the sample
complexity between: 1) value-based learning with perfect representation and value-based learn-
ing with a good-but-not-perfect representation, 2) value-based learning and policy-based learn-
ing, 3) policy-based learning and supervised learning and 4) reinforcement learning and imitation
learning. More details will be given in Section

5.2 Main Results

In this section we formally present our lower bounds. To streamline our analysis, in this chapter,
for each h € [H], we use S;, C S to denote the set of states at level h, and we assume Sj, do not
intersect with each other. We also assume Zthl rn € [0, 1] almost surely.

Before stating our results, we first list an important assumption, the optimality gap assump-
tion, which is widely used in reinforcement learning and bandit literature. To state the assump-
tion, we first define the function gap : S x A — R as gap(s, a) = maxyea Q7 (s,a") — Q5 (s, a)
suppose s € S,. Now we formally state the assumption.
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Assumption 5.2.1 (Optimality Gap). There exists p > 0 such that p < gap(s,a) for all (s,a) €
S x A with gap(s,a) > 0.

Here, p is the smallest reward-to-go difference between the best set of actions and the rest.
Recently, [26] gave a provably efficient ()-learning algorithm based on this assumption, and [[78]]
showed that with this condition, the agent only incurs logarithmic regret in the tabular setting.

5.2.1 Lower Bound for Value-Based Learning

We first present our lower bound for value-based learning. A common assumption is that the
@-function can be predicted well by a linear function of the given features (representation).
Formally, the agent is given a feature extractor ¢ : S x A — R? which can be hand-crafted or a
pre-trained neural network that transforms a state-action pair to a d-dimensional embedding. The
following assumption states that the given feature extractor can be used to predict the ()-function
with approximation error at most ¢ using a linear function.

Assumption 5.2.2. There exists 6 > 0 and 0,,0,,...,0y € R? such that for any h € [H] and
any (s,a) € S, x A, |Q5 (s,a) — (O, ¢ (s,a))| < 0.

Here 0 is the approximation error, which indicates the quality of the representation. If § = 0,
then (Q-function can be perfectly predicted by a linear function of ¢ (-, -). In general, 0 becomes
smaller as we increase the dimension of ¢, since larger dimension usually has more expressive
power. When the feature extractor is strong enough, previous papers [16l] assume that linear
functions of ¢ can approximate the ()-function of any policy.

Assumption 5.2.3. There exists 0 > 0, such that for any h € [H| and any policy =, there exists
07 € R such that for any (s,a) € S, x A, |QT (s,a) — (On, ¢ (s,a))| < 4.

In the reinforcement learning literature, Assumption [5.2.3]is crucial in proving polynomial

sample complexity guarantee for value iteration type of algorithms [16]].

The following theorem shows when 6 = () (\/g> , the agent needs to sample exponential
number of trajectories to find a near-optimal policy.

Theorem 5.2.1 (Exponential Lower Bound for Value-Based Learning). There exists a family
of MDPs with |A| = 2 and a feature extractor ¢ that satisfy Assumption such that any
algorithm that returns a 1/2-optimal policy with probability 0.9 needs to sample

Q (min{|S], 27, exp(ds?/16)})

trajectories.

Note this lower bound also applies to MDPs that satisfy Assumption [5.2.2] since Assump-
tion is strictly stronger. We would like to emphasize that since linear functions is a subclass
of more complicated function classes, e.g., neural networks, our lower bound also holds for these
function classes. Moreover, in many scenarios, the feature extractor ¢ is the last layer of a neural
network. Modern neural networks are often over-parameterized, which makes d large. In this
case, d is much larger than H. Thus, our lower bound holds even if the representation has small
approximation error. Furthermore, the assumption that |A| = 2 is only for simplicity. Our lower

bound can be easily generalized to the case that |.A| > 2, in which case the sample complexity
lower bound is © (min{|S]|, A, exp(dé?/16)}).
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5.2.2 Lower Bound for Policy-Based Learning

Next we present our lower bound for policy-based learning. This class of methods use function
approximation on the policy and use optimization techniques, e.g., policy gradient, to find the
optimal policy. In this section, we focus on linear policies on top of a given representation. A
linear policy  is a policy of the form 7(s,) = arg max,e 4 (O, ¢(spn, a)) where s, € Sp, ¢ (-, -)
is a given feature extractor and 6, € RY is the linear coefficient. Note that applying policy
gradient on softmax parameterization of the policy is indeed trying to find the optimal policy
among linear policies.

Similar to value-based learning, a natural assumption for policy-based learning is that the
optimal policy is realizable, i.e., the optimal policy is linear.

Assumption 5.2.4. For any h € [H]|, there exists ), € R that satisfies for any s € Sy, we have
7 (s) € argmax, (05, ¢ (s,a)) .

Here we discuss another assumption. For learning a linear classifier in the supervised learning
setting, one can reduce the sample complexity significantly if the optimal linear classifier has a
margin.

Assumption 5.2.5. We assume ¢ (s,a) € R? satisfies ||¢(s,a)||, = 1 for any (s,a) € S x A.
For any h € [H], there exists 0, € R? with ||0,||, = 1 and A\ > 0 such that for any s € S, there
is a unique optimal action 7*(s), and for any a # 7(s), (Op, d (s,7%(s))) — (Op, P (s,a)) > A.

Here we restrict the linear coefficients and features to have unit norm for normalization. Note
that Assumption is strictly stronger than Assumption Now we present our result for
linear policy.

Theorem 5.2.2 (Exponential Lower Bound for Policy-based Learning). There exists an absolute
constant /\g, such that for any N < /\q, there exists a family of MDPs with |A| = 2 and a

feature extractor ¢ that satisfy Assumption with p = m and Assumption such
that any algorithm that returns a 1/4-optimal policy with probability at least 0.9 needs to sample
Q (min{27, 27}) trajectories.

Again, our lower bound can be easily generalized to the case that |A| > 2.

Compared with Theorem [5.2.1] Theorem [5.2.2] is even more pessimistic, in the sense that
even with perfect representation with benign properties (gap and margin), the agent still needs to
sample exponential number of samples. It also suggests that policy-based learning could be very

different from supervised learning.

5.2.3 Proof Ideas

The Binary Tree Hard Instance.  All our lower bound are proved based on reductions from
the binary tree instance. In this instance, both the transition P and the reward R are deterministic.
There are H levels of states, which form a full binary tree of depth H. There are 2" states in
level h, and thus 27 — 1 states in total. Among all the 27~! states in level H, there is only one
state with reward R = 1, and for all other states in the MDP, the corresponding reward value
R = 0. Intuitively, to find a 1/2-optimal policy for such MDPs, the agent must enumerate all
possible states in level H to find the state with reward 2 = 1. Doing so intrinsically induces a
sample complexity of 2(27). This intuition is formalized in Theoremusing Yao’s minimax
principle [104].
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Lower Bound for Value-Based Learning We now show how to construct a set of features
so that Assumption holds. Our main idea is to the utilize the following fact regarding
the identity matrix: e-rank(lyn) < O(H/e?). Here for a matrix A € R"*", its e-rank (a.k.a
approximate rank) is defined to be min{rank(B) : B € R"" ||A — B||« < €}, where we use
|| - || to denote the entry-wise /., norm of a matrix. The upper bound e-rank(7,,) < O(logn/e?)
was first proved in [S] using the Johnson-Lindenstrauss Lemma [41], and we also provide a proof
in Lemma

This fact can be alternatively stated as follow: there exists ® € R2"*O(H/e*) guch that
| Ion — ®P "], < e. We interpret each row of ® as the feature of a state in the binary tree.
By construction of ®, now features of states in the binary tree have a nice property that (i) each
feature vector has approximately unit norm and (i1) different feature vector are nearly orthogonal.
Using this set of features, we can now show that Assumption[5.2.3|hold. Here we prove Assump-
tion [5.2.3] holds as an example and prove other assumptions also hold in the appendix. To prove
Assumption we note that in the binary tree hard instance, for each level h, only a single
state satisfies Q* = 1, and all other states satisfy ()* = 0. We simply take 6}, to be the feature of
the state with Q* = 1. Since all feature vectors are nearly orthogonal, Assumption [5.2.3| holds.

Since the above fact regarding the s-rank of the identity matrix can be proved by simply
taking each row of ® to be a random unit vector, our lower bound reveals another intriguing
(yet pessimistic) aspect of Assumption for the binary tree instance, almost all feature
extractors induce a hard MDP instance. This again suggests that a good representation itself may
not necessarily lead to efficient RL and additional assumptions (e.g. on the reward distribution)
could be crucial.

Lower Bound for Policy-Based Learning. It is straightfoward to construct a set of feature
vectors for the binary tree instance so that Assumption holds, even if d = 1. We set
¢(s,a) tobe +1if a = a; and —1 if a = ao. For each level h, for the unique state s in level
h with Q* = 1, we set ), to be 1 if 7*(s) = ay and —1 if 7*(s) = ay. With this construction,
Assumption holds.

To prove that the lower bound under Assumption [5.2.5] we use a new reward function for
states in level H in the binary tree instance above so that there exists a unique optimal action for
each state in the MDP. See Figure for an example with /' = 3 levels of states. Another nice
property of the new reward function is that for all states s we always have 7*(s) = a;. Now,
we define 27~ different new MDPs as follow: for each state in level H, we change its original
reward (defined in Figure [5.2) to 1. An exponential sample complexity lower bound for these
MDPs can be proved using the same argument as the original binary tree hard instance, and now
we show this set of MDPs satisfy Assumption We first show in Lemma that there
exists a set N' C S ! with [NV] = (1/A)%@, so that for each p € N, there exists a hyperplane
L that separates p and N/ \ {p}, and all vectors in A have distance at least A to L. Equivalently,
for each p € N/ ,we can always define a linear function f, so that f,(p) > A and f,(q) < —A for
all ¢ € N\ {p}. This can be proved using standard lower bounds on the size of e-nets. Now we
simply use vectors in N as features of states. By construction of the reward function, for each
level h, there could only be two possible cases for the optimal policy 7*. Le., either 7*(s) = ay
for all states in level h, or 7*(s) = a, for a unique state s and 7*(s’) = a; for all s # s'. In both
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cases, we can easily define a linear function with margin A\ to implement the optimal policy 7*,
and thus Assumption holds. Notice that in this proof, we critically relies on d = ©(H ), so
that we can utilize the curse of dimensionality to construct a large set of vectors as features.

5.3 Separations

Perfect Representation vs. Good-But-Not-Perfect Representation. For value-based learn-
ing in deterministic systems, [98] showed polynomial sample complexity upper bound when the
representation can perfectly predict the ()-function. In contrast, if the representation is only able
to approximate the (Q-function, then the agent requires exponential number of trajectories. This
exponential separation demonstrates a provable exponential benefit of better representation.

Value-Based Learning vs. Policy-Based Learning. Note that if the optimal ()-function can be
perfectly predicted by the provided representation, then the optimal policy can also be perfectly
predicted using the same representation. Since [98]] showed polynomial sample complexity upper
bound when the representation can perfectly predict the ()-function, our lower bound on policy-
based learning, which applies to perfect representations, thus demonstrates that the ability of
predicting the Q-function is much stronger than that of predicting the optimal policy.

Supervised Learning vs. Reinforcement Learning. For policy-based learning, if the planning
horizon H = 1, the problem becomes learning a linear classifier, for which there are polynomial
sample complexity upper bounds. For policy-based learning, the agent needs to learn H linear
classifiers sequentially. Our lower bound on policy-based learning shows the sample complexity
dependency on H is exponential.

Imitation Learning vs. Reinforcement Learning. In imitation learning (IL), the agent can
observe trajectories induced by the optimal policy (expert). If the optimal policy is linear in the
given representation, it can be shown that the simple behavior cloning algorithm only requires
polynomial number of samples to find a near-optimal policy [72]. Our Theorem shows
if the agent cannot observe expert’s behavior, then it requires exponential number of samples.
Therefore, our lower bound shows there is an exponential separation between policy-based RL
and IL when function approximation is used.

5.4 Proofs of Lower Bounds

In this section we present the proof of our lower bounds. Throughout this section, for the -
function ()7 and (); and the value function V,™ and V}*, we may omit A from the subscript when
it is clear from the context.

We first introduce the INDEX-QUERY problem, which will be useful in our lower bound
arguments.
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Definition 5.4.1 (INDEX-QUERY). In the INDQ,, problem, there is an underlying integer i* €
[n]. The algorithm sequentially (and adaptively) outputs guesses ¢ € [n] and queries whether
1 = 1*. The goal is to output ¢*, using as few queries as possible.
Definition 5.4.2 (-correct algorithms). For a real number 6 € (0,1), we say a randomized
algorithm A is d-correct for INDQ,,, if for any underlying integer i* € [n|, with probability at
least 1 — 9, A outputs ¢*.

The following theorem states the query complexity of INDQ,, for 0.1-correct algorithms.

Theorem 5.4.1. Any 0.1-correct algorithm A for INDQ,, requires at least 0.9n queries in the
worst case.

Proof. The proof is a straightforward application of Yao’s minimax principle [104]. We provide
the full proof for completeness.

Consider an input distribution where ¢* is drawn uniformly at random from [n]. Suppose there
is a 0.1-correct algorithm for INDQ,, with worst-case query complexity 7" such that 7 < 0.9n.
By averaging, there is a deterministic algorithm A" with worst-case query complexity 7', such
that

'P[r}[.A’ correctly outputs ¢ when i* = i] > 0.9.
We may assume that the sequence of queries made by A’ is fixed. This is because (i) A’ is
deterministic and (ii) before A’ correctly guesses i*, all responses that A’ receives are the same
(i.e., all guesses are incorrect). We use S = {s1, S2, ..., S} to denote the sequence of queries
made by A’. Notice that m is the worst-case query complexity of A’. Suppose m < 0.9n, there
exist 0.1n distinct ¢ € [n] such that A" will never guess ¢, and will be incorrect if ¢* equals ¢,
which implies

Pr [A’ correctly outputs ¢ when i* = ¢] < 0.9.

i~[n]

5.4.1 Proof of Lower Bound for Value-Based Learning

In this section we prove Theorem[5.2.1] We need the following existential result.

Lemma 5.4.2. For any n > 2, there exists a set of vectors P = {p1,p2,...,pn} C R? with
d = [81Inn/e?] such that

L. ||pill2 = 1 foralli € [n);

2. [(pi,pj)| < eforanyi,j € [n]withi# j.
In order to prove Lemma[5.4.2] we need the following tail inequality for random unit vectors.
Lemma 5.4.3 (Lemma 2.2 in [19]). For a random unit vector v in R* and 3 > 1, we have

Pr[uf > B/d] < exp((1+Ins—3)/2).

In particular, when 8 > 6,we have
Pr[u? > B/d] < exp(—5/4).
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Proof of Lemma[5.4.2) Let Q = {q1,¢2, ..., ¢} be a set of n independent random unit vectors
in R? with d = [81nn/e?]|. We will prove that with probability at least 1/2, Q satisfies the two
desired properties as stated in Lemma[5.4.2] This implies the existence of such set P.

It is clear that ||g;||2 = 1 for all ¢ € [n], since each ¢; is drawn from the unit sphere. We now
prove that for any i, j € [n] with ¢ # j, with probability at least 1 — nl—Q, we have |(g;, ¢;)| < e.
Notice that this is sufficient to prove the lemma, since by a union bound over all the (72‘) =
n(n — 1)/2 possible pairs of (i, ), this implies that Q satisfies the two desired properties with
probability at least 1/2.

Now, we prove that for two independent random unit vectors v and v in R? with d =
[8Inn/e?], with probability at least 1 — =5, |(u,v)| < e. By rotational invariance, we assume
that v is a standard basis vector. L.e., we assume v; = 1 and v; = O forall 1 < 7 < d. Notice
that now (u, v) is the magnitude of the first coordinate of w. We finish the proof by invoking
Lemma|5.4.3|and taking 5 = 81nn > 6. [

Now we give the construction of the hard MDP instances. We first define the transitions and
the reward functions. In the hard instances, both the rewards and the transitions are deterministic.
There are H levels of states, and level h € [H] contains 27! distinct states. Thus we have
S| = 27 — 1. If |S] > 2% — 1 we simply add dummy states to the state space S. We use
81,892, ...,8om_; to name these states. Here, s; is the unique state in level h = 1, s, and s3 are
the two states in level h = 2, s4, S5, Sg and s; are the four states in level h = 3, etc. There are
two different actions, a; and as, in the MDPs. For a state s; in level h with h < H — 1, playing
action a; transits state s; to state sy; and playing action ay transits state s; to state so;,1, where
s9; and so;11 are both states in level h + 1. See Figure for an example with H = 3.

In our hard instances, R(s, a) = 0 for all (s, a) pairs except for a unique state s in level H — 1
and a unique action a € {aj,as}. It is convenient to define 7(s') = R(s, a), if choosing action
a transits s to s’. For our hard instances, we have 7(s) = 1 for a unique state s in level H and
7(s) = 0 for all other states.

Now we define the features map ¢(-,-). Here we assume d > 2 - [8In2 - H/§?%], since
otherwise we can simply decrease the planning horizon so thatd > 2-[8In2- H/§?]. We invoke
Lemma |5.4.2]to get a set P = {p1,pa,...,pon} C RY2. For each state s;, ¢(s;,a1) € R? is
defined to be [p;; 0], and ¢(s;, az) € R? is defined to be [0; p;]. This finishes the definition of the
MDPs. We now show that no matter which state s in level H satisfies 7(s) = 1, the resulting
MDP always satisfies Assumption

Verifying Assumption[5.2.3] By construction, for each level h € [H], there is a unique state

sh in level h and action a” € {ay, as}, such that Q*(s", a") = 1. For all other (s, a) such that

s # s" or a # a" we have Q*(s,a) = 0. For a given level h and policy 7, we take 67 to be

Q™ (s",a") - #(s",a"). Now we show that |Q™ (s, a) — (0T, ¢(s,a))| < & for all states s in level

hand a € {a;,as}.

Case I: a # a". In this case, we have Q™(s,a) = 0 and (07, ¢(s,a)) = 0, since 07 and ¢(s, a)
do not have a common non-zero coordinate.

CaseII: a = " and s # s". In this case, by the second property of P in Lemma and the
fact that Q™ (s", a") < 1, we have [{0T, ¢(s, a))| < J. Meanwhile, we have Q™ (s,a) = 0.
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Figure 5.1: An example with H = 3. For this example, we have 7(sg) = 1 and 7(s) = 0 for all
other states s. The unique state ss which satisfies 7(s) = 1 is marked as dash in the figure. The
induced (Q* function is marked on the edges.

Case III: a = o" and s = s". In this case, we have (0T, ¢(s,a)) = Q™ (s", a").

Finally, we prove any algorithm that solves these MDP instances and succeeds with proba-
bility at least 0.9 needs to sample at least 2% - 21 trajectories. We do so by providing a reduction
from INDQ,r-1 to solving MDPs. Suppose we have an algorithm for solving these MDPs, we
show that such an algorithm can be transformed to solve INDQ,#-1. For a specific choice of i*
in INDQq#-1, there is a corresponding MDP instance with

F(S) _ {1 if s = Six4oH-1_1 '

0 otherwise

Notice that for all MDPs that we are considering, the transition and features are always the
same. Thus, the only thing that the learner needs to learn by interacting with the environment
is the reward value. Since the reward value is non-zero only for states in level H, each time
the algorithm for solving MDP samples a trajectory that ends at state s; where s; is a state in
level H, we query whether i* = i — 29! 1+ 1 or not in INDQ,x-1, and return reward value 1 if
i* =i — 2771 4+ 1 and 0 otherwise. If the algorithm is guaranteed to return a 1/2-optimal policy,
then it must be able to find 7*.

5.4.2 Proof of Lower Bound for Policy-Based Learning

In this section, we present our hardness results for linear policy learning. In order to prove
Theoerem [5.2.2] we need the following geometric lemma.

Lemma 5.4.4. Let d € N, be a positive integer and ¢ € (0,1) be a real number. Then there
exists a set of points N' C SS*! with size |IN'| = Q(1/e%?) such that for every point x € N,

inf T — >e/2. 5.1
yEconv(M\{z}) H yH2 - / ( )
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Proof. Consider a /z-packing A with size Q(1/%2) on the d-dimensional unit sphere. For the
existence of such a packing, see, e.g., [54]. Let o be the origin. For two points z, 2’ € R?, we
denote |x2'| := ||z — 2'||> the length of the line segment between z, 2’. Note that every two
points z, 2’ € N satisfy |za'| > \/e.

To prove the lemma, it suffices to show that A/ satisfies the property (5.1)). Consider a point
x € N, let A be a hyperplane that is perpendicular to x (notice that x is a also a vector) and
separates = and every other points in N/. We let the distance between x and A be the largest
possible, i.e., A contains a point in A"\ {z}. Since x is on the unit sphere and \ is a 1/z-packing,
we have that x is at least 1/ away from every point on the spherical cap not containing x, defined

by the cutting plane A. More formally, let b be the intersection point of the line segment ox and
A. Then

vy e {y €SS (by) < Bli} e —ylla > VE.
Indeed, by symmetry, Vy € {y' € SS9 : (b,y/) < ||b]3}.

lz = yll2 > flz — zll2 = Ve

where z € N N A. Notice that the distance between z and the convex hull of N'\{z} is lower
bounded by the distance between x and A, which is given by |bz|. Consider the triangles defined
by x, z,0,b. We have bz L ox (note that bz lies inside A). By Pythagorean theorem, we have

[b2]” + [bx]* = |zl
|bx| + |bo| = |zo| = 1;
|bz|* + |bo]?* = |oz]* = 1.

Solve the above three equations for |bz|, we have
bz| = |z2]?/2 > ¢/2
as desired. []

Now we are ready to prove Theorem In the proof we assume H = d, since otherwise
we can take H and d to be min{ H, d} by decreasing the planning horizon H or adding dummy
dimensions to the feature extractor ¢.

Proof of Theorem[5.2.2] We define a set of 27~! deterministic MDPs. The transitions of these
hard instances are exactly the same as those in Section[5.4.1] The main difference is in the defini-
tion of the feature map ¢(+, -) and the reward function. Again in the hard instances, R(s,a) = 0
for all s in the first H — 2 levels. Using the terminology in Section we have 7(s) = 0
for all states in the first H — 1 levels. Now we define 7(s) for states s in level H. We do so
by recursively defining the optimal value function V*(-). The initial state s; in level 1 satis-
fies V*(s1) = 1/2. For each state s; in the first H — 1 levels, we have V*(sy;) = V*(s;) and
V*(s9i41) = V*(s;) — 1/2H. For each state s; in the level h = H, we have 7(sg;) = V*(s;) and
T(s2i11) = V*(s;) — 1/2H. This implies that p = 1/2H. In fact, this implies a stronger property
that each state has a unique optimal action. See Figure for an example with H = 3.

To define 277~ different MDPs, for each state s in level H of the MDP defined above, we
define a new MDP by changing 7(s) from its original value to 1. This also affects the definition of
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T(s1) =1/2 7(s5) =1/3]  |T(s6) = 1/3] T(s7) = 1/6

Figure 5.2: An example with H = 3.

Figure 5.3: An example with H = 3. Here we define a new MDP by changing 7(s¢) from its
original value 1/3 to 1. This also affects the value of V'(s3) and V'(s1).

the optimal V' function for states in the first H — 1 levels. In particular, for each level i € [H —1],
we have changed the V* value of a unique state in level ¢ from its original value (at most 1/2)
to 1. By doing so we have defined 27! different MDPs. See Figure for an example with
H=3.

Now we define the feature map ¢(-, -). We invoke Lemmal[5.4.4|withe = 8A andd = H/2—
1. Since A is sufficiently small, we have |[A| > 2. We use P = {p1,ps, ..., pon} C RH/271
to denote an arbitrary subset of N with cardinality 2. By Lemma for any p € P, the
distance between p and the convex hull of P \ {p} is at least 4/\. Thus, there exists a hyperplane
L which separates p and P \ {p}, and for all points ¢ € P, the distance between ¢ and L is
at least 2A\. Equivalently, for each point p € P, there exists n, € RH/2-1 and op € R such
that ||n,|l2 = 1, |o,| < 1 and the linear function f,(q) = (g, n,) + o, satisfies f,(p) > 2A
and f,(q) < —2A forall ¢ € P\ {p}. Given the set P = {py,p,...,pou} C RH/Z7L
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we construct a new set P = {P;,Dy,...,Pon} C RH/2 where p, = [p;;1] € R¥/2. Thus
|7;]l2 = v/2 for all p; € P. Clearly, for each p € P, there exists a vector w; € R/ such that
(wp, D) > 2 and (wp,q) < —2A forallg € P\ {p}. It is also clear that ||wy|]s < v/2. We take
¢(si;a1) = [0;7;] € R” and ¢(s;, az) = [p;; 0] € R

We now show that all the 27 =1 MDPs constructed above satisfy Assumption Namely,
we show that for any state s in level H, after changing 7(s) to be 1, the resulting MDP satisfies
Assumption Asin Section for each level h € [H|, there is a unique state s” in level
h and action a” € {ay, as}, such that Q*(s", a") = 1. For each level h, if a" = a;, then we take
(0n) /2 = 1 and (65)n = —1, and all other entries in 6}, are zeros. If a" = ay, we use P to denote
the vector formed by the first [//2 coordinates of ¢(s", as). By construction, we have p € P.
We take ), = [wp; 0] in this case. In any case, we have ||0),]2 < v/2. Now for each level h, if
a" = a,, then for all states s in level h, we have 7*(s) = a;. In this case, (¢(s,a,),0,) = 1 and
(¢(s,as),0;) = —1 for all states in level h, and thus Assumption [5.2.3]is satisfied. If a" = as,
then 7*(s,) = ap and 7*(s) = a; for all states s # s" in level h. By construction, we have
(O, ¢(s,ay1)) = 0 for all states s in level h, since 6, and ¢(s, a;) do not have a common non-zero
entry. We also have (6, ¢(s", as)) > 2/ and (0, ¢(s, as)) < —2/\ for all states s # s in level
h. We further normalize all §), and ¢(s, a) so that they all have unit norm. Since ||¢(s, a)||s = v/2
for all (s, a) pairs before normalization, Assumption is still satisfied after normalization.

Finally, we prove any algorithm that solves these MDP instances and succeeds with proba-
bility at least 0.9 needs to sample at least (27) trajectories. We do so by providing a reduction
from INDQ,z-1 to solving MDPs. Suppose we have an algorithm for solving these MDPs, we
show that such an algorithm can be transformed to solve INDQ,x=-1. For a specific choice of ¢*
in INDQq#-1, there is a corresponding MDP instance with

_( ) 1 if s = SixyoH-1_1
T(s) = .
the original (recursively defined) value otherwise

Notice that for all MDPs that we are considering, the transition and features are always the
same. Thus, the only thing that the learner needs to learn by interacting with the environment
is the reward value. Since the reward value is non-zero only for states in level H, each time the
algorithm for solving MDP samples a trajectory that ends at state s; where s; is a state in level
H, we query whether i* = i — 2#~1 + 1 or not in INDQqr-1. If * = 7 — 2771 4 1, we return
a reward value of 1, and return the original (recursively defined) reward value otherwise. If the
algorithm is guaranteed to return a 1/4-optimal policy, then it must be able to find i*.

[

94



Chapter 6

RL with Large State Spaces: the Offline
Setting

6.1 Introduction

Offline methods (also known as off-policy methods or batch methods) are a promising method-
ology to alleviate the sample complexity burden in challenging reinforcement learning (RL) set-
tings, particularly those where sample efficiency is paramount [55, (88}, [107]. Off-policy methods
are often applied together with function approximation schemes; such methods take sample tran-
sition data and reward values as inputs, and approximate the value of a target policy or the value
function of the optimal policy. Indeed, many practical deep RL algorithms find their prototypes
in the literature of offline RL. For example, when running on off-policy data (sometimes termed
as “experience replay”), deep (Q-networks (DQN) [58] can be viewed as an analog of Fitted Q-
Iteration [33] with neural networks being the function approximators. More recently, there are an
increasing number of both model-free 32,48, 150] and model-based [45, /1] offline RL methods,
with steady improvements in performance [32, 45,48, 99].

However, despite the importance of these methods, the extent to which data reuse is possi-
ble, especially when off-policy methods are combined with function approximation, is not well
understood. For example, deep (Q-network requires millions of samples to solve certain Atari
games [38]. Also important is that in some safety-critical settings, we seek guarantees when
offline-trained policies can be effective [84, [85]. A basic question here is that if there are fun-
damental statistical limits on such methods, where sample-efficient offline RL is simply not
possible without further restrictions on the problem.

In supervised learning, it is well-known that empirical risk minimization is sample-efficient
if the hypothesis class has bounded complexity. For example, suppose the agent is given a
d-dimensional feature extractor, and the ground truth labeling function is a (realizable) linear
function with respect to the feature mapping. Here, it is well-known that a polynomial number
of samples in d suffice for a given target accuracy. Furthermore, in this realizable case, provided
the training data has a good feature coverage, then we will have good accuracy against any test
distribution.

In the more challenging offline RL setting, it is unclear if sample-efficient methods are pos-
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sible, even under analogous assumptions. Here, one may hope that value estimation for a given
policy is possible in the offline RL setting under the analogous set of assumptions that enable
sample-efficient supervised learning, i.e., 1) (realizability) the features can perfectly represent
the value functions and 2) (good coverage) the feature covariance matrix of our off-policy data
has lower bounded eigenvalues.

The extant body of provable methods on offline RL either make representational assumptions
that are far stronger than realizability or assume distribution shift conditions that are far stronger
than having coverage with regards to the spectrum of the feature covariance matrix of the data
distribution. For example, [62] analyze offline RL methods by assuming a representational con-
dition where the features satisfy (approximate) closedness under Bellman updates, which is a
far stronger representation condition than realizability. Recently, [100] propose a offline RL al-
gorithm that only requires realizability as the representation condition. However, the algorithm
in [100] requires a more stringent data distribution condition. Whether it is possible to design
a sample-efficient offline RL method under the realizability assumption and a reasonable data
coverage assumption — an open problem in [16] — is the focus of this section.

Theoretical Results. Perhaps surprisingly, our main result shows that, under only the above
two assumptions, it is information-theoretically not possible to design a sample-efficient algo-
rithm to non-trivially estimate the value of a given policy. The following theorem is an informal
version of the result in Section 6.3l

Theorem 6.1.1 (Informal). In the offline setting, suppose the data distributions have (polynomi-
ally) lower bounded eigenvalues, and the Q)-functions of every policy are linear with respect to a
given feature mapping. Any algorithm requires an exponential number of samples in the horizon
H to output a non-trivially accurate estimate of the value of any given policy 7, with constant
probability.

This hardness result states that even if the ()-functions of all polices are linear with respect
to the given feature mapping, we still require an exponential number of samples to evaluate any
policy. Note that this representation condition is significantly stronger than assuming realizability
with regards to a single target policy; it assumes realizability for all policies. Even under this
stronger representation condition, it is hard to evaluate any policy, as specified in our hardness
result.

This result also formalizes a key issue in offline reinforcement learning with function approx-
imation: geometric error amplification. To better illustrate the issue, in Section [0.4] we analyze
the classical Least-Squares Policy Evaluation (LSPE) algorithm under the realizability assump-
tion, which demonstrates how the error propagates as the algorithm proceeds. Here, our analysis
shows that, if we only rely on the realizability assumption, then a far more stringent condition
is required for sample-efficient offline policy evaluation: the off-policy data distribution must be
quite close to the distribution induced by the policy to be evaluated.

Our results highlight that sample-efficient offline RL is simply not possible unless either the
distribution shift condition is sufficiently mild or we have stronger representation conditions that
go well beyond realizability. See Section [6.4] for more details.
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Experiments. From a practical point of view, it is natural to ask to what extent the above worst-
case characterizations are reflective of the scenarios that arise in practical applications because,
in fact, modern deep learning methods often produce representations that are extremely effec-
tive, say for transfer learning (computer vision [105] and NLP [20, 64] have both witnessed
remarkable successes using pre-trained features on downstreams tasks of interest). Further-
more, there are number of offline RL. methods with promising performance on certain benchmark
tasks [32,450 148,150, 71, 99].

In this chapter we provide a careful empirical investigation to further understand how sensi-
tive offline RL methods are to distribution shift. Along this line of inquiry, one specific question
to answer is to what extent we should be concerned about the error amplification effects as sug-
gested by worst-case theoretical considerations.

We study these questions on a range of standard tasks (6 tasks from the OpenAl gym bench-
mark suite), using offline datasets with features from pre-trained neural networks trained on the
task itself. Our offline datasets are a mixture of trajectories from the target policy itself, along
the data from other policies (random or lower performance policies). Note that this is favorable
setting in that we would not expect realistic offline datasets to have a large number of trajectories
from the target policy itself.

The motivation for using pre-trained features are both conceptual and technical. First, we
may hope that such features are powerful enough to permit sample-efficient offline RL because
they were learned in an online manner on the task itself. Also, practically, while we are not able
to verify if certain theoretical assumptions hold, we may optimistically hope that such pre-trained
features will perform well under distribution shift (indeed, as discussed earlier, using pre-trained
features has had remarkable successes in other domains). Second, using pre-trained features
allows us to decouple practical representational learning questions from the offline RL question,
where we can focus on offline RL with a given representation.

The main conclusion of this chapter, through extensive experiments on a number of tasks,
is that: we do in fact observe substantial error amplification, even when using pre-trained rep-
resentations, even we tune hyper-parameters, regardless of what the distribution was shifted to;
furthermore, this amplification even occurs under relatively mild distribution shift.

These experiments also complement our theoretical results showing the issue of error ampli-
fication is a real practical concern. From a practical point of view, our experiments demonstrate
that the definition of a good representation is more subtle than in supervised learning.

6.2 Preliminaries

Episodic Reinforcement Learning. In this section, for simplicity, we assume a fixed initial
state s; € S. To streamline our analysis, for each h € [H|, we use S, C S to denote the set of
states at level h, and we assume S;, do not intersect with each other. We assume, almost surely,
that 7, € [—1,1] forall h € [H].

Linear Function Approximation. When applying linear function approximation schemes, it
is commonly assumed that the agent is given a feature extractor ¢ : S x A — R? which can
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either be hand-crafted or a pre-trained neural network that transforms a state-action pair to a d-
dimensional embedding, and the ()-functions can be predicted by linear functions of the features.
In this section, we are interested in the following realizability assumption.
Assumption 6.2.1 (Realizable Linear Function Approximation). For every policy m : § —
A(A), there exists 0T, ... 07 € RY such that for all h € [H] and (s,a) € S, x A, Q7 (s,a) =
07)" (s, a).

Note that our assumption is much stronger than assuming realizability with regards to a single
policy 7 (say the policy that we wish to evaluate); our assumption imposes realizability for all
policies.

6.3 The Lower Bound: Realizability and Coverage are Insuf-
ficient

We now present our main hardness result for offline policy evaluation with linear function ap-
proximation. It should be evident that without feature coverage in our dataset, realizability alone
is clearly not sufficient for sample-efficient estimation. Here, we will make the strongest possible
assumption, with regards to the conditioning of the feature covariance matrix.

Assumption 6.3.1 (Feature Coverage). For all (s,a) € S x A, assume our feature map is
bounded such that ||¢(s, a)||2 < 1. Furthermore, suppose for each h € [H|, the data distributions
Wy, satisfy the following minimum eigenvalue condition:

Fumin (Egsayon[6(5, )(s,0)T]) = 1/d]]

Clearly, for the case where H = 1, the realizability assumption (Assumption [6.2.1)), and
feature coverage assumption (Assumption [6.3.1]) imply that the ordinary least squares estimator
will accurately estimate Glﬂ Our main result now shows that these assumptions are not sufficient
for offline policy evaluation for long horizon problems.

Theorem 6.3.1. Suppose Assumption holds. Fix an algorithm that takes as input both a
policy and a feature mapping. There exists a (deterministic) MDP satisfying Assumption
such that for any policy 7 : S — A(A), the algorithm requires )((d/2)™) samples to output the
value of ™ up to constant additive approximation error with probability at least 0.9.

Remark 6.3.1 (Least-Squares Policy Evaluation (LSPE) has exponential variance). For offline
policy evaluation with linear function approximation, the most naive algorithm here would be
LSPE, i.e., using ordinary least squares (OLS) to estimate 67, starting at level ~ = H and then
proceeding backwards to level h = 1, using the plug-in estimator from the previous level. Here,
LSPE will provide an unbiased estimate (provided the feature covariance matrices are full rank,
which will occur with high probability). As a direct corollary, the above theorem implies that
LSPE has exponential variance in H. See Section [6.4] for a more detailed discussion on LSPE.

"Note that 1/d is the largest possible minimum eigenvalue due to that, for any data distribution iy,
Omin(E(s,a)~jip [0(5,a)P(s, a)T]) < 1/dsince ||¢(s,a)|l2 < 1forall (s,a) € S x A.

2For H = 1, the ordinary least squares estimator will satisfy that ||#; — fors |2 < O(d/n) with high probability.
See e.g. [35].
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Figure 6.1: An illustration of the hard instance. Recall that d=d /2. States on the top are those
in the first level (h = 1), while states at the bottom are those in the last level (h = H). Solid line
(with arrow) corresponds to transitions associated with action ay, while dotted line (with arrow)
corresponds to transitions associated with action ay. For each level h € [H], reward values and

Q-values associated with s;, s .. .| sﬁ are marked on the left, while reward values and ()-values

associated with SZH are mark on the right. Rewards and transitions are all deterministic, except

for the reward distributions associated with s}, s%, ... s4. We mark the expectation of the

reward value when it is stochastic. For each level h € [H|, for the data distribution i, the state is
chosen uniformly at random from those states in the dashed rectangle, i.e., {s}, s7, .. ., sg}, while
the action is chosen uniformly at random from {ay, as}. Suppose the initial state is 3‘1111. When
ro = 0, the value of the policy is 0. When ry = d-H/ 2, the value of the policy is 7 - di/z =1.

More generally, our theorem implies that there is no estimator that can avoid such exponential
dependence in the offline setting.

In the remaining part of this section, we give the hard instance construction and the proof
of Theorem We use d the denote the feature dimension, and we assume d is even for
simplicity. We use d to denote d/2 for convenience. We also provide an illustration of the
construction in Figure [6.1]

State Space, Action Space and Transition Operator. The action space A = {a;,as}. For
each h € [H], S, contains d + 1 states s}, s2,..., st and s¢™. For each h € [H — 1], for each
c€{1,2,...,d+ 1}, we have P(s§,a;) = sit} and P(s§,a1) = 5, ;.
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Reward Distributions. Let 0 < ry < < d "2 be a parameter to be determined. For each
(h,c) € [H—1]x[d]anda € A, weset R(s¢, a) = 0 and R(s d“, a) = ro-(d/2=1)-dH-M/2_ For
1 with probability (1 + 79)/2
—1 with probability (1 — r¢)/2

so that E[R(s;, a)] = r9. Moreover, for all actions a € A, R(sjlq“, a)=rg- 2,

the last level, for each ¢ € [d] and a € A, we set R(sS;, a) =

Feature Mapping. Lete, e, ..., ¢4 be a set of orthonormal vectors in R?. Here, one > possible
choice is to set e, e, . . . , €4 to be the standard basis vectors. For each (h, ¢) € [H] x [d], we set

¢(s5,a1) = ec, (s, a2) = e, g, and ¢(s d+1, a) = .cq ec/dl/2 forall a € A.

Verifying Assumption The following lemma shows that Assumption holds for our
construction.

Lemma 6.3.2. For every policy m : S — A(A), for each h € [H], for all (s,a) € S, x A, we
have Q7 (s,a) = (07)" ¢(s,a) for some OF € R

Proof. We first verify Q™ is linear for the first H — 1 levels. For each (h,c) € [H — 1] X [j] , we
have

Qr (s, a1) =R(s},,a1) + R(shﬂ, a) + R(sﬁié, ap)+ ...+ R(s?jl, ap) =rq- dH=h)/2
Moreover, for all a € A,
Q7 (s a) =R(sIt, ) + R(sﬁfl, ar) + R(sﬁé, @) + ...+ R(s5 ay) = g - D)2,

Therefore, if we define

d d

or = ZTO CQHM/2 o Z Qr (s az) - €., 3

c=1 c=1

then Q7 (s,a) = (07)" ¢(s,a) forall (s,a) € S, x A.
Now we verify that the ()-function is linear for the last level. Clearly, for all ¢ € [c?] and
a € A QF(s4y,a) = roand QH(S?{—H, a) =rp - V/d. Thus by defining 7, = Y% 7 - e, we
have QT (s, a) = (0%,) " ¢(s,a) forall (s,a) € Sy x A.
O

The Data Distributions. For each level h € [H], the data distribution s, is a uniform dis-
tribution over {(st,ay), (s, ay), (s2,a1), (s2,a2),. .., (s}, a1), (s,a5)}. Notice that (s d“, a)
is not in the support of yu, for all @ € A. It can be seen that, E( ), [¢(s,a)d(s, a)T} =

ch—ee = ]
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The Lower Bound. We show that it is information-theoretically hard for any algorithm to
distinguish the case 7o = 0 and ry = d—1/2, We fix the initial state to be sﬁ”l and consider any
policy m. When ro = 0, all reward values will be zero, and thus the value of 7 is zero. On the
other hand, when 7y = d—/2, the value of 7 would be 7 - d/2 = 1. Thus, if the algorithm
approximates the value of the pohcy up to an error of 1/2, then it must distinguish the case that
ro = 0and rg = d 172, R

We first notice that for the case 7y = 0 and ro = d /2, the data distributions {1, }/L_,, the
feature mapping ¢ : S x A — R?, the policy 7 to be evaluated and the transition operator P are
the same. Thus, in order to distinguish the case o = 0 and ry = d-H/ 2, the only way is to query
the reward distribution by using sampling taken from the data distributions. For all state-action
pairs (s, a) in the support of the data distributions of the first H —1 levels, the reward distributions
will be identical. This is because for all s € Sj, \ {shH} and a € A, we have R(s,a) = 0. For
the case 79 = 0 and ry = d-H/ 2, for all state-action pairs (s, a) in the support of the data distri-

1 ith probability (1 2
bution of the last level, R(s,a) = { with probability (1 + o)/

. - . Therefore, to distinguish
—1 with probability (1 — rg)/2

the case that rp = 0 and ry = d—H/ 2, the agent needs to distinguish two reward distributions
1 with probability 1/2 o 1 with probability (1 + d~*/2)/2

ry = roy = ~
' —1  with probability 1/2 ? —1  with probability (1 — d~#/2)/2

distinguish r; and r5 with probability at least 0.9, any algorithm requires Q(JH ) samples.
d+1;

. In order to

Remark 6.3.2. The key in our construction is the state s, " in each level, whose feature vector is
defined to be ) _se./ d'/2. In each level, ‘2“ amplifies the Q-value by a d'/? factor, due to the

linearity of the (-function. After all the H levels, the value will be amplified by a dH/? factor.
Since sd+1 is not in the support of the data distribution, the only way to estimate the value of
the pohcy is to estimate the expected reward value in the last level. Our construction forces the
estimation error of the last level to be amplified exponentially and thus implies an exponential

lower bound.

6.4 Upper Bounds: Low Distribution Shift or Policy Com-
pleteness are Sufficient

In order to illustrate the error amplification issue and discuss conditions that permit sample-
efficient offline RL, in this section, we analyze Least-Squares Policy Evaluation when applied
to the offline policy evaluation problem under the realizability assumption. The algorithm is
presented in Algorithm [I0} For simplicity here we assume the policy 7 to be evaluated is deter-
ministic.

Notation. For each i € [H], define A, = E(sa)p, [¢(s,a)0(s,a)T] to be the feature co-
variance matrix of the data distribution at level h. Moreover, for each h € [H — 1], define
A1 = E(sapopns~P(lsa) [0(5,7(5))¢(5,7(5)) "] to be the feature covariance matrix of the
one-step lookahead distribution induced by the data distribution at level ~ and 7. Moreover,
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Algorithm 10 Least-Squares Policy Evaluation
1: Input: policy 7 to be evaluated, number of samples /V, regularization parameter A > 0
2 LetQuiai(+) = 0 and Vi 41(-) =0
3: forh=H, H — ,1do
4:  Take samples (sh, ah) pn, Th ~ R(s%,at) and 5t ~ P(s},al) foreachi € [N]
5: Let Ap = 3 iciny @(8h, ai) (s}, ai) " + A
6 Letd" =R (XX, 0shai) - 0+ V(1))
7: Let Qh('f) = ¢('7')T0h and Vh() - Qh('?ﬁ('))

define Ay = ¢(s1,7 (sl))qﬁ(sl, (s1))". We define @, to be a N x d matrix, whose i-th row is
¢(st, at), and define @, to be another N x d matrix whose i-th row is ¢(3%, 7(3%)). For each
h € [H] and i € [N], define & = ri + V;,(5%) — Qu(st, at). We use &, to denote a vector whose
i-th entry is &;.

Now we present a general lemma that characterizes the estimation error of Algorithm [I0]by
an equality. Later, we apply this general lemma to special cases.

Lemma 6.4.1. Suppose A > 0 in Algorithm[I0} and for the given policy m, there exists 61,0z, ... 0,4 €
R such that for each h € [H], Q7 (s,a) = ¢(s,a)" 0y, for all (s,a) € S, x A. Then we have

H 2
S AT BAT D] - (A0 — AN, 0)
h=1

(Q7(s1,m(51)) — Q(s1,7(s1)))? = . (6.1)

A

Proof. Clearly,

O = (Z O(spsap) - (7, + Vhﬂ(%)))

> Olshyai) - (rh + (53, w(53) i) + D 6(sh ) - $(53, 7(S3)) T (Ot - 9h+1))

1 i=1
N N

= A | D2 olsiai) - (v, + 6(53, W<32>>T9h+1)) + A, (Z 6 (51 a3) - 65, 7(5)) " (O — 0h+1)> :
) i=1
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For the first term, we have

Therefore,

Also note that

N
o D )
~ l;]- . . . . .
=N D o(shai) - (rh + Q”(EZJ(?%))))
1=1

N
R (D lshoai) - (0 + W<sz>>>
=1

N
=R (D0 olshai) - (@7 (shai) + 5:;))
=N oshoah) - G+ A d(sh ap) - (s, ap) O
=1 =1

N
=00 s, al) - €6 + A (@ 0,)6
=1

:K;l@hgh +6;, — )\Kﬁlgh

Oy — 0 = (AT'01& — MAT10)) + AT 0] Dy(6, — 6,)
= (AT'®16 — AAT'6)) + AT D] Bo(AS D) & — AN 6,)
+ ATIO OAS D) By(f3 — 63)

H
=Y AR TR R By (K10 — AN 0).
h=1

(Q(s1,7(s51)) — Q(s1,m(51)))* = [|61 — 51“%1'
]

Now we consider two special cases where the estimation error in Equation (6.1]) can be upper

bounded.

Low Distribution Shift. The first special we focus on is the case where the distribution shift
between the data distributions and the distribution induced by the policy to be evaluated is low.
To measure the distribution shift formally, our main assumption is as follows.

Assumption 6.4.1. We assume that for each h € [H), there exists Cj, > 1 such that Aj, < Cj,Ay,.
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Remark 6.4.1. For each h € [H], if opnn(Ay) > Cihl for some C};, > 1, then we have

A, = I =< CupAy. Therefore, Assumption can be replaced with the assumption that
CpAp, = 1. However, we stick to the original version of Assumption [6.4.1] since it gives a
tighter characterization of the distribution shift when applying Algorithm[I0[to off-policy evalu-
ation under the realizability assumption.
Now we state the theoretical guarantee of Algorithm

Theorem 6.4.2. Suppose for the given policy T, there exists 01,0, ...,04 € R? such that for
each h € [H], Q% (s,a) = ¢(s,a)" 0y for all (s,a) € S, x A and ||04]]> < H\/E. Let A =
CH/dlog(dH/d)N for some C' > 0. With probability at least 1 — §, for some ¢ > 0,

(QF (s1,7(s1)) = Qa(s1,7(51)))* < ¢ [[ O - dHP - \/dlog(dH[5)/N.

h=1
Proof. By matrix concentration inequality [86], we have the following lemma.

Lemma 6.4.3. For each h € [H], with probability 1 — 6 /(4H), for some universal constant C,
we have

— O D, — Ay

¥ < C+/dlog(dH/8)/N.

E
2

and

1
H— < C+/dlog(dH/8)/N.
N 2
Therefore, since A\ = C H+/dlog(dH/0)N, with probability 1 — ¢ /(4H), we have
Ap=®J D) + M = NA,.

D 1Py — A

Note that

(Q(s1,7(51)) — Q(s1,7(51)))*

H —~ o~ _ —~ —~ 2
<H. <Z HA;1¢I<1>2A;1<1>;<1>3 (Aol e, - AA,;leh)’ X )
h=1 !

H
<2H - (Z SRRV VR SRV VAL 3

h=1

2 H o o _ N
D) HA;%I%A;@;%---)\A,jleh‘
Ay

h=1

2
A1> '
For each h € [H],
AT @] DA @) By - A Dy &2
<P AT AATID] [y - [oA5 Dy By A D) 613
<A AT |0 AT D o - [BoAF By A D) 613
h—1

~—1/2w v-1/2 T~ ~—1/2, =T = ~—1/2
<IARAT - TT (0w A @ - 18, @ B )R L5 ) - 162, 5 gy
h'=1

3Without loss of generality, we can work in a coordinate system such that ||6}, ]| < H+/d and ||¢(s,a)||2 < 1
forall (s,a) € S x A. This follows due to John’s theorem (e.g. see [14]).
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Similarly,

\|7\;1<I>1T$27\;1<I>T53 TPV ES

- T A — = 1/2 —1/2
<IATRATs H (1o R @ 2 - 1R @ i) B, ) - A2 612

> <
Lo
==

T-1/2% v-1/2 - 1/2 = 1T-1/2
<IATRA - TT (0w A @z - 1R, @ @) Ay 52 - A - 2.
h'=1

For all h € [H], we have
1®n A P ]2 < 1

and
~__ —_T1 — ~__ ~__ —_ A~ ~_ _T_
1A 2@, B)A, s < INA PRGN 2o + 1R, V2@, @ — NALA; Y.

Conditioned on the event in Lemma[8.3.3]

~ N —
AhtNAhi Ah7
Ch

which implies || NV /AX;U ZKh/A\gl/ ?|| < Cy. Moreover, conditioned on the event in Lemma

A V2(@, By — NAWA V2o < O\/dlog(dH /)N /).
h h h

Thus, N N
IAT 2Tl < Cu/N.

1A, 2@ )R, s < Oy + C\/dlog(dH/S)N /.

Finally, by Theorem 1.2 in [36], with probability 1 — §/(4H), for some constant C’, we have
1683, 51 g7 < C"H?dlog(H/5).

and

Therefore,

P o~ _ —~ 2
HA-1c1>Tc1>2A-1<I>T<I>3 Aol

~ — o~ _ —~ 2
n HA;1¢I<1>2A51<1>2T¢3 AR

<— (Cy + C\/dlog(d/S)N /) x - -+ x (Cy + C/dlog(d/5)N/X) x (C'H?*dlog(H/S) + NH?d)
<ﬁ(c2 FJH) % - % (Ch+ 1/H) x (C'H2dog(H/5) + AH2d)
gﬁcl x Cy x ---x Cp, x (C'H*dlog(H /) + CdH?\/dlog(dH/5)N).

Let ¢ > 0 be a large enough constant. We now have

m 5 [dlog(dH/6)
o [(QF (51, 7(51)) — Qu(s1,7( <HC)-dH- —
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Remark 6.4.2. The factor HhH:1 C}, in Theorem implies that the estimation error will be
amplified geometrically as the algorithm proceeds. Now we briefly discuss how the error is
amplified when running Algorithm [I0]on the instance in Section [6.3|to better illustrate the issue.
If we run Algorithm on the hard instance in SectAion when h = H, the estimation error
on V7 (s$;) would be roughly N—1/2 for each ¢ € [d]. When using the linear predictor at level
H to predict the value of s}, the error will be amplified by d'/2. When h = H — 1, the dataset

~

contains only s, ; for ¢ € [d], and the estimation error on the value of s§, ; will be the same
as that of s%;, which is roughly (d/N)'/2. Again, the estimation error on the value of s%,_, will
be (d?/N)'/? when using the linear predictor at level H — 1. As the algorithm proceeds, the

error will eventually be amplified by a factor of d"/2, which corresponds to the factor HhH:1 Ch
in Theorem

Policy Completeness. In the offline RL literature, another common representation condition is
closedness under Bellman update [16}27,162], which is stronger than realizability. In the context
of offline policy evaluation, we have the following policy completeness assumption.
Assumption 6.4.2. For the given policy T, for any h > 1 and 0), € R?, there exists ' € R? such
that for any (s, a) € Sp—1 x A, E[R(s,a)] + Y cs, P(s' | 5,a)p(s',7(s"))  0h = ¢(s,a) "¢,

Under Assumption [6.4.2] and the additional assumption that the feature covariance matri-
ces of the data distributions have lower bounded eigenvalue, i.e., oyin(An) > Ao for all h €
[H] for some \g > 0, prior work [27] has shown that for Algorithm by taking N =
poly(H,d,1/e,1/)) samples, we have (Q7 (s1,7(s1)) — @1(51, 7(s1)))? < e. We omit such an
analysis and refer interested readers to [27]].

Before ending this section, we would like to note that the above analysis again implies that
geometric error amplification is a real issue in offline RL, and sample-efficient offline RL is
impossible unless the distribution shift is sufficiently low, i.e., Hthl C}, is bounded, or stronger
representation condition such as policy completeness as assumed in prior work.

6.5 Experiments

The goal of our experimental evaluation is to understand whether offline RL. methods are sensi-
tive to distribution shift in practical tasks, given a good representation (features extracted from
pre-trained neural networks or random features). Our experiments are performed on a range of
challenging tasks from the OpenAl gym benchmark suite, including two environments with dis-
crete action space (MountainCar-v0, CartPole-v0) and four environments with continuous action
space (Ant-v2, HalfCheetah-v2, Hopper-v2, Walker2d-v2).

6.5.1 Experimental Methodology

Our methodology proceeds according to the following steps:

1. We decide on a (target) policy to be evaluated, along with a good feature mapping for this
policy.
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2. Collect offline data using trajectories that are a mixture of the target policy along with
another distribution.

3. Run offline RL methods to evaluate the target policy using the feature mapping found in
Step 1 and the offline data obtained in Step 2.

We now give a detailed description for each step.

Step 1: Determine the Target Policy. To find a policy to be evaluated together with a good
representation, we run classical online RL methods. For environments with discrete action space
(MountainCar-v0, CartPole-v0), we run Deep Q-learning (DQN) [58]], while for environments
with continuous action space (Ant-v2, HalfCheetah-v2, Hopper-v2, Walker2d-v2), we run Twin
Delayed Deep Deterministic policy gradient (TD3) [31]. The target policy is set to be the final
policy output by DQN or TD3. We also set the feature mapping to be the output of the last
hidden layer of the learned value function networks, extracted in the final stage of the online RL
methods. Since the target policy is set to be the final policy output by the online RL methods,
such feature mapping contains sufficient information to represent the value functions of the target
policy. We also perform experiments using random Fourier features [69].

Step 2: Collect Offline Data.  We consider two styles of shifted distributions: distributions
induced by random policies and by lower performance policies. When the data collection policy
is the same as the target policy, we will see that offline methods achieve low estimation error, as
expected. In our experiments, we use the target policy to generate a dataset D* with 1 million
samples. We then consider two types of datasets induced by shifted distributions: adding random
trajectories into D*, and adding samples induced by lower performance policies into D*. In both
cases, the amount of data from the target policy remains unaltered (fixed to be 1 million). For the
first type of dataset, we add 0.5 million, 1 million, or 2 million samples from random trajecto-
ries into D*. For the second type of dataset, we manually pick four lower performance policies
T T, T, T with Vs > V7w > V7w > V7w, and use each of them to collect 1 mil-
lion samples. We call these four datasets (each with 1 million samples) DL, D%, D3 D .
and we run offline RL methods on D* U D!, foreach i € {1,2,3,4}.

Step 3: Run Offline RL Methods.  With the collected offline data and the target policy
(together with a good representation), we can now run offline RL methods to evaluate the (dis-
counted) value of the target policy. In our experiments, we run FQI and Least-Squares Tem-
poral Difference(LSTD, a temporal difference offline RL method) [13]]. For both algorithms,
the only hyperparameter is the regularization parameter A (cf. Algorithm [10), which we choose
from {1071,1072,1073,107%,1078}. In our experiments, we report the performance of the best-
performing A\ (measured in terms of the square root of the mean squared estimation error in the
final stage of the algorithm, taking average over all repetitions of the experiment); such favorable
hyperparameter tuning is clearly not possible in practice (unless we have interactive access to the
environment).

In our experiments, we repeat this whole process 5 times. For each FQI round, we report
the square root of the mean squared evaluation error, taking average over 100 randomly chosen
states. We also report the values (V™ (s)) of those randomly chosen states in Table We
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Environment Discounted Value

Ant-v2 411.77 £ 96.824
CartPole-v0 90.17 £+ 20.61
HalfCheetah-v2  1053.71 £+ 121.74
Hopper-v2 321.42 + 30.26

MountainCar-v0 —26.16 £ 17.83
Walker2d-v2 336.64 + 49.80

Table 6.1: Mean value of the 100 randomly chosen states (used for evaluating the estimations),
+ standard deviation.

note that in our experiments, the randomness combines both from the feature generation process
(representation uncertainty, Step 1) and the dataset (Step 2). Even though we draw millions of
samples in Step 2, the estimation of FQI could still have high variance.

6.5.2 Results and Analysis

Distributions Induced by Random Policies. We first present the performance of FQI with
features from pre-trained neural networks and distributions induced by random policies. The
results are reported in Figure Perhaps surprisingly, compared to the result on D*, adding
more data (from random trajectories) into the dataset generally hurts the performance. With more
data added into the dataset, the performance generally becomes worse. Thus, even with features
from pre-trained neural networks, the performance of offline RL methods is still sensitive to data
distribution.

Distributions Induced by Lower Performance Polices. = Now we present the performance
of FQI with features from pre-trained neural networks and datasets with samples from lower
performance policies. The results are reported in Figure Similar to Figure adding
more data into the dataset could hurt performance, and the performance of FQI is sensitive to
the quality of the policy used to generate samples. Moreover, the estimation error increases
exponentially in some cases, showing that geometric error amplification is not only a theoretical
consideration, but could occur in practical tasks when given a good representation as well.

Random Fourier Features. Now we present the performance of FQI with random Fourier
features and distributions induced by random policies. The results are reported in Figure
Here we tune the hyperparameters of the random Fourier features so that FQI achieves reasonable
performance on D*. Again, with more data from random trajectories added into the dataset, the
performance generally becomes worse. This implies our observations above hold not only for
features from pre-trained neural networks, but also for random features. On the other hand,
it is known random features achieve reasonable performance in policy gradient methods [/0]
in the online setting. This suggests that the representation condition required by offline policy
evaluation could be stronger than that of policy gradient methods in online setting.
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: 7.‘-slub 7Tgub 7Tgub 7.‘-s4ub
Environment RMSE / Gap between target policy and comparison policy
Ant-v2 >1000/26.18 >1000/35.07 >1000/145.83 >1000/146.15
CartPole-v0 6.58/4.18 >1000/7.04 9.16/8.10 15.08 / 12.86
HalfCheetah-v2 | 35.54/118.29 36.45/166.31 36.81/346.05 86.31/482.80
Hopper-v2 36.22/-4.84  35.54/-4.37 165.11/5.97 >1000/17.43
MountainCar-v0 1.46/0.74 2.19/1.54 243/2.64 >1000/3.98
Walker2d-v2 121.35/5.28 >1000/34.48 43.47/3530 >1000/107.93

Table 6.2: We seek to determine if FQI succeeds in comparing policies (with using features from
pre-trained neural networks) with datasets induced by lower performing policies. Roughly, a red
entry can be viewed as a failure (ideally, we would hope that the gap is at least a factor of 2 larger
than the RMSE). For each entry, the first number is the root mean squared error of the estimation
of the target policy of FQI, over 5 repetitions and 100 randomly chosen initial states. The second
number is the average gap between the value of the target policy and that of the lower performing
policy (7}, 72, T2 1, O T4 1), over 5 repetitions and evaluated using 100 trajectories. An entry

is marked red if the root mean squared error is larger than the average gap, and is marked blue
otherwise. We write > 1000 when the root mean squared error is larger than 1000.

Policy Comparison. We further study whether it is possible to compare the value of the target
policy and that of the lower performing policies using FQI. In Table we present the policy
comparison results of FQI with features from pre-trained neural networks and datasets induced
by lower performing policies. For each lower performing policy 7', where i € {1,2,3,4}, we
report the root mean squared error of FQI when evaluating the target policy using D*U D!, , and
the average gap between the value of the target policy and that of 7’ , . If the root mean squared
error is less than the average gap, then we mark the corresponding entry to be green (meaning
that FQI can distinguish between the target policy and the lower performing policy). If the root
mean squared error is larger than the average gap, then we mark the corresponding entry to be
red (meaning that FQI cannot distinguish between the target policy and the lower performing
policy). From Table [6.2] it is clear that for most settings, FQI cannot distinguish between the
target policy and the lower performing policy.

Sensitivity to Hyperparameters. In previous experiments, we tune the regularization param-
eter A\ and report the performance of the best-performing A\. However, we remark that in practice,
without access to online samples, hyperparameter tuning is hard in offline RL. Here we inves-
tigate how sensitive FQI is to different regularization parameters A. The results are reported in
Figure [6.51{6.10] Here, for each environment, we vary the number of additional samples from
random trajectories and the regularization parameter A. As observed in experiments, the regu-
larization parameter A significantly affects the performance of FQI, as long as there are random
trajectories added into the dataset.

Performance of LSTD. Finally, we present the performance of LSTD with features from pre-
trained neural networks and distributions induced by random policies. The results are reported
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Dataset D* D* +0.5x random D* + Ixrandom D*+ 2x random

Ant-v2 44.03 £ 8.98 48.05 £ 8.03 97.90 £ 13.30 72.80 £ 16.87
HalfCheetah-v2  24.86 £ 3.39 27.54 £6.63 30.14 £ 11.60 36.66 £ 21.32
Hopper-v2 218+ 1.14 9.38 £3.84 13.18 £2.77 16.86 £ 2.84

Walker2d-v2 13.88 £ 11.22 32.73 £ 11.05 45.61 £ 17.06 67.78 £ 24.77

Table 6.3: Performance of LSTD with features from pre-trained neural networks and distributions
induced by random policies. Each number of is the square root of the mean squared error of the
estimation, taking average over 5 repetitions, £ standard deviation.
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Figure 6.2: Performance of FQI with features from pre-trained neural networks and datasets
induced by random policies.

in Table [6.3] With more data from random trajectories added into the dataset, the performance
of LSTD becomes worse. This means the sensitivity to distribution shift is not specific to FQI,
but also holds for LSTD.
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Figure 6.8: Performance of FQI on Hopper-v2, with features from pre-trained neural networks,
datasets induced by random policies, and different regularization parameter .
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Figure 6.9: Performance of FQI on MountainCar-v0, with features from pre-trained neural net-
works, datasets induced by random policies, and different regularization parameter \.

50 100 150
5 = =
= 40 2 80 §125
= i i
4 K] B 100
g 30 s 60 5
o g_ g_
@ 7] @B 75
§ 20 § 40 g
2 [ < 2 50
z — A=0.1 b — 2=0.1 b — 2=0.1
g1 A=0.01 g 20 A=0.01 g 25 A=0.01
— A=0.001 — 1=0.001 — 2=0.001
0 0 0
200 400 600 800 1000 200 400 600 800 1000 200 400 600 800 1000
Number of FQI Rounds Number of FQI Rounds Number of FQI Rounds
(a) D* (b) D* + 1x random (¢) D*+ 2x random
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Chapter 7

Planning with General Objective Functions

7.1 Introduction

Markov decision process (MDP) is arguably the most popular paradigm for modeling sequential
decision-making problems. In this paradigm, it is assumed that the reward values depend only
on the current state-action pair, and the objective of the agent is to maximize the summation of
all rewards Zle rp. The drawback of the standard MDP model is that it even fails to capture
some simple sequential decision-making tasks. For example, in self-driving, the goal is not to
maximize the total reward but to maximize the minimum reward on the trajectory, say if one
models a car crash as —1 reward and 0 reward otherwise. Note that in this simple example,
the state transition function 7" and the reward function r still satisfy the Markov property. The
only difference is that the objective changes from maximizing the sum of rewards Zf:l T 1O
maximizing the minimum of rewards minf’_, ry,.

This difference requires the agent to change the planning strategy significantly because the
agent needs to look at the full history of rewards. This gives rise the following natural prob-
lem: Can we design a provably efficient algorithm for general objective functions? This is a
challenging question as existing approaches for the MDP model cannot be applied here.

In this chapter, we give a positive answer to the above question by designing an efficient al-

gorithm for objective functions f(rq, 79, ..., ry) that satisfy certain technical conditions. Below
we list several motivating examples of objective functions that satisfy these conditions.

1. f(r1,79,...,rg) = min{ry,re, ..., 7, }: this objective function naturally formalizes se-
quential decision-making problems related to safety concerns, which we have discussed
above.

2. f(ri,72,...,7g) = max{ry,re,...,ry}: this objective function models the maximum

reward-oriented behavior, which has been explicitly studied in the reinforcement learning
literature, e.g., in [68]], where the authors used this objective function to model certain
financial problems.

3. f(ri,72,...,7g) = median {ry,re,...,r,}: maximizing cumulative rewards is equiva-
lent to maximizing the mean of the reward values, which is not robust to adversarial per-
turbations and outliers. Maximizing the median or other quantiles of the reward values is
a much more robust objective function, which is often used in situations where one seeks
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a robust solution. For instance, if each reward is collected by a noisy sensor, the median
objective gives a much more robust solution than the mean objective.

4. flri,ra, ... re) = Son r(ky Where 7 ;) represents the k-th largest reward in {r),}/_;:
this objective function naturally models problems where the agent has a capacity constraint
so that the agent can only keep the largest /' rewards.

Other objective functions have also appeared in previous work [12, [17, [34} 56, 60, |61, 165, 166,
81, 182]. We stress that the goal of this section is not to study specific objective functions, but to
give a characterization on the class of objective functions that admits provably efficient planning
algorithms.

7.1.1 Our Results

Our main result is an efficient algorithm that finds near-optimal policies in tabular deterministic
systems for a wide range of objective functions. We assume there is an objective function f :

R — R, such that for a sequence of reward values 1,75, . . ., 7, the objective function f maps
the reward values to an objective value f(rq,7s,...,75). Here H is the planning horizon. We
assume all reward values 7, € [0, 1] and the objective value f(ry,79,...,ryx) € [0, 1]. Therefore,

we may assume f is a function that maps a vector in [0, 1] to an objective value in [0, 1].

We focus on the planning problem in tabular deterministic systems with general reward func-
tions, i.e., given a deterministic system, our goal is to output a policy which (approximately)
maximizes the objective function[] Before stating our results, we first give three conditions on
the objective function that our algorithm requires.

Definition 7.1.1 (Symmetry). For a function f € [0,1]% — [0, 1], we say f is symmetric if for
any permutation (iy,4s,...,iz) of (1,2,..., H) and x € [0,1]%, we have f(xy, 22, -+ ,2g) =
f(xi17xi27"'7xi1{)' ~

Definition 7.1.2 (Approximate Homogeneity). Let £,6 € (0,1). For a function f € [0,1]7 —
[0, 1], we say f satisfies (&, 0)-approximate homogeneity if for any x,y € [0, 1] such that z;, €
[yn, (14 0)yy] forall 1 < h < H, we have f(y) € [f(z) — &, f(z) + &}

Definition 7.1.3 (Insensitivity to Small Entries). Let &, 6 € (0,1). For a function f € [0,1]7 —
[0,1], we say f is (&, 8)-insensitive to small entires if for any z € [0,1]% we have f(T) €
[f(x) — & f(x) + €], where 7 is a vector in [0, 1]¥ such that 7}, = Zn Az Z. 0 .
0  otherwise

Now we briefly discuss the three conditions that our algorithm requires. The first condition
requires that the objective function f is symmetric under permutation of coordinates. The second
condition requires that, for any input x € [0, 1], if one increases each coordinate in z multi-
plicatively by a factor of at most (1 4 4), then the error on the objective function f is bounded
by . The final condition states that, for any input = € [0, 1], truncating all entries smaller than

"We remark that in deterministic systems, the planning problem is almost equivalent to the learning problem
(i.e., the agent needs to interact with the environment to learn the transition and the reward), since the agent can
readily reach all state-action pairs and learn the transition and reward using linear number of samples.

*We remark that the condition f(y) € [f(x) — &, f(z) + &] can be changed to f(y) € [(1 —¢&)f(x), (1 +&) f(z)]
so that the error on the objective function value is also multiplicative. Note that the later condition is strictly stronger
since f(z) < 1 forany x € [0,1]7.
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J to zero leads to an approximation error of at most . Given these conditions, now we state our
main algorithmic result.

~

Theorem 7.1.1 (Informal). Given an objective function f which is symmetric, (¢/4,§)-insensitive
to small entries, and satisfies (¢ /4, 0)-approximate homogeneity, there is an algorithm that finds
an e-optimal policy in deterministic systems with time complexity O((|S||A|+T)- HOos(1/0)/9))
if evaluating the objective function f on a single input costs T time.

As stated in the theorem, the running time of our algorithm exponentially depends on log(1/ 25\) /0.
However, as we will show in examples given below, 5 and § are often constants if one aims at a
policy with constant additive error, and therefore, our algorithm runs in polynomial time in those
cases. Moreover, Our algorithm accesses the objective function f in a black-box manner and
thus automatically handles a large class of loss functions.

One may ask whether it is possible to remove those conditions in Definition We
further show that removing any of the three conditions will induce an exponential lower bound
and makes the problem intractable in the worst-case. Therefore, all of our three conditions are
necessary.

Below we give two large families of objective functions that can be handled by our algo-
rithm. We note that these two families of objective functions have already included all examples
mentioned in the introduction.

Symmetric Norm. A symmetric norm is a norm that satisfies the additional property that for
any r € R, any permutation o and any assignment of s; € {—1,1}, f(x1,22,...,7,) =
f(s12Z0y, S2%0y, - -, SnTy, ). Symmetric norm includes a large class of norms, for example the
¢, norm, the top-k norm (the sum of absolute values of the leading k coordinates of a vector),
max-mix of ¢, norms (e.g. max{||z||2, ¢||z||;} for some ¢ > 0), and sum-mix of ¢, norms (e.g.
l|z|l2 + ¢||z||; for some ¢ > 0), as special cases. More complicated examples include the k-
support norm [7/] and the box-norm [S7], which have found applications in sparse recovery.

For any symmetric norm f that satisfies f(x) € [0, 1] for any z € [0, 1]¥, f is symmetric,
(¢, ¢)-insensitive to small entries and satisfies (¢, ¢)-approximate homogeneity. Therefore, when
applying our algorithm to such an objective function f, our algorithm finds an e-optimal policy in
time O((|S||A|+T)- H®Ue(/)/2)) Thus, our algorithm gives a polynomial-time approximation
scheme (PTAS), i.e., the algorithm runs in polynomial time for any constant ¢ > (.

Lipschitz Functions. Recall that a function f : [0,1]¥ — [0, 1] is Lipschitz continuous with
respect to the /., norm with Lipschitz constant L if for any z,y € RY, |f(z) — f(y)| < L||x —
Y||so- Clearly, such function f is (e,e/L)-insensitive to small entries and satisfies (¢,¢/L)-
approximate homogeneity. If f is additionally symmetric, then our algorithm finds an e-optimal
policy in time O((|S||A| 4 T) - H®e(L/2)L/2)) Therefore, for constant L and ¢, our algorithm
runs in polynomial time. An important example that satisfies the above conditions is the median
function (or the k-th largest reward for any k), where we have L = 1 and thus our algorithm
gives a PTAS.
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7.2 Algorithm for General Objective Functions

In this section, we present our algorithm which finds an e-optimal policy for deterministic sys-
tems with general reward functions. Here we assume the objective function f is symmetric,
(e/4 5) insensitive to small entries, and satisfies (¢/4, §)-approximate homogeneity. We first
give the high-level ideas of our algorithm. The formal description is given in Algorithm [T1] In
Section 7.4, we give the formal analysis of our algorithm.

High-level Ideas. We discretize the reward values, and then find an optimal policy for the
discretized reward values using dynamic programming with augmented state space. Below we
give more details for these two main components of our algorithm.

Discretization. We discretize reward values so that all rewards values are in
{6,6-(1+0),0-(146)>..}

and truncate all reward values less than 6 to zero. Formally, for a state-action pair (s, a), the
discretized reward value 7°(s, a) is defined as

. _Jo R(, )<§
H(s,0) = {A- 5)) E-(148),5-(148)+) (7.1)

There are two advantages of using such a discretization approach. First of all, there are only
log, ,5(1/6 ) O(log(1/6 ) /6) different reward values after discretization. Since the running time
of our dynamic programming algorithm depends exponentially on the number of different reward
values, such a discretization approach significantly improves the efficiency of our algorithm.
Moreover, since the reward function f is assumed to be (¢/4,0)-insensitive to small entries
and satisfy (¢/4,d)-approximate homogeneity, the additive error induced by the discretization
approach is upper bounded by /2. Therefore, we can find an e-optimal policy for the original
problem if we can find an optimal policy for the deterministic system with discretized reward
values.

Dynamic Programming. After the discretization step, the state space for possible reward val-
ues has been significantly reduced, and we use a dynamic programming approach to find the
optimal policy. For a policy 7 and a state s € S, we use V;7(s) to denote the multiset of reward
values on the trajectory starting from state s induced by policy 7 at level h. We use V;*(s) to
denote the set of all possible multisets of reward values on trajectories induced by all policies at
level h, i.e.,

Vir(s) = Ur{ViT ()}
Q7 (s,a) and Qj(s,a) are defined analogously. Here, we may safely ignore the order of the
reward values since the objective function f is assumed to be symmetric. Moreover, for each

s € S, the size of V;*(s) is upper bounded by H©(oe(1/9)/ %), since for each discretized reward
value r, there are at most /1 rewards with discretized value r on a trajectory, and there are
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only log, . 5(1/ 5) = O(log(1/ 5) /0) different reward values after the discretization. As shown
in Algorlthm. 11} V*(-) and Q*(+, -) can be efficiently calculated, using a Bellman-type dynamic
programming algorlthm

Output the Policy. In order to find a policy for the discretized reward values, we enumerate all
multisets of reward values R € V|*(s1), and find the one with the largest objective value f(R).
In order to output the policy, we start from the initial state sy, find an action a € A such that
R € Q;(s,a), remove 7(s, a) from R and continue this procedure inductively.

Running Time. The time complexity of our algorithm is dominated by the dynamic program-
ming part for calculating V*(-) and Q*(-,-). As mentioned above, for each state-action pair
(s, a), the size of Q} (s, a) and V;*(s) is upper bounded by H©os(l/ 9)/9)_ Therefore, the running
time of the dynamic programming part is at most O(|S||.A| - F©Ues(1/ 5/ 9)). Moreover, in order to
output the policy, we evaluate the objective function f on F©e(1/9)/%) different inputs. Suppose
evaluating the objective function f on a single input costs 7 time, the total running time of our
algorithm will be

O((IS|IA] + T) - HOC=/D/D),

Approximation Guarantee. Under the assumption that the objective function f is symmet-
ric, (g/4, 5) insensitive to small entries, and satisfies (¢/4, d)-approximate homogeneity, for any
vector r € [0, 1], we have

|f(7"1,7’2,...,7’H)—f(?l,?g,...,?[-]” §€/27

where for each h € [H], 7, is the discretized value of 7, as defined in Equation (7.1). Since
our algorithm finds the optimal policy with respect to the discretized reward values, the policy 7
returned by our algorithm satisfies f(7) > f(7*) — e where 7* is the optimal policy.

7.3 Hardness Results

In this section, we present hardness results to demonstrate the necessity of our assumptions
on the objective function f. Here, we prove that without any of the three assumptions, any
algorithm needs to query the values of f(-) for exponential many different inputs vectors to
find a near-optimal policy. For an algorithm that can handle a family of objective functions,
the query complexity lower bounds the running time of the algorithm. Therefore, our hardness
results demonstrate that all of our three assumptions are necessary to ensure that the problem is
efficiently solvable. Here we provide the high-level ideas of our hardness results, and the formal
proof will be given in later sections.

Hard Instance. In our hard instances, in each level h € [H], there is a single state sj. There
are two actions a; and as in the action space A, and P(sy,a;) = P(sp,a2) = spy1 for any
1<h<H.
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Algorithm 11 Deterministic Systems with General Reward Functions

1: for h € [H] do
2. for(s,a) e S x Ado
5 LetQisa) = 4 Ll ith = H

{RU{r(s,a)} | R € V};1(P(s,a))} otherwise

4: Let V¥ (s) = UaeaQii(s, a)

5: Initialize policy 7 arbitrarily

6: for R € V|*(s1) do

7: Initialize policy ©* arbitrarily

8 LetR'=R

9: for h € [H] do

10: Let 7¥(s5) = a € A such that R" € Q;(sp, a)
11: Let R = R\ {#(sp,a)}

12: Let 8541 = P(sp, m%(s1))

132 Let® =arif f(7%) > f(7)
14: Return 7

Necessity of Symmetry. We first show that if the objective function f is insensitive to small
entries, satisfies approximate homogeneity but is not symmetric, then any algorithm still needs to
query exponential number of values of f to find a near-optimal policy, and thus demonstrate the
necessity of the assumption that f is symmetric. Here we have R(s,a;) = 1/2 and R(s,as) =1
for any s € §. Now we define the objective function f, which is parameterized by a vector
0e{1/2,1}H.

For a vector § € {1/2,1}, we define a function fy : [0,1]¥ — [0,1]. For a vector x €
[0, 1], if there exists z;, = 0 for some h € [H] then we define fy(z) = 0. Otherwise,

fo(z) = Ifrel[llgl] min{xzy, /0, 0n/xh}.

It is easy to verify that for any ¢ > 0, f satisfies (&, £)-approximate homogeneity and is (2¢, €)-
insensitive to small entries. In the hard instance, the objective function f is set to be fy, where 6
is one of the 27 vectors in {1/2,1}7.

Recall that in our hard instance, all rewards values are in {1/2, 1}, and forany x € {1/2,1}#,
fo(z) =1if 2 = 60, and fo(x) = 1/2 if x # 0. Therefore, in order to receive an objective value
of 1, the agent must choose the correct actions for all the [ steps, and otherwise the agent will
always receive an objective value of 1/2. Here, the optimal policy is 7(s,) = ay if 6, = 1/2 and
7(sp) = aqg if O, = 1. Therefore, the correct actions are fully encoded in the vector . However,
there are 2 possible vectors for §. Therefore, intuitively, in order to find the correct actions for
all the H steps, the agent must enumerate all the 277 possible combinations of actions to figure
out the underlying vector 6, which inevitably induces an exponential query complexity. This
intuition is made formal is the supplementary material using Yao’s minimax principle [104].

Necessity of Approximate Homogeneity. Here we show that if the objective function f is
symmetric, insensitive to small entries but does not satisfy approximate homogeneity, then any
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algorithm still needs to query exponential number of values of f to find a near-optimal policy, and
thus demonstrate the necessity of approximate homogeneity. Here we have R(sp,a1) = (2h +
2H —1)/4H and R(s,as) = (h+H)/2H for any h € [H]. Now we define the objective function
f, which is parameterized by a vector § € R¥ where 0, € {(2h +2H — 1)/4H,(h+ H)/2H}
forall h € [H].

For any vector x € [0, 1]", we use i1, 4s,...,iy to denote a permutation of (1,2,..., H)
such that 0 < z;, <z, < ... < x;, < 1. Wedefine fy(x) = lifx;, = 0, forall h € [H],
and fy(z) = 0 otherwise. Clearly, f is symmetric and (0, )-insensitive to small entries for any
e < 1/2, but does not satisfy approximate homogeneity. In the hard instance, the objective
function f is set to be fg, where @ is one of the 27 vectors defined above.

In order to receive an objective value of 1, the agent must choose the correct actions for all
the I steps, and otherwise the agent will always receive an objective value of 0, which implies
an exponential query lower bound using the same argument mentioned above.

Necessity of Insensitivity to Small Entries. Here we show that if the objective function f is
symmetric, satisfies approximate homogeneity but is not insensitive to small entries, then any
algorithm still needs to query exponential number of values of f to find a near-optimal policy,
and thus demonstrate the necessity of insensitivity to small entries.

Here we have R(sp,,a;) = 2771 and R(s;,as) = 272" for any h € [H]. Now we
define the objective function f, which is parameterized by a vector § € R where

eh 6 {2—H(2h—1)’2—2Hh}

forall h € [H].

For a vector 6 satisfies the above condition, we define a function fy : [0, 1]¥ — [0, 1]. For a
vector z € [0, 1]7, if there exists xj, = 0 for some i € [H] then we define fy(x) = 0. Otherwise,
we use i1, ig, . . ., iy to denote a permutation of (1,2, ..., H) such that

1>@, >3 > ... 2> 2, >0,

and we define
fo(x) = min min{z;, /0y, 0n/x;, }.

he[H]
It is easy to verify that for any ¢ > 0, f satisfies (¢, €)-approximate homogeneity. It is also clear
that f is symmetric. In the hard instance, the objective function f is set to be fj, where 6 is one
of the 2 vectors defined above.
In order to receive an objective value of 1, the agent must choose the correct actions for all
the H steps, and otherwise the agent will receive an objective value of 1/2. The lower bound can
be proved using the same argument as above.

7.4 Proof of Theorem

Recall that for a reward value r, the discretized reward value 7 is defined as
N 0 r<o
r = o~ P -~ — .~ — . .
§-(L+6)y rel[d-(1+6)7,0- (140
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We restate Theorem as follow.
Theorem 7.4.1. Given an objective function f : [0,1]% — [0, 1] which is symmetric, (¢/4,6)-
insensitive to small entries, and satisfies (¢ /4, 5)—appr0ximate homogeneity, Algorithm |l 1| finds
an e-optimal policy in deterministic systems with time complexity

O((|S||A| + T) - HOUes(1/2)/9))
if evaluating the objective function [ of a single policy costs T time.

Proof. Let us first consider the running time of Algorithm For each state-action pair (s,a) €
S x Aand h € [h], each element R in Q; (s, a) is a multiset of discretized reward values. Since

we only have log(1 /3\) /6 different discretized reward values and the size of R is at most H,

the size of Q} (s, a) is at most HOUos(l/ 9/%). Thus, the running time of the first loop is at most

S| - | A|- HOUe(L/9)/9)  Since the number of different multisets R is at most HO1e(1/9/9) and we

need H - | A|+ T time for each iteration of the second loop of Algorithm[I1] we need O(H - |A| +

T) - H®008(1/9)/9) time to find 7. Thus, the total running time is O((|S||.A| + T) - H©Uee(1/9)/9)).
Next, we prove the correctness of the algorithm.

Claim 7.4.1. For any state s € S and h € [H], a multiset R belongs to V;*(s) if and only if
there is a trajectory starting from state s at level h whose multiset of discretized reward values is
exactly R.

Proof. Suppose R € V;*(s). We want to show that there is a trajectory starting from s at
level h whose multiset of discretized reward values is exactly R. The proof is by induction
on h € [H]. Consider the base case when h = H. For any sy € S, we have that V};(sy) =
Uaeu Qu(sm,0) = Upeat{7(sm,0)}} = {{F(sg,a)} | a € A}. Thus, for any R € Vii(sn),
there is a trajectory starting from sy whose multiset of discretized reward values is exactly R.
Suppose the claim is true for level & + 1. Consider a level h and a state s € S. Let R € V;*(sy,).
According to Algorithm [11] there exists a € A such that R € Q}(sp, a). Let sp11 = P(sy, a).
We know that R \ {7(s5,a)} € V;*, (sn41). By the induction hypothesis, there is a trajectory
starting from s, whose multiset of discretized reward values is exactly R \ {7(sp,a)}. Thus,
there exists a trajectory starting from s; whose multiset of discretized reward values is exactly
R.

Suppose there exists a trajectory starting from state s and level 4 whose multiset of discretized
reward values is exactly R. We want to show that R € V,*(s). The proof is by induction on
h € [H]. Consider the base case when h = H. For any sy € S, we have that V};(sy) =
Ueeu Qu(sm,0) = Upeal{r(sm,0)}} = {{r(sg,a)} | a € A}. Thus, for any trajectory
starting from s whose multiset of discretized reward values is exactly R, we have R € Vji(spy).
Suppose the claim is true for level h + 1. Consider a level h and a state s;, € S and a trajectory
Sh, ah,?h, Sha1y Qpa1, ?h+17 e, SH, CLH,:F\H starting from Sh. Let R = {?m?h—i-la cee 7?H} By
induction hypothesis, we have R \ {7},} € V}*,,(sn41). According to Algorithm |11} we have
R € Q; (sh,an). Thus, we have R € V,*(sp).

Claim 7.4.2. Let 51, a1,71, 52,042,792, - , SH, am, T be the trajectory induced by policy ©%. We
have R = {?1,?2, ce ,?H}

124



Proof. We prove that for any h € [H], we have R" U {7(s;, 7%(s;)) | i € [h — 1]} = R. The
proof is by induction. For h = 1, it is true since R! = R. Furthermore, by Claim[7.4.1] we know
that there exists a € A such that R' € Q7(s1,a). Suppose the desired claim is true for level
h — 1. In the h-th iteration, we have R"~! € Q} (s, 7% (sp)) and R" = R\ {7(sp, 7% (s1)) .
Thus, we have R = R"1 U {7(s;,7R(s;)) | i € [h — 1]} = R U {F(s;,7%(sy)) | i €
[h =10} U {F (s, 7%(sn))} = R U {#(s;,7%(s;)) | i € [h]}. Furthermore, by Claim [7.4.1] we
have R" € V;7, (sh+1).

Notice that R¥ = () and thus the desired claim is proved. [

Now we formally prove Theorem|/.4.1

Let s, aj, ], s5, a5, 15, -+, sy, ay, ry; be the trajectory induced by the optimal policy. Let
R* ={r; | h € [H]}, and R = {7, | h € [H]} be the discretized version of R*. According to
Claim AAAAAA
induced by the policy w7 with discretized reward values. According to Claim we have
R = {r,7, -+ , Ty} Let §1,ay, 71, Sa, a2, T2, -+ , Sy, Gy, Ty be the trajectory induced by the
policy w5 with original (undiscretized) reward values. Let R = {71, 79,-++ , Ty }. By the choice
of 7 outputted by Algorithm[I1] we have:

f(7@) > f(rz)
= f({F1, 72, ,Tu})
> f({7n-1(Fn > 0] | h e [H]}) —¢/4
> f(R) —¢/2
> f({rh -1y >0l | he [H]}) —3-¢/4
> f(R") —e,

where the first step follows from R € V*(s1) and the choice of 7, the third step follows from
that f(-) is (¢/4, §)-insensitive to small entries, the fourth step follows from that f(-) is (/4, 9)-
approximate homogeneous, the fifth step follows from that f(-) is (¢/4, 8)-approximate homo-
geneous and the last step follows from that f(-) is (¢/4, 0)-insensitive to small entries.

Thus, 7 is an e-optimal policy. ]

7.5 Proof of Lower Bounds

In this section, we formally prove our lower bounds.

Theorem 7.5.1. There is a family F of objective functions which are (¢, €)-approximate homo-
geneous and are (2¢, €)-insensitive to small entires but are not necessarily symmetric, such that
any algorithm which can output a 0.49-optimal policy for any objective function f € F with
probability at least 0.9 needs to query the objective values of at least 0.9 - 22 policies in the
worst case.

Proof. We describe our deterministic system as the following. For each h € [H], there is a state
sp € S. There are two actions, a; and as, in the action space A, and P(sp,a1) = P(sp,as) =
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Spy1 forany 1 < h < H. The reward function satisfies that R(s,,a1) = 1/2 and R(sp,as) = 1
for h € [H].

For a vector § € R, we define a function fj : [0, 1]¥ — [0, 1], if there exists z;, = 0 for
some h € [H| then we define fy(z) = 0. Otherwise,

fo(z) = min min{xy /0y, 0r/x1}.
he[H]|
Let F = {fy | 0 € {1/2,1}}. Firstly, we show that for any f € F, f is (g, €)-approximate
homogeneous for any ¢ > 0. Let ¢ > 0. Consider two vectors z,y € [0, 1] such that for any
h e [H], Ty € [yh; (1 -+ €>yh]. For h € [H], if x5, < 9h, then yh/ﬁh < SL’h/Qh,

yh/Gh Z a:h/Hh/(l +E) 2 (1 — 5) . (l‘h/eh) Z xh/Oh — &,
and Gh/yh > Qh/ZEh > 1. If x, > 6, then Qh/yh > Qh/fbh,
Gh/yh S (1 +E) . Qh/xh S Qh/xh +€,

and y, /0, > 1/(1+¢) > 1 —e. Thus, fy(y) € [fo(x) — ¢, fo(x) + €]. Next, we show that for
any [ € F, f is (2¢,¢)-insensitive to small entries. Let ¢ > 0. Consider any f, € F, and any
T € [0, 1]H,h € [H] with T S e. If Qh = 1, then min{xh/ﬁh,eh/xh} S e. If 9}1 = 1/2, then
min{zy /0y, 0n/xn} < 2¢. Thus, fp is (2¢, €)-insensitive to small entries.

Consider an arbitrary vector x € {1/2,1} and a function f, € F. If x = 0, then by the
definition of fy, we know that fy(x) = 1. If © # 0, let us consider any h € [H| such that
xp # 0p. If x5, = 1/2 and 0, = 1, then min{zy, /0y, 0, /xp} = 1/2. If 2, = 1 and 6, = 1/2, then
min{xy, /0, 0,/xn} = 1/2. Thus, fo(x) = 1/2 when x # 6.

Now consider a policy 7 and an objective function fy € F. Let

S1,Q1,71,S82,0Q2,72, " ,SH,QH,TH

be the trajectory induced by 7. Let © = (71,79, -+ , 7). We know that the optimal policy for fy
is the policy with = = 6, and in that case we have fy(7) = 1. For any non-optimal policy 7 we
know that fy(m) = 1/2.

Now we prove the desired result. Our proof is by reduction from INDQ,#. Suppose we have
an algorithm M which outputs 0.49-optimal policy for any f € F. We will show that there is a
query algorithm for INDQ,x. In problem INDQ,#, there is an underlying 6* € {1/2, 1} and we
want to find 6*. We can imagine that the deterministic system has objective function fp € F and
then we simulate M. Suppose the i-th query policy of M is 7, then we let z = (11,79, -+ ,7g)
be the reward values induced by 7. Then we query whether x = #*. If the answer is yes, then
we are done. Otherwise, since fy(z) = 1/2 for x # 0*, we can return an objective value of 1/2
for the ¢-th query of M and continue the simulation of M. Since M can output a 0.49-optimal
policy with probability at least 0.9, it must output the optimal policy with probability at least
0.9 which means that it can eventually find x = 6* with probability at least 0.9. According to
Theorem M must query at least 0.9 - 2 policies for the worst f € F. [

Theorem 7.5.2. There is a family F of objective functions which are symmetric and are (0, ¢)-
insensitive to small entires for any € < 1/2 but are not necessarily approximate homogeneous,
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such that any algorithm which can output a 0.99-optimal policy for any objective function f € F
with probability at least 0.9 needs to query the objective values of at least 0.9 - 2/ policies in the
worst case.

Proof. We describe our deterministic system as the following. For each h € [H], there is a state
sp € S. There are two actions, a; and as, in the action space A, and P(sy, a1) = P(sp,a2) =
Spy1 forany 1 < h < H. The reward function satisfies that R(s,, a;) = (2H +2h — 1)/4H and
R(sp,a2) = (2H + 2h)/4H for h € [H].

Now we define fy, which is parameterized by a vector § € R*. For any vector x € [0, 1]#,
we use i1, is, . . ., iy to denote a permutation of (1,2, ..., H) such that

We define fy(z) = 1if x;, = 6, forall h € [H], and fy(x) = 0 otherwise. Let
F={fo|0 R Vhe[H]0,c{(2h+2H —1)/4H,(h+ H)/2H}} .

By construction, fy is clearly symmetric. Since for any f, € F, each entry of # is greater than
1/2, fo(x) must be 0 if = has any entry at most 1/2 which implies that fj is (0, €)-insensitive to
small entries for any ¢ < 1/2.

Consider an arbitrary vector z € R and a function f, € F. Without loss of generality, we
can assume x; < 2o < --- < zgy. If x = 0, then fy(x) = 1. Otherwise, fp(z) = 0 according to
the definition of fj.

Now consider a policy 7 and an objective function f, € F. Let

51,Q1,7T1,82,Q2,72,"** ,SH,QH,TH

be the trajectory induced by 7. Let z = (71,79, -+ , 7). We know that the optimal policy for fy
is the policy with x = 6. For any non-optimal policy m we know that fp(7) = 0.

Now we prove the desired result. Our proof is by reduction from INDQ,#. Suppose we have
an algorithm M which outputs 0.99-optimal policy for any f € F. We will show that there is a
query algorithm for INDQ,x. In problem INDQ,#, there is an underlying 0* € R* satisfying for
any h € [H],0, € {(2H +2h —1)/4H,(H + h)/2H} and we want to find 6*. We can imagine
that the deterministic system has objective function fy« € F and then we simulate M. Suppose
the i-th query policy of M is 7, then we let x = (11,79, - - - , 7y ) be the reward values induced by
7. Due to the construction of our deterministic system, we have r; < ry < --- < rgy. Then we
query whether x = 6*. If the answer is yes, then we are done. Otherwise, since fp(x) = 0 for
x # 0%, we can return an objective value of 0 for the i-th query of M and continue the simulation
of M. Since M can output a 0.99-optimal policy with probability at least 0.9, it must output the
optimal policy with probability at least 0.9 which means that it can eventually find x = 6* with
probability at least 0.9. According to Theorem M must query at least 0.9 - 27 policies for
the worst f € F. [

Theorem 7.5.3. There is a family F of objective functions which are symmetric and are (¢, ¢)-
approximate homogeneous for any € > 0 but are not necessarily insensitive to small entries, such
that any algorithm which can output a 0.49-optimal policy for any objective function f € F with
probability at least 0.9 needs to query the objective values of at least 0.9 -2 policies in the worst
case.
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Proof. We describe our deterministic system as the following. For each h € [H], there is
a state s, € S. There are two actions, a; and as, in the action space A, and P(sp,a;) =
P(sp,a3) = spy1 forany 1 < h < H. The reward function satisfies that R(sj,a;) = 277 (h=1)
and R(sy,ap) = 272" for h € [H].

Now we define fy, which is parameterized by a vector § € R*. For any vector x € [0, 1]#,
we use i1, g, . . ., iy to denote a permutation of (1,2, ..., H) such that

We define

folz) = 52[1[51] min(x;, /0, On/:,).
Let
F={fo|0 R Yhe[H]0, € {Q*H(2h*1)7272Hh}}.

By construction, fy is symmetric. Next, we show that for any f € F, f is (e, £)-approximate
homogeneous for any ¢ > 0. Consider two vectors z,y € [0, 1] such that for any h € [H], x), €
[Yn, (1 4 €)yn]. We use iy, is, . . ., iy to denote a permutation of (1,2, ..., H) such that

1>z, 2wy > ... 22, >0.
We use i/, 45, . . ., i} to denote a permutation of (1,2, ..., H) such that
L>wyy 2y, > ... 2 yp, 2 0.
We claim that for any h € [H], we have x;, € [y;, (1+¢)ys |. The reason is as follows. Because
Ty 2 Yir 2 Yip s Tiy 2 Yiy, 2 Yir s Ty 2 Y
the h-th largest value x;, in x1, 22, - - , xy must be at least Yir - Because
vy /(L+e) <yn <wyp,xe [(1+e) <y  <yp, - zi/(1+¢e) <yy,

the (H — h+1)-th smallest value x;, in 1,2y, - -+ , 75 must be at most (1 +¢)y;; . For h € [H],
lf {L‘ih S Qh, then yl/h/ﬁh S xih/é’h,

Yi, [On > @iy, [On/ (1 +€) > (1 — ) - (23, /0n) > @4, /On — €,
and Hh/y% > Qh/xih > 1. Ifl'lh > Gh, then Hh/yz% > eh/xih’
On/ys, < (1 +¢€) - On/ai, < On/zy, +e¢,

and vy /0, > 1/(1 +¢) > 1 —e. Thus, fo(y) € [fo(x) — ¢, fo(z) +€].
Consider an arbitrary vector z € R satisfying for any h € [H|,z;, € {27H(@h=1 o-2HhY
and a function fy € F. Itis easy to see that we always have

1222292225 2>20.
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If z = 0, then fp(z) = 1. Otherwise, consider any h € [H] such that z;, # 6,. If z;, =
27H(2h71),9h = 272Hh, then min(xh/éh,éh/xh) =27 If 0, = Q*H(thl),xh = 272Hh, then
min(zy /0, 0 /xy) = 278, Thus, fo(z) = 277 if x £ 6.

Now consider a policy 7 and an objective function f, € F. Let

S1,0Q1,T1, 52,002,772, ,SH,AH,TH

be the trajectory induced by 7. Let z = (71,72, -+ , 7). We know that the optimal policy for fy
is the policy with z = 6. For any non-optimal policy m we know that fy(7) = 27,

Now we prove the desired result. Our proof is by reduction from INDQ,#. Suppose we have
an algorithm M which outputs 0.49-optimal policy for any f € F. We will show that there is
a query algorithm for INDQ,x. In problem INDQ,, there is an underlying §* € R¥ satisfying
for any h € [H],0, € {27Hh=1 2-2HhY and we want to find #*. We can imagine that the
deterministic system has objective function fp« € F and then we simulate M. Suppose the i-th
query policy of M is m, then we let z = (ry, 73, - - - , ) be the reward values induced by 7. By
our construction of the deterministic system we have 1 > r; > r9 > --- > ryg > 0. Then we
query whether x = 0*. If the answer is yes, then we are done. Otherwise, since fy-(z) = 27 for
x # 0%, we return an objective value of 2~ for the i-th query of M and continue the simulation
of M. Since M can output a 0.49-optimal policy with probability at least 0.9, it must output the
optimal policy with probability at least 0.9 which means that it can eventually find x = 6* with
probability at least 0.9. According to Theorem M must query at least 0.9 - 27 policies for
the worst f € F. ]
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Chapter 8

Reward-Free Exploration with Linear
Function Approximation

8.1 Introduction

In RL, an agent repeatedly interacts with an unknown environment to maximize the cumulative
reward. To achieve this goal, RL algorithms must be equipped with exploration mechanisms to
effectively solve tasks with long horizons and sparse reward signals. Empirically, there is a host
of success by combining deep RL methods with different exploration strategies. However, the
theoretical understanding of exploration in RL by far is rather limited.

In this section we study the reward-free exploration setting which was formalized in the
recent work by [39]. There are two phases in the reward-free setting: the exploration phase
and the planning phase. During the exploration phase, the agent collects trajectories from an
unknown environment without any pre-specified reward function. Then, in the planning phase,
a specific reward function is given to the agent, and the goal is to use samples collected during
the exploration phase to output a near-optimal policy for the given reward function. From a
practical point of view, this paradigm is particularly suitable for 1) the offline RL setting where
data collection and planning are explicitly separated and 2) the setting where there are multiple
reward function of interest, e.g., constrained RL [2, [83]. From a theoretical point view, this
setting separates the exploration problem and the planning problem which allows one to handle
them in a theoretically principled way, in contrast to the standard RL setting where one needs to
deal with both problems simultaneously.

Key in this framework is to collect a dataset with sufficiently good coverage over the state
space during the exploration phase, so that one can apply a offline RL algorithm on the dataset [3,
6,116} 162] during the planning phase. For the reward-free exploration setting, existing theoretical
works only apply to the tabular RL setting. [39] showed that in the tabular setting where the
state space has bounded size, O(poly(|S||.A|H)/e?) samples during the exploration phase is
necessary and sufficient in order to output e-optimal policies in the planning phase. Here, |S| is
the number of states, |.4] is the number of actions and H is the planning horizon.

The sample complexity bound in [39], although being near-optimal in the tabular setting,
can be unacceptably large in practice due to the polynomial dependency on the size of the state
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space. For environments with a large state space, function approximation schemes are needed
for generalization. RL with linear function approximation is arguably the simplest yet most
fundamental setting. Clearly, in order to understand more general function classes, e.g., deep
neural networks, one must understand the class of linear functions first. In this section, we
study RL with linear function approximation in the reward-free setting, and our goal is to answer
the following question: is it possible to design provably efficient RL algorithms with linear
function approximation in the reward-free setting? We obtain both a polynomial upper bound
and a hardness result to the above question.

Our Results. Our first contribution is a provably efficient algorithm for reward-free exploration
under the linear MDP assumption [40,|102]], which, roughly speaking, requires both the transition
operators and the reward functions to be linear functions of a d-dimensional feature extractor
given to the agent. See Assumption|[8.2.1|for the formal statement of the linear MDP assumption.
Our algorithm, formally presented in Section samples O(poly(H,d, 1/¢)) trajectories during
the exploration phase, and outputs e-optimal policies for an arbitrary number of reward functions
satisfying Assumption[8.2.1|during the planning phase with high probability. Here d is the feature
dimension, H is the planning horizon and ¢ is the desired accuracy.

One may wonder whether is possible to further weaken the linear MDP assumption, since
it requires the feature extractor to encode model information, and such feature extractor might
be hard to construct in practice. Our second contribution is a hardness result for reward-free
exploration under the linear ()* assumption, which only requires the optimal value function to
be a linear function of the given feature extractor and thus weaker than the linear MDP assump-
tion. Our hardness result shows that under the linear Q* assumption, any algorithm requires
exponential number of samples during the exploration phase, so that the agent could output a
near-optimal policy during the planning phase with high probability. The hardness result holds
even when the MDP is deterministic.

Our results highlight the following conceptual insights.

* Reward-free exploration might require the feature to encode model information. Un-
der model-based assumption (linear MDP assumption), there exists a polynomial sample
complexity upper bound for reward-free exploration, while under value-based assumption
(linear * assumption), there is an exponential sample complexity lower bound. There-
fore, the linear (* assumption is strictly weaker than the linear MDP assumption in the
reward-free setting.

* Reward-free exploration could be exponentially harder than standard RL. For deter-
ministic systems, under the assumption that the optimal ()-function is linear, there exists
a polynomial sample complexity upper bound [98] in the standard RL setting. However,
our hardness result demonstrates that under the same assumption, any algorithm requires
exponential number of samples in the reward-free setting.

* Simulators could be exponentially more powerful. In the setting where the agent has
sampling access to a generative model (a.k.a. simulator) of the MDP, the agent can query
the next state s’ sampled from the transition operator given any state-action pair as input.
In the supplementary material, we show that for deterministic systems, under the linear ()*
assumption, there exists a polynomial sample complexity upper bound in the reward-free
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setting when the agent has sampling access to a generative model. Compared with the
hardness result above, this upper bound demonstrates an exponential separation between
the sample complexity of reward-free exploration in the generative model and that in the
standard RL model. To the best our knowledge, this is the first exponential separation
between the standard RL model and the generative model for a natural question.

8.2 Notations and Background

8.2.1 Notations

In this chapter, for a specific set of reward functions r = {r,}/_, where rj, : S x A — [0, 1]
for each h € [H], given a policy 7, a level h € [H] and a state-action pair (s,a) € S x A, the
(-function is defined as

Qr(s,a,r) =E

H
Z Th’(sh',ah’> | Sp = S,ap = a,ﬂ'] .

h'=h

Similarly, the value function of a given state s € S is defined as

H
Z Th’(sh’yah’) | Sp = S,W] .
h'=h

For a specific set of reward functions r = {r;, }/ | where rj, : S x A — [0, 1] for each h € [H],
We use 7 to denote an optimal policy with respect to 7, i.e., 7 is a policy that maximizes

Zrh(sh,ah) | W] .

We also denote Q;(s,a,r) = Q" (s,a,r) and V;*(s,r) = V" (s,r). We say a policy m is
e-optimal with respect to 7 if

H H
> ru(snan) |« > rulsnan) | W:] —e.
=1 P

Throughout this chapter, when r is clear from the context, we may omit  from Q7 (s,a,r),
Vir(s,r), Qi (s,a,r), Vi*(s,r) and 7.

Vhﬂ(87 T) =E

E

E >E

8.2.2 Linear Function Approximation

When applying linear function approximation schemes, it is commonly assumed that the agent
is given a feature extractor ¢ : S x A — R? which can either be hand-crafted or a pre-trained
neural network that transforms a state-action pair to a d-dimensional embedding, and the model
or the ()-function can be predicted by linear functions of the features. In this section, we consider
two different kinds of assumptions: a model-based assumption (linear MDP) and a value-based
assumption (linear ()*).
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Linear MDP. The following linear MDP assumption, which was first introduced in [40, [102],
states that the model of the MDP can be predicted by linear functions of the given features.

Assumption 8.2.1 (Linear MDP). An MDP is said to be a linear MDP if the followings hold:
1. there are d unknown signed measures ju = (p™", 1@, ..., u\D) such that for any (s, a, s') €
SXAXS, P(s]s,a)=(u(s),o(s,a));
2. there exists an unknown vector n € R? such that for any (s,a) € S x A, R(s,a) =

(0(s,a),m)-

As in [40], we assume ||¢(s,a)||, < 1 forall (s,a) € S x A, |u(S)|, < Vd, and |0, < V.

Linear @)*. The following linear ()* assumption, which is a common assumption in the the-
oretical RL literature (see e.g. [24] 26]]), states that the optimal )-function can be predicted by
linear functions of the given features.

Assumption 8.2.2 (Linear Q*). An MDP M satisfies the linear ()* assumption if there exist H
unknown vectors 01,0y, . .., 0 € R such that for any (s,a) € S x A, Q}(s,a) = (¢(s,a),0).
We assume ||¢(s,a)||, < 1 and |04, < Vdforall (s,a) € S x Aand h € [H).

We note that Assumption [8.2.2]is weaker than Assumption Under Assumption
it can be shown that for any policy 7, Q7 (-, -) is a linear function of the given feature extractor
é(+,-). In this section, we show that Assumption is strictly weaker than Assumption [8.2.1]
in the reward-free setting, meaning that reward-free exploration under Assumption 8.2.2]is expo-
nentially harder than that under Assumption [8.2.1]

8.2.3 Reward-Free Exploration

In the reward-free setting, the goal is to design an algorithm that efficiently explore the state space
without the guidance of reward information. Formally, there are two phases in the reward-free
setting: exploration phase and planning phase.

Exploration Phase. During the exploration phase, the agent interacts with the environment
for K episodes. In the k-th episode, the agent chooses a policy 7% which induces a trajectory.
The agent observes the states and actions sy, a}, s§, a5, ..., sV af as usual, but does not observe
any reward values. After K episodes, the agent collects a dataset of visited state-actions pairs

D = {(s}, a}) } (k.nyepr]x[m) Which will be used in the planning phase.

Planning Phase. During the planning phase, the agent is no longer allowed to interact with
the MDP. Instead, the agent is given a reward function R : S x A — |0, 1] is the deterministic
reward function, and the goal here is to output an e-optimal policy with respect to R using the
collected dataset D.

To measure the performance of an algorithm, we define the sample complexity to be the
number of episodes K required in the exploration phase to output an s-optimal policy in the
planning phase.

134



Algorithm 12 Reward-Free Exploration for Linear MDPs: Exploration Phase
1: Input: Failure probability § > 0 and target accuracy € > 0
2: B4 cg-dH/log(dHd'e~1) for some cg > 0
3: K < ck - d*HClog(dH§ *e™1) /e? for some cx > 0
4: fork=1,2,... K do

5500 Q)+ 0and VE, (1) =0

6: forh=H, H—1,...,1do

7 A} = 32020 00, ap)o(sf, ap) " + 1

5 u(,) - min {8 /60, ) T(A) ol ), H }

9: Define the exploration-driven reward function rf (-, -) < uf(-,-)/H
10; wi = (M)~ 30024 6057, a7) - Vi (57

1L Qz(’ ) A min{(wZ)TQZ)(" ) + Tﬁ(', ) + Uﬁ(a ')v H} and th() = IMaXgeAa QZ(’ a’)
12: 7 (+) + argmax,. 4Q% (-, a)

13:  Receive initial state s¥ ~

14: forh=1,2,... Hdo

15: Take action af < 7" (s}) and observe s} | ~ P(s}, af)

16: return D < {(sF, af)} o nyex)x ()

Algorithm 13 Reward-Free Exploration for Linear MDPs: Planning Phase

1: Input: Dataset D = {(s}, af’) } (,n)e[x]x[m]> reward function R

2: QH+](‘, ) $— 0 and VH+1(') = O
3: forsteph=H,H—1,...,1do

4 A 0 lsq ap)dlsqap) T+ T
s Letup( ) min {5+ \/6(, )TN 6l ), H

wp < (M) VS 6(sh, af) - Vi (sh4, @)

6
7: Qu(, ) « min{(wn) "o(-,+) + R(-,-) + up(-,+), H} and V,,(+) = maxaeq Qn(, a)
8: () <= argmax,c 4Qn(-, @)

9: Return 7 = {7, }perm

8.3 Reward-Free Exploration for Linear MDPs

In this section, we present our reward-free exploration algorithm under the linear MDP assump-
tion. The exploration phase of the algorithm is presented in Algorithm and the planning
phase is presented in Algorithm [I3]

Exploration Phase. During the exploration phase of the algorithm, we employ the least-square
value iteration (LSVI) framework introduced in [40]. In each episode, we first update the param-
eters (A, wy,) that are used to calculate the (-functions, and then execute the greedy policy
with respect to the updated (Q-function to collect samples. As in [40], to encourage exploration,
Algorithm [12] adds an upper-confidence bound (UCB) bonus function uy,.
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The main difference between Algorithm and the one in [40] is the definition of the
exploration-driven reward function. Since the algorithm in [40] is designed for the standard
RL setting, the agent can obtain reward values by simply interacting with the environment. On
the other hand, in the exploration phase of the reward-free setting, the agent does not have
any knowledge about the reward function. In our algorithm, in each episode, we design an
exploration-driven reward function which is defined to be (-, -) = un(+, )/ H, where uy(+, ) is
the UCB bonus function defined in Line |8 Note that we divide u(-,-) by H so that (-, -) al-
ways lies in [0, 1]. Intuitively, such a reward function encourages the agent to explore state-action
pairs where the amount of uncertainty (quantified by u,(+,-)) is large. After sufficient number of
episodes, the uncertainty of all state-action pairs should be low on average, since otherwise the
agent would have visited those state-action pairs with large uncertainty as guided by the reward
function.

Planning Phase. After the exploration phase, the returned dataset contains sufficient amount
of information for the planning phase. In the planning phase (Algorithm [I3)), for each step
h=H,H —1,...,1, we optimize a least squares predictor to predict the ()-function, and return
the greedy policy with respect to the predicted ()-function. During the planning phase, we still
add an UCB bonus function uy -, -) to guarantee optimism and thus correctness of the algorithm.
However, as mentioned above and will be made clear in the analysis, since the agent has acquired
sufficient information during the exploration phase, uy(-, -) should be small on average, which
implies the returned policy is near-optimal.

8.3.1 Analysis

In this section we present the analysis of our algorithm. We first give the formal theoretical
guarantee of our algorithm.
Theorem 8.3.1. After collecting O (d* H log(dH 5 e™1) /?) trajectories during the exploration
phase, with probability 1 — 0, our algorithm outputs an c-optimal policy for an arbitrary number
of reward functions satisfying Assumption|[8.2.1|during the planning phase.

Now we show how to prove Theorem [8.3.1] Our first lemma shows that the estimated value
functions V* are optimistic with high probability, and the summation of V;*(s%) should be small.
Lemma 8.3.2. With probability 1 — §/2, for all k € [K],

Vi (s, r%) < V()

and
K

> VE(sh) < e/dPHIK -log(dK H/0)
k=1
for some constant ¢ > 0 where V(-) is as defined in Algorithm
Note that the definition of the exploration driven reward function r* used in the k-th episode
depends only on samples collected during the first £ — 1 episodes. Therefore, the first part of the
proof is nearly identical to that of Theorem 3.1 in [40]. To prove the second part of the lemma, we
first recursively decompose V;*(s¥) (similar to the standard regret decomposition for optimistic
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algorithms), and then use the fact that 7,,(-) = u,(-)/H and the elliptical potential lemma in [1]]
to given an upper bound on Zsz1 V[ (s¥). The formal proof is provided in the supplementary
material.

Our second lemma shows that with high probability, if one divides the bonus function uy,(+, -)
(defined in Line[5]in Algorithm|[I3) by H and uses it as a reward function, then the optimal policy
has small cumulative reward on average.

Lemma 8.3.3. With probability 1—§/4, for the function wy (-, -) defined in Line[5]in Algorithm[I3]
we have

Eoop [Vi* (s, un/H)] < \/d3H* - log(dK H/0)/ K
for some absolute constant ¢ > 0.
To prove Lemma|8.3.3| we first note that E._,, [Z,{;l Vi (s, rk)} is close to S0 | Vi*(sk, k)
by Azuma-Hoeffding inequality and Zszl V*(s%, %) can be bounded by using Lemma
Moreover, for A;, defined in Line 4| in Algorithm [13| we have A, = A¥ for all k € [K] where

A¥ is defined in Line 7 in Algorithm [12} which implies uy(-,-)/H < 7k(-,-) for all k € [K].
Therefore, we have

By [V (5, un/H)] < By [Vi7(5,7%)]

for all £ € [K], which implies the desired result.

Our third lemma states the estimated ()-function is always optimistic, and is upper bounded
by R(-,-) + >, P(s" | -,)Vas1(s') plus the UCB bonus function uy(+,-). The lemma can be
proved using the same concentration argument as in [40].

Lemma 8.3.4. With probability 1 — 0/2, for any reward function R satisfying Assumption m
and all h € [H], we have

QZ(? K R) < Qh('? ) < R(a ) + ZP(S, | K ')Vh+1(sl) + 2uh('7 )

Now we sketch how to prove Theorem [8.3.1] by combining Lemma [8.3.3]and Lemma [8.3.4]
Note that With probability 1 — ¢, the events defined in Lemma(8.3.3|and Lemma both hold.
Conditioned on both events, we have

EqVi (5, R) = Vi'(s, B)] < Bon[Vi(s) — V7" (5, R)]
B[V (5,0)] < Eooy[Vy'(s,0)] < ¢ H /P H - 1og{dK H]0)] K,

where the first inequality follows by Lemma[8.3.4] the second inequality follows by Lemma(8.3.4]
and decomposing the V'-function recursively, the third inequality follows by the definition of V'*,
and the last inequality follows by Lemma 8.3.3

8.3.2 Missing Proofs in Section 8.3.1

In this section, for all (k, h) € [K] x [H], we denote
¢, = (s}, ap).
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In Algorithm [12]and [13] we recall that

B = csdH \/log(dH[b]e).
Since K = cg - d*H%log(dH§ te™1) /&2, we have

B > cpdH\/log(dHK/5)

for appropriate choices of ¢z and ck-.

8.3.2.1 Proof of Lemma

To prove Lemma we need a concentration lemma similar to Lemma B.3 in [40].
Lemma 8.3.5. Suppose Assumption holds. Let & be the event that for all (k, h) € [K]x[H],

k—1
Z(/ﬁ; <vhk+1(8;;+l) - Z P(s|sp, GZ)thH(S/))
T=1

s'eS

< c-dH/log(dKH/9)

(Ap)~!

for some absolute constant ¢ > 0. Then Pr[] > 1 — §/4.

Proof. The proof is nearly identical to that of Lemma B.3 in [40]. The only deference in our
case is that we have a different reward functions at different episodes. However, note that in our

’I“ﬁ(, ) = ulfi(v )/H

and hence

b ) = (14 1/8) in {50, (8]0, .

Thus our value function V%, is of the form

V(-)::min{maxw (- a)+B-(1+1/H) - /o(-,a)TA=1¢(-, a), }

for some A € R¥? and w € R?. Therefore, the value function shares exactly the same function
class as that in Lemma D.6 in [40]. The rest of the proof follow similarly. ]

We are now ready to prove Lemma[8.3.2]

Proof of Lemma In our proof, we condition on the event £ defined in Lemma|8.3.5| which
holds with probability at least 1 — §/4. Since P(s'|s,a) = ¢(s,a) " un(s"), we have

> P(ss,a) Vi (s) = ¢(s,a) D)
s'eS

where
wh = Z/ih Vh+1

s'eS
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is an unknown vector. By Assumption , Y oves ta(s) < \/d. Therefore,

@k, < HVd.

We thus have, for all (h, k) € [H] x [K] and (s,a) € S x A,

d(s,a)Twh =Y P(s' | s,0) TV ()

SES

=¢(s,a)" Z¢h Vh+1 Sh1) ZP Is,a Vh+1( s)
s'eS
—s,0) (A qu VL (5hn Aw)
k—1
=¢(s,a)T(A})™" Z Vi (shyy) — T = > ¢z<¢;>%’z>
T=1 T=1

k—1
=¢(s,a)T (A" | D o (vh‘11<s;+1> =Y P(s|sh, amﬁl(s’)) —~ wz) .
=1 s’

We have,

‘(b(sa a)"(Ay)~ (Z o (th+1(52+1) - ZP(S/ISiTw a;)‘/hk-i-l(sl))) ‘
= 'cb(& a)" (Ay) "2 (AR) <Z Ph (%’L(SZH) - P(s'|sh, aZ)th+1(S’)> ) '
(Vh—H Sh1) ZP(3,|Szaa;)th+1(3/)>

<ll¢(s, a)llat)-

Ayt

By Lemma we have

(s, ) <Z Ph (Vthl Sh1) ZP(S’|52,@2)Vh]€H(s’)>>‘
<cdH~/log(dKH/5) - ||¢(s,a)l|ax)-

Moreover, we have

|6(s,a) T(AR) 1| < N9 @)l gy - 1TR Il aky—r < 16, @)l ag)-r - HV.
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Therefore, we have

é(s,a)"wf =Y P(s' | s,a)Vif ()

s'eS
<cdH~/log(dK H/5) - ||¢(s,a) || ar)-1 + l6(s, @) | a1 - HVA
<cgdH+/log(dKH/F) - ||¢(s, a)|(ax)
=0 - [|o(s, a)lary-1-

Now we prove the first part of the lemma.

First Part. Our proof is by induction on h. Indeed, for h = H + 1, it holds that for all s € S,
V§+1(3ark) < VI§+1(3)
since V};,; = VE. | = 0. Suppose for some h € [H], it holds that for all s € S,
Vﬁkﬂ(s?rk) < th+1(3)-
Then we have
‘W“WﬂﬁG%m+2mwaWﬁmﬂ)
s'e

qgQ%m+mewm%&w>

s'eS

Notice that for all (s,a) € S x A,

D P | s,a) Vi () < 6(s,a) Twl + B (|6 (s, )| agyr-

s'eS

We have
V;(‘S’ Tk) < min {Ine%i( (T;li(S, CL) + (b(S? a)TwZ + 6 ’ ‘|¢(87 a)H(A’fL)*1> 7H} = th(S)

as desired.

Second Part. To prove the second part, for all (k,h) € [K] x [H — 1], we denote

& = Z P(s'|s}, ai)vhkﬂ(sl) - th+1(3£+1)-

s'eS
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Conditioned on &,

K
k=1

Mx

(s, ab) + o(st, ab) Tk + 8- 1955, ab) lagy 1 )

=
Il
—

[
M)~

(st ab) Tk + (L 1/H) - 8- llo(st, bl a1 )

e
Il
—

™)~

(ZP (5|51, a1)Va' (') + (2+1/H)'6'ch(slf,a'f)ll(wf)1)

s'eS

i

1

Mw

(& + Vi by + @+ 1/H) - B llo(st, ab) gy )

k=1
K H-1 K H

S G 2+ 1/H) B llo(sk, ap)lar)-
k=1 h=1 k=1 h=1

Note that for each h € [H — 1], {£F}5 | is a martingale difference sequence with |£f| < H.
Define £’ to be the even that

M < H*\/Klog(KH/S).

By Azuma-Hoeffding inequality, we have Pr[€'] > 1 — §/4.
Next, we have,

K H K H
ZZ o 8h7ah )| (ARy-1 < KHZZ(b sy ap) T (AR)"1o(st, ap).
=1

h=1 k=1 h=1

By Lemma D.2 in [40], we have
H K
D sy, ap) T (AR) ol ap) < 2dH log(K).
h=1 k=1

Conditioned on £ N &’ which holds with probability at least 1 — §/2, we have

K
> VE(st) < CHA/Klog(KH[8) + (2+ 1/H) - 8- /K H - 2dH log(K)
k=1

< e/ BHK -log(dK H/9)
for some absolute constant ¢ > 0. ]
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8.3.2.2 Proof of Lemma [8.3.3

Proof of Lemma We denote A* = V*(s¥, r%) —Ey,[Vi* (s, 7%)]. Since r* depends only on
data collected during the first k—1 episodes, { A*} X is a martingale difference sequence. More-
over, |A¥| < H almost surely. Thus, by Azuma-Hoeffding inequality, we have, with probability
at least 1 — /8, there exists an absolute constant ¢; > 0, such that

K
> A

k=1

< H+/Klog(1/6),

which we condition on in the rest of the proof. Therefore, we have,

Espu

ZVl*(s,Tk)] <> V(s 1) + e Hy/Klog(1/6).

k=1

Next, we notice that for all k € [K],
Ay = AF.

Hence we have for all (k, h) € [K] x [H],

Hence
Together with Lemma we have

Eop [‘/1*(57 uh/H)] < Eoon

K K
S Vit #“)/K] < K SV (st ) + e H o log(1/0) /K
k=1 k=1

< d\/dBH* log(dKH/6)/K

for some absolute constant ¢ > 0. O

8.3.2.3 Proof of Lemma

Proof of Lemma Using the same argument in the proof of Lemma with probability
atleast 1 — /4, forall h € [H] and (s,a) € S x A, we have

Bls,a)Twn — S P(s' | 5, @)Viera(s)| < B+ 1605 @)l
s'eS
Therefore, for all h € [H] and (s,a) € S x A,
Qn(s,a) < (wp) (s, a) + R(s,a) + up(s, a)
<R(s,a) + Z P(s" | 5,a)Viy1(s") + 26 - |lo(s, a)ll a1

s'eS
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Moreover, Q) (s,a) < H. Since up(-,-) = min {B VoG, )T (Ap) (-, ), H}, we have
Qn(s,a) < R(s,a) + Z P(s"| s,a)Viy1(s") + 2un(s, a).

Now we prove for all b € [H] and (s,a) € S x A, Q}(s,a, R) < Qn(s,a). We prove by
induction on h. When h = H +1 this is clearly true. Suppose for some h € [H], Q; (s, a, R) <
Qni1(s,a) forall (s,a) € S x A. We have

Qn(s,a) = min{(wp) " ¢(s,a) + R(s,a) 4+ up(s,a), H}.

Since Qi ,(s,a,R) < H and uy(-,-) = min{ﬁ- \/¢(.,.)T(Ah)—1¢(-,~),H}, it suffices to
prove that

Qria(s,0, R) < (wn) " é(s,a) + R(s,a) + 8- [[¢(s, ) a) -+
By the induction hypothesis,
d(s,a)Twy > P(s' | 5,0)Viga(s') = B |65, @)l a0
s'eS

> P(s' | s,a)Vii (', 1) = B 1|9 (s, a)lla -

s'eS
Therefore,
Qn(s,a,R) = R(s,a) + > _P(s' | s,a)Vi7, (s, R)

s'eS

> (wn) " @(s,a) + R(s,a) + B [|¢(s, a)||(an)-1-

8.3.2.4 Proof of Theorem 8.3.1

Proof of Theorem[8.3.1} In our proof we condition on the events defined in Lemma [8.3.3] and
Lemma|8.3.4) which hold with probability at least 1 — 9. By Lemma(8.3.4] forany s € S,

Vi(s) = max Qu(s. ) > maxQi(s.a, B) = V; (s, ),
which implies
Egynou[Vi' (51, R) = Vi (51, R)] < Egopu[Vi(s1) = Vi (s1, R)].
Note that
EgouVi(s1) = Vi (51, R)]

=Eq,~ulQ(s1, m1(51)) — QT (51, T1(51), R)]

=B, mpp s P(-Js1.m (s1) (81, T1(81)) + Va(s2) + ui(s1, m(s1)) — R(s1,m1(s1)) — Vo' (82)]

:ESINM,SQNP('|51,7TI(31))[‘/2(32) +ur(s1,m(s1)) — V3 (s2)]

:E81~,u,82~P(~|51,7r1(51))783~P(-7|52,7r2(82))[ul (317 7T(31)) + u2(327 7(32)) + ‘/3(33) - V;T(Si’))]

=B [VI" (s, w)]-
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By definition of V}*(s, u), we have
By [Vi7 (5, u)] < Egup[Vi* (s, )]

By Lemma(8.3.3|

Eeun [V (s,u)] = H - B [V (s,u/H)| < Hy/d3H* - log(dK H/0) /K.

By taking K = cx - d*H®log(dHd'e™1) /e for a sufficiently large constant cx > 0, we have

Eginu[Vi' (51, R) = Vi (s1, R)] < H - By, [Vi'(s,u/H)] < (Hy/dPH* -log(dK H/8) /K <e,

which implies 7 is e-optimal with respect to R. [l

8.4 Lower Bound for Reward-Free Exploration under Linear
(0" Assumption

Now we focus on hardness results for reward-free exploration under the linear ()* assumption.
We show that there exists a class of MDPs which satisfies Assumption [8.2.2] such that any
reward-free exploration algorithm requires exponential number of samples during the exploration
phase in order to find a near-optimal policy during the planning phase. In particular, we prove
the following theorem.
Theorem 8.4.1. There exists a class of deterministic systems that satisfy Assumption |8.2.2| with
d = poly(H), such that any reward-free algorithm requires at least (2™ samples during the
exploration phase in order to find a 0.1-optimal policy with probability at least 0.9 during the
planning phase for a given reward function R.

Since deterministic systems are special cases of general MDPs, the hardness result in Theo-
rem [8.4.1 applies to general MDPs as well. In the remaining part of this section, we describe the
construction of the hard instance and outline the proof of Theorem [8.4.1]

4 / 2 N 5 ﬁ\ 7

*

o

Figure 8.1: An illustration of the hard instance with / = 5. Black states and dashed transitions
are those on the optimal trajectory s7, aj, s5,a5, ..., 85 _1, Q_1, Si> Q-
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State Space and Action Space. In the hard instance, there are H levels of states
8281U82UUSH

where S, contains all states that can be reached in level h. The action space A = {0, 1}. For
each h € [H — 2], we represent each state in S;, by an integer in [2"1,2"), ie., S; = {1},
Sy = {2,3}, S5 = {4,5,6, 7}, etc. We also have Sy = {s}; |, s .} and Sy = {s}f;, s}
The initial states is 1 € S;.

Transition. For each h € [H — 3|, for each s € S;, P(s,a) is fixed and thus known to the
algorithm. In particular, foreach h € [H—3], foreach s € S;,, we define P(s,a) = 2s+a € Sp41
where a € {0, 1}. We will define the transition operator for those states s € Sy_oUSy_1 shortly.

Feature Extractor. Foreach h € [H — 2|, for each (s,a) € S), x A, we define ¢(s,a) € R so
that ||¢(s, a)||2 = 1 and for any (s', a’) € Sy x.A\{(s,a)}, we have | (¢(s,a)) ¢(s',a’)| < 0.01.
In the formal proof, we use the Johnson—Lindenstrauss Lemma [41] to show that such feature
extractor exists if d = poly(H).

For all states s € Sy_1, we define

[1,0,0,...,0]" s=s} ,,a=0
#(s,a) =410,1,0,...,0]" s=s}; ,a=1.
0,0,0,...,0]" $ =581

Finally, for all states s € Sy, we define

1,0,0,...,0]" s=s},a=0
¢<S,a>: [ s Yy Yy 9 ]T S SH.,CL .
[0,0,0,...,0]" otherwise

The Hard MDPs. By Yao’s minimax principle [104], to prove a lower bound for randomized
algorithms, it suffices to define a hard distribution and show that any deterministic algorithm fails
for the hard distribution. We now define the hard distribution. We first define the transition oper-
ator P(s, a) for those states s € Sy_». To do this, we first pick a state-action pair (s};_,, aj;_5)
from Sy_5 X A uniformly at random, and define

+ ok %
P(s,a) = Sg1 S=SHg-2,@a=0ag_9
) - — . .
Sy, otherwise

To define the transition function P(s,a) for those states s € Sy_1, we pick a random action
aj;_; from {0, 1} uniformly at random, and define

+ — ot %
P(s,a) = Sy S=Sp_q,a=ay_,
) - — . .
sy otherwise
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The Reward Function. We now define the optimal ()-function which automatically implies a
reward function R. During the planning phase, the agent will receive R as the reward function.
By construction, there exists a unique trajectory

* * * * * * * *
81,0Q1,89,0Q9,---,8g 1,0 1,5,y

with (s%,a};) = (s5;,0). For each h € [H], we define 6;, in Assumption as o(s;,ar)/2.
This implies that for each (s,a) € Sy x A,

0.5 s=sp,a=ay

R(s,a) = Qy(s,a) = {

0  otherwise
For each (s,a) € Sy_1 X A, we have

_ * _ *
0.5 s=sy ,a=ay,
?

Q;{—l(& Cl) = {

0 otherwise

which implies that R(s,a) = 0 for all (s,a) € Sy_1 x A. Now for each h € [H — 2], for each
(s,a) € S, x A, we define

R(sp,ap) = QZ(Sh, ap) — fgg} QZH(P(Sha an), a)

so that the Bellman equations hold. Moreover, by construction, for each h € [H], we have
Qi (s,a) = 0.5 when (s,a) = (s}, a;), and |Q;(s,a)] < 0.01 when (s,a) # (s}, a;;) and thus
R(-,-) € [-0.02,0.5]]]

Proof of Hardness. Now we sketch the final proof of the hardness result. We define £ to be
the event that for all (s,a) € D where D are the state-action pairs collected by the algorithm,
we have s # s}, = s};_,. For any deterministic algorithm, we claim that if the algorithm
samples at most 27 /100 trajectories during the exploration phase, with probability at least 0.9
over the randomness of the distribution of MDPs, £ holds. This is because the feature extractor
is fixed and thus the algorithm receives the same feedback before reaching s}, ;. Since there are
272 state-action pairs (s,a) € Sy_o X A and only one of them satisfies P(s,a) = s};_,, and
the algorithm samples at most 27 /100 trajectories during the exploration phase, £ holds with
probability at least 0.9.

Now during the planning phase, by construction of the optimal ()-function, the only 0.1-
optimal policy is 7, (s}) = a;. However, conditioned on &, any deterministic algorithm correctly
output 7y _1(s}_,) = a};_, with probability at most 0.5, since conditioned on &, D does not
contain s};_,, and the reward function R also does not depend on a};_;. Therefore, during the
planning phase of the algorithm, a 0.1-optimal policy is found with probability at most 0.6 < 0.9.

"Note that this is slightly different from the assumption that R(,-) € [0, 1]. However, this can be readily fixed
by shifting all reward values by 0.02.
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8.4.1 Missing Proofs

In the hard instance construction, for each h € [H — 2], for each (s,a) € S, x A, we de-
fine ¢(s,a) € R? so that ||¢(s,a)||s = 1 and for any (s',a') € S, x A\ {(s,a)}, we have
| (¢(s,a))" &(s',a’)| < 0.01. The following lemma demonstrates the existence of such feature
extractor.
Lemma 8.4.2. There exists a set of vectors {1, ¢a, . .., pou } C R with d = poly(H) such that
1. ||&i|| = 1 foralli € [27];
2. ¢ ;| <0.01foralli,j € [2¥] withi # j.

Proof. This is a direct implication of Lemma by setting n = 2 and ¢ = 0.01. [l

Note that the above lemma implies the existence of the required feature exactor, since for
each h € [H — 2], there are less than 2 state-action pairs in S;, x A. We simply define the
feature of the i-th state-action pair in S;, x A to be ¢; in the above lemma.

Proof of Theorem[8.4.1} In order to prove Theorem [8.4.1] by Yao’s minimax principle [104], it
suffices to prove that for the hard distribution constructed in Section [8.4] for any deterministic
algorithm A that samples at most 27 /100 trajectories during the exploration phase, the proba-
bility (over the randomness of the hard distribution) that .4 outputs a 0.1-optimal policy in the
planning phase is at most 0.9.

We first show that for the deterministic algorithm .4, among all the
s}y, is in the collected dataset D for at most 27 /100 choices for (s%;_,,a};_,) during the ex-
ploration phase. Note that whenever (Sy_2, ag—2) # (S§_o,a};_5), we must have sy = s,
and sy = s. Therefore, the feedback received by A is always the same unless (sy_2,ag_2) =
(8% _o, a3 _5). However, since A samples at most 21 /100 trajectories during the exploration
phase, there are most 27 /100 choices for (s%_,,a} ) during the exploration phase for which
sj;_, is in the collected dataset D.

Recall that A is deterministic. For any choice of (s, _,, a}; ), if s5;_; is not in the collected
dataset D, the collected dataset D is always the same, no matter aj;_; = 0 or aj;_; = 1. More-
over, for any fixed choice of (s};_,,a};_,), it can be verified that the reward function R does
not depend on the choice of a};_,. Note that during the planning phase, algorithm A determin-
istically maps the collected dataset D and the reward function R to a policy. Furthermore, the
only 0.1-optimal policy must satisfy 7(s}) = aj. However, for any choice of (s};_,,a};_,), if
s};_, is not in the collected dataset D, 7(s%_,) does not depend on a%;_; since both the collected
dataset D and the reward function 12 does not depend on a;_,. Therefore, for those choices
of (s§;_5,a};_5), A outputs a 0.1-optimal policy with probability at most 0.5. Therefore, the
probability that A outputs a 0.1-optimal policy is at most

2H—2

21 /100 21 /100
24_2 (1— 24_2 )/2 < 0.6.
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Part IV

Conclusion
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Chapter 9

Conclusion and Future Directions

In this thesis, to build a better understanding of modern RL methods, we studied three challenges
in RL problems. Below we describe a list of interesting questions that remain open given our
results.

Theory of RL. While we have made progress towards understanding the theory of RL, there
are still many unsolved fundamental questions. For example, although we have shown that tab-
ular RL is possible with a sample complexity that is independent of the planning horizon, to
achieve such a result, the sample complexity will be exponential in the number of states. Is that
possible to design a tabular RL algorithm whose sample complexity is completely independent
of the planning horizon and also depends only polynomially on the number of states, or there
are statistical limits that prevent us from doing that? For RL with large state spaces, all existing
positive results rely on assumptions that are hard to verify in practice. Is that possible to design
algorithms that only rely on assumptions that can be easily verified? Answering such a question
might require first understanding the properties of features learned by practical RL algorithms.

Theoretically-Principled RL Systems and Benchmark Suites. =~ We plan to build more ef-
ficient and more robust RL systems and benchmark suites based on the theoretical insights.
Currently, we are investigating how to design a better representation learning process for RL.
Existing RL algorithms largely treat deep neural networks as black-boxes and use the same set
of training algorithms as in supervised learning. However, as demonstrated in this thesis, the
definition of a good representation in RL could be significantly different from that in super-
vised learning. Thus, better representation learning methods could be beneficial for practical RL
systems. Moreover, many existing offline RL datasets are collected under a distribution that con-
tains a large fraction from the target policy itself. As demonstrated by our theoretical analysis
and experimental results, such a dataset may substantially limit the methodology to only testing
algorithms in a low distribution shift regime. We are currently building a new dataset that has
example transitions from a diverse set of states, while trajectories in the dataset do not resemble
the target policy. With such a dataset, we can now test existing algorithms in a more realistic
setting. We believe such a benchmark suite could be beneficial for future offline RL research.
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